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1. Introduction

Given subsets T, C and a function f : T x C — IR, consider the following infsup-

Problem (P)
minimize {sup f;(z): z € C}
where fi(z) = f(,z). o

If C is a subset of a finitedimensional space X then (P) is known in the literature as
a semi-infinite program (SIP) whose theory is given in [2,5,6,9,12,14,19-21,23]. Second
order necessary and sufficient optimality conditions for SIP are obtained in {9,23) under
the assumption that f(t, z) are twice continuously differentiable in both variables ¢, z and '
T is defined as a solution set of finitely many equalities and inequalities involving twice
continuously differentiable functions. The case of SIP where f(t,z) is not necessarily
differentiable in ¢ and T is an arbitrary compact set is treated in [2,5,6,12,19,21,23]. The
reader who is interested in the general theory of higher order optimality conditions for
mathematical programming is referred to [1,3,11,15,17,19].

The aim of the present paper is alsg to give second order necessary and sufficient
optimality criteria for the problem (P) but, unlike {2,5,6,9, 12,14,17,23], X is of infinite
dimension and C is a geometric constraint which may not coincide with X. (For the
first order necessary conditions of such a problem, see [8].) Instead of assuming the
differentiability properties of f(i,-) we shall introduce its approximations, suitable for
deriving the desired results. We shall see that the first and second derivatives of f(t,")

can be used as approximations in our sense.

The organization of the paper is as follows. Section 2 is devoted to the discussion of
three necessary optimality criteria for the infsup- Problem (P) where X is an arbitrary
topological vector space. In the first criteria we prove that the ” Lagrange multipliers ”
exist for any finitedimensional subspace of X. The second one is obtained by using the
continuous dual of the Banach space of the continuous functions defined on a compact set.
In the (;hird criteria which is valid for a Banach reflexive space X necessary conditions
are written in terms of e-objects.  Section 3 deals with sufficient optimality conditions
which correspond to the necessity part stated in the first two criteria. Section 4 discusses
the results in the case X being a finitedimensional space. ~ In Section 5 we give some
examples of approximations of the data used in Sections 2 and 3. In particular, we shall

show that the approximating functions introduced in [12] to write optimality conditions
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for SIP can be served as approximations in our sense. For the sake of completeness we
prove in the Appendix two assertions of Convex Analysis which are needed for deriving
the results of Section 1.

We conclude the introduction by recalling that in the present paper by a cone H
we mean a subset of a linear space such that Az € H for all A > 0,z € H. A function
f : H — IR is said to be positively homogeneous of degree 1 (resp. degree 2) if f(Az) =
Af(z) <(resp. f(Az) = A2f(z)) for all A > 0,z € H. The symbol o(-) will denote a

1

function of € > 0 such that lirr(l) o(e)e™" = 0. For different functions having the just
£—

written property we shall use the symbols o!(-), 0%(), 0;(-)...

2.Second order necessary conditions

In this section we shall consider the infsup-Problem (P) under the assumption that
T is an arbitrary compact set,
C is a subset of a topological vector space X
and

f(t,z) is a function which is u.s.c. in ¢.

We say that xy € C is a solution (resp. strict solution) of (P) if there is a neighbourhood
V of zo such that f(zo) < f(z) (resp. f(zo) < f(z)) whenever z € C NV and z # zo.
Here f(z) = sup fi(z). Let zo be a solution of (P). Without loss of generality we may
assume that ftfgo) = 0. In view of the upper semicontinuity of f;(z,) as a function of ¢

the set

To:={t€T: fi(zo) = f(zo) = 0}
1s compact.
Necessary conditions for the optimality of £y will be written in terms of some appro-
ximations of the data of (P). Examples of such approximations can be found in Section

4. They show that our assumptions are fulfilled for a large class of infinite programs.

Let H C X be a convex cone and D C H be a cone (not necessarily convex) such -

that there is a map h: H — C with the property that

Vd € D, Vz € H, Ve > 0 sufficiently small: h(ed + e%z) — (zo + £d + €2z) = o(e?)
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where o(-) may depend on d and z. In other words, we require that

(2.1) Vd € D,Vz € H,30(-) such that z, € C for ¢ sufficiently small where
(2.2) ' z, = 2o+ &d + e’z + o(€?)
and
. -1 _
(2.3) Ell_r}(l) o(e)e™" = 0.

Let f} : H — R ( H being the closure of H ) and fZ : D — R such that the
following requirements are satisfied:

(1) fi(z) is Ls.c., convex, positively homogeneous of degree 1 in z and u.s.c. in ¢.

