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1. Introduction

In this paper we continue our work begun in [PS 92] on the construction of limits for
the composition of the Dirac distribution é, concentrated at z € R® with an R%-valued
process X over [0,1]. In our first paper [PS 92] we established limit theorems.resembling
the law of large numbers (LLN) and the central limit theorem (CLT) in the case that
X is a one-dimensional Gaussian process. The limits were taken in the sense of strong
limits of Hida distributions. (In case of the LLN we also proved weak convergence in
the Meyer-Watanabe space.) In the present paper we extend these results to solutions of
one-dimensional, non-degenerate Itd equations. Our final aim is to show such limit results
for systems of interacting diffusions, and constructing solutions of the McKean-Vlasov

equation.

LLN and CLT for generalized random variables have also been considered indepen-
dently in [Am 92]. The relation between the results there and in the present paper has
still to be worked out.

As in our first paper [PS 92] we work in the framework of white noise calculus. Our
proofs use a combination of results from white noise analysis (in particular from [PS 91})
and of techniques from Malliavin calculus. The methods of the present paper work as
well in the general case of d-dimensional diffusion processes, that arise as solutions of non-
degenerate Ité equations. However, for d > 2 the calculation of the S-transform given in
Section 3 for d = 1 has to incorporate higher order derivatives, and therefore necessitates
the estimation of much more complex terms in the resulting Malliavin calculus. Also, as
a result formula (5.2) for the “variance” appearing in the central limit theorem is more
complicated for arbitrary d € IN. Since the additional complications which come up by
treating the case of general d would obfuscate thoroughly the arguments of our proofs, we
consider in the present paper only the one-dimensional case, and in a separate forthcoming
paper the situation of arbitrary d.

The paper is organized as follows. In Section 2 we recall quickly some facts from
white noise and Malliavin calculus. In Section 3 we prove the essential technical result:
we derive a formula for the S-transform of 8, o X for non-degenerate X belonging to
the Meyer-Watanabe space D. In Section 4 we prove the LLN, in Section 5 the CLT. In
an Appendix we collect some technical results related to isometric transformations of the

underlying probability space.

2. Some Background and Results From Stochastic Calculus

In this section we give a brief sketch of pertinent notions and results from stochastic
calculus. For more details we refer (for example) to [HK 92], and the literature quoted
there. As in our previous paper [PS 92], we continue to use white noise analysis as our
general framework, and the interested reader may consult Section 2 of [PS 92] for a quick
introduction.

Let (S'(IR),B,u) be the probability space of white noise. ILe., p is the centered
Gaussian measure on the weak Borel o-algebra B of S'(JR) whose covariance is given by
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the inner product of L?(IR, dt) = L*(IR), dt denoting Lebesgue measure. In Sections 4 and
5 we shall prove limit theorems in the space (§)* of Hida distributions which is the dual
of a certain space (§) of smooth functions on §'(IR). For a construction of (§), and for
properties of (§) and (S)* we refer to [HK 92, PS 91]. The canonical dual pairing between
(S)" and (S) is denoted by < -,- >.

~In the proofs of the following sections, an essential role is played by the infinite dimen-
sional gradient V, and the associated directional derivatives. Natural domains for these dif-
ferential operators (in the context of the present paper) are the spaces DP°¥, p >1, ke Z,
introduced by Meyer [Me 83] (cf. also, e.g., [Su 85, Wa 83, Wa 84]). Roughly speaking we
have

DPk = (14 N)*2LP(p),

where N is the number operator (i.e., the negative of the Ornstein-Uhlenbeck operator).
The norm of D?** will be denoted by || - I,k Let h € L?(IR), and consider the Gateaux
derivative D} in direction h acting on an appropriate function ¢ on S'(R):

d
(Drp)(w) = —~p(w+AR) |, 7
dA A=0
whenever the right hand side exists. The Meyer inequalities (e.g., [Me 83, Su 83]) give the
estimate '

