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Abstract. In this paper we investigate some properties of trigonometric B-splines, which
form a finitely-supported basis of the space of trigonometric spline functions. We establish a
complex integral representation for trigonometric B-splines, which is in certain analogy to the
polynomial case, but the proof of which has to be done in a different and more complicated way.
Using this integral representation, we can prove some identities concerning the evaluation of a
trigonometric B-spline, its derivative and its partial derivative w.r.t. the knots. As a corollary
of the last mentioned identity, we obtain a result on the tangent space of a trigonometric spline
function. Finally we show that — in the case of equidistant knots — the trigonometric B-splines
of odd order form a partition of a constant, and therefore the corresponding B-spline curve
possesses the convex-hull property. This is also illustrated by a numerical example.
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1. Introduction and Preliminaries

Trigonometric spline functions have been considered the first time by Schoenberg [8]. Orig-
inally they were introduced as functions which are piecewise in the space

Tm = span{l,cos(z),sin(z),...,cos(kz),sin(kz)} (1.1)

of dimension m = 2k + 1. Among other things, Schoenberg already proved the existence of
locally supported trigonometric splines, the so-called trigonometric B-splines. However, maybe
due to the fact that it makes no sense to consider the space 7,, for even values of m, the
question for a recurrence relation for these functions was open for quite a long time. In 1979,
T.Lyche and R. Winther [4] had the great idea to introduce the “intermediate” spaces

T kx kx

Ty = span{cos(g),sin(i),...,cos(T),sin(E—)} ‘ (1.2)

for m = 2k, k € IN, which enabled them to establish a recurrence relation for trigonometric
B-splines of arbitrary order, i.e., regardless if m is even or odd (see (1.4) and (1.5) below).

A nice compendium of the fundamental properties of trigonometric splines can be found in
L.L. Schumaker’s book [9]; moreover, quite recently the interest in these functions has increased
significantly, see for example [7] or, in particular, [3] and the many references therein.

The objective of the present paper is the following: In the first part (Section 2) we will
establish a contour integral representation for trigonometric B-splines in analogy to the one
which is well-known for the polynomial case (see [5,6,10]). This will enable us to prove in
Section 3 quite general recursions for trigonometric B-splines themselves, their derivatives with
respect to the variable x, as well as for the partial derivative with respect to the knots; for the
(easier-to-handle) case of polynomial B-splines, similar results were proved in [11]. Moreover,
we will see how the tangent space for trigonometric splines looks like.

Furthermore, a convex-hull property in the usual sense will be proved, for trigonometric
splines with equidistant knots (Section 4) as well as for the subspace of cosine splines with
arbitrary knots (Section 5). In a numerical exmaple we will apply this to a curve design
problem. The question of classical chebychev approximation will be considered in a forthcoming
paper {12].

In the rest of this introductory section, we will define the trigonometric B-splines and repeat
some basic results. With some natural number m, consider a knot sequence A = {z,};cz,
such that

<z <29 S £ - Sy £ (1.3)

and z; < Tj4m <z; +27 forall je Z.
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For arbitrary fixed index v, we define the following recursion formula: For j=v,...,v +
m — 1, put
1, forz; <z<zj41,

Ty, (z) = { (1.4a)

0, otherwise.

Then compute for 7 =2,...,m and j =v,...,v+m — 7 the functions
T, 5() = sin(Z2) Byoyy(o) + sin(FHE2) Broyyn(e), (1.4b)
where T (
1.
B‘r—l,#(x) = Sln( T_; ) (140)
0, Ty = Tpt+7-1)

for p =j or p = j+ 1. Then the final result of this recursion, i.e. the function T, , , is the
trigonometric B-spline of order m associated with the knots z,,...,Zu4m .

It is well-known (see [3] or [4]) that the B-spline T,,, is piecewise in the space 7, ; more
precisely, the functions {T,..}.cz span the space of trigonometric splines of order m , but we
will not go into details about this.

The support of the B-spline T,,, is the interval [z,,Z,4m], in the interior of which it is
strictly positive; furthermore it is easy to see that this support is minimal, i.e., there is no
non-trivial trigonometric spline of order m , which is zero outside a smaller knot interval than

[xua wu—}-m] .

