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Abstract: The present paper is to be understood as a revision and continuation of
a recent series of publications on recursively defined B-splines, due to C.deBoor and
K. Hollig [4] and G. Ciascola [6, 7].
We define B-splines as solutions of a certain difference equation of evolution type,
which is equivalent to the well-known B-spline recurrence relation. It turns out that
this approach leads to very elementary and direct proofs, in particular without using
the Marsden identity, of many important properties of the B-splines.
Special emphasis is also laid on the probability theoretic aspects of these functions.
Among other results, we prove explicit formulas for the k'" moments, the variance
“and the distribution function of a B-spline.
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1. Introduction and Preliminaries

In a recent series of papers, C.deBoor & K.Hodllig [4] and G. Ciascola [6, 7]
developed quite nicely parts of the B-spline-theory, starting with the famous recurrence
relation for B-splines (3.1) as definition of these functions. The present paper is to be
understood as a revision and continuation of the above ones in that sense that we develop
more results on B-splines — some are well-known from different approaches, but others
are new — also using only the recurrence relation (3.1) as definition. In addition, we
shall prove, in a more elementary way than in [6], the fact that the recursively defined
functions possess the B-spline-properties (cf. Theorems 2.1 and 3.2). In pé.rticular, we
don’t ﬁse the Marsden identity, and we simplify the proof of the differential recursion

formula significantly, compared with {7].

Even more, we first study, for arbitrary real functions, a certain difference equation
of evolution type, which is equivalent to the B-spline recurrence relation, and ask for those
initial values, for which the solutions of this difference equation are spline functions. As
the rhain result of section 2 it turns out that the only possible choice of initial values is

given by the first order B-splines. '

In section §, we prove, in a very elementary way, that our recursively defined
functions not only belong to the spline space S,,(K), but also possess the minimal-
support property, i.e. they coincide with the classical B-spline functions Q. m - In the
rest of the section, further properties of the @, ., are derived; among others, we shall
prove an optimal upper bound for their norm and the representation of @, . (z) aslinear '

combination of truncated power functions.

Section 4 is devoted to some connections of B-spline functions with certain linear
functionals and,' in particular, with divided differences. We shall derive representations
of @, m(z) as a quotient of two determinants and, of course, as the divided difference

of a‘truncated power function.

Finally, in section 5 we present some results concerning integrals over B-splines.
Since a B-spline can be interpreted as a probability density function, it is natural to ask
for the corresponding distribution function as well as for the k" moments and for the

variance. These questions will be answered in Theorems 5.2 and 5.3.
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Some of the assertions are connected with the corresponding results on complex

B-splines, for which we refer the interested reader to [14].

We simplify the matter by restricting to the case of simple knots, mainly to avoid
formulas which look complicated only because of the many multiple sub- and superscripts.

In most cases our results can be carried over to multiple knots in an obvious way.
Let us assume thét we are given real numbers z,, p € Z, the knots, satisfying
T, < Tup1 forall pez
and having no point‘ of accumulation in IR . The set of these knots is denoted by
K = {-’L'u}uéz .
Furthermore we introduce the subintervals
I, = {z € R; z, <z< 41} forallue Z |
and for v € Z and m € IN the polvynomia.ls
won(2) 1= (2= 22 = urt) (2 = Tugm)

where z is a complex variable. Since, for m > 2,

wu.m(z) = (Z"' mu+m)wu,m—1

= (z - mu)wu-l-l,m—l )

we obtain for the derivatives of these functions the equations

w,’ m ml
Wy mo1(Te) = ;—l_‘—i“i for p=v,v+1,...,v+m-—1 (1.1)
i y4m .
and
w, (z,) = ol o eyt Ly 42 +m (1.2)
v+1,m—1 (13“,) - z - or U= v+ 1Lv . 4 . .
w v .

Now let m € IN . A real function s is called a spline function resp. a spline of

order m with respect to the set K if it possesses the properties

1. The restriction of s to each intervall I, belongs to the space ) P of polynomials

of degree at most m — 1, and, ifm>1,

2. we have s € C"7*(R).
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The real vector space of all these splines is denoted by S§,,,(K). Due to H.B. Curry
and I.J.Schoenberg [9] there is a comfortable basis of this infinite dimensional vector
space, consisting of the so-called B-splines Qu.nm(z), v € Z , each of which has finite
support. In this paper we will deﬁnev these special éplines as solutions of a certain initial
value problem for a difference equation of evolution type, and derive many of their well-
known and also some new properties. The difference equation is eQuiva,lent to the famous

recurrence relation for B-splines, due to C.deBoor [1, 2] and M. G.Cox 8].