I1Dsellp.k < Cpklblallells i1,

where | - |2 is the norm of L*(IR) and Cpx > 0 is a constant. Clearly, this entails that
D;, extends from a suitable dense class of functions (say, smooth cylinder polynomials)
to a continuous operator from DP'¥ into DPk=1 Moreover, if ¢ € DPF, k > 1, then the
mapping h — (Dpp)(w) defines for p-a.e. w € S'(IR) a continuous linear mapping from
L*(IR) into €. Therefore there exists an element Vi € L?(IR) ® DP*~!, such that for
every h € L?(R) and p-a.e. w € S'(IR) we have

Dhﬂp(w) = (ha V‘P(w)),

where the inner product on the right hand side is the one of L?(R). Also, it is well-known
that the adjoint Dj of Dy is given by

Djp(w) =< w,h > p(w) — Dap(w),

(where equality is in the sense of L*(x)) and that N = V*V, where V* is the adjoint of
V (with respect to dt ® du). '

In order to apply the results of the following sections to diffusion processes, we will
apply the important result of Malliavin calculus which states that the solutions of non-
degenerate It6 equations belong to the Meyer-Watanabe space D, which is the intersection
of the spaces DPF, and that these solutions have a non-degenerate Malliavin covariance
matrix. The dual of the space D (D being equipped with the projective limit topology)
is denoted by D*, and the dual pairing between these spaces is also denoted by < -,- >.
(There is no danger of confusion because (S) is continuously embedded into D.)
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A crucial role in the proofs of the LLN and the CLT is played the S-transform

SB(E) =< B,: <t 1>, £ e S(R),
defined for all ® € (S)", because the function
<wE> . <wE>—3lel

W€

belongs to (S). Pointwise convergence of the S-transforms of a sequence in (S)", together
with a certain uniform bound, is equivalent to strong convergence in (S)" [PS 91].

3. Calculating the S-Transform of ¢, o X

This section contains the technical key result which will be used in Sections 4 and 5
to derive the LLN and the CLT for certain versions of 6, 0 X.

Throughout th1s paper we shall assume » that X is a real random variable in D, that
the mapping

— (lVX|2(w))—l,

exists p-a.e., and that it belongs to every L?(n), p > 1.
Theorem 3.1. Let
F(X) = NX+21VX|2'2(V2X,(VX)®2)L2(B2). (3.1(1)

For all z € R, £ € S(R),

(8éz 0 X)(€) = /{X> }IVX|;2 (F(X)—DfX) <> L dy, (3.18)

In passing we mention the following consequence of Theorem 3.1 which might be of
independent interest:

Corollary 3.2 Assume that f € C(IR) is polynomially bounded. Then

(SfoX)(§) = /f :r)/ VX|;? (X) ——DEX) :e< ¢ duder.

Theorem 3.1 is proved by the next two lemmas.



D

Lemma 3.3. Forallze R, p €D,

<éb,0X,p>= / V*((VX)|VX|2‘2<,9) dp. (3.2)

{X>z}
Proof. By definition, é, o X is the unique element in D* which is obtained as the strong
limit of 6, , o X, where {é; », n € IN} is any sequence in S'(R) converging strongly to ¢,

as n tends to infinity (cf. [Wa 83]).

For n € IV, let 8, , be any monotonically increasing C*°-function, so that 6; , =0
on (—00,z — %], and 6;,, = 1 on [z, 400). Then 6, , converges strongly in S'(IR) to ..
: Following Malliavin [Ma 78|, we use the chain rule to write

(VX, Vﬁz,n o X)Lz(R) = e;m o X - IVX@

Thus we have

<, ,0X,0>=<(VX, Vb, ,0X),|VX|;?p >

_ /9m o X v*((VX)|VX|;2¢) dy.