Remarks.

1) What we have defined are the so-called normalized trigonometric B-splines, as they were
called in [3] or [7]; we will discuss later (see Theorem 4.1) another type of normalization, which
leads to trigonometric B-splines which share the convex-hull property.

2) If z, =x,4-—1 for some g, then the corresponding denominator in the first line of (1.4c)
vanishes; but then also T;_1 ,(z) = 0, and thus putting B,_; ,(z) = 0 in this case is well-
motivated.

3) Of course, for each 7 =1,...,m, the function T, ; defined in (1.4b) is also a B-spline (of
order 7 ); but for all 7 < m, it may happen that T’ ; vanishes identically.

4) If, for some 7, z, < Ty4r—1 for p=j and p = j+1, then recursion formula (1.4) can be
written in the more instructive form

sin(——-—iz_;‘) sin(—-z”z’—x)
T-,-,J'(.’L') = - - TT_LJ'(IL‘) + . T‘l'—l,j+1(x) . (15)
sin(—’—“ o3 z ) sin(—’—Lz +’2$ “)

This is in particular true for all 7, if the knots are all distinct, or, in other words, of multiplicity
one.
5) If, for some v,

Ty41 = To42 = 0 = To4m
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which implies that

Ty < Ty+l = Zy+m < Tutm+l s

then, according to (1.4), T, takes the simple form

Sinm_l (z—zu)

- , forzx, <zx<zH41,
Tmo(z) = sinm_l(z—"‘"‘z—z"-) (1.6)
0, otherwise.

Throughout the paper we will make use of some addition theorems for trigonometric func-
tions; for convenience, we collect these in the following proposition.

Proposition 1.1: For all o, B €@, the following relations hold:

2 sin(e) - sin(B) = cos(a - f) - cos(a‘;i— B);

(1.7)
2 sin(a) - cos(B) = sin(a — B) + sin(a + B); (1.8)
sin(a — 8) = sin(a)cos(8) — cos(ca) sin(B); (1.9)
cos(a — B) = cos(a)cos(B) + sin(c) sin(f). (1.10)

2. An Integral Representation for Trigonometric B-Splines

A fundamental tool for most of our proofs will be the following contour integral representation
of the functions T,,, . A similar result for polynomial B-splines is known since many years
(see [5,6,10]), but the proofs given there do not go through for trigonometric splines.

Theorem 2.1: For given m,v € IN and z € R let C = C, be a circle in the complex plane
which does not go through a knot and has all knots z, with < x, < T,4m and no others,
nor one of the points =, + 2kn, k € Z \ {0}, in its interior. Then

sin ( 2eem=2 ) sin™ (252 ) dz
Tou(z) = : / : (2.1)
) )
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Proof. Let us denote the right hand side of (2.1) by I,,,(z). We prove the equality I,,, =
T, by induction w.r.t. m, so let m = 1. In this case,

sin(4————m" L2y )

L,(x) = o o) (2.2a)
C
with
w(z) = sin(z _2%) -sin(%{) : (2.2b)

If £ > z,41, the integrand in (2.2a) has no poles in the interior of C', and so I, ,(z) =0.

If z, < < z,41, there is one pole of the integrand in the interior of C', namely the knot
Z,41 . According to the Residue Theorem, we obtain

/ dz 2mi 47
J w(z) w(Tys1) Sin(z.,ilz—zu) ’

since

and so I, (z)=1.

Finally, if = < z, , we again use the Residue Theorem and find that

C/wt) N 27”'<w'(1avu) * w’(z;l,,+1)> = 0; (2.3)

due to continuity, (2.3) still holds true for z,4+; — z, , and so the theorem is proved for m = 1.

We assume now that, for some m > 2, statement (2.1) is true for m — 1, and prove its
validity for m itself.