2. The Initial Value Problem

Let

q = {QU.m }L/EZ.:” €N

be a two-dimensional array, consisting of real functions ¢, ., on IR . The set of all these
arrays will be denoted by A. We are interested in such ¢ € A which satisfy for m > 2
and all z € IR the difference equation ‘ '

' T -, z, ,,,—:13
qom(e) = (————) dom1(2) + (—*——) dorim(®)  (21)

To+m — T, xu—i—m -,

and have initial values

q.1 € Si(K) (2.2)
with the. normalization
+ )
/q,,,l(:z:)daz =1 foral veZ. : (2.3)

It is obvious that any solution of the initial value problem (2.1), (2.2), restricted to the

interval I, , belongs to the space II,, ;. We will prove more:
Theorem 2.1: Let ¢ € A be a solution of the initial value problem (2.1)-(2.3).
Then _ ' A
q.m € Su(K) for all veZ meIN (2.4)

if and only of

(2,41 —z,)"t forzel,,
Cqua(z) = . : (2.5)
0 forzceR,z¢1,,

forall ve Z.
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Proof. We first prové the necessity of the condition (2.5). Since g, € S1(K), there

exist real numbers «, , such that
q.i(z) = a,, forzel, vueZ.

We assume g,» € S»(K) for all v € Z, ie. in particular we have ¢,» € C(R).
Equation (2.1) yields '

' T -z, Tty —
ql/.'l(cc) = <_—_—_-'_) Qo +- ("'—+___’—> (o F7N%S RFTEN T E I/,I ’ (26)

and

Ty — Ty

T -z, T4 — T
QU.‘Z(:E) = ("———> Ay =1 + ('—+—_> [0 J78'S RUTESS ) T c I[l‘—l' (27)

Because of the continuity of g,2(z) at z,, we may put z ==z, in (2.7) and let

T — T, in (27.6) to get the same value of g,.(z,). This leads ‘go the equation
- : (z, =z )Avp = (T4 — T ) At (2.8)
where A, ;tands for the jump of ¢, at the point z,,i.e.
Avp 1= O — Qi ‘for vu€Z.
From (2.8) we conclude for all v, y, k € Z the relation
(z, - mu)(zu+l - z,) Auv;l = (zr — ) (Ths1 — ) Ak - (2.9)

Hence |
A, =0 for p#v,v+l, p€z,

(2) o,, forzel,
quale) = i
1 Yo forz¢gl,,z€R.

which implies

The normalization condition
+

/ qg(z)dz =1

—

now yields v, =0 and o, = (.41 - z,)~'. This proves the necessity of (2.5).
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‘In order to prove the sufficiency we assume ¢, to be given by (2.5). Then it
follows easily by induction that
=0

Qo forall z<z, and z> 2,4, -

m
vt

Thus the restriction p” (z) € I,,—1 of g,..(z) to the interval I, satifies

1 1

pt/.l/—l(m) =0 and pu.t/+m(x) =0.

To show g, . € C"*(IR) for m > 1 we only need to prove the corresponding property
in a neighborhood of the knots z,, p=v,v+1,...,v+m. Equivalently we claim that

for z € IR the relation

(p:/]fu - pi;L—l)(x) = b:/np(m - m/-l)m_l (210)
holds true with
—1)y" —1)™
b,’,”'“ = (, ) = (=1 (2.11)
. w ((E 1.) v+ m
et (zp — )
j=v.jfu
for p=v,v+1,...,v+m.
The relation (2.10) is valid for m =1, since
' 1
1 — — —
pu.u—l(x) = 0, p}/.u(m) = T pll/.u+l($) =0 )
Ty41 — Ty
“’L.l(wv) = Ty = Tyl w,l,.l(a:l,_H) = Tydl T Ty,
and therefore ) )
1 1 -
= Fuu— r) = = y
(pu,u P, l)( ) Typl — Ty w:/‘l(zu)
' -1 -1
1 1
’ - Fu. z = = .
(pu.z +1 D, )( ) Typ1 — T, w,,/_l(xu—i—l)
To apply the induction principle we use (2.1) to obtain
(PZ?;L - pZ?u—l)(m) =
T — Ty -1 m—1 Tygm — 7T m—1 m-—~1
= N — D, - z + T Gt— T
(zuﬂ_m — zu) (pzA/ D., l)( ) (mu+m _ zu) (pu-i-l,/l Doy # 1)( )
-1 m—1 _ ‘ mo=-2 .
G kG Ol

