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Abstract

The present paper discusses some aspects of the role of the Cantor set
in probability theory. It contains a simple construction of the Cantor
set which is used to construct a singular—continuous distribution and a
singular martingale. '



1 Ihtroduction

The present paper discusses some aspects of the role of the Cantor set in probability
theory. In Section 2 we present a simple construction of the Cantor set which
is probably known but hard to find in the literature. This construction proceeds
‘without dots’ and yields some structures which are useful for further purposes. In
Section 3 we construct a singular—continuous distribution which, in turn, shows that
the Cantor set is uncountable, and in Section 4 we produce an increasing sequence of
o-algebras whose union is only an algebra and a singular positive martmga.le whose
~ limit measure is countably additive.

The point that we wish to make is that one single concept yields important examples
in different areas of probability theory: If singular—continuous distributions did not
exist, then every distribution would be a mixture of a continuous and a discrete one;
similarly, if singular martingales did not exist, then every posmve martingale would
- be a sequence of successive condltlonal expectations.

General background on measure theory, probability theory, and martingale theory
may be found in the monographs by Aliprantis/Burkinshaw [1], Bauer {2,3], Bil-
lingsley [4], Chung [6], Halmos [7], and Neveu [8].

2 The construction of the Cantor set

Let C denote the collection of all subsets of the interval [0, 1] which are the union of
finitely many disjoint compa.ct intervals of [0, 1] and define a map ¥ : C — C by

letting
goa m 2a; + b;] | [ai+2b;
v (Z[a’ia bt]) = Z ({aia : 3-I_ ] + l:a -; 1(’:]) .

=1 =1

Then, for each A € C, the sequence {¥"(A)}.eN is decreasing and we have

awra) = (3) a0 e
for all n € N. | | |
For each n € N, define

Ca = T([0,1]).

Then C, is ‘compa.'ct and satisfies
. . o\
ANCY) = (2) .
) = (3)
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For later refereﬁce, let C,, denote the collection of the 2" compact intervals partitio-
ning C, and define a function f, : R — R by letting

3 n
() = (35) - xenl®)
‘and a set function Q, : B(R) — [0,1] by letting

Qu(A) = ./Af,, d).
Then @, is a continuous distribution with density f. and, by identity (1), each

J € C, satisfies - _ v
. - . N
s = ()0

3 n+k :
- (5) @y
= Jou e @
= [ farndr | | (2)
and hence :
() = [fdr
= [ farndr -
= Qn+x(J) o (3)
for all k € N. : ‘
Define now A
C = () Ch.
_ g nelN
Then C is compact and satisfies
| ey =0 ()

- The sét C is called the '.C'antor'set. _

It is well-known that the limit of a pointwise convergent sequence of Riemann inte-
grable functions may fail to be Riemann integrable unless convergence is uniform.
Since a function is Riemann integrable if and only if it is almost surely continuous,
each xc, is Riemann integrable, and the same argument shows that the pointwise
limit x¢ of the sequence {xc,}.eN is Riemann integrable as well although conver-
gence is not uniform. This is an example of the insufficiency of Riemann integration
theory. '



3 A singular—continuous distribution

A distribution @ : B(R) — [0, 1] is singular—continuous if it satisfies
- Q(R\A)+ A(A) =0 for some A € B(R), and :

- Q{z})=0forallzeR.
Due to a famous decomposition theorem, every distribution has a unique represen-
tation as a mixture of a continuous distribution, a singular—continuous distribution,
and a discrete distribution; see Chung [6]. This shows the importance of the follo-
wing result: .

‘3.1 Theorem. There ezists a singular-continuous distribution. .

Proof. For each n € N, let F, denote the distribution function of @),. We claim
that {F,}.eN is a uniform Cauchy sequence. To see this, consider n, k € N.
For z € R\ [0, 1], we clearly have

, IFn+k(x)_Fn(m)|. = 0. o
For z € [0,1]\ Ch, identity (3) yields | ' ' .

|Fati(z) = Fa(@)] = |Qusk((~00,2]) = Qu((—00,2])|
= Y Q- Y Q)
|JeCn,JC(~c0,2] JECn,JC(~00,2]

= T (@) =)
JECn,JC(=c0,z]
= 0.