Case 1. Itis z, < Ty4m—1 and Z,41 < Ty4+m . In this case, we have to verify that the relation
sin(=5)
I

- —x m—1,v
Sln( Vim;l u)

Sin(zu+;—m> I ().  (24)

z — m—1,0+1(T
Sln( u—}-rn2 u+1)

I (z) =

(z) +

holds. To do this, we use the linearity of the integral and find that the right hand side of (2.4)
equals

1 {sin(z"zz") sin(z_mz"‘“"‘) + sin(—‘"——m" ’2"_’> sin(—‘iz_;c )} . sinm_2(zgw) dz
E * / . (2.5)
Kis
c

sin(—'ﬁz'zJB )sin(————i—z_?’ 1) sin(—““—z"xz" "‘)
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Now we apply (1.7) to the bracketed term in the numerator of (2.5) and obtain the equality

sin(m _2'%) sin(z — ;"+m) + sin($"+; — x) sin(z —2:3,,)

_ lcos(x_zu_z+x"+m)—lcos(x_$"+z_$"+m>
T2 2 2 2
1 x,,+m——:v—z+a:,,) 1 (zu+m—x+z—xu)
+2cos( 5 2cos 5
_ 1 Tyam — Ty — 2+ T 1 :c,,+m—my+z—x)
= 2C°S( ) ) °S< 2

o x,,.,_m—:c,,)_ ) (z—x)
sm(——-——2 sin 5 ,

which, together with (2.5), completes the proof of Theorem 2.1 in Case 1.

Case 2. It is T, < Ty41 = Ty+m - In this case we verify directly that I, , , which reads in this

case
sin(-—L" "2"“"") sinm'l(fg—”) dz
Inul@) = ———— / - I A— (2.6)
e 2 sm(———'ﬁz;z )~smm(——z 2”“)

coincides with (1.6). Obviously, I, .(z) =0 for =z > z,4,». Moreover, using the result of
Case 1 we obtain immediately that

Im(z)=0 for z<z,, (2.7)

since the integral depends continuously on the parameters z,41,...,Zv4m .

Now let z, < z < x,4; . Here, according to the Residue Theorem and using (1.7), we have

: m—l(z—z)
_ sin
Imo(z) = lsin(x_"‘*_l___‘f_"_> - Res 2 z =2y
’ 2 2 sin(—‘LZ“Jc ) ~sinm(z_z"“)

2

1 v - Ly
= —Esin<x—il—2——m—) - Res

1. rzx -
— ——Sln( v+1 1/).

sinm—l (:z:—z , )

sin™—1 ( muﬂ?—zu)
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Case 3. It is z, = Ty4m—-1 < Tu4m - In this case, the statement can be proved in complete
analogy to Case 2. O

In the next section, the representation (2.1) will be used for proving some new identities for
trigonometric B-splines, which cover as special cases the recursion (1.4) resp. the differential
recursion (3.16), proved in [4].

3. Identities for Trigonometric B-Splines

The first theorem in this section can be viewed as a generalization of the recursion formula
(1.4). Our aim is to express the B-spline T,, by some others of order m—k, k€ {1,...,m—
1} . Since the index v is not important here, and since we shall have indices enough to struggle
with, we set throughout this section v = 0 and use the notation T, :=T., . .

We need some more notation: For fixed k£ € {1,...,m — 1}, let N denote the following set
of k-tuples:
N = {(j1,---,Jk); 0<j1 <ja< - <jr<m}. (3.1)

Futhermore, for each (ji,...,jx) € N, we denote by

Tm—k(x|j1a""jk) (32)

the B-spline of order m — k with knots {zo,...,Zm}\{Zj,,..., ;. } . Finally we define, again
for each (j1,...,jk) € N, two indices r and s by

r := min{i; 0<i<k+1, j;>i—-1}, and (3.3a)
s == max{i; 0<:i<k+1, 5 <m-k+i}, (3.3b)
where we have set formally jo := —1 and jx4+; := m + 1. Note that these indices count how

many of the first resp. last subsequent knots are deleted in (3.2).

Now we are ready to formulate the following result.

Theorem 3.1 (Geheralized Recursion Formula): For each (j1,...,jk) € N, set

Sin(zm—ki;_xr—-l )

B(jy,nde) = - (o = : (3.4)
sm(—%—“)

Furthermore, let there be given functions A, . ;.)(x) such that for each 2 € @ the relation

k

Z /\(jlr-',jk)(x) CHGaeede) HSin<%> = sin® (z -; -'1:) (3.5)

(F1,--s JL)EN =1
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holds, with A, . j.)(x) independent of z.