Tyt — Ty




More Results on B-Splines 8

where, by induction hypothesis,

T -z, ~
] - for u = v,
wl/,m-—'l(xl’)
T — Ty Tygpm — T
houl®) = 0 & o forp=v+l,..,vtm=1,
o wl/.m—l(z/.l) wl,+1_.,“__1(2)l,v)
' Ty — T V
7 forpu=v+m
wl/+l.m——l(wl/+‘m)

holds. ‘
A little computation, using (1.1) and (1.2), yields

hy () = —ﬁ (Tygm —x,) forp=v,v+1,...,v+m,
which proves the relation (2.10) and hence the suffiency of (2.5). O

3. Basic Properties of Recursively Defined B-Splines

In this section we will study the properties of splines, which are defined as solutions
of the difference equation (2.1) with initial values (2.5); these special functions will be
denoted as B-splines. The following definition conincides with the recursive definition of

B-splines as given, for example, in [4] and [6].

Definition 3.1: Let z be an arbitrary real number and K = {z,} a given knot

sequence. Then we define for m€ IN, v € Z , functions Q,.(z) by

(2,41 —z,) ' forzel,,

Qualz) =
1() { 0 forzeﬂ%,$¢fu»

and, for m > 2,

Tyt+m — Togm — Lo

Qu.’nl(x) = ('_:c'———xl—x—> O«l'-'li—l(x) + (M) Ql/+l,771—1(m) . (31)

According to Theorem 2.1, the functions Q... belong to the spline space S,.(K);

they will be denoted as B-splines of order m..
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Remark. One could go even further and define B-splines of order zero by setting
o L (z-z,)7!, forz>z,,

Qu.()(x) = (33“ zu).}.l =
. 0 forc <z, .
Then (3.1) would produce all B-splines of order m for m 21, but we do not think
that the functions defined in (3.2) will be of any interest in practice. Therefore, in

the following we shall always assume m to be greater than zero.

In the next theorem we give some fundamental propertiesvof the functions Qum(z),

which follow immediately from Definition 3.1.

Theorem 3.2:

a) The functions Q,...(z) possess the minimal-support property

> 0, if$y<m<$u+m’
Qu,m(m) . (33)
=0, ifz<z,0r T>Tug4m -
Ifm2>2, then also Ql,.,,l(a:l,+.,,l) =0.
b) The B-splines form a partition of unity, i.e. forall m€ IN and z € R
+ o
Z (mt/+~m - ml/)Qu.m(w) =1.
¢) Forallve Z , m € IN, the B-spline Q. ,.(z) satisfies
1 .
V.ot < . . 3.4
max Qun(@) € 7 (3.4)

The bound (3.4) is optimal.

Proof. The minimal-support property as well as the partition of unity are easily verified

by induction with repect to m, using the recurrence relation (3.1).

Inequality (34) now follows immediately from assertion b), since all terms

(zy4m — Tu)Qu.m(z) are nonnegative.

We now prove the optimality of (3.4). For m = 1 this is obvious, so assume

m > 2. If we let the inner knots z,41,.. ., Tutm-1 of the support of Q... all converge
to Z,4,. , we obtain after a short calculation for the limit function @7} ,, :
Q. ..(z) = lim Qu.m(z)
. {~'»'u+l---~~-"u+m—l }’—"1"u+m »
(_I _ ;Bl,)’”—l )
A2 T forz, <z L Tugm
_ (ww+m — 23,,)"1 ‘ v > Ly4m

0 fore<z,0rT>Tipm-

(3.2)
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Hence
1
£
Qu.)vl(ml'+111) = ” b
Tytm — Ly

which shows that (3.4) is best possible. : 0

The next theorem provides an expliéit representation of the B-splines as linear
combination of the truncated power functions. Note that we have used so far nothing

else but the recurrence relation (3.1)!