For z € Ch, thefe exists a unique J(z) € C, sz;,tisfying z € J(z), énd identity (3)
yields |
|Fatr(z) = Fa(2)] = [Qnes((~00,2]) = @ul(=00,2])|
@ntx(J () N (=00, 2]) = Qu(J(z) N (-0, z])]|
< Qrik(J(2)) + @n(J(2))

I

= QQn(J(I)) .
= 2 (3) \@)
:z-?in.

"~ Therefore, we have




forall z € R, which proves our claim. It now follows easily that {Fn}neN converges
uniformly to a continuous function F' : R — [0,1] and that F is a distribution
- function. _ : S

Let @ : B(R) — [0,1] denote the distribution of F. For each n € N, the continuity
of F' and F, yields : - '

Q(a,0)) = F(b) - F(a)
= nl_i_{glo(Fn(b)"Fn,(a))

= nh_{go @n((a, b))
0

for each open interval (a,b) C [0,1]\ C,, hence Q([0,1]\C,) = 0, and thus
Q(C,) = 1.

This implies

and identities (4) and (5) yield
QR\C) +X(C) = o.
The continuity of F' also yields |
Q({z}) = 0
for all 7 € R. Therefore, @ is singulé,r—contiﬁuous. ' - ‘D

The function F and the distribution ¢ constructed in the proof of Theorem 3.1 are
~ called the Cantor function and the Cantor distribution, respectively. The construc-
“tion of F is similar as in Rudin [10]; see also. Aliprantis/Burkinshaw [1], Billings-
ley {4], Chung {6}, and Halmos [7]. '

3.2 Corollary. The Cantor set C is uncountable.

This is obvious from the fact that the Cantor distribution @) is continuous-singular
and has all its mass concentrated on the Cantor set C. - '
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-4 A singular martingale

Let (Q,F, P) be a probability space and let {F,},en be an increasing sequence of
sub-o-algebras of F. Define F, := Unen Fn and let Py, denote the restriction of P
to the algebra Fo. :

If {X.}reN is a martingale with respect to the filtration {F,}.eN, then the map
Koo : Foo — R, given by
teo(A) = lim /A X, dP,

n—

is a finitely additive set function which is positive if and only if the martingale is
positive. The set function uo is called the limit measure of {X,}nen (although it
may happen to be neither countably additive nor positive). ’

A positive martingale {X, }nen is continuous if its limit measure poo is continuous
(in the sense that for each € > 0 there exists some § > 0 such that Boo(A) < € holds
for each A € F., satisying P.(A) < 6), and this is the case if and only if there exists
an integrable random variable X satisfying X, = E7»X for all n € N. A positive
martingale {X,}nen is singular if its limit measure poo is singular (in the sense
that for each ¢ > 0 there exists some A € Foo satisfying pao(2\A) + Poo(A) <€),
and this is the case if and only if the martingale converges almost surely to 0. The
previous remarks indicate that many properties of a positive martingale are reflected
by its limit measure; for further details, see Neveu [8] and Schmidt [11,12] and the
references given there. - ' V

Due to the Lebesgue decomposition, every positive martingale has a unique repre-
sentation as the sum of a continuous martingale and a singular martingale; see e. g.
Schmidt {11,12]. This shows the importance of the following result:

4.1 Theorem. There ezists a singular positive martingale.

Proof. Define (Q,F, P) := ([0, 1], B([0, 1]), Ml(o,1)))- Also, for each n € N, define
F. := o(C,) and let X, denote the restriction of f, to [0,1]. Then the sequence .
{Fn}nen is strictly increasing, and it follows from identity (2) that {X,}nen is @
positive martingale with respect to {Fy }neN-

Since the Cantor distribution @ satisfies

Q(A) = lim Qn(4)

n—od .

- lim/Afnd/\

n—oo

. lim/AX,,dP

n—oo

= ﬂoo(A)
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for all A € U,enCrn and hence for all A € Foo, it is plain that the restriction of ¢
to Foo is precisely the limit measure go of {Xp}neN- Furtherr_riore, since each of

@ and A is countably additive and since the sequence {Cy},en C Foo decreases to
C € 0(Fx), we have

Hm (koo(\Ca) + Pu(Cn)) = lim (Q(0,11\C2) + A(Ch)) -

= Q([0,1INC)+ A(C)
= 0.

This implies that the martingale {Xn}nEN is singular. ' ' a

The singular martingale constructed in the proof of Theorem 4.1 is called the Cantor
martingale. While the limit measure of the Cantor martingale is countably additive,
a singular martingale whose limit measure is purely finitely additive can be found in
Neveu [8]. In view of the Yosida—Hewitt decomposition of finitely additive set fun-
ctions and the examples provided by the Cantor set, one is tempted to ask whether
every positive martingale has a (necessarily unique) representation as the sum of
a continuous martingale, a singular martingale whose limit measure is countably
additive, and a singular martingale whose limit measure is purely finitely additive.
~ Such a result would be a complete formal counterpart of the decomposition of dis-
tributions mentioned in Section 2, but it is not known whether it is true. However,
it is easily seen from the results in Schmidt [12] that such a decomposition obtains
if all martingales are replaced by asymptotic martingales (amarts).

As a final remark, let us note that the algebra Fo, determined by the filtration
{Fn}nen related to the Cantor martingale cannot be a o-algebra. This is due to the
fact that {F,}nen is strictly increasing; see Broughton/Huff [5], Overdijk/Simons/
Thiemann [9], and Stoyanov {13]. In the present situation, the argument is parti-
cularly simple: Since each F, is finite, Fo, is countable. On the other hand, there
_ exists an uncountable number of strictly decreasing sequences {J,}neN satisfying
Jn €C, for all n € N, each of these sequences decreases to a nonempty compact set
in 0(F), and any two such sets are disjoint. Therefore, 6(Fo) is uncountable and
hence strictly larger than F.,. Incidentally, this is another argument showing that
the Cantor set is uncountable.

References

[1] Aliprantis, C.D., Burkinshaw, O.: Principles of Real Analysis. Second Edition.
New York — London: Academic Press 1990. '

[2] Bauer, H.: Maﬁ— und Integrationstheorie. Berlin —~ New York: DeGruyter 1990.

6



[5]

[6]

(8]
[9]

[10]

[11]

[12]

[13]

Bauer, H.: Wahrscheinlichkeitstheorie. Berlin — New York: DeGruyter 1991.

Bllhngsley, P.: Probability and Measure. Second Edition. New York ChJchester: '
Wiley 1986. »

Broughton, A., Huff, B.W.: A comment on unions ofaﬁelds Amer. Math.
Monthly 84, 553—554 (1977).

Chung, K. L.: A Course in Probability Theory. Second Edition. New York - London:
Academic Press 1974.

Halmos, P.R.: Measure Theory Second Printing. Berhn Heidelberg — New York:
Springer 1974. S

Neveu, J.: Martingales a Temps Discret. Paris: Masson 1972.

Overdijk, D. A., Simons, F. H., Thiemann, J.G. F.: A comment on unions of
rings. Proc. Kon. Nederl. Akad. Wetens. A 82, 439441 (1979).

Rudin, W.: Real and Complez Analysis. Second Edition. New York: McGraw-Hill
1974.

Schmidt, K.D.: Amarts — a measure theoretic approach. In: Amarts and Set
Function Processes, Lecture Notes in Mathematics, vol. 1042, pp. 51—236 Berlin
— Heidelberg — New York: Springer 1983.

Schmidt, K.D.: The Andersen-Jessen theorem revisited. Math. Proc. Cambridge
Phil. Soc. 102, 351-361 (1987)

Stoyanov, J. M Counterexamples n Probabzlzty New York — Chichester: Wiley
1987.

Klaus D. Schmidt -
Fakultit fiir Mathematik und Informatik
Universitit Mannheim

A5

6800 Ma.nnhelm
‘Germany



	00000001
	00000002
	00000003
	00000004
	00000005
	00000006
	00000007
	00000008