Our hypotheses on X entail that all quantities under the integral are well defined. Letting n
tend to infinity, by Watanabe’s result [Wa 83] the left hand side converges to < §:0X, ¢ >.
On the other hand the dominated convergence theorem applied to the integral expression

shows that this term converges to the right hand side of (3.2). 0
Lemma 3.4. Forallz € R, ¢ € D,
<by0X,p >=/ ' |VX|2_2(F(X)¢—(VX,V99)) duy. (3.3)
{X2=z}

Proof. The product rule (for suitable ¢, %) of D} reads
Do = (Dre)¥ — 9 Dutb.
Moreover, we note that D} = (h, V*). Working out equation (3.2), and using N = V*V,
we get immediately (3.3). - ad
Theorem 3.1. follows now from the choice ¢ =: e<"¢> :, £ € S(RR), in (3.3).

In order to prepare the computations of the next sections we prove now a modification
of Theorem 3.1. Assume that 7 is a linear unitary mapping on L?(IR), whose restriction
to S(RR) is a homeomorphism of S(R). Then 7 and 7* = -1 extend to S'(IR). Let us
define

X (w) = X(rw), w € S'(R). .
It is clear that p is invariant under 7: po7 = u. Moreover, we show in the Appendix that
all quantities in (3.1) not involving ¢ transform “covariantly” under T, i.e.. we have the
| following relations (cf. Lemma A.1 and Lemma A.2):
(i) F(Xr) = (F(X))r,
(ii) VX2 = (VX]2)r,
- (ili) DpXr = (DraX)r.

Thus, we arrive at the following result.




Theorem 3.5. Forallz € R, ¢ € S(R),

(86, 0 X,)(€) = /

VX|;? (F(X) - D,fx) <> L dy (3.4)
{X>z} .

4. Law of Large Numbers

In this section we prove a limit theorem for §, o X which resembles the law of large
numbers. In particular, X may be chosen as the solution of a non-degenerate [to equation
evaluated at t > 0.

For simplicity, we shall consider processes over the unit time interval [0,1]. Let B(t)
denote the version of Brownian motion given by w —< w,1j9,q >, t € [0, 1]. B¢ denotes
the sub-o-algebra of B generated by {B(s), s € [0,1]}. (In other words, By is generated by
the random variables w —< w, € >, with £ € S(IR), and suppé C [0,t].) From now on let
¢t > 0, and consider a real random variable X satisfying the following hypotheses:

(H.1) X is Bi-measurable;

(H.2) X € D;

(H.3) X has a non-degenerate Malliavin variance, i.e., |VX|, is p-a.e. non-zero, and
|VX|;! belongs to all LP(u), p > 1.

Similar to [PS 92], we construct independent versions of X on (S'(RR), B, u) by means
of a family of unitary transformations on L?*(IR). As in the case of Gaussian random
variables considered in [PS 92], the transformations 7, given by

(Taf)(s) = f(s+n), ne,

can be used to prove a LLN for 6, 0 X, where Xn(w) = X(rnw). However, as pointed out
in [PS 92], these versions of X are not suitable to prove a CLT. Thus - as in our previous
paper — we use the following transformations:

m+ 8

(Tamf)(s) = %f( ), neN,m=0,1,...,n—1

(It is obvious that 7 m satisfies the conditions stated before Theorem 3.5.) For a random
variable Y, define Yy m i= Y(7n,mw), w € S'(R),n € N, m =0,1,...,n — 1. Since p is
invariant under T, m, we have forall A€ R,n € N, m =0,1,...,n -1,

, /exp(i/\Xn,m)du = /exp(i/\X) du,

showing that X, » and X have the same distribution for all n, m. Moreover, X, m is

measurable with respect to the sub-c-algebra B m,: generated by {Bn m(s), s € [0,¢]}.

Since By m(s)(w) = vn < w, lim mte) >, it is clear that for every n € IV, the Brownian
motions B, m and Bp m, m # n’:z', m,m' =0,1,...,n—1, on [0,1] are independent.: Thus
B m: and By m ¢ are independent for all ¢ € [0,1]. Consequently, X, » and X, . are
independent. Altogether we have proved



Proposition 4.1.  For each n € IV, the family
{Xam,m=0,1,...,n =1},

is a family of i.i.d. versions of X.

For the proof of the LLN and the CLT the following (almost obvious) result will be
useful.

Lemma 4.2. For every h € L*(R),
DiX = DpsX,

where P, is the orthogonal projection in L%(R) onto L?([0,t]) (i.e., P, is multiplication by
1[0 t])- -

Proof. Let {f(™ n € INy} be the sequence in the symmetrlc Fock space over L%(IR) which
gives the chaos decomposition of X:

Z f(n))

where I,(f(™) denotes the n-fold multiple Wiener integral with respect to t the Brownian
motion B. Then the measurability hypothesis (H.1) entails that (™) € L"’(R") (* denotes
symmetrization) is of the form () = g(m). 1{o,qn, for some g™ e Lloc(R"). Since

DhX =Y nla((f™,h)), (4.1) .
n=1 .
where 7 :
(F™, R) (51, s 8n1) = / F™ (1, s $nm1,5n)h(sn)dsn,
the statement of the lemma is now obvious. : : O

Now we are ready for the proof of the LLN.

Theorem 4.3. As n tends to infinity,

1 n—-1
; Z 6; 0] Xn,m

m=0

converges strongly in (S)* to IE(§; 0 X) :=< é; 0 X,1 >. Moreover,
E(5, 0 X) = / VX |2F(X)dp,
{X2z}
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where

F(X):=NX +2|VX|72V2X,(VX)®) 12 Ry

Proof. Observe that by hypotheses (H.2) and (H.3), F(X) € LP(n), for all p > 1. By
Theorem 3.5, the S-transform of

LS ho
n :
at £ € S(IR) is given by

4y n—1
EY [ X0 =D )

{X>z}

Let us first show that the term under the sum involving the derivative in direction of

Tn.m€& vanishes. To this end, it suffices to prove that D, X converges to zero in L (p),
uniformly in m, because obviously |VX|;2: exp < -, Tn,m& >: belongs to L*(u), too, and
is uniformly bounded in n,m in L%(u). (Use Holder’s inequality, the fact that every term
is in every LP(pu), p > 1, and || s exp < , Ta,mé >: {[p = exp(2(p — 1)¢13).) From Lemma
4.2 we know that »

D, .¢X =Dp,r, .¢X.

Now, .
m+ S

Promé(s) = n~Y2¢( No,q(s), s€ R.

Thus we can estimate
||D7'n,m€X”2 = “DPt"'ﬂ,me‘X'“2
<|Pern,mél2l N7 X |2
< /=12 [Elooll X 2,1
(The first inequality above is well-known (e.g., [HK 92]). For example, it follows from (4.1)
and Schwarz’ inequality, and it is a special case of the Meyer inequalities.) Clearly, this

estimate shows that D, X converges in L*(u) to zero, uniformly in m. as n tends to
infinity. '

Next we show that as n tends to infinity,
/ VXIFE(X) e dy
{X>z}

converges to

[ xR
{X>z}
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uniformly in m = 0,1...,n — 1. By assumption, 8,(X)|VX|;*F(X) is B;-measurable.
Decompose Tn mé = Pitp m€ + Pi-ma m, where P+ =id— P,. Thenw ——< w, P71, € >
is independent of B;. Using the fact that [ :exp < -,h >: du =1, forall h € Lz(ﬂé), we
can compute as follows: :

/ IVX|72F(X):e<™me>  dy
{X>r}

:/ IVX|;2F(X) : e<Pmme> L gy
(X22)

L om
=exp(—2in/0£( +S)2d3)x

n

« / VX[ F(X) exp(< - Pernmé >) di.
(X2}

In order to show that the last expression converges to [, _ |VX|;2F(X)du(z) as n tends
to infinity, uniformly in m = 0,1,...,n—1, it is sufficient to prove the following two claims:

(i) exp(—3= fot £(22)2ds) — 1, as n — 400, uniformly in m,
(ii) exp(< o, PyTp mé >)— 1in L?(u), as n —> +o0, uniformly in m,

because I{XZ,}|VX|{2F(X) belongs to L?(p). Claim (i) is obviously true, since ¢ is
bounded. Concerning (ii) we remark that Py, mé converges in L?(IR) to zero as n tends
to infinity, uniformly in m:

m+s)2d8
n

t

Ptnm 2= -1
|Piraml2 =1 /Oe(
<tn7hE.

Now we have : , \
”e<‘thfn,mE> — 1”% — ezlptrn,mﬂz — 261/2|Pt1'n.m5|2 + 1’

and therefore also the convergence claimed in (ii) above holds true.

" Altogether we have proved so far that the S-transform of

1 n—1
- > 60 Xnm

m=0

converges pointwise to Sé, o X(0), which is equal to IE(6; o X). By Theorem 2.7 in
[PS 91] it now suffices to show that there exists constants K, K, > 0 so that for all
zeC,é€S(R),ne N,m=0,1,...,n -1, we have

1(55: OXn,m)(Z§)| < Klek’zlzlzlflg’

in order to conclude the proof.




(S65 0 Xn,m)(2€) is defined by analytic continuation, and is given as follows:
(8620 Xnm)(z6) = [ IVXIFH(F(X) = Dry ) 17 s
{X2>z}
where we used linearity of h — Dy, and : e*< P> h € L*(IR), denotes the function
W — ez(w,h}—%zzlhlg.
By the triangular and Holder's inequalities-we get
(855 0 Xnm) (26 < NIVXIF2E(X)[l2 | €< mE ot
+ 12 VX723 | Dr e X lls [l 70782 1 .
Now use

FA 1
|| : < h> llp < exp(§|z|2plh|g),

ar_ld

1Dr meXllp < Cpl7n,m€l2ll X llp,1
= Cpl¢l20X llp.1,

(cf. Section 2) to obtain a bound of the form
|S6z 0 Xn,m(2£)| < K (1+ |z||§|2)e3/2‘z|2|5|g
< JeK, e ez

where K, depends only on X. a

+ 5. Central Limit Theorem

We continue to consider a random variable X satisfying hypotheses (H.1), (H.2), and
(H.3) of Section 4, and the family {Xnm,n € N, m = 0,1,...,n — 1} of independent
copies of X. As in the previous sections, we denote

F(X):= NX + 2|VX 72V X, (VX)®?) 12(rY).

Theorem 5.1. Let X be a random variable satisfying conditions (H.1), (H.2), and
(H.3). Then

% ni (82 0 Xnm ~ (5. 0 X)) '. (5.1)

m=0

converges strongly in (S)* to o(t,z)Z, as n tends to infinity, where Z is a standard normal
random variable, and o(t, z) is given by

o(t,z) = /{ XZ:};vx|;z<F(X)B(t)_DIMX) du. (52
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For the proof of Theorem 5.1 we prepare first the following simple result.

Lemma 5.2. Let £ € S(R), Thm,n € N,m =0,1,2,...,n — 1, and P, t > 0, be as
above. Then n™1/2 an_:lo PiTn mé converges in L%(IR) to (fol §(u) du) - 1(,q-
Proof. Let s € IR, then we have by Taylor’s theorem

n—1 ) n—1 v
(73 Prnm€)(s) = (2 07 ) Ypgls) + Oceln™ Y 1peg(5)
m=0 m=0 )

where |O¢,¢(n7!)| < tn7![€'|oo. Since € is continuous, it is clear that the claimed conver-
gence holds pointwise for every s € IR. The statement of the lemma follows then by a
simple application of the dominated convergence theorem. a

Proof of Theorem 5.1. The S-transform of (5.1) evaluated at £ € S(IR) is given by (cf.
Theorem 3.5) .
n—1
1 / —2 .

—_ VX F(X)=D,, ¢X):e<™m> —F(X)) du=

VDN L (F(X) = Dr, eX) (X)) du
: n-—1
1 Z
== —\/,_—nm:

/ VXFIR(X)(: e< B> 1y du— (5.3)
0V { ) :

X>z}

n—1 :

1 . .

Un 2 /{X> }IVXI22(Dp,r,,,m5X) e PramE> L g
m=0 2z .

where we used the same arguments as in the proof of Theorem 4.3 to reduce 7, m& to
Py, m€. Consider the first term on the right hand side of (5.3). First we show that

n—1
n—1/2 Z <: e<‘,Ptrn,mE> . _1) (54:)
m=0

converges in L2(u) to B(t) fol ¢(u)du, as n tends to infinity. We do this in three steps:
(i) We prove that the L?(u)-limit of (5.4) is equal to the L?(u)-limit of

n-—-1

n—l.ﬂ Z (e<‘,Ptrn,mE> - 1). (5.5)

m=0

Indeed, using the triangular inequality, the L%(u)-norm of the difference is obviously
bounded by

n—1 : t
- Por 1
n 1/2 § : He< P n,mE>H2 |1 _exP(—z_n/O E(
m=0

m

992 45y

n

n—1
- <n7l? Z eléls O¢.o(n™h)

m=0

= Ofyt(n-l/z )’
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where we used Taylor’s theorem, and the estimation
. 2
He< aPlrn,m£>”2 — elptrn,mfb

< el"n,mﬂg

— e
(ii) Now we prove that the L?(u)-limit of (5.5) is equal to the L?(p)-limit of

n—1
n~1/2 Z < Pirpm€ > (5.6)
m=0

By Taylor’s theorem the difference of both terms is equal to
n—1 1 ' . ’
n—l/2 Z (/ (1 __/\)6A<-,Pc7'n,m€> d}\) < 'yPtTn,m€ >2 .
m=0 0

The L?(u)-norm of the last expression is bounded from above by
n—1 1 .
DY / (1= VX< Prmmé> < Py >? 2 dA < Catn™ /2 JE e 1EE,
m=0"v0

where Cy, C, > 0 are constants, and we made use of Holder’s inequality and the estimates
|Pt7'n,m£|2 < tl/zn—l/zlgloo, lPtTn,m€'2 < |€!2

(iii) Finally, by Lemma 3.2 n~1/2 Z;_:lo Py m€ converges in L*(R) to fol E(u)du - 1o,q,
which entails immediately that (5.6) converges in L*(p) to B(t)- fol é(u) du, as n tends to
infinity.

By hypothesis I{XZI}IVX‘QZF(X) belongs to L%(u), and we have thus proved that
the first of the two terms on the right hand side of (5.3) converges for every £ € S(IR) to

([, oxiFB0m) - [ g,

as n tends to infinity.

Next we show that the second term on the right hand side of (53) converges to

1
(/{X>I}|VX|2‘2D1[O,‘]Xdu) /0 £(u) du.

To this end it is sufficient to prove that

n—1
n—1/2 Z DPtfn,mEX : e<'thr".mE> :

m=0

12



converges in L*(y) to Dgl[O,:]X’ where we have set £ := fol é(u)du. We use the fact that

for h € L*(R) X € D*!, the mapping h — D, X is linear, and the triangular inequality
to estimate as follows

n—1
—-1/2 . <'yPt n,m .
n=1/ ZODPMMX e PTmE Dy X
m=
: n—1
S ||‘Dfn,tX - Dzl[o,:]X||2 + Hn—1/2 Z(Dptrn,mf‘x’)(: e<-,Pz7'n.m€> . _1)”2’
m=0

where we have put £, ; := n~1/2 S Pt mé. Again by linearity, the first term on the
right hand side is equal to :

HDfn,c—El[o,:]Xllz'

It is clear (see above) that we can bound this from above by

|€n,t — Elpogl2 I X 2,1

Now we can apply Lemma 5.2 which shows that this terms vanishes in the limit n — +c0.
Using Holder’s inequality we can bound the second term above by

n—1
nY2 S IDpiry meX a1 €< P e -1
m=0
n—1
< const. | X|la,1n "2 Z |Pirn,mla]| s €< FemmmE> 1|,
m=0

where we applied Meyer’s inequality (cf. Section 2) in the second step. Thus we get a
bound of the form

: n—1
const. t'/2[€looll X Bap n ™t Y [l : < HmmE> s 14

m=0

for this term. With the help of Taylor’s theorem, Holder’s inequality and |Pima m& l2 <
$1/27=1/2|¢| o, it is straightforward to show that the last L*(u)-norm is bounded by
O¢.«(n~'/?), and therefore this term, too, converges to zero as n tends to infinity.

Altogether we have shown that the S-transform of (5.1) converges pointwise to the
S-transform of o(¢, z)- B(1), where o(t, z) is given by (5.2). As in the proof of Theorem 4.3,
it remains to show a uniform bound on the S-transform of (5.1) evaluated at z£, z € €.
But if one uses (5.3) and the preceding estimations, this is completely analogous to the
arguments at the end of the rpoof of Theorem 4.3. The details are left to the interested

reader. a

We conclude this paper with an illustration of Theorem 4.3 and Theorem 5.1 by
applying these results to solutions of one-dimensional, non-degenerate Ito equations.
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Let a > 0 and b be functions in C*®(R), with all derivatives being bounded. Further-
more, let zo € R, and consider the SDE (in It6 sense)

dX(t) = a(X(t)) dB(t) + b(X (1)) dt 57
Then it is well-known (e.g., [[W 81]) that (4.2) has a unique solution X satisfying (H.1).
Moreover, it is proved in (Wa 84, Theorem 2.1] that X(¢), t > 0, admits {(H.2). Finally,
the assumption that a > 0 implies that also (H.3) holds true for X(¢), t > 0, cf.; e.g., [Wa
84, Theorem 2.7]. Consider now the versions Xn m(t), n € N, m =0,1...,n—1, of X(t).
We remark in passing that Xp m solves (4.2) with B replaced by Bn m.

Theorem 5.3. Let z € R, t > 0, and let X(t) be the solution of (5.7). Then

n—1
n_li&loon_l ";52 0 Xnm = E(6;0X),
and
n—1 .
: —1/2 _ _
lim_n Z_O (5, 0 Xnm — E(6; 0 X)) (2,4 B(1)

as strong limits in (S)", where

E.oX)= [ [VXI;*F(X)da,

{X2>z}
and
det)= [ VKR (FXOIBE - Dy X(0) d
with
F(X(t)=NX(t)+ 2|VX ()32 (VEX(¢), (VX)®2)L2(1R2).
Appendix

In this Appendix we collect some results related to unitary transformations on the
underlying Hilbert space L%(R).

Assume that 7 is a linear unitary transformation on L%(IR), such that its restriction

to S(IR) is a homeomorphism of S(IR). By duality, 7 and -1 extend to S'(R) (weakly

~ continuously).
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Lemma A.l. Let h € L*(IR), and assume that p € D!, p > 1. Then

(Dpp)or =D -1pporT.

Proof. It is sufficient to consider an everywhere defined, differentiable function ¢ on S'(R). -

Then, for w € S'(R),

(Dr-1h(¢ 0 7)) (w) = lim A" (¢ o 7(w + A" h) — g o T(w))

A—0
= lim AT p(rw + AR) = p(Tw))
= ((Dny) o 7)(w).

Lemma A.2.

a) Let p € D!, p > 1, then

Ve orlz=|Vep|2or.
b) Let ¢ € DP?, p > 2, then

N{por)=(Nyp)or,

and .
(V3 0 7),(V(p o m)®) 12 (r2y = (VZe,(Ve)®?) 2Ry 0 T

Proof. We only give a proof of statement a), the proofs of the statements in b) are shown
in a similar way. Let {ex, k € IV} be a CONS of L?(IR). Then

0o
IV(pom)z = |Dey(wor)?
k=1 .
oo
= Z |D"'ek¢|2 oT,
k=1

where we used Lemma A.l. But now {rex, ¥ € IN} is another CONS of L*(R), and
therefore the last expression equals |Vy|3 0 7. a
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