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Abstract
In this dissertation we consider issues of high-frequency statistics, whereas our data
is generated by discretization of noisy and pure It6 semimartingales. In the first part
of this thesis, we present results and tools from stochastic calculus, high-frequency
statistics and extreme value theory, being essential for all subsequent parts. Based
on noisy Ito semimartingale observations, in the second part of this work limit theo-
rems are proved, which are necessary to tackle change-point questions in the volatility
adequately. Furthermore, the consistency of a change-point test is proved as well as
consistency of the associated change-point estimator.
In the third part of the work weak limit theorems for extreme value statistics are
proved, which are appropriate for constructing uniform confidence bands for the volatil-
ity process. The respective extreme value statistics are based on pure It6 semimartin-
gale observations without microstructure noise.
The final part of the work contains weak limit theorems, which are appropriate to con-
struct uniform confidence bands for observations based on data with microstructure
noise.






Zusammenfassung
In dieser Dissertation befassen wir uns mit Fragestellungen der Hochfrequenzstatis-
tik, wobei unsere Datenbasis die Diskretisierung von verrauschten wie auch reinen It6
Semimartingalen ist. Im ersten Teil dieser Dissertation stellen wir Resultate und Hilfs-
mittel aus der stochastischen Analysis, Hochfrequenzstatistik und Extremwerttheorie
vor, die wesentlich fiir alle nachfolgenden Teile sind. Im zweiten Teil dieser Arbeit wer-
den Grenzwertsétze bewiesen, die notwendig sind, um Fragen von Strukturbriichen in
der Volatilitdt addquat behandeln zu kénnen. Dariiber hinaus wird sowohl die Kon-
sistenz eines Strukturbruchtests als auch die Konsistenz von Schétzern nachgewiesen,
die den jeweiligen Zeitpunkt des Strukturbruchs schétzen.
Im dritten Teil der Arbeit werden schwache Grenzwertsétze fiir Extremwertstatistiken
bewiesen, die geeignet sind, gleichméflige Konfidenzbénder fiir den Volatilitéitsprozess
zu konstruieren. Die jeweiligen Extremwertstatistiken basieren auf reinen It6 Semimar-
tingalen, die keinem Rauschen unterliegen.
Der letzte Teil der Arbeit enthélt schwache Grenzwertséitze, die geeignet sind, gleich-
méfige Konfidenzbander fiir Beobachtungen zu konstruieren, die auf verrauschten Da-
ten basieren.
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1. Introduction

1.1. Motivation

At least since the celebrated work by Black and Scholes [15] and the independent work

of Merton [47], in which the authors have presented the famous Black-Scholes-Merton

formula for option pricing, stochastic calculus and stochastic methods are an integral

part of financial mathematics. The famous partial differential equation

ov 1, ,0°V oV

24 Zg2827 S—— —rV =0 BSM
ot "27 % 957 a5 7 (BSM)

provides a link between the option value V', the underlying asset price S, the risk

free interest rate r and the volatility 0. In (BSM]) the asset price S is driven by the

geometric Brownian motion stochastic differential equation

dS = pSdt + o SdW (GBM)

with p being the drift rate. The theoretical foundation of the differential dW is given
in the groundbreaking papers It6 [32] and It6 [31], in which the author constructs

stochastic integrals
t
/ os dW
0

for adaptive, locally bounded integrands (o:);>¢ and presents stochastic differential
equations, respectively. With the further extension and generalization of stochastic
integration by the ’Strasbourg school of probability’, c.f. Emery and Yor [21], the
Brownian motion W has been replaced by a so called semimartingale X. As a result,
general semimartingales and the modern theory of stochastic integration have found
their way to financial mathematics. For the latter relation, the Fundamental theorem
of asset pricing due to Delbaen and Schachermayer [20] constitutes the striking bridge.
This result, being fundamental and very deep, states, roughly speaking, that the asset
price S can be modeled by a semimartingale if and only if the financial market fulfills
the so called NFLVR property. More precisely, the following holds.

Fundamental Theorem of Asset Pricing. Let S be a locally bounded semimartin-
gale. There exists an equivalent martingale measure Q for S if and only if S satisfies
the No-Free Lunch with Vanishing Risk (NFLVR) condition.