Theorem 3.3: For each m € IN and v € Z , the function Q, .(z) can be written
as
. v

Qum(z) = Z b:/,fp (z - Z/z):—l_li (3.5)

H=v

where the coefficients b, are defined in (2.11).

Sketch of proof. The proof can be done by induction with respect to m, very much like

the second part of the proof of Theorem 2.1. . U

Corollary 3.4 (Derivative recursion formula):  For all m > 2 we have the relation
d ' m—1 '
Edeﬂ-;:rjz'@wwdﬂ—Qwuwdﬂ% (&Q

Proof. Differentiation of the representation (3.5) yields
d v4+m
dz Qu.ufz) = (m- 1) Z bL’f,L(l‘ — Iy Z—l_‘ ’ (3.7)
H=v
while on the other hand it is clear that the right hand side of (3.6) is of the form
. 4

(m-1) Y e (z—2u)i™

H=v

with the coefficients

=1 : —
by, yifp=v,
1 i =1 m—1 : _
= R —,b,,H.“) Jifr+l1<pu<v+m-—-1,
* Tytm — x, =1 . .
. bV ir Jfpu=v+m.
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)

Obviously, ¢, = b))}, for u=v and p=v+m.Butalsofor p=v+1,...,v+m-1

ot v

we obtain
e — 1 e (__l)/'l—l B (_1)111—1
s Tygm — Ty w:/_m_l(m/.l.) wllx-}-l,'m——l(w#)
= (“1)”1—1 . (mu = Tytm L Tu Ty )
zL/+m — Ty w{/,m(zu) - w{/./)z(zﬂ)
-1 m=—1
- (T)—_ =,
wu.m(zﬂ)
due to (1.1) and (1.2). . : U

Moreover, the explicit representation of the B-spline Q.. (z) given in Theo-
rem 3.3 enables us to give a very short proof of the famous contour integral formula for
B-splines, which originally appeared in [10]. One should also compare the complex case

 treated in [14].

Theorem 3.5 Let ve Z and m € IN. For 2 € R let C(z) denote a simply
closed and rectiﬁable curve in the complez plane such that all knots z, with z <
2, < T 4pm and no others lie inside of C(z). Then the following contour integral

representation for the B-spline Qu.m(z) is vald:

1 (z—z)""dz
27!"[: JC(r) Wy om (Z)

) QL,_,”((E) =

b

where the integration is carried out in the positive sense.

Proof. We denote the integrand by ©(z). Then the residue of ¢ in the point z,,
v <u<v+m,equals :

(ZE‘, _ z)m-—l

Res(p,z,) =
( ! ) w{/.m,(xl')

_ (—_]')m_l _(1:__3: )m,-—l
¢
w{/.m(wﬂ) !

= b, (e -2

Now let k be any fixed integer with v <k <v+m—1 and z € Ii; . Then the theorem
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of residues implies

1 v+m

. § m . m—1:
271 |- (‘P(z) dz = _bu,u(m - xﬂ)
CG(a) n=hk+41
v4m v . k :
. m m—1 m n—1
- § _bu.p(z - mll) - E _bu.u(x - le‘)
pu=v ’ ) pn=uv
A.
_ m ; m-—1.
- E bu.u(m - -13“) ’
u=v
since ZZ:" ~b (z —z,)""" = 0, due to Theorem 3.3. O

4. Some Connections with Linear Functionals and
Divided Differences : ‘

Let K = {z,} again denote some fixed knot sequence. In this section we shall
stildy linear functionals L = L,.,, on the space C(IR) of the form
u-I-zﬂ

L= anf), (4.1)

with certain given coefficients o}, .

Our first result is the following theorem, which has - in different forms - already

appeared in the literature, see e.g. (5], [11], [14]:

Theorem 4.1: Let the linear functional (4.1) satisfy the conditions

L B 0, if k=0,1,...,m—1, ' o
S (-1)", if k=m, (42)

with gi(t) :=t¥ for k=0,1,...,m. Then the coefficients o, -are uniquely deter-
mined and satisfy

m —_ m —
a,, = bu.,u foru=v,...,v+m

with the numbers b, from (2.11).