(2) f2(z) is positively homogeneous of \ degree 2 in z and us.c. in t.

(3) Yd € D,Vz € H,30,(-) such that ’

(2.4) fi(ze) = filzo) < fi(ed + e%z) + f2(ed) + o(e?) ,VteT,

where z, is given by (2.2) and

lirr(x) oi(€)e™! = 0 uniformly with respect to ¢ € T.
£~

Remark 2.1 Observe that f2(0) = 0. Hence, by setting d = 0 in (2.3) we obtain

the following relation between f; and f}:
fi(zo + €z + o(e)) — fi(zo) < fi(ez) + oie), VL € T.

Definition 2.1. d € X is called a critical direction if
de D,

(2.5) f(zo) +6f1(d) <O, ¥t e T,
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where 6 is a positive constant not depending on ¢t € T

Remark 2.2. It is a simple matter to check that (2.5) implies

(2.6) fi(zo) +efl(d) < 0,Vt € T,Ve € [0, 6].

In the sequel we shall need the following result.
Lemma 2.1 . Assume that zg is a solution of (P). Then for any critical direction d

we have

(2.7) ¢(z,d) = sup {f(z)+ f2(d)} 2 0,Vz € H.

Proof. Let us set

a(z,d) = f}(z) + f2(d)

and assume the contrary that there is a point £ € H such that ¢;(£,d) < 0 for all t € Tg.

From the compactness of Tj it follows the existence of a positive constant v such that

@(%,d) < —y ,\VteT,.

The set

Ty={teT: qt(i,d) < =271}

is open and contains Tp. Hence Ty := T'\ T} is compact and disjoint from T;. Therefore

for some kg > 0 we have

sup fi(zo) < ~ko.
teT,

Let

ky = sup le(d) < +oo,
teT,

ko = sup ¢4(2,d) < +o0.
t€T,
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Setting ¢ = £, z, = o + &d + €23 + o(¢?) and taking account of the sublinearity of f}(:)

and the homogeneity of f2(-) we obtain from (2.4)

28 Fi2e) < Felmo) + FNd) + €20:(3,d) + 0u(€?)

For t € Ty it follows from the just written inequality that

fi(ze) < 2qu(2,d) + 0r(€) < ~271 7% + 04(€?)

since d is a critical direction. Hence there is é; > 0 such that

ft(-'ﬂs) < O,Vt € T],VE € (0,61)

For t € T, inequality (2.8) shows that

ff(lte) < —-]Co + Ekl -+ €2k2 + Og(€2)

which implies the existence of §; > 0 such that

fulze) < 0,¥t € Ty, Ve € (0,63).

We have thus obtained that z, € C and

l'tne%zift(-'cc) <0= %%,Xft(-’ﬂo)
for all € sufficiently small. This contradicts the local optimality of zy.
Before going further, let us formulate the following lemma which can be established

by using the same argument as in [16,Theorem 1} or [4,p. 99- 100]. For the sake of

completeness we include its proof in the Appendix.

Lemma 2.2. Let H C R" be a nonempty closed convex set, T be an arbitrary
compact set and ¢ : ' x H — R be a function, convex and l.s.c. in z € H and u.s.c. in

t € T. If the system

(2.9) z € f?,cp(t,:c) <0 VteT,
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is inconsistent (that is, it has no solution) then there are a finite subset 7 C T with

|7] €1+ n, such that the system

zeH, go(t,z)<0, Vier,

is inconsistent. Here || denotes the number of the elements of 7.
We recall also a result of Fan-Glicksberg-Hoffman which can be found in (18, p. 65].
For the sake of completeness we include in the Appendix a short proof based on the

separation theorem in IR".

Lemma 2.3. Let H be a convex set of a linear space X, T be a finite set and
¢ : T x H — IR be a function, convex in z € H. If the system (2.9) is inconsistent then

there are nonnegative numbers A;(t € 7) satisfying

ter

(2.10) doa=1,

(2.11) Z/\ﬁp(t,z)ZO,VzEf{.