Then the following identity is true:

Tn(@) = Y AGrni)@)  Tmk(@ 1, dk) - (3.6)
(J1,---Jk)EN

Before proving this result, we would like to illustrate it by considering some aspects of the
special case k = 1. Here we obtain with

sin(—m—“ = ) sin(m"";_z")
Bo = —F——~ Bbm = ——7——~ > (3.7)
sm(imfﬂ) 51n(£m2'—”‘1)
and pj =1 for j=1,...,m —1, the identity
Z’\J(x) : Tm—l(x IJ) = Tm(x) ) (3'8)
Jj=0 o
whenever the A;’s satisfy
Z/\j(m)-uj-sin(z_xj) = sin(z-x) (3.9)
% 2 2
7=0
for z€C.
For example, if 2o < £,,—1 and z; < Z,, , we may choose
sin(—m—’” 2"”) sin(—‘lz“;c )
(@) = ———h |, dnl@) = (3.10)

3
M Tm—1—20
" Erey

and Aj(z) =0 for j =1,...,m-1, which leads us back to the recursion (1.5) (with = replaced

8111(5-“2_—”)

by m).
But there are also other possibilities: For two indices o, 8 € {1,...,m — 1} with z, # 23,
set
sin(%‘i) sin(ﬂgﬂﬁ)
)\a(x) = 7. ) /\ﬁ(.’E) = _ ’
sin(x—“z—f-‘i) sin(%ﬁ)

and A;(z) = 0 otherwise. Then, (3.9) is satisfied, and we obtain the recursion

/\a(x)'Tm—l(x‘a) + ’\ﬁ(z)Tm—l(xlﬁ) = Tm(x) . (311)
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Proof of Theorem 8.1. We first observe that, according to the definition of r and s, the sup-
port of the B-spline T,k (x| Jj1,.-.,7k) is precisely the interval [z,_1,Zm_k+s]; in particular,
Ton—k(z|J1,- .-, Jk) is identically zero, if ,_1 = Tm_k4s.

Hence, using (2.1) we may write

Z AGrronin) (@) - T (x| J15 - - - Jk)
(j1|-“)j’¢)eN

= Z AGaynin) (@) Tmer(x | 415 - Jk)

(G1seeon JK)EN

(Grsens JKk)EN

471 iz . z—zx
= s
Gronik)EN & 11 Sm( 5 >

(g1, dk)EN

Since all A, . j.)(z) areindependent of z, we can use the linearity of the integral and simplify
the last expression further to

k
I1 sin(Z—;Ji) ~sinm_k_1<%> dz
=1

4mi D Ando @) B s
¢ (i,dk)EN Hosm(—i—“i)
l_[:

sin(imz—%) sink(z;z) .
o / fom(=)
p=0
= Twm(z),
where we have used (3.5). This completes the proof of Theorem 3.1. O

Our next result provides a generalization of the differential recursion fomula for trigonometric
B-splines, originally proved in [4].
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Theorem 3.2 (Generalized Differential Recursion Formula): With the numbers p; defined
in (8.4) resp. (3.7), let A\j(z) be real functions, such that for all z €@ the relation

m

=0,\j(x)-uj-sin(z_2x") = l_zm'cos(zgx) (3.12)

J
holds.

Then for each point =, where E%Tm(:n) exists, the following identity is true:

%Tm(m) = Y X Tmoa(z15) - (3.13)
=0

Proof. Differentiating the Representation (2.1) w.r.t z, we obtain

d 1- m)sin(ﬁm;—”) cos(“?'”) . sinm_Z(z;x) dz
— T(z) = - . : . (3.14)
dr 8m Z Sin(z—-zzo) Sin(z‘;ml)' e Sin(u_; )
From this point on, the proof runs along the same lines as the one of Theorem 3.1 and is
therefore omitted here. 0

Using relations (1.8) and (1.9), it is easily verified that (3.12) holds in particular for

_1-m cos(&ﬂ;—i> _m-1 cos(%ﬂ)
do(z) = — .sin(ﬂm‘—zl> o Am(e) = 5 .sin(z’"‘;_“’)’ (3.15)

2
and Aj(z) =0 for j=1,...,m—1; with these choices for the A;’s, Relation (3.13) reads

Ty —2
- m COS( 3 )

2 sin(ﬁm—%ﬂ)

d m—1 Cos(x—; )

L To(z) = :
2 3 m—1—
Sm(w+o>

dx
a formula, which was originally proved in [4].

o1 (2| m) + = To1(2]0) , (3.16)

Remark. Of course it is no problem to differentiate the representation (3.14) further, and thus
to derive identities like (3.13) for higher derivatives of T, . But then, the right hand sides of
(3.12) become quite unpleasant, and so I think that such identities will not be of great practical
importance.

Now that we have found an identity which represents the derivative of T, w.r.t. z, in the
next theorem we establish a corresponding result for the partial derivative of T;,, w.r.t. one of
the knots.
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For its precise formulation, we need to extend our previous notation: Let
9 (z | 5) (3.17)

denote the trigonometric B-spline of order m , which arises from T,, by deleting the knot z;,
and adding the knot z; one more time. Note that, according to this notation,

T (z]j) = Twm(z). (3.18)

Furthermore, let for j € {0,...,m}, p; denote the multiplicity of the knot z;,i.e., the number
of times z; appears in the set {zo,...,Zm}. We assume from now on that p; <m forall 7,
and that at least one inner knot exists.

Theorem 3.3 (Partial Derivative): Choose some indez i € {0,...,m}, and let again p;,
j=0,...,m, denote the numbers
, sin(—m—1~JE o ) sin(——————m"“;_“)
po = ———t pypy = ———=, andpj=1forj=1,...,m—1. (3.19)
sin(—m—-‘“ o ) sin(—m—H T )
Furthermore, let there be given real numbers Ao, ..., Am , such that for all z €@ the relation
= . zZ—=T; P zZ—X;
;)/\juj sm( 5 ) =5 cos( 5 ) (3.20)

holds. Then for each x, where E%Tm(m) exists, the following identity is true:

d
d:Bi

T(z) = Y NTD(z|]) - (3.21)
7=0

In particular, we have

(

mn;:i )
T (z|m) |, 1<i<m-1,
» 0)
4 r(z) = 2 L 1Q@|m)|, i=0, (322
dx; 2 =2 0

\

h

i.e., for each 1, E%Tm can be written as a linear combination of two m'* order B-splines.
1
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Proof. Differentiating the Representation (2.1) w.r.t. z;, we obtain

d (@) = sin(-”—%:i‘l) / sinm'l(z—;ﬁ) . %"-cos(%’l) dz (3.2
dz; " N Ami P sin(%ﬁ) sin(ifg—’m) -sin(f—',f—i) ‘ .

Using (2.1) also for the B-splines T,(,f)(m | 7), this leads us directly to (3.21).

To verify (3.22) we have to show that

Tm = Ti\ . (2= T\ (zo—xi) . (z—zm)= . (zm—mo) (z—xi)
cos( 5 )sm( 5 ) cos 5 sin 5 sin{ ——— ) cos| — (3.24)

for all 7. But this can easily be done, using some of the identities listed in Proposition 1.1, and
regarding that 1 = cos(ﬂ;—m‘l) = cos(im—;im) . O

For some n€ IN, n > 2, let

xl . ‘e :L‘n_l
Sm = S
denote the space of trigonometric splines with (inner) knots zi,...z,—;, of multiplicities

Pis.--Pno1. It is well-known (cf. [3, 9]) that — very similar to the polynomial case — this
linear space possesses a B-spline basis, and that

n—1
dimS,, = m+ Z pj - (3.25)

j=1

Using the result of Theorem 3.3, the next corollary follows in complete analogy to the polynomial
case.

Corollary 3.4 (Tangent Space): Consider some arbitrary, but fited s € Sy, . Then the
tangent space T(s) of s is the space

- "L'l 0. PR x'n,—l

of dimension
n—1
dim T'(s) = m+n—1+ZpJ~ .
=1
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4. A Convex-Hull Property

In contrast to the polynomial ones (see e.g. [1,2]), trigonometric B-splines in general do not
establish a partition of unity, and therefore the trigonometric B-spline curve

t(z) =Y bTm.(z) (4.1)

cannot be expected to lie in the convex hull of the control points b, .

To overcome this difficulty, P.E.Koch, T.Lyche, M.Neamtu & L.L.Schumaker [3] introduced
quite recently the concept of trigonometric convexity and control curves, thus obtaining nice
results concerning curve design properties of trigonometric B-splines.

In the present paper, we go a bit more the “classical” way and show that — for equidistant
knots and m odd, which corresponds to the space 7, as defined in (1.1) — the T,,, ’s indeed
add up to a non-zero constant and so, after a suitable re-normalization, the trigonometric B-
splines form a partition of unity. In the remainder of this section,.we work out and prove now
these roughly sketched ideas.

Theorem 4.1 (Partition of Unity): Let m € IN be odd, and assume that
Tyy1—2%, = h >0 foralveZ. (4.2)

Then there is a positive constant C,, , which depends on h, but not on {z,}, such that

Z Nm,l/(x) = 17 (43(1)
veEZ
where
Nm,l'(x) = Cm 'Tm,u(x) (43b)
forall ve Z .

The constants C,, can be given explicitly, see the proof. For example, it is

C,=1, Cg—COS(%),
Cs = % (cos(g) -cos(%) + %) , and (4.4)
Cr = % (cos(g) -cos(%) -cos(%ﬁ) + %(cos(—g) +cos(§—2’i> + cos(%))) .

Before proving Theorem 4.1, we state an easy, but for applications important corollary.
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Corollary 4.2 (Convex-Hull Property): For each z € IR, the point

= > bNp,(z) (4.5)

vEZ

lies in the conver hull of the control points b;, j € J, . Here, J, denotes the finite set

= {j € Z; Nm () #0}.

Proof. Since C,, > 0, and since Ty, , > 0 for all z € IR (cf. {3, 9]), the statement follows
immediately from Theorem 4.1. J

Proof of Theorem 4.1. For m =1, the result is obvious, so let m > 3. We make use of the

Marsden type identity

sinm_l( ) Z T () - H sm( ) , (4.6)

veEZ

which is due to T.Lyche & R.Winther [4], see also [9]. Here, y € IR is some dummy variable,
and (4.6) is a trigonometric polynomial in y from the space 7, , as defined in (1.1). The basic
idea of our proof is now to compare the constant terms of this polynomial on both sides of the
identity (4.6).

From the well-known relation

) = iy (2300 (M) eostm-1-200) + ()] @)

valid for all odd integers m and ¢ € IR, we deduce that the constant term on the left hand
side of (4.6), denoted as I, , equals

1 m—1
lm = 2171.—1 * ( m—1 ) (48)

and is obviously positive. Here we have used that, for k£ € INy,

cos (Zk(y ; a:)) = cos(ky) cos(kz) + sin(ky) sin(kzx), (4.9)

due to (1.10), which implies that no other term in (4.7) contributes to the constant.

Now we consider the product on the right hand side of (4.6). Since m — 1 is even, we may
group the factors in pairs and find, again using (1.7) that

n(2 ) = T (sn(272e2) on(2=2pms))

i=1

m~1
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—

m-—

= 2 (l <cos( "+m_j2_ m"”) ~ cos(y — 'ym))‘>

(cos(QJ — h) - cos(y — 7,,,)) , (4.10)

(3]

<.
i
-

DO | b=

where we have defined
— ZTut+m-1 + ZTy41
Ym = 5 .

Now we have to recall the definition of the elementary symmetric functions a,(cN) of order
N, which can be done through the polynomial identity

N

(a1 =2)az—2) -+ (ay—2) = > (=" oV,

k=0

or explicitly

k
oM = 3 Moo — (4.11)

1<41 i< < <N =1

(N)

with o5 ' = 1. For example, we have

N
(N) Za and 0 )=Ha[
=1

Using this notation, we can re-write (4.10) as

m—-1 m=1
1\ T
(5)
k=0
where the o ’s are defined through (4.11) with
25 -1
a; = cos( ]2 h).

Obviously, they depend only on h. Now we have to filter out the constant terms (w.r.t. y) in
the representation (4.12). To do this, we apply the elementary identities (cf. (4.7))

(ml

(=1)F cos*(y = ym) o i 7, (4.12)

MN

n-1

cos?™ () = 2% 2y (2;) cos(2(n — j)g) + (2”> | (4.13a)

c n
Jj=0

and

_ 1 /-1 ,
05" (p) = iy Ezj( "7 con((2tn - 1) - 1)), (4130
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valid for all n € IN and ¢ € IR.

From (4.13) we recognize that in (4.12) only the terms with & even, say k = 2n, contribute
to the constant, and that this contribution equals

m—1
1IN 1 (20 (=2l
(5) 22n ( n > G"'T—zl—% (4.14)

Summing up all these contributions now gives us the constant term r,, on the right hand side
of (4.6); it is

1\ ? = 1 2n (ml)
Tm = (5) z:O 22—n <TL> Um2.-1_2n . (415)
So we have proved that
lm = Tm Y Trmu(2) (4.16)
veZ .

with I, and 7, defined in (4.8) resp. (4.15). Since [, is positive, and since each T,,, is
nonnegative everywhere and positive within its support, we conclude that 7, > 0. Therefore,

Cr = Tm  _ 2"5;1_((7;1))—1'

2

setting

4
1 2n m-1
Z 5% ( n > 0'(,,,_21 —)271 y (417)
Theorem 4.1 is proved. O

Let us now work out the application of this result to a curve design problem, and illustrate
it by a numerical example. Since we are forced to work with B-splines with simple knots, and
due to the fact that we are dealing with trigonometic functions (which are surely the prototype
of periodic functions), it is natural to consider problems for closed spline curves.

We first have to make our normed B-splines NN, , periodic: To do this, we choose some

n € IN, n> 2, and define for j = 0,...,n ~ 1, the periodic trigonometric B-splines P, ;
through

Pnj(z) = > Npu(z). (4.18)

vezxZ
v=j modn

Obviously, these functions are periodic on the interval [zg,z,], and their restrictions to this
interval establish a basis of the corresponding periodic spline space. Note that for each z €
[zo,Z,] only a finite number of terms on the right hand side of (4.18) is different from zero; in
particular, if n > m, what we want to assume from now on, there are at most two non-zero
summands.
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Consider now a set of control points by,...,b, € IR* with by = b, . We define the closed
trigonometric spline curve associated with these control points as the mapping

t:[zo,zn] — R?,

t(z) = zn: b; P (),
Jj=0

in complete analogy to the well-known polynomial case (cf. [1,2,9]). Due to Corollary 4.2, each
point t(z), = € [xo,x,], lies in the convex hull of the control points bo,...,b, .

For d =2, n =5 and m = 3, this behavior is illustrated quite nicely in Figure 1 (here,
the control polygon concides with the boundary of the convex hull).

Figure 1. A Trigonometric Spline Curve and its Control Polygon

5. Remarks on Cosine-Splines

In some situations it maybe useful to consider trigonometric splines, which are piecewise in
the space
Cm = span{l,cos(z),...,cos((m — 1))}, (5.1)

the so-called cosine-splines. Here, we have to impose the condition that z; < ;4 m < z; +7
for all j € Z, since otherwise C,, is no ECT space. For distinct knots, the B-splines C,, ,
for this trigonometric spline space are defined through the recursion

cos(Z,4m ) — cos(x)
cos(ZTy4m) — cOS(Ty+1)

cos(z) — cos(z,)
cos(Zy4m—~1) — cos(z,)

Cm,"(m) = Cm—l.l/(x) + Cm—l,u+1($)7 (52(1)




(8]

=

© o
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where for all j

Chi(x) = (5.2b)

1, forz; <z <zj41,
0, otherwise,

see e.g. [4].

We only want to mention here that most of the results presented in our paper also hold for
these B-splines C,, : An integral representation similar to (2.1) exists, and therefore identities
like those presented in Section 3 can be derived. Moreover, the B-splines C,,, might be of
particular interest for curve design techniques, since they form a partition of unity for all m
and for arbitrary knot vectors, as follows easily from (5.2), using induction on m.

Acknowledgements: I am indebted to the referee of my paper [11], who helped (in the
polynomial case) improving the formulation of Theorem 3.1. Also, I thank Rainer Ginsberg for
drawing Figure 1.
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