In particular, we have
L) = (1) A@ore s armi ) 3

where A denotes the usual m— th order divided difference operator.
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Proof. The (m + 1) conditions (4.2) lead to an (m + 1) X (m + 1)— system of linear
equations for the determination of the coefficients o, . The matrix A of this system
is a Vandermondian, hence regular, which proves the fact that the system has a unique

solution.

For the determinant of A we have

det(4) = [ (@20,

v<k<j<v+m
and therefore the application of Cramer’s rule to (4.2) leads to the solutions

GV S VSN CIEL S

p<hk<)<v+m
I

a™ — A E R
vk det (4)
(1)
- I (zj—zu)- 1 (zp—=x)
w<jLr+m v<k<pu
= (_1)“._1/ = pm
T Gy o I (e
p<iSuvtm v j<p

Finally, equation (4.3) is an immediate consequence of the well-known fact (see e.g. [11])

that the divided difference A satisfies the relations

i

0, if k=0,1,...,m—1,
1, if k=m.

. A(%n--w%@-nﬁ?k) = { (44)

O

Originally, B-splines have been introduced as divided differences of a certain trun-
cated power funétion, and one would expect that from our definition the same representa-

tion can be derived. That this is indeed true shows the following corollary to Theorem 4.1.
Corollary 4.2: The B-spline Q.. .(z) has the representation
Qu.m (x) Ev (—1)/“ . A(CC,,, vy :Eu-*-'n‘L; ($ - t):;-z_l) )

here, the divided difference has to be taken with respect to t.
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Proof. Follows directly from Theorems 3.3 and 4.1. O

As is well-known (cf. (5], [13]), a linear functional of the above type can also be
written as a quotient of two determinants. In the case of the B-spline Q.,.m(z) this
is asserted in the next lemma, for which we need the following notation: For functions

vy, ...,V, and numbers yy,...,¥y,, , we set

’Uo(yn) T e vl)(ym)
det (v(, it Ui ) = det
yu . .. « . y”l

As in Corollary 4.2, we treat z as a parameter and take the determinant with respect

Um (y(ﬁ)) ettt Uy (ym)

to the variable t.

Lemma 4.3: The B-spline Q, ,,(z) has the representation
det (g(_, Y I t);i‘*)
m T, e . Zytm

Z, Cor Ty4m

.QU,,,,(:f) = (1" det<9" P )

Proof. Obvious; see also [5] or {12]. 4

5. Results Concerning Integrals over B-Splines

An important result in the theory of B-splines, originally due to Curry and Scho-
enberg, is the fact that the integral of @, ,,(z) over IR does neither depend on the
location of the knots {z,} nor on the index v, but only on the order m; this is esta-
blished in the following Lemma 5.1. Of course this could be deduced as a special case
from Theorems 5.2 and 5.3, but we want to give a very simple direct proof, based on the

representation formula (3.5).

Lemma 5.1: Forall me IN and v € Z we have

(5.1)

1
—

/ O./U.m(a;) d$ =
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Proof. We start with the formula (3.5) and obtain

NG R .
/ Qu.m(z) dz = Qu,m(a:)da:
— R
v+ Fitm
— _}_ . Z B : m
m v, ;1
u=y ”,
1 v4m
= m Z bﬁf,, (Tugm — :c“)m (5.2)

=

From Theorem 4.1 we know that the linear functional

U+m :
L(f) = ) b f(@w) (5.3)
=
has the properties
Lg) 0, fhk=01,...,m=1,
g 8 =
‘ (1), ifk=m,

with gy(t) =t* for k=0,1,...,m. Therefore (‘5.2) equals

]‘ "o 1
— - L((-1)"gn(t) = —,
m m
which completes the proof of Lemma 5.1." O

In combination with Theorem 3.2 a), Lemma 5.1 says that the B-spliné func-
tion m - Q,. .(z) -is a probability density. Therefore it seems natural to ask for the
corresponding distribution function as well as for the k' moments; these questlons will
be answered in the subsequent two theorems, the first of which is essentially due to

C.deBoor, T.Lyche and L. L. Schumaker.

Theorem 5.2 (cf. C.de Boor, T.Lyche and L.L.Schumaker [3]): Forall v € Z,
melN and ¢z € IR,

m /Qu,1)t(t)dt = Z(£;4+m+l _vm;t)Q‘;l.m+l($) » (54)

=i

0, ife <z,

= Z(wl""'” +1 —.;r;l)Q}l.lll-*-l(m)) ’ifﬂ:EIk,k:V,..'.,V'l'm ’ (55)

pu=v

1, » ) 7'f$ > Tytm+l-
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Proof. Relation (5.4) can be easily deduced from Lemma 2.1 in (3], while (5.5) is then
an immediate consequence of the minimal-support property of the functions Q..n+1

(Theorem 3.2 a) and b)). ' 0

Continuing the study of the B-splines’ probability theoretic aspects, we now prove

an explicit formula for the so-called k" moments of these functions.

Theorem 5.3: For all k € IN, the following ezplicit formula for the kt" moment
of Q,.m(z) holds:

T m— 1)t k! -
/ z* - Qun(z)dz = (T"T:Z’T A(Zuy oy Tugms tmrEY (5.6)

—

Remark. For k = 1, Theorem 5.3 pr.ovi,des a formula for the mean of the probability

density function mQ,..(z),i.e.

e

J Z,+Tupit+ o+ Toem
P = : Qu m d = .
Py / z-mQ@,.n(z)dr o]

—0

Proof of Theorem 5.8. We use induction on m, so let m = 1. In this case the assertion

is true, since for all k € IVy the application of Definition 3.1 directly yields

B R YE S

1
k k
/ z Qul(:l?)d:l: = ;__;r__l——_:l)__ z" dz
v v
- i _ T
k41 k+1
_ 1 . xu-{—l -,
k+1 zy41—ZTu
0! k!

— A vydy 3 tl+k .
Now let m > 2. Our induction hypothesis is that for all exponents r € INy and for all
indices p € Z the relation

T m - 2)! 7! , R
/ zl.'Qu.,m——'l(m)dl‘ = (-(r;l—ﬁ-_r—)——].—j—!‘A(m“’”"m“-tm_l;t + 1) (57)

—_—
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holds. To prove (5.6), we use integration by parts and apply the differential recursion
formula (3.6). Then '

X

/ (Bk 'Q"m(m.) de = zt! 'QL/ 'Hl(m) N - _1‘— 4 mk+l .Q’ (OJ)da:
‘ | | k + 1 . — 0 k + 1 vom
mo i k+1
T “Qum- dx —
(k+ 1)($1/+m,—$l,) / z AR 1(:13) T
_ / ;z:l\--l-l 'QU+1.m—1(CE) de
Equation (5.7) yieids
i (m — 1)t k! »
. PR} d = - - A R e1; I)lv _
/_ T Q . 1($) T (m_i_k)!(mu_*‘”b _wu) { (32 T +m 1 t )
- A(%H,...,zl,+,,);t'”+k)}
(m — 1) k! .
= ————-A py ey by m;tm+ ,
CE R A )

where we have used the well-known recursion formula for divided differences, see

e.g. [11]. o O

Remark. The divided difference, applied to a monomial, can be computed recursively

too. Let us consider the functions
() = T wa()
=t t—z,) (t—2ugm)
k=1 +1 - +1 +1 |
ke mAl Y mtl—p
= ¢ (t ;( DALt ) ,

where A, = A um denotes the elementary symmetric functions of the quantities

Ty Tygly--sTvtm s e.g.

v+m

/\1 = E Ty
p=v
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v+m

Ay = Z T,z,T, , etc.

PLTON =Y

pPLTLA

Then obviously .

Ay, s Toms fr) = 0 forall ke IV.

Due to the linearity of the functional A we get the relation

Az, Tt TF) = miL:l(—l)“'“‘A“ Ay, Zppas t™TETH)
: p=1
for k € IN . Equation (4.4) now yields
A(m,,,...,wl,+,,l;t"'2+l) = Alv and
Az, ... a:,,+,,l,t’”+)) = MA(z,,... wl,+,,,,t’"+1) — XAy, Topm; )
= Al - X

Using Theorem 5.3 we get for the 271 moment of the probability density m @, .(z)

the value
| ] 2 Qy(2)d 2 (A= A)
RKym = - -my, ,\T)jar =. (AT = X))
L S (m4)(m+2)
Thus for the variance
)
ag,m = / (& = pum )2 mQuu(z)dz = Kum — p%.m
it follows, after a short computation,
, mA? — 2(m + 1) : i
o = S
o (m+ D) (m+t2) ~ (m+1) (m+2) =

p<T
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