1154

As a consequence of Lemmas 2.1-2.3 we obtain

Theorem 2.1. Assume that z; is a solution of (P). Then for any critical direction
d and any subspace § C X with dim S < oo, there are a finite subset 7 C T with
7| <1+ dimS, A > 0(t € 7) satisfying (2.10) and

(2.12) LYz)>0,Vz€e HNS,

(2.13) L¥*(d)>0

where

(2.14) Li(z) =) Mfi(z) (i=1,2).

ter




Proof. Let d be a critical direction and S be a subspace of X such that dimX < oo.
We derive from Lemma 2.1 that ¢(z,d) > 0,¥z € H; := HNS. Since S is of finite

dimension and ¢(z, d) is convex in z we have by [19,Corollary 7.3.3] that

(2.15) ¢(z,d) > 0,vz € H,

where H, denotes the closure of H; in the subspace S. Hence (2.15) means that the
system (2.9) with H = Hy;¢(t,z) = q;(z),T = Ty is inconsistent. Applying Lemmas 2.2
and 2.3 yields the existence of a finite subset 7 C Ty with |7| < 1+dim S and nonnegative
numbers A;(t € ) such that (2.10) is satisfied and

(2.16) LY(z)+ L?*(d) > 0,Vz € H,.

Observe that L;(0) = 0 (since f}(0) = 0,Vt € T), we derive (2.13) from (2.16) by setting
z = 0. The inequality (2.12) follows from (2.16) and the homogeneity of f}().

To state the second optimality criteria we have to introduce some notations. Let T
be a nonempty compact set and C(T) be the Banach space of the continuous functions

F : T — IR with the norm

|7l = max |Fi].
te T

We shall denote by C*(T') the continuous dual of C(T):

CH(T) = {C(T))*.
For p € C*(T) we shall write x> 0 if (4, F) > 0 for all F € C(T) such that F, > 0,Vt €
To.

We shall need the following lemma.

Lemma 2.4. Let H be an arbitrary set, T be a nonempty compact set and ¢ :
T x H — IR be a function, continuous in ¢ € T If the system (2.9) is inconsistent then

there is u € C*(T) satisfying




(2.17) H20, u#0,

(1, 0(t,2)) > 0,¥z € H.

Proof. By assumption, for fixed = € H , #(t, z) is continuous as a function of ¢ € 7.

Hence, ¢(t,z) =: Fl(z) € C(Ty).
Let

A ={FeC():F<0,vteT},
Q2 = {F € C(T) : 3z € H such that F > F(z)}

where the inequality F > G(F, G € C(T)) means that F, > Gy, Vt € T. It can be verified
that Q;(# = 1,2) are nonempty convex sets and int @1 # 0 where int Q; denotes
the interior of Q; in the topology of C(ff) induced by the norm defined above and @
stands for the empty set. On the other hand, the inconsistency of {2.9) shows that
Q@1 N Q2 = 0. Hence, by the separation theorem we can find p € C*(T) satisfying the

required conclusion of the lemma.

Theorem 2.2 . Assume in addition that fi(z)(i = 1,2) are continuous in ¢ € T.

If 2y is a solution of IP then for any critical direction d there is y € C* (To) satisfying
(2.17) and

(2.18) LYz)>0,Vz € H,
(2.19) Lz(é) >0

where

(2.20) Li(z) = (u, fi(z)) (i =1,2).

Proof Take H = H, T =Ty, #(t,z) = f{(d) + f?(z) and observe by Lemma 2.1

that the system (2.9) is inconsistent. It remains to apply Lemma 2.4.
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The following additional requirement will be used in Theorem 2.3:

4 For any critical direction d the condition

g(z,d)>0,Vz € H,

implies

g(z,d)>0,¥z € H.

Obviously, this requirement is satisfied if either of the following conditions holds:

(a) g(z,d) is us.e. in z.
(b) H is closed.
(c)  int H#0.

Theorem 2.3. Assume that X is a Banach reflexive space and the additional
requirement (4) is satisfied. If zp is a solution of (P) then for any critical direction
d and positive numbers ¢,r there are a finite subset v C Ty, A, > O{t € 1) satisfying
(2.10) and

(2.21) - LYz) > —&,¥z € B,NH,

(2.22) L*(d) > —¢

where L*(z) is defined by (2.14) and B, stands for the closed ball with radius r around
the origin.
Proof We first claim that for any critical direction d and any € > 0 there are a

finite subset 7 C Ty, Ay > 0(t € T)such that (2.10),(2.22) are satisfied and

(2.23)  LNz)> —elz|,Vz € H.

Indeed, as Tp is compact and f2(d) is u.s.c. in t € Ty, there is a positive constant a such

that

(2.24) fi(d) < a,Vte Ty
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Let K = H N Bg where 8 = (¢ + a)e~! > 0. The set K is weakly compact since X is a

Banach reflexive space. Consider a family of sets K;(t € Ty) defined as follows:

Ki={z€K:fi(z)+ f(d) < —¢}.