We refer to Theorem 9.1.1 in Delbaen and Schachermayer [20] and to Theorem 9.7.2.
for the conclusion NFLVR = S = semimartingale. Due to the results described
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above, semimartingales possess an outstanding relevance in applications. This central
significance of these stochastic processes motivates their statistical and probabilistic
inference. We will pursue statistical inference in the high-frequency regime, that is we
have data

(XiAn)izo..,,Agl )

generated by a stochastic process X with equidistant observation points iA,, i =
0,...,A-1. This work will provide further insight on volatility inference and estima-
tion of a given asset price X. More precisely, we will develop pathwise techniques
and results for functionals of the second characteristic of the semimartingale X. The
spot volatility, interpreted as a measure of dispersion in applications, is basically a
functional of the quadratic variation of the semimartingale X. While in the classical
partial differential equation the volatility is neither random nor time depen-
dent, empirical evidence suggests to work with much more general volatility models.
In a first step, we will replace the geometric Brownian motion .S in by a gen-
eral, possibly discontinuous It6 semimartingale (X¢);c[o,1], i-e. a semimartingale with
characteristics being continuous with respect to the Lebesgue measure. Secondly,
considering high-frequency data, the existence of microstructure noise is empirically
evident, c.f. Chapter 8 in Schmidt-Hieber [57], such that even more general processes
(Y2)te[0,1, where Y} is a noisy version of X; with exogenous additive noise, are con-
sidered. Statistical inference on certain functionals of the volatility process (af)te[o’l]
has attracted a huge interest in recent years. A considerable part of these research
results have been gathered and comprehensively presented in the remarkable work
Jacod and Protter [35]. Those results essentially comprise consistency and associated
central limit theorems concerning functionals of the spot volatility process (U?)te[oﬂ.
In this thesis we will go a step further extending the classical results based on linear
statistics to non-linear versions. We will pursue inference via extreme value limits
of certain functionals, tackling change-point questions based on the process (Y});e(o1]
and uniform confidence for spot volatility extending and improving results in recent
literature based on (X¢)cpo,1) as well as for (Y3)ie(o,1)-

1.2. QOutline of the thesis

This thesis is organized as follows.

In Chapter 2| we present the basic objects and collect the necessary tools from stochas-
tic calculus, high-frequency statistics, Skorohod embedding and extreme value limit
theorems, being necessary proving the main results of the thesis.

Chapter [3] contains the first part of the thesis, where we will tackle change-point
inference for noisy high-frequency data. Inference on structural breaks for discrete-
time stochastic processes, particularly in time series analysis, is a very active research
field within mathematical statistics. Parametric and nonparametric approaches are
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usually based on limit theorems relying on extreme value theory, cf. Csorgé and
Horvath [19] for an overview. Whereas the latter is usually concerned with i.i.d. data,
important contributions beyond that case are presented in Wu and Zhao [61], proving
limit theorems for nonparametric change-point analysis under weak dependence. These
results serve as an important ingredient not only for this chapter but also for the whole
work. Except the classical works like Miiller [48] and Miiller and Stadtmdiiller [49] so far
inference on structural breaks for continuous-time stochastic processes has attracted
less attention. Let us mention the very recent work by Biicher et al. [17], which
also deals with questions of detecting structural breaks of certain continuous-time
stochastic processes. Our target of inference is the volatility process. Understanding
the structure and dynamics of stochastic volatility processes is a highly important issue
in finance and econometrics. Due to the outstanding role of volatility for quantifying
financial risk, there is a vast literature on these topics.

In Chapter[4 we will start with inference on uniform spot volatility estimation. Whereas
the results sketched in Chapter [2| allow for pointwise inference, there is a lack of ap-
propriate tools for uniform inference. More precisely, taking into account the limit
theorems in Jacod and Todorov [38], it is easy to conclude a feasible central limit
theorem, which enables the construction of an interval Cy_,(t) such that for a given
t € [0,1]

P [U? €Cia(t)] —1-a.
Whereas a confidence band C1_,(t) fulfills
P[of € Ci_a(t)Vt € [0,1]] — 1 — a,

i.e. confidence intervals are sets with only local coverage and confidence bands are
sets with simultaneous coverage.

The key tool to construct asymptotic confidence sets are weak limit theorems based
on different types of statistics. Concerning the construction of confidence intervals
the limit theorems are usually provided for linear statistics, measuring the point-
wise deviation between the estimator and the unknown parameter. In contrast, the
construction of confidence bands relies on non-linear statistics measuring the global
deviation between the estimator and the unknown parameter. Beyond the construction
of confidence bands, uniform weak limit theorems allow for tackling testing problems,
which are not accessible with point-wise versions. For example, they allow to validate

a certain parametric model for the spot volatility process (at2 such as goodness

)te[o,l]
of fit tests or change-point tests.

The final Chapter [§] provides a further extension of the previous Chapter [d Though
the theory in Chapter [4 covers a large class of stochastic volatility models and a quite
general data generating price process (Xt)te[o,l] including general, infinite jump ac-
tivity, it still leaves a gap concerning microstructure noise effects, as the estimators

(4.1) and (4.2) are both not noise robust. That is, the limit theorems and
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do not hold, if we pass from (X¢),c0.1) t0 (Y2);epo,17- Therefore we will generalize these
estimators using methods presented in Chapters [2| and

To the best of our knowledge, the very relevant but mathematically involved topic
of uniform spot volatility estimation in a noisy It6 semimartingale framework has not
been rigorously discussed in the existing literature. The only work, which we are aware
of, considering uniform estimation aspects of spot volatility estimation, is Kanaya and
Kristensen [40]. Concerning the noisy framework in Subsection 3.4 the authors only
discuss possible future research directions, without providing any rigorous arguments
or results. We intend to close this gap in Chapter



2. Some basics and tools on high
frequency statistics

In this chapter we will summarize and present the tools and results, which are used
in the main part of the thesis. Starting with fundamentals of stochastic calculus,
we will pass to important limit theorems and conclude the chapter with very recent
methods on volatility estimation. We will not present any proofs but will refer to the
corresponding literature. Unless otherwise stated, all stochastic objects are defined on
a complete filtered probability space (2, F, (Fi).ejo1], P)-

2.1. Basics in stochastic calculus

Throughout the thesis we will pursue inference on certain characteristics of a stochastic
process (Xt>te[0,1]' Due to the fundamental theorem of asset pricing, which has already
been mentioned in the introduction, this process, modeling the price of an asset, is
necessarily a so called semimartingale.

Definition 2.1 (Semimartingale). A semimartingale is a stochastic process X of the
form

X=Xo+M+A (2.1)

where Xy is finite valued and Fy-measurable, where M is a local martingale and A is
a finite variation process.

Remark 2.2. Semimartingales are undoubtedly the most important class of stochastic
processes in stochastic calculus, probability theory and mathematical finance. On the
one hand they are the basis of modern stochastic integration due to the celebrated
Bichteler-Dellacherie Theorem, c.f. Protter [52], and on the other hand they are the
key building blocks in asset pricing theory.

Remark 2.3. It is a deep result in probability theory, that every semimartingale X
exhibits a representation in terms of random measures and truncation function x:

X=Xo+X+rx(p—v)+(x—k(x)xpn+B. (2.2)
The triplet (B ,C, 1/) is called the characteristic triplet of the semimartingale X, with

- C = [X¢ X being the quadratic variation of the continuous local martingale
part X¢
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- B being the predictable process of locally finite variation, c.f. Definition 2.6 in
Jacod and Shiryaev [37] and

- v the compensator of the jump measure p, c.f. Theorem 1.8 in Jacod and
Shiryaev [37].

In contrast to the defining decomposition ({2.1]), the refined one in (2.2)) is unique and
is more appropriate for further inference.

Whereas there exists a vast literature on probabilistic results for general semimartin-
gales, statistical inference, especially high-frequency statistics, with respect to these
processes has not been developed yet. Though, we refer to Ait-Sahalia and Jacod [3]
for discussions, including the general case. Throughout the whole work, the price pro-
cess (Xt>te[0,1] will be a so called It6 semimartingale and we will stick to the univariate
case.

Definition 2.4 (It6 semimartingale). A semimartingale X is an It6 semimartingale,
if its characteristics (B,C, 1/) are absolutely continuous with respect to the Lebesque
measure.

In addition to the general representation (2.2)) of an Itd6 semimartingale, there is the so
called Grigelionis representation, which will be used in subsequent parts of this work:

¢ ¢
Xt:X0+/ asds—l—/ osdWs + J¢ , (2.3)
0 0

Ji= // (5,)) (1 — v)(ds, dz) + // (s, 2)ulds, dz)  (2.4)

and € = x — k(x). For a detailed discussion and presentation of this decomposition,
we refer to Subsection 1.4.3 in Ait-Sahalia and Jacod [1]. We will conclude this sec-
tion with two fundamental inequalities in martingale theory, which will be key tools
calculating upper bounds for certain functionals of increments of local martingales.

with

Theorem 2.5 (Doob’s L? inequality). Let (Xt)te[() 1]

(or nonnegative submartingale) and J = [u,v] C [0,1]. Ifp € (1,00), p L +q¢ 1 =1
and Xy € LP, then

be a right-continuous martingale

sup [ X[ < sup [ X,]], - (2.5)
teJ ted

P
For a proof, we refer to Theorem 5.1.3 in Borodin [16].

A deeper and an extremely useful inequality is given by the Burkholder-Davis-Gundy
inequality. We use the notation

Xoo = lim Xy

t—00
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and

Xt* = sup |Xs’
s<t

for any stochastic process X;. The inequality essentially states, that the norms

X - B[(X%)?]"? and
X s X, X,

are equivalent on the space of continuous local martingales. For our purposes, the
following simplified version is sufficient.

Theorem 2.6 (Burkholder-Davis-Gundy). For any p € (0,400) there exist two pos-
itive constants cp, C, such that, for all continuous local martingales M with My = 0,
the following inequality holds for all t > 0:

o |[M, M| SE[(M;)] < GE [[M, MP?] . (2.6)

For a proof of this version, we refer to Theorem 4.1 and Corollary 4.2 in Revuz and
Yor [55].

Remark 2.7. Note that the equivalence of norms, stated in Theorem does not
extend to general semimartingales, c.f. Revuz and Yor [55], Exercise 1.13 in Chapter
IV. Therefore, bounding moments of a general semimartingale, we have to consider
the local martingale part and the finite variation part separately. There are versions
of Theorem for general, discontinuous local martingales, c.f. Protter [52]. The
continuous version is sufficient for applications in this work.

2.2. Stable convergence and central limit theorems

The fundamental framework, on which all results in this work are based on, is high-
frequency data. More precisely, given any data generating stochastic process (Xt)te[0,1}7
indexed with the unit interval, we record data

(XiAn)i:07.._A7_Ll (2.7)

with A-t = n € N. The infill asymptotics regime implies A,, — 0. In we
have the most simple observation scheme, i.e. equidistant and deterministic. For more
general discretization schemes we refer to Jacod and Protter [35]. In the general
framework, using a semimartingale X as a data generating process, proving central
limit theorems for functionals of provides so called non-feasible central limit
theorems. More precisely, given a statistic ®, there is a weak limit like

@ ((Xian)ico,.a5) 2 UV, (2.8)
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with a random variable V' > 0 and U ~ N(0,1) such that U and V are independent.
Limits of this type are usually called mized normal, in symbols M N (0, V?). In general,
the distribution of the random variable V' is not known, such that using for further
statistical inference, e.g. testing and confidence, is not useful. The natural idea, to
construct an estimator V,, of V, based on , doesn’t allow to conclude

o <(X1An)i:0,... A;1) IV~ N(0,1). (2.9)

However, the concept of stable convergence is exactly the right mode of convergence,
ensuring (2.9)).

Definition 2.8 (Stable convergence). LetY,, be a sequence of random variables defined
on (Q,F,IP’) taking values in a Polish space (E,ci’). We say that Y, converges stably

with limit Y, written Yy, N Y, whereY is defined on an extension (Q’,F’,IP"), if and
only if for any bounded, continuous function g and any bounded F-measurable random
variable Z it holds that

Elg(Yn)Z] — E'[g(Y)Z] (2.10)
as n —r +00.

Remark 2.9. The extension of the original probability space is necessary, since F-
measurability of Y would imply Y, LN Y, c.f. Lemma 2.3 in Podolskij and Vetter
[51].

A suitable choice of (E,S) shows that Y,, is allowed to be a sequence of stochastic
processes. Furthermore, from it is obvious, that this concept is an extension of
usual weak convergence. For further properties and results on stable convergence, we
refer the reader to Jacod and Protter [35] and Podolskij and Vetter [51]. Let us only
emphasize, that proving a stable version of ,

o ((XiAn)i:O,_._A;1> =t uv,
and having a consistent estimator of V,
Vo =V,
ensures
o <(XiAn)z:0,...A;1) /Va o N(0,1).

Proving functional stable convergence is, in general, an involved task. There is a
general result due to Jean Jacod, which is the basis of possibly every functional central
limit theorem in high-frequency statistics. For the sake of completeness, we want to
cite this result in its simplified form. Therefore, we consider functionals of the form

[t/An]

}/tn = Z Xin s
i=1
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with x;, being a triangular array of F;a,-measurable and square integrable random
variables. Finally, we use the notation A?X = X;z, — X(;_1)a, for any stochastic
process X.

Theorem 2.10 (Jacod’s Theorem). Assume there exist a continuous square integrable
local martingale M, absolutely continuous processes ', G and a continuous process B
with finite variation such that the following conditions are satisfied:

[t/An] .

sup Z E[Xin | Fli—1)a,) — Bt| — 0,
tef0,1] | ;=4

/0] t

2 2 P 2 2

> (Bl | Fonad = Ehinl Fona,) 5> Fi= [ (2 +ud)ds,
i—1
/5] ) t
> ElinlAPM | Fioiya,] — Gi —/ vsds,

i—1 0

[t/An] .

Z E[Xinﬂ{mnlx} | Fi—1ya,] — 0 Ve >0,

i—1
[t/An] .

Z ElxinA7N | Fi—na,) — 0,

i—1

where (vs)se(0,1] and (Ws)selo,1) are predictable processes and the last convergence holds

for all bounded Fy-martingales with No = 0 and [M,N] = 0. Then we obtain the stable
convergence of processes:

st

t t
Y;n—>Y%:Bt+/Udes+/wdes,a
0 0

where W' is a Brownian motion defined on an extension of the original probability
space and independent of .

For a proof of this result we refer to Theorem 2.1 and 3.2 in Jacod [34] or Chapter IX
in Jacod and Shiryaev [37].

Remark 2.11. (1) More general versions of Theorem can be found in Jacod
[34] or Chapter IX in Jacod and Shiryaev [37]. Those generalizations contain
limit results beyond the square integrability of x;, and the absolute continuity
of the processes F' and G, as well as multidimensional extensions.

(2) We want to emphasize, that there is no similar result for sequences of ‘sim-
ple‘ random variables, i.e. proving stable convergence in this setting, is usually
pursued by directly checking the convergence (2.10)).

(3) Theorem can be considered as a stable functional extension of the classical
pointwise results for martingale sequences presented in Hall and Heyde [28].
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(4) For a wide range of applications the random variables x;,, are functionals of an
It6 semimartingale. In this case the local martingale M in Theorem [2.10] can be
chosen to be another Brownian motion W.

(5) The extension of the original probability space is necessary in order to ensure
the existence of an independent Brownian motion. Furthermore, the extension
in Theorem [2.10] is a so called very good extension. Such extensions ensure
that the martingales M, N remain martingales on the larger probability space.
Furthermore, a semimartingale on the extension remains a semimartingale with
the same characteristic triplet and the same Grigelionis representation.

(6) The very good extension in Theoremis of Wiener type, i.e. the second factor
of the larger probability space is the canonical Wiener space and the process W’
is the canonical Wiener process. This construction ensures the independence of
the new Brownian motion W’.

(7) Further statistical inference using the limit in Theorem is only possible
to a limited extent, since the distribution of the limit process Y is usually not
accessible. Fortunately, for a wide range of applications, it holds that B = 0
and v = 0, i.e. after a proper rescaling and an application of stable convergence
properties a feasible central limit theorem follows.

2.3. Volatility estimation

This section is devoted to introduce and summarize methods and results on volatil-
ity estimation. In the first subsection we will repeat some tools for high-frequency
data based on direct It6 semimartingale observations. The second subsection provides
techniques and results for high-frequency data with observation noise.

2.3.1. Direct observation without microstructure noise

Based on data (2.7) we are interested in estimation of, possibly infinite dimensional,
functionals of the spot volatility process (0,52) reo,1]"
Remark 2.12. (1) The reason to restrict to functionals of the square of the volatil-

ity process (O't)te[oyl] is due to the fact that the quadratic variation process [ X, X]

can be estimated and the latter includes the squared process o?.

(2) It is a tempting question whether it is possible to estimate and pursue statistical
inference on functionals of the other characteristics of the Itd6 semimartingale X.
Whereas there exists a rich literature on the compensator v, functionals of the
drift process (at)te[o,l] are, in general, not identifiable. We refer the reader to
ATt-Sahalia and Jacod [3] for an extensive discussion of these questions.

10
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Starting with a continuous It6 semimartingale X, i.e. © = 0 in (2.3)), a useful class of
estimators applied for statistical inference on volatility are functionals of the form

V(f,X), =A, [t/f:n] f (AnX> (2.11)

with some smooth function f : R — R. The rescaling factor A, /2 55 due to the
self similarity of the Brownian motion. There exists a very rich literature on limit
theorems for V( f ) whereas the most prominent and important subclasses are so
called power variations given by (2.11) with f(z) = |z’ and p > 0.

Example 2.13 (Consistency). For a continuous function f with polynomial growth,
caglad process (at);ep ) and an adapted process (0t)c)y 1) being cadlag, it holds that

V(X)L /0 P (F)ds (2.12)

with =58 — denoting uniform convergence in probability, the operator p defined by

pos () = pe(), s,

and

p:}c(f) =K [f(l‘U)] 5
with U ~ N(0,1) and for every z € R.

In ) the drift process (at)te[o 1] does not appear in the limit, which is mainly
due to the Burkholder-Davis-Gundy inequality (2.6)) and standard upper bounds for
Lebesgue integrals.

In order to construct confidence intervals with respect to functionals of the volatility
process we need associated central limit theorems.

Example 2.14 (Stable limit for power variations). The undoubtedly most important
class of estimators for applications is obtained, if f(z) = |z|’, for some p > 0. If
(0¢)seqo,1) itself is an It6 semimartingale, then the following stable limit holds:

t t
AZL2 <V(f,X)f—m,,/ o ]? ds> st ,/mzp—mg/ oo dW! . (2.13)
0 0

with m, = E[|U[P], U ~ N(0,1) and a Brownian motion W' independent of F defined
on an extension of the original probability space. The properties of stable convergence
imply

A (VX =y [l ds)

\/7 = N(0,1). (2.14)
"y (52, X)p

11
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Remark 2.15. Though, we will not pursue inference on integrated volatility, but
spot volatility, the class of statistics (2.11f) will provide a good starting point for the
construction of our main statistics, as they will be a modification of (2.11]).

We refer the reader to Chapter 5 in Jacod and Protter [35] for more central limit
theorems of this type.

When the observed process X exhibits jumps, the situation becomes quite different.
First of all, let us define a non-rescaled version, V(f, X)?, of V(f, X)} given by

[t/An]

V(X0 = Y F(A1X). (215)

Let AX; be the size of the jump of X at time s, i.e.
AXy =X, — X5

Starting with the most important class of test functions f, given by f(z) = |z|" for
p > 2, we have the following stochastic convergence for any ¢ > 0

V(f,X

AX P if 2

! X, X ifp=2.

For a sketch of the proof of the stochastic convergence ([2.16)) we refer to Podolskij and
Vetter [51].

Remark 2.16. (1) Note that the quadratic variation process [ X, X]; can be decom-
posed via

X, X]p = (X4 XN+ ) |AX P,

s<t

i.e. the objects of interest, (integrated) functionals of spot volatility, are not
directly accessible via those estimators if p = 2, as the jump part pops up in the
limit.

(2) Similar limit theorems and associated central limit theorems are available for
more general test functions f. Those limit theorems crucially depend on the
behaviour of the test function f around 0. We refer to Jacod and Protter [35]
for extensive discussions and numerous results.

Focusing on inference for spot volatility, one has to eliminate the jumps in the limit
process. There are basically two approaches to overcome this difficulty, so called
truncated power variations and multipower variations. Since we will only use the first
one in subsequent parts of this work, we refer to Barndorff-Nielsen and Shephard [7] for
the multipower variation approach. For a comparison of both estimators we refer the

12



2.3. Volatility estimation

reader to Jacod and Reiss [36]. We stick to the most important case in applications,
namely f(z) = x2. For a sequence v, with v, o< 1/n® for some @ € (0,1/2) we define

[t/An]
V(o X)P = (A?X)21{|A?X|§vn}' (2.17)

i=1

We refer to Mancini [44] for further discussions. Once truncation provides to elimi-
nate the jumps asymptotically, a similar central limit theorem as is fulfilled by
V(f,vn, X)) given some conditions on the jump activity. Concerning the latter, we
refer to Theorem 6.9 in Ait-Sahalia and Jacod [4].

2.3.2. Microstructure noise and spectral statistics

Though the data generating It6 semimartingale X in is a very flexible and gen-
eral model, it is empirically evident, that it is not sufficient to reflect every aspect
of high-frequency data. This is mainly due to the microstructure noise effects, which
contaminate the data . Therefore, instead of observing a discretization of the
price process (Xt)te[o,l]’ we observe a different process (Yt)te[o,l}’ which is not a semi-
martingale and is given by a superposition

Y = X; + e, (2.18)

with a white noise process (Et)te[o 1]’ modeling the microstructure noise. In order to
incorporate microstructure noise, we have to extend the original probability space.

(0)

We set Gy = F;7 @ 0 (g5 s < t). The data generating process (Yt),c(o ) s defined

te
on the filtered probability space (Q, g, (gt)te[071},IP’), which is a very good extension.
For the details of the construction we refer to Chapter 16 in Jacod and Protter [35].
Therefore, our statistical tools presented in Subsection have to be modified and

extended in order to address high-frequency data

(YiAn)i:(),,,,A;l . (2.19)

The reason why this approach of modeling is more appropriate is due to phenomena
like rounding errors or bid-ask spreads. We refer the reader to Chapter 8 in Schmidt-
Hieber [57] and Chapter 7 Ait-Sahalia and Jacod [1] for extensive discussions of these
issues and on possible structures of the noise process. Since for all ¢

AV (V)P 55 2R [€7]

if x = 0 and f(x) = 22, the estimators provide consistent estimation of char-
acteristics of the noise term, but not of X. Several statistical methods have been
developed in order to tackle this problem of asymptotic dominance of noise. Beside
the pre-averaging method there are multiscale estimators and realized kernels meth-
ods. We refer to Vetter [60] for a discussion of these approaches and corresponding
references. All these three methods have in common that they attain the optimal rate

13



2. Some basics and tools on high frequency statistics

of convergence, without being efficient, i.e. they do not attain the smallest possible
asymptotic variance coinciding with a lower bound. In Reif [54] the so called spectral
approach is proposed, which outperforms the three methods mentioned above, since
it not only attains the optimal rate of convergence but is also efficient. Since we will
use this method in this work, we want to introduce its key objects and recent results.
Therefore we pick a sequence h,, with

1/2

hy o< n™"/“log (n) (2.20)

and h,! € N.
The observation interval [0, 1] is split into h,, ! bins of length h,,, such that each bin is
given by

[(k—1)hy, khy], k=1,...,h L

1T

Furthermore, we consider the L? ([0,1]) orthonormal systems, given by

with
2 ., .
®; (1) = [ 5= sin (§why ') Lo, (8, §20,0<t <1,
(1) = 20y ) 2 sin [ LT itho 1) 1 t
@; (t) =2n ™ sin ol cos (]71’ o ) [0,h] (t).

We define, for any stochastic process (Lt)te[o 1 the spectral statistics

Sip(L) = AlLdy, <;> .
i=1

The squared volatility J(Zk—l)hn can be estimated locally by a parametric estimator
through oracle versions of bias corrected linear combinations of the squared spectral
statistics,

[nhn|—1 n2
6(2k71)hn = Z Wik <S]2k (Y) = [@jr, @jil,, n) ; (2.21)
j=1
with variance minimizing oracle weights w;i, given by

2 -2
(U(Qk—l)hn + T [k, %‘k]n)
Wi = . (2.22)

nhyp|—1 2 —2
Zr\_n:lj (U(Qk—l)hn + % [(pmlm @mk]n)

14



2.3. Volatility estimation

The empirical scalar products [f, g],,, for any functions f and g, are given by

i (i4), (i)
”_n;f n g n '

We want to conclude this subsection with recent limit theorems presented in Altmeyer
and Bibinger [5], extending the theory in Reif} [54] to general, stochastic volatility. We
set

[thi!] [nhn]—1

~2
DD wie (85 () = Fonond, T ) (223)

with 72 being a \/n- rate estimator of E [5%] proposed in Zhang et al. [62] and given
by

n

1

~2 - 2
=1

The following assumptions are imposed for the asymptotic theory in Altmeyer and

Bibinger [5].

Assumption 2.17. The volatility process o is assumed to fulfill at least one of the
following properties.

(0-1) There exists a random variable L with at least four finite moments, i.e. with
E[L* < oo such that t — o is almost surely a-Hélder continuous on [0,1] for
o > % and Holder constant L, i.e. |op —os| < L[t —s|%, 0 < t,s < 1, almost
surely.

(o-2) The process o is itself an Ito semimartingale, i.e. there exist a random variable
oo and adapted cadlag processes b = (bt)te[o 1150 = (Gt)iefo,1] and 1 = (Mt)efo,1]

such that
t_ t t
atzao—i—/ bsds—i-/ 5SdWs+/ s AW .
0 0 0

W' is an (Ft)tefo,1)-Brownian motion, which is independent of W. Furthermore,
suppose there exists a constant k > 0 such that |o| > K uniformly for 0 <t < 1.
For the drift process, assume there exists a random variable L' with E[(L')?] < oo
such that t — by is almost surely v-Hélder continuous on [0,1] for v > 0 and
Hoélder constant L', i.e. |by — bs| < L' |t — s|”, almost surely.

We need some assumptions on the noise process.

Assumption 2.18. The microstructure noise process € is assumed to fulfill the fol-
lowing properties.
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2. Some basics and tools on high frequency statistics

(e-1) The stochastic process (e¢)iejo,1] s @ centered white noise process with variance
.
(e-2) It has finite eighth moment.

Theorem 2.19 (Functional stable limit for spectral estimators). Given the Assump-
tions [2.17 and [2-18 the following functional stable weak convergence holds,

t t
nl/4 (IVM— / agds> N / /81|03 dB, (2.24)
0 0

as n — oo on the Skorohod space D [0, 1] with another Brownian Motion B, defined
on an extension of the original space and (Q,g, (gt)te[o,l},IP)) and being independent

of G.
For a proof we refer to Altmeyer and Bibinger [5].

Remark 2.20. (1) Not only the convergence rate in (2.24]) is optimal, but also
the asymptotic variance coincides with the best possible lower bound, i.e. the
spectral statistics provide optimal integrated spot volatility estimation.

(2) The convergence (2.24]) will serve as a key tool handling the change point de-
tection problem in the parametric case, i.e. if there is a constant o, such that
(0t)se(0,1) s deterministic and it holds that oy = 0.

(3) After a proper rescaling of the left hand side of (2.24) and using the proper-
ties of stable convergence, one can immediately conclude a feasible central limit
theorem.

(4) Similar limit theorems for higher dimensions d are also available in Altmeyer and
Bibinger [5], including the sophisticated local method of moments estimator.

2.4. Strong invariance principles

Almost every result, which is presented in this work, is based on uniform limit theo-
rems. Key tools proving these kind of limits are so called strong invariance principles,
which are usually based on Skorohod embedding techniques. This subsection is meant
to review those results, which are used to prove our main results. Let (X,,), y be a se-
quence of independent, identically distributed random variables on a probability space
(Q,.A, IP’). Moreover, let (Y3,),cy be a sequence of independent N(0,1) distributed

random variables on a suitable, possibly different, extension (§~2, .Zl/, Iﬁ) We set

Sn:zn:Xk and Tn:zn:Yk.
k=1 k=1

Let H(z) > 0, = > 0 be a monotone increasing, continuous function having the
following properties

16



2.4. Strong invariance principles

(i)

-3+5 1s monotone increasing for some § > 0 and all z > o,

(ii) W is monotone decreasing for z > xg.

Theorem 2.21. Let H(z) satisfy (i) and (ii). Define a sequence K, by the equation
H(K,) = n. If H(|X1|) € L', then there exists a construction of Xi,Xo,... and
Y1,Y5, ... and a constant C > 0 such that

- T
P limsupM <C|=1.
n—+00 Kn

For a proof based on dyadic construction we refer to Theorem 3 in Komlés et al. [42].

Remark 2.22. (1) We want to emphasize that according to Komlés et al. [42] The-
orem also holds for not necessarily identically distributed X1, X5, ..., which
will be important for some results presented in the next chapter.

(2) An application of Theorem with H(z) = 2" with r > 3 yields
|Sn - Tn’ = Oq.s. (nl/’/‘) )

which is not only an improvement of the classical results due to Strassen [58],
but is also shown to be optimal.

Calculating precise upper bounds for the probability of the event

sup |Sk — T| > =,
k<n

for x > K, will be important in the sequel and is the content of the following result.

Theorem 2.23. Let H(z) satisfy the conditions of Theorem [2.21] and H(|X1|) €
L'. Then for any z, such that K, < = < C’l\/nlog(n) (more generally x > K,,
x2/log(H (x)) < C1n) there exist two finite sequences X1, Xa, ..., X, and Y1,Ya,..., Y,
such that

n
<O,

P — 1T
[sup\Sk k| > H(az)

k<n

where C1, Co and a are positive constants depending only on the distribution function

Of X1 .
For a proof we refer to Theorem 4 in Komlés et al. [42].

Remark 2.24. It is often more convenient to reformulate the results presented above
using a standard Brownian Motion (B(t)) as it allows to use stochastic calculus
tools. Therefore, we set

te[0,00)

S(t) = S[t] teR,.

17



2. Some basics and tools on high frequency statistics

Then, (2) in Remark translates to
S(T) = B(T) = Oq..(TV").

as T — oo. Controlling the discretization error supy<;<p1 |B(t) — B(k)| is usually
pursued using Lévy’s modulus of continuity, c.f. Revuz and Yor [55].

Remark 2.25. The quality of the strong approximation results, which have been
presented so far, crucially depends on the existence of moments. