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" Problem statement and characterization of solutions

The prog;amming:problém we are going to consider has the following form:
® v . .min {f(x)|x€C, £.(x) S0 VeeT} .
Let.  S§° denote the admissible domain of P, i.e.,

. ...: S =f{xix€C,'

o

£ (x)'< 0 VtET} .

EO

sumption:

. .
‘n . : B v .

CcR is a -closed, convex set; T 1s a compact metric space;

. - e S SRS

(A1) i~ F(x) 1is continuous on Cj ft(x) -is~continuous on TxCj .

L'-QQ(XQE) "is--continuous on SxC; ¢E(X’€) is continuous on TxSxC,

!

!

In what follows we shall be intérested in properties of a certain point
XxeEs.

Concerning’this_pointv XE€S . we. make the following assumption:

r

'bThe’functions ,@(ﬁ,g) and . wt(Q,g) are convex with régaré'tov £;
- O(,%) = F (&), {0G,8) ~F(E)] € o(&~%) ;

(A2) 4. N - e , ~
o 0, (®x) = £ (), |9 (,8) - £.(8)] SolEx) ,

'wheie:thé Landau-bound of(e) s independent of t;
‘ Alwayé for XES 'define |
§a {teT1£t(§) =0},
-wand 1etl‘?fusétisfy
-fc?cT.
- 7“We coééidéf thé‘foilowing'system in >€£

Ty Tee, G, )T R) < 0, o GE) <0 Ve L

~Let us intfodute functions O(x,8), wt(x,g)(tGT); defined on SXC, which will be'a

used as substituteé for F (&), ft(g). We make once and for all the following as-



i Lemma 1: Let E be a solution of (1). Then for any r > 0 there
exists x€[x,£] satisfying ' //

i
i

@ - x€¢, |xx| <1, F(x) =F (&) <0, f"t(x) < O-VLET .

Proof: The compactness of T and the continuity of  ft(§) with regard to t
imply the compactness of T, Since T is compact, since wt(i,g) < 0 VtefT,
“and since th(ﬁ,g) is ‘¢ofitinuous ‘with régdfd‘to‘-t,?we‘have

® (x,£) < = 8 < 0 V€T .

~

Define an'open neigﬁbourhood of T by means of

U= {eer|o, G;e) < - 3} .

'T‘QIvis:again'compact;'sincer’fé(§).< o Vt€T~U,and since ft(ﬁ) is continuous "

- with régard to t, we have

ft(i) < - g < 0 VLt€INU .

—~ Likewise

@, (X,8) <M < @ VEET U .

'  For 0< A =1 let X, = x+x(g;§).' Then vaGC, aﬁd.by (A2) we obtaih.‘

£ 0xy) <0, Gy w0 (%) < 0, (2',a>+_(1'{xjsot GyRro ()

Ao, (%,£)+ (1-0E, R)+o (1) .
Thié giveé
for all t€TNU: £ (x,) < AMs (1-1) (me)+o (M) < 0 if AEO,1)) 3
.. for all td: ft(xk) < A(’J%Q+O(X)~<O'.if AE(O,AZ) . |
‘Aléo
F (x)F (%) < A0, 5)+ (I-)BE,R)F @+o ()

C=afoG,e)F ) ro) <0 if AED,L,) .

Therefore x = X,

satisfies (2) for all sufficiently small A > O.  q.edd.



The following theorem generalizes Kolmogorov's criterion for best Chebyshev—

approximations [1].

Theorem I1: _a) A necessary cohdition for §€S to solve P 1is that (1)
has no solution. b) This condition is élso sufficient, if F(E), and‘

£, (8) " are ‘convex on C, and if = IXEC: ft(?c‘) < 0 VteT.

 Proof: a) If (1) has a solution, then, by lemma 1, there exists x€S such

that vF(x) < F(§), and ‘X is not optimal for P. ,B) If % is not optimal

for P there exists x satisfying -
X€C, £ (x) < 0 VE€T, F (x) < F(x) .

- Since ft(;) < 0. Vt€T and since ft(.) -is convex we have then ,ft(E) <0
'_fof'all”“gE(x,g]'*aHQifor all t€T, Also, since F(x) < F(;)-iand' F() 1is

convex, we'have F(g) < F(%) for all g€(x;§] sufficiently close to X.

Therefore the systeé

£€C, F (£)-F (R) < 0, £_(§) < O Veer
~has a sglution. ‘Now-gdaét lemma ¥, wiph phe roles of f(+) ;nd @(§,‘) inter-
.. changed, towgoncxgdqwtﬁat'(lj haé a solution. . a | | 'vq.e.d.“
5rC6hééfﬁihg*$t;Eémént'b) we mentién an~alternative‘assumption,»undérvwhich
the in¢oﬁsistency’of (f) is'éufficient'fof §€S to be a solution of P:

‘®(x,E) <F (£), (pt(Q,g) s‘ft(g), Fxec: q;t(§,§) < O Vt€T. The proof in this case

does not need lemma 1.




Iterative scheme and convergence

- ' k :
. . . o . .
Starting from an arbitrary point x €S a sequence {x } < S is recursively

N déﬁinédfascfollpws: Fix o > 0, 8> 0. Suppose;‘xkES is giveﬁ,:nLet
ko k
T = {tET'[ft(x ) 2= o,

CHSE) = max {0, 6)F (8, 0 5,0 (e}

" Define gk és”being:a solution of

3 C min {5(®)eec, |ex| <8} .

Define xk ! as being a solution of

&) .m_in,.f{F‘ (x)'lfxe[xkv'-,ék] n s}‘:

L. e . . e k. ' .
. This. completes one step-of, the iteration.  Since Ta is-compact and since
: Fe e ) v ) v .

:mg(xk,g)"iéﬁcbnfinﬁdus on- I: X C,'HZ(E)- is continuous on C. Therefore (3)

g héé”é’soiﬁtibn.'*Aléév(4);has éP561ution."Obviously bxkf"1 iégagain'in  S.

' We mention-tﬁaﬁ T§{ may be replaced by f. Alsoithg.reqﬁifémeﬁt IE;xkl < Bb

~ may be dropped froﬁ (3) if C is already‘compéct. But o cannot 5é set equai '
tonero._ | | |

- Theorem 2: .Letzfg ‘be a cluster point of‘the sequence {xk}. Then QES,
and (1) has ﬁq;soluﬁibn (i.e;, X satisfiesl&he'nedéééary optimality condition
of theorem 1).
We héve'aikéhdy defined HE(E), For the proof let us define in addition
B (x,8) = max {0(x,E)F (x), 0 (x,8) (€D} ,

HG,E) = max {06,8)F (), 0 (5,8) (€D}

-whére: T =_{t€T|ft(§) =,Q}°; Both functions are continuous on SxC- by (Al).

 N6té“that‘assumption (A2) is supposed to hold at ;.

. “Proof of theorem 2:
; ———_Wé havé_ X€S, as S is closed by Aan). Accdrding to (4) we have ir‘:" o

@ st

');japqﬁ;ﬁi§£monotonicity implies '

Crekzr®@ove.




Since x is a cluster of {xk} and since |Ek-xk| < B there exists E£€C and

a subsequence {k} = {k} 'such that

Y > §, EK > g .

—— There exists Kl such that

' » - K > ,
®) o TET VR L | |
_Indeed, Y (x) ="min £ (x) is continuous by the compactmness of T and the continuity
- _ tET .

of f£.(x) on TxC. Since ${X) =0 and x° > x, we have $(x) = - o for all

sufficiently large «. This proves (6).

. —— We have

. (7) , ‘ H(x,g) min. H (x,E)
- EEC ‘

!e—x|<7

‘Indeed, suppose there exists E€C such that

H(x,E) > H (x,a), Is—XI

NIU)

By contlnu1ty then for all k 2 K2
HGS,65) > 165,0), x| <
QSince‘ T> T; we have by the definition of H_ and -of HZ'
K K
HG,8) 2 HS )
By (6) for all « 2 Kl we have TZ > T, implying, by the definition of H, that
H (6°) 2 H(xS, §9) .
Thus for all sufficiently large k we would have
B E) > 8@, |ex| <8
a o
This contradicts the definition of EK in (3). Thus (7) must hold.
—— Suppose now that (f)’haS'a solution. It follows by a simple application of
lemma 1 that also the system

lg x| <&, ®(x g)~F(x) <0, 9 (R,8) < 0 VeeT

r




has a solution. This means that min’ﬂw(§,£) < 0; and
gec 8
le-x[<5 .

by (7) this implies:-ﬁ(ﬁ,g) < 0, i7e°7
Then by lemmé-iuﬁhefe,existsjxé[; g] -é;éisfyigg
F(x)4§(§) <0, ft(x)-é 0 VteT . |

Leta‘x =.§+A(E-§),'0 <X <1, and set

o= K@ e KT ec
. Then 'xK-?’x, andvby’the,continuity and compacfnééé.aSSumptioﬁs of}(Al)
. . /,' . . il . D . .

F()F G) <0, £,() <0 veer

| for all sufficiently large «. This means”that x“€[x",£°] n s, and by (4) implies
'F(xK+1) SiF(XF)._ Bﬁt:since 'F(XK) < F(g) we have F(xk+l) <1?(§), contradicting (5).'
‘The assumﬁﬁion that (1) has a solution was wrong. = ‘ - " q.€.d.

It was alfeady»assumed in-the proof of theorem 2 that >®(§,§) = F(Q), wt(§,§) ='ft(§);

_Assuméifor_;hegmomgn;, that also = ®(x,x) <F (x), wt(x,x)_s ft(x) Vx€3§ Then

Hg(xk)yst;aand by (3) HE(Ek).S'HE(Xk). ~Therefore HZ(ER)_S 0. "In the proof of
‘statement (7) itvwasﬂshoﬁn“that'“HZ(EK) > H(S,£°) w2 K;- By continuity

CH(G,ES) > H(R,£). Since (1)°has no solutionm, H(X,£) = 0 VEEC. In conclusion wé:

bb;ain H(x,£) = O, HZ(EK) + 0,




Rate of convergence

This section deals with the rate of convergence of F(xk) in some special
cases. In addition to (Al) we require:

[ F(g),ft(g),é(x,g),wt(x,i) .are convex with respect to £ ;

O(x,x) = F (x),0, (x,X) = £_(x) Vk€S ; the set
(A3) 4 : 5, = {xECIft(x) <0 Vtei, F (x) sF_(x°)} '

is bounded; 3x€C: £ (%) < 0 veer; (A2) holds

L for all §, which are cluster points of {xk} .

_Thg compactness of So implies that P ‘has a éoluﬁion. Also fhe sequence

{xk}lc S0 “has c}uster'points.v Underv(AB);each.cluster point is a. solution of. P,
by"tﬁebrem 2 and thedrem ib).’ Furthermore,-since.each sﬁbsequenge of.'{xk} contains
a sﬁbsequence-which éonverges to a solutioﬁ of P, the remark following the proof of

‘theorem 2 imﬁlies that’ HZ(ER) + 0 for the entire sequence.

We shall use in the following the abbreviations.
k_ k, k., .k k, 2
T o= H (), § =F(x >-F ,

~

_.whére'fE _is the optimal value of P. Then

_rkfs‘o, 505 620, 550 .

With o€.IR - define
K(£,0) = max {F (§)-0, £ (£)(t€D)} .
) : . ok k,
- Lemma 2: There exists P, >0 such that min K(E,F(x)) = pj(-d )e
Lo , ‘ 1, gec N
| e-x"|<8
Proof:- .

—— Set Fk = F(xk). Since So»c c,

(8) min . KEFS) € min  KEFS) .
£€C £€s ‘
g€ .
- <
L e-x|<8

—— Let 0 < 8 <€ min {1

;%}, wheré R is the diameter of S, Then for any x€S

AP gare - e T e




there exists EESO such that i
le-x¥] < 8, KEFS) < RS ./

" (Choose £;=»xk+e(x—kk), and note that K(',Fk) is convex, K(xk;Fk) =-0,) This implies

YR min  K(E,FS) € eemin  KGFY) .
E€S ) x€S
e} . o
|e-x"|<8

. —— Since Fe S‘Fo, it is easy to verify that
(10) min  K&FS) = min KGF) = vES) .

- X€S x€C

) .

—— The function v(o) = min K(x,0) is cqnvex'over R since K(x,0) is. convex
. over Cx IR. Also iv(o)fgigrmonotonically nonincreasing., - v(E) = 0, by the very
definition of F. Furthetmore for o > F the value of - v is<ﬁegative;'Siﬁce.
there ©exists x€C- with £,(X) < 0 VL€T. In particular, v@%) =y < 0. By con-

vexity, for all o€lF ,F°1, v(o) < 2

y. Therefore

FO-F
() | vER) g 88 X —
' ' F.-F
hblggqgalities;(B)»— 1) in‘suchssion.provegthe lemma. . S q.e.d.

“Slippose for”the moment we would have-determined“'kk+] as a solution of
min,{K(x,Fk)lxéc,[x-ku < 8}; ‘This_wquld'be tﬁe‘iteratipn rule for the method of

centers -[3], Its main difference to the method of feasible directiens 12] is

that no line-minimization like (4) takes place. It is clear, that xk+]€S under

' this rule. Furthermore, from lemma 2 we would have 6k+1—6k = F(xk+1)4Fk_S

< K(xk+1,Fk) srpl(~6k), i;e.,.5k+] < (l—pl)dk} We ‘return now to'the method of

feasible directions.

Lemma 3: 1f there exist constants § = 0, 0 <m < 1, such that

(1) @(x £)- ulg xl is cunvex~w1th respect to 5; (ii) wt(x,g)—ulg—xlz <

>0

< f (E), (111) ﬁ(x,g) (l—m)ulg x] < F(g), then there ex1sts Py

. such that Tk < pz(—ﬁ )e .

e




Proof:

/

— Let Ck = {EECI lE—xk[ S~B}; Problem (3),'which 1eads/;o Ek and thereby to-

k ? .
T , may be written as

min { T L;TEIR,“E€CR, Tr*f;®(xg,€) —'F(xk) SAO’ LT>f‘max 'wt(kk,i) < 0}..

tGTk'
o

This is a convex programming problem with .two numericéi:dénstraints. - Its optimal

value is TE,~and“due to its specialuétructure,(Slaterisﬁfégularity assumption is
sétisfied) the Kuhn?Tucker-conditions [4] hold: There exist; nk 2.0, w20
such that
‘ Tk»S T + uk<—1.+ ®(xk,g).e F(xk)) + Vk(‘T + max wé(xk,i)) VTEJR,-VEECk .
et
a

, -

Sihcewthis'holds for all TER we conclude readily that

uk + vk = 1,
(12) . Tk < uk(®(xk,£) - F(xk)) + vk(maX'w (Xk,i)) VEEC ;
B : ' v ter * = k

| S e ek o . -
—— We show first that 1lim iaf u > 0. Otherwise there would exist a subsequence:

K K K LS :
u +>0, v >1,x »>x, 1 »0,

and (12) would give in the limit for all £€C satisfying IE-QI’S'B that

(13) ' ' : 0 € max wt(§,£) .
o tET .

However, sincebthere exists x€C with ft(;) < 0 Vt€T, and since (A2) holds for §2

an adaption.of lemma ! shows.that there exists a E€C which contradicts. (13).

.QonseQuently we have K ‘and  § > 0 such that uk > u Vk = K., Let uk ='muk§ Then

"—— (12) implies that for all E€C,

R N e uk[fb(xk,g)f— F ") - uls-—xklz] * "k[ma" ft<£>] -
S N D - Lleer -



- 10 -

Now, if for arbitrary x€Ck we set £ = xk.+ UF(X*Xk), then EECk, and since

, OO . : . ' ' . s k.
the expressionsin brackets [+] are convex in £, and are nonpositive for £= x,

Mwe'qbpgin
g u@H e uk_uk(mxk,x) ~r ) - u|»x-xk1.2)
+ vkok(max ft(x)> VﬁéCk .
teT
Nofing that 1€ €0 we have for all "xeck
' k k

< IE.S'uk<®(xk,x) - F(xk) - (l-m)ulx-kklz) + vk(max f (#)>
5 " , LET

c||a

H t

< uk(F (x) - F.(xk)) +»vk(max f (x)>
' o " MteT

A

max {F(x) - F (), f’t(X)(tET)}. =

]

K(x,F (5)).

Thus Tk < vemin K(x;F(xk)). Lemma 2 then completés the proof: Tk < Bbl(-ﬁk).

xECk : ,
' " q.e.d.

"Example: For F, ft convex and differentiable with

CE() - F @ 2 (50 TR + milgx|®

‘choose

Co(x,E) = F(x) + (%) WEG) + ulex|?,
0, (x,6) = £.() + (5= () + we=x|” .
. Thén'(i) - (iii) are satisfied.

Lemma 4: a) If F(E) < ®(x,E) + M,]g—x|2', £.(8) < O, (x,8) + Mlgf-xlz .

1 k k.2
)

k+ . ras '
then § -§ <=y for some vy > 0, b) 1If, in addition, there

- exists 'y > 0 such that @(x,£) - ulE—x[z‘ and wt(x,g) - urg-xlz are

convex with.regard to &, then 6k+l - Gk < Yrk for some Y;> 0.




..ll_

Proof: For 0 < A =<1 let x, = xk-+ A(gk - X ) .
a) We have for t¢’1‘1;

k_ k2

£.(x) =@ = 2%, + MA jg |

k_ kl2

IA

®, (x » X £y + A(w(x ,'6 )} - w(xk,xk)) + Mg
;—.a + X <0 for YXE[O‘;LXl]
(the uniform Eound b .exist:.s"by (A1)). For tETE we havé
£,(x) <@ ,x,) + 1) 2| gkogk|2

| s<1fx)cot~(x,',x ) +.wt<x kg5 + aBug?

A

k k 2y
Ao, x5,6°) + aMp7)
A ) . k ‘ ,
k. T q. : .
< A(x + xe) £ 0 for A€[0, - — I :

“In the Same’ way

F (XA)_ - F'(xi() < Al(@(xk,‘ gk) ~-F (xk) + AMBZ)
v K . | X

k T : T
< < A - X
< )\.(T + Ac) € X 5 for A€[O, 2C] .
| e | k o
Since .1 -+ 0 we may assume that - 7 < )‘l' Then, 1f we choose
Kk . A -
L - < = . . o
A T x)\ES, and F (Xl) F(x7) < e . By (4) this lmpllgs

F '(xkfl)‘ - F () <F(x)) - F ) < - v ()2
b) For t¢T we have, as under a), ft(x)\) <0 1if )\E[O_,Al]. For tGTa we -obtain
| k_ k)2
ft(x)\) ®, (x o X, ) + MA ]E; |

= Lpt(xk,xx) - ulx)\ - xklz + M+ ng k|2 .
< Mo, 65,65 = ulg =K% + ars u)leak—xklz

'A&pt("xk,gk)»s AT for A€[0,1,] .

IA

- In the same way

T e F (x')\) - (xk) < x—ck for 1€[0,2,] .

W1thl= y < min {Al,}\z} -we., have x}\ES énd F (ka)' —F_ (xk);s F (x)\) - F_(xk) < yfk. o

i




7 *:12'—

~ Combining the results of lemma 3 and lemma 4 we obtain immediately

>Theo?em 3: 1If the assumptions of lemma 3 and lemma Aé) hold, then

kalfs (1 - p'Gk),cSk for.some p > 0. If the=a§sum§tions of }emma 3

'and }emma 4b) hold, then -6k+] < (1 - p) 6k for some p‘> 0.

This eifénds some results.ofv[S],'[é].
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