Observe that f}(-) being l.s.c. and convex is weakly l.s.c.. From this we can verify that

K, is a weakly closed set. On the other hand, by Lemma 1.1 and the requirement (4)

ﬂKg=@

teT,

Hence, there is a finite subset 7 C T such that

ﬂl{tzﬂ

ter

which means that the system

z €K, fl(z)+ f2(d) < —¢, Vi€ T,

is inconsistent. We invoke Lemma 2.3 to derive the existence of nonnegative numbers

A(t € 7) satisfying (2.10) and

(2.25) LY(z)+ L*(d) > —¢,Vz € K.

Taking account of the fact that 0 € K and L!(0) = 0, we obtain (2.22) by setting z = 0
in (2.25). Observe now by (2.10) and (2.24) that L?(d) < a. Consequently, we get from
(2.25)

LY (z) > ~e —a,Vz € HN By.

By the positive homogeneity of L!(-) this yields

LY(z) > —(¢ + @)B 7 |z| = —¢|z|,Vz € H.

The above claim is thus established. To complete the proof of the theorem it remains to

apply this claim with er—! in place of €.




3. Second order sufficient conditions.

In this section we assume that X is a normed space, C C X and T are arbitrary
sets. Fix a point zg € C and assume as in the previous section that sup fi(zo) = 0.
We shall introduce approximations quite different from those used to. dtei?ve necessary
conditions. Observe that the similar situation occurs in mathematical programming [3]
and semi-infinite program [12].

Let there be given a cone H C X and a map h : C — H such that

(3.1) m, |h(z) — (z — zo)]|z — zo|™* = 0.

li
Tz
z€eC
In this case, Maurer and Zowe [19] say that C is approximated by H. This approximation
property was used in [19] as a main tool to derive sufficiency theorems for mathematical

programming. Details can be found in [19].

Let f{ : H— R (i =1,2) be such that the following requirements are satisfied:
(1) fi(z) is positively homogeneous of degree 1 in z. '
2 f2(z) is positively homogeneous of degree 2 in z.

(3) Joi(-) such that Vi € Ty,Vz € C:

(3.2) fi(2) = fi(=0) > FL(R(=)) + o} (I(z)]),
(3.3) fi(@) — fi(zo) > fL((z)) + F2(h(2)) + oX(|h(=)[®)
where lim oi(e)e™ =0 (i=1,2).

Remark 3.1. If f2(-)isl.s.c. at h = 0 then (3.2) is a consequence of (3.3). Indeed,
from f2(0) = 0 and the lower semicontinuity follows the existence of § > 0 such that
f2(h) > —1 for all h € H with |h| < 6, hence by homogeneity fZ(h) > —62|h|? for all
h € H. Therefore for all h € H we have

FE(R) + 0 (Ih]?) 2 ~672|hI? + o} (|A?) =: of (Ih).
This shows that (3.3) implies (3.2).
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Definition 3.1. A sequence d; is called weakly critical if
dk € H; |dk| = I,Vk,

(3.4) limsup f}(d}) < 0,Vt € Tp.
k00

Theorem 3.1. Assume that, for every weakly critical sequence di, there are a finite

subset 7 C Tp, Ay > 0 (¢t € 7) such that

(3.5) LYz) >0, Vz € H,

(3.6) limsup L%(d;) > 0,
k— o0

where L(z) is defined by (2.14). Then zq is a strict solution of (P).
Proof. Assume the contrary that z, is not a strict solution of (P). Then there is a
sequence z; € C such that Qe ‘=T — 20— 0, ¢t #0and 0> f(z) — f(zo), Vk. The

last inequality implies
3.7) 02 flzs) = fulzo), VE, R €Ty,
Let h be the map appeared in (3.1). Putting hy = h(zy) it follows from (3.1) that
e ~ gellge|™ — 0.

This implies, since ¢, — 0, that |h; — gx] — 0, and therefore hy — 0. Hence
0i(Jhe|)|he]~* = 0 (¢ = 1,2). Combining (3.7) and (3.2) yields

(3.8) 0> fl(he) + o} (lhe)), Vk, Vt € Ty,

or, equivalently,

(3.9) 02> fi(di) + o (|h k|2, VE, ¥t € T,
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where

dy = hi|he|™' € H.

By letting k — oo in (3.9) we get (3.4). This shows that d, is a weakly critical sequence.
By assumption there are a finite subset 7 C Ty, A; > 0 (t € 7) satisfying (3.5) and (3.6).
Putting ¢ = z; in (3.3) and using (3.7) we have

(3.10) 0> fi(he) + f2(hi) + 02(|he|?), Yk, Vi€ 1.

Multiplying (3.10) by A; and summing up we obtain

(3.11) 02 L(he) + LP(he) + o(|h[?), VE,

where o) is some function satisfying (2.3). Dividing (3.11) by |h,|? and taking account
of (3.5) we find

(3.12) 0 > L*(dg) + o(|hx?)] by |2

which implies

0 > limsup L%(dy),

k—o0

contradicting (3.6). The theorem is thus proved.

Remark 3.2. If 0}(-) in (3.2) is independent of ¢ € T} then the following condition
is sufficient for the assumption of Theorem 3.1 to be satisfied: there are positive numbers
6,7, a finite subset 7 C To, A; > 0 (t € 7) such that (3.5) holds and L}(d) > v for all
d € H; where

Hy=Hn{z:|z|=1, fl(z) <6 ¥t €T}

Indeed, if d; is a weakly critical sequence then, for all k sufficiently large, d; € H; hence
L?(dy) > v which implies (8.6).




Theorem 3.2. Assume that fi(z) (i = 1,2) are continuous in ¢ and o?(-) in (3.3)
is independent of t € Ty. Assume that for every weakly critical sequence d; there is a
functional 4 € C*(Tp), u > 0, such that (3.5) and (3.6) are satisfied where Li(z) =
(g, fi(z)) (i=1,2). Then zq is a strict solution of (P). -

The proof is similar to that of Theorem 3.1 and will be omitted.

Remark 3.3. If o}(:) in (3.2) is also independent of ¢ € Tp then the conclusion

similar to that of Remark 3.2 can be stated for Theorem 3.2.

Remark 3.4 The results of Sections 2 and 3 can be used to obtain optimality

conditions for the problem {Pg):

minimize {fo(z) :z € C, fi(z) <0, Vt €T}

‘where fo:C — Risa given function. To see this, it is enough to consider the following

problem (P,) having the same structure as (P):

minimize { sup (fo(z) — fo(zo); fe(z)) : z € C}
teT

and observe [12] that
o is a solution of (Pp) if it is a solution of (P;); _
zo Is a-strict solution of (Po) if it is a feasible point for (Pg) and is a strict solution

of (Py).

4. Finitedimensional case
~ In this section we assume that dim X < oco. Applying Theorem 1.1 to the subspace

5 =X we get

Theorem 4.1. If z; is a solution of (P), then for any critical direction d there are

a finite subset 7 C Ty with |7| < 1+dim, A\; > 0 (¢ € 7) satisfying (2.10) and

(4.1) LY(z) >0, Vz € H.

(4.2) ~ L¥d) >0
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where Li(-) is given by (2.14).

Turning now to sufficient conditions, we first introduce

Definition 4.1. A vector d € X is called a weakly critical direction if

de H, |d|=1,
fH(d) <0, VteTp.

Here we assume that the functions f{(-) (i = 1,2) are defined on H and satisfy the
requirements (1)-(3) of Section 3. Obviously, if d € H is a weakly critical direction then

the stationary sequence d; = d is a weakly critical sequence (see Def. 3.1).

Theorem 4.2. Assume that fj(z) (i = 1,2) are ls.c. in z. If for .every weakly
critical direction d there are a finite subset 7 C Ty, A; > 0 (¢ € 7) such that

(4.3) _ L¥(z) >0, Vz € H,

(4.4) L*(d) > 0,

then z; is a strict solution of (P).

Proof. Take an arbitrary weakly critical sequence dy. By the compactness of the

unit sphere in X and the lower semicontinuity of f#(:) we may assume that d;, converges
to some weakly critical direction d satisfying (4.3) and (4.4) for suitable r C Ty, A >
0 (¢ € 7). Since (4.4) implies (3.6), it remains to apply Theorem 3.1.

5. Examples
This section gives some examples of approximations of the data of (P) used in
Sections 2 and 3. Clearly, combining these examples with the previous results yields

various optimality conditions for the problem under consideration.

Example 5.1. Assume that C is a convex set of a topological vector space X. Let

D =H = cone [C —z¢]:={Mc~z0): A >0, c€C}.
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We shall show that o-) = 0 satisfies (2.1) for all d € D,z € H. Indeed, take a > 0 and
B > 0 such that d) :=zg +a"'d € C and z, = 2o+ P 'z € C. Since zg + ed + €2z =
(1 — ae - Be¥)zo + aed; + Bz, € C for ¢ sufficiently small, the desired conclusion

follows.

Example 5.2. Let C = {z : g(z) = 0} whereg: X - Y is a map between Banach
spaces X and Y. Assume that g is of the class C?2 (ﬂhat is, g is twice continuously

differentiable in the sense of Frechet) and the first derivative ¢'(zo) is surjective. Take
D={d:g¢'(z0)d = 0,g"(z0)[d, d] = 0},

H={z:g¢(z0)z =10}

where ¢”(z0) denotes the second derivative of ¢ at zo. That the condition (2.1) is satisfied
follows from a result of Ljusternik {13,p. 30].

We now turn to examples of approximations of the function ft(z). Throughout the
forthcoming, unless otherwise specified, we shall assume that X is a normed space and
fi(+) is of the class C? (that is, fi(-) is continuously differentiable in the sense of P}eghet).
In Examples 5.3 -5.6 we shall set

D=H=X

R fi(z) = fi(zo)z

where f;(zo) denotes the first derivative of f,(-) at z = z,. Since in these examples the
requirements (1) and (2) of Section 2 are obviously satisfied, we shall verify only the
requirement (3). We emphasize that this requirement will be fulfilled for all d €EX,zc€
X and o(-) being an arbitrafy function with property (2.3). So our approximations Ffi(z)
are independent of the approximations D and H of the constraint set C. Hence they can

be used to formulate optimality conditions for various approximations of C. -

Example 5.3. Assume that f;(:) is of the class C? and the derivatives (in z)

fi(z) , fi'(z) are jointly continuous in (¢, z). Taking

(5.2) fi(z) =271 (zo)
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we have by the second order Taylor expansion theorem

filze) = fi(zo) = fil=o) [ed + e%2] + 271 /(o) [ed, ed] + 27 (e

where

ze = 2o+ ed + e’z + oc?) ,

pie) = 2f{(z°)°_(52) +{fi'(0 + 8(ze — 20)) [z — 20,2 — zo] ~ €1{'(20) [d, d] }

and 6 € [0,1] is a number depending on t and ¢. Evidently, as ¢ — 0 , ¢i(€) converges

to zero uniformly with respect to ¢t € T. Hence (2;4) is satisfied.

Example 5.4. Assume that f/(z) is jointly continuous in (t, z) and, for anyde€ X,

the convergence of the limit

(5.3) 9u(z0id) = lim supe™2(f,(z + ed)  fi(2o) - €f{(z0)d]

is uniform with respect to t. We have

(5-4) e [fi(=2) - fi(@o) - filzo) (ed + €22) - gy(zo;ed)] =

e 2[felzo +ed) — fi(zo) — ££{(20) d] — g:(w0; d) + r(e)

where

pi(e) = 5_2[ft($e) ~ fi(zo + ed)] — f,’(zo)z.

By the mean value theorem

$1(€) = fi(zo + ed + 8[e’z + o(e?)])z — fi(z0)z

where 6 € [0,1] is some suitable number depending on ¢ and €. Note that pi(e) = 0

uniformly with respect to t. Therefore, by taking

(5.5) £X(=) = gi(eoi )
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we derive from (5.4) and the uniform convergence in (5.3) that (2.4) is satisfied.

Examples 5.5. Let V be a (convex) neighbourhood of z, € X = R". Following
[10] we denote by C'!(V) the class of functions F' which are differentiable in V and whose
gradient F'(Z) is locally Lipschitz in V. Let §2F(z;) be the generalized Hessian matrix
of F at xq, defined as in [10):

§°F(zo) = co {M :3z; — 2o, F"(z;) exists and F"(z;) - M}.

Here the space of n x n matrices M is topologized by taking some matricial norm -1l
on it and ”co” stands for the convex hull. Observe [10] that §2F(-) has the following
properties: |
1. 62F(zg) is locally bounded in the sense that
IM|<a, VM €82F(25), V2 €V,

where « is a Lipschitz constant for #/(-) on V.

2. max (Me,d) = limsup e~![F'(z +ce)d - F'(z)d], Ve,d € X ,
Mes3F(zy) T — Ig
e—0

where (-, -) denotes the inner product.

3. The second order Taylor expansion theorem is true:

Vz, €V (i=1,2), 3 €[z1,2,), IM € 82F(¢)

such that

F(zg) — F(z1) = F’(-"‘l)(l‘z -z)+ 2—1<M(1‘2 — ;)23 — z1).

Assume now that f,(-) is of the class C'}(V) and '
M fi(z) is jointly continuous in (¢, z) and is locally Lipschitz in z uniformly
with respect to ¢t (that is, there is a positive constant o not depending on t € T such

that |f/(z1) — fi(z2)] < alzy — 25|, VL€ T, Va2, € V).

H The function s¢(z,d,d) is u.s.c. in z at z, uniformly with respect to ¢
where
(5.7) si(z,e,d) ;= limsup e ![f](u + ee)d — f!(u)d).
u—z
€e—0
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Observe that by (!) si(z,e,d) is continuous as a function of ¢ and the above mentioned

property of the generalized Hessian matrix yields

(5.8) si(z,e,d) = Mé?’aj)‘c(z)(Me, dy .

Also, (!) is satisfied if either s;(z,d,d) is u.s.c. in (¢,z) at every point (t,z,), t € T; or
82 f,(+) is u.s.c. at zo uniformly with respect to t.

Let us check (2.4) for

200) . 91 — o1
(5.9) fi(z):=2 Mexar%i)%rc)(Mz,x) (= 27 s4(20, 2, 2)).

Condition (!) implies the existence of @ > 0 such that

Ift/(IO)l S @, vt € Ta
IM|| < a, VM € 8%fi(z), V2 €V, VL€ T.

This fact together with the second order Taylor expansion theorem gives

(5.10) fi(2) — ful=o) = fl(zo)led + e22] + 21 (Med, ed) + f1(zo)o(e?)

where M is a suitable element of §2,(¢,), &, € [zo, z.].
It follows from (5.10)

(5.11)
fi(ze) = fi(zo) < fi(ed + e%z) + fi(ed) + 27 ?[s,(é., d, d) — s:(20,d, d)] + fi(zo)o(e?).

On the other hand, by the continuity of f/(z,) as a function of t € T

(5.12) lirr(l) fi(zg)o(e?) = 0 uniformely with respect to ¢

and by the condition (!!)




(5.13) lirr(lJ max {0, s,(¢.,d, d) — s;(zo, d, d)} = 0 uniformly with respect to ¢

Combining (5.11), (5.12) and (5.13) proves (2.4). -

Example 5.6. Assume that f,(-) is of the class C'}(V') and the condition () is
satisfled. Forn > 0, e € X, d € X let us set

(5.14) Si(n,e,d) = sup e'l[f,'(a: + Ae)d — fi(z)d)
lz—zo|l<n
lz+e—zol <7
O0<e<y

It is shown in [12] that for all e € X, d € X we have
1. §:(m, e, d) < 5(n2, e,d) if ; < .
2. 8i(n,e,d) = 5(n,2,d) < a(le ~&||d| + |d - d|fe]), V&,d € X.
3. 2715,(|d], d,d) > fi(zo +d) — fi(z0) — fi(zo)d.

We claim that (2.4) holds if

(5.15) fAz) = 27'5,(n, 2, 2)

when 7 is an arbitrary positive constant. Indeed, setting T, = ed + €2z + o(e?) we see
that |z;| < 7 for ¢ sufficiently small. For simplicity of notation we shall write 5¢(n,d)

instead of §;(n,d, d). Using the above properties of 5:(n, e, d) we obtain

Ji(@e) = fulzo) < filzo)led + 2] + fi(wo)o(?) + 27" 54(|2. |, ),
§:(1Zel, Ze) < 5:(n,%.) = §u(n, ed) + [5:(n, Z,) — 5:(n, £d)]

< 8i(n,ed) + ale?z + o(e?)|(|Z. | + |ed]).
From the just written inequalities it is clear that (2.4) is satisfied if we set

o(e?) = fi(20)o(e?) + ale®z + o(e?)|(|Z | + led]).

Consider now examples of approximations of fi(-) used in Section 3. We shall assume

in Examples 5.7 - 5.9 that C is an arbitrary set of a normed space X. We take H =
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cone [C — 2o}, h(z) =  — 2o, f}(z) = f/(zo)z and we shall see that the requirements
(1) - (3) of Section 3 are fulfilled by a suitable choice of f3(-). All we have to check in
these examples will be the inequality (3.3).

Example 5.7. Assume that f,(-) is of the class C? and f2(-) is given by (5.2). Then
(3.3) follows directly from the twice continuity of fi(0).

Example 5.8. Assume that f;(-) is of the class C'}(V) and

. 2(z) = 27! min z,z) (= =27 s (zg, —2,2) ).
(5.16) (=) Meéift(xo)(M ) ( (zo , ))

We invoke the second order Taylor expansion theorem formulated in Example 5.5 to

derive

fi(zo + z) — fi(xo) = fi(zo)z + 27Y Mz, z)
for some M € 82 f,(€), € € [zo, z].

Taking account of (5.8) and (5.16) we can write

f:(zo‘ +z) = filzo) > fl(z) + fi(z) + 27 s(z0, ~2,2) — si(€, —z,z)]
> fi(2)+ 2 (z) + pu(2)

where

<p‘(z)‘ =2-1 mi;l {0, s¢(zo, —2z, z) — 8:(¢, -2, 2)}.

Using (5.8) and the upper semicontinuity of §2f;(-) (see [10]) we verify without difficulty
Cthat ' ‘

. 2
Lim oi(2)]27* = 0.

This shows that (3.3) holds.

Example 5.9. Assume that f;(-) is of the class C'}(V) and, for fixed positive

number 75,




(5.17) fi(z) = =2715,(y, -z, z)

The desired inequality (3.3) is an immediate consequence of the following inequality (see

{12, Proposition 5])

ft(z) - ft(:cO) Z ftl(zo)z - 2—181“1“!) -z, (L')

and the observation that

st(!xli -, 2) S 3t(’7: -z, Z)
if |z < 7.

Remark 5.1. The definition of the functions (5.7) and (5.14) is given in [12] to
study semi-infinite programms with equality constraints.

Let us compare shortly the results of Section 4 with those of Ioffe {12] under the
assumption that equality constraints are absent. Since in that case C' = X we can take
D = H = X. Setting f}(z) = fi(zo)z and defining f2(-) by (5.9) or (5.10) we see that
Theorem 3 (hence Theorem 4) in [12] is a consequence of our Theorems 4.1 and 4.2, (It
should be noted [12] that optimality criteria proved in [2] for SIP is weaker than [12,
Theorem 4]). Applying Theorem 4.1 to the case where f2(:) is defined by (5.15) yields
necessary conditions different from those of [12, Theorem 1]. The sufficiency Theorem 2
in {12] is stronger than Theorem 4.2 applied to (5.17). The reader is referred to (6,9,13]

for similar sufficient optimality conditions for SIP.

APPENDIX
Proof of Lemma 2.2. For simplicity we assume that 7" has at least n+ 1 elements.
Let 2, € H and ﬁ’p ={z€H |z -z < p} (p > 0). If (2.9) has no solution then
for all e > 0, p > 0 the system

z€ flp, ot,z) < —¢, VteT
has no solution. Since the sets
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{z€f,: plt,z) < -¢)

are convex and compa.ct for all t € T and have empty mtersectlon it follows from (22,
Corollary 21.3.2] that there is a subfamily of n + 1 sets having empty intersection, i.e.,

there is (t1,1,, ...,8,41) € T"*! such that the system

€ I:Ip, e(tiz) < - (i=1,2,..,n41)

has no solution. Hence the sets

F(€,p) = {(il,tz, ~~;tn+1) € Tm+1 : 11'2na-xn I‘P(tn .’E) > —E£, Vz € gp}

are nonempty for alle > 0, p > 0. This implies at the same time that any finite collection

of the sets F(e, p) has nonempty intersection since

mF(e,-,p,-) D) F(mine,-, ma.xp;).

The sets F(e, p) are being closed subsets of the compact set T™*1, the collection of all
F(e, p) with € > 0, p > 0 has nonempty intersection. But from

(12, 08) € [) Fle,p)
0

€ >
>0 -
follows lI;'la.x e(ti,z)>, Vz € H.
i
Hence, setting 7 := {t;,%,,...,f,41} we obtain the desired conclusion of Lemma 2.2.

Proof of Lemma 2.3. Let 1,2,...,n be the elements of T (n = |T]). From the

hypothesis it follows that 0 € R" is not an interior point of the convex set

Q:={CE€R":¢>p(i,z), i=1,2,..,n; z € H}.

Hence there is u = (B1,82, ..., tn) € R®, p # 0, such that (#,) >0, ¥¢ € Q. From
Q+ R} C Q follows y; > 0, Vi (IR} being the nonnegative orthant of R™). We normalize
p such that 3~ p; = 1 and choose as ¢ € Q the point ¢ = (p(L,2),9(2,2), ..., p(n, z))

with z € H to obtain the conclusion of the lemma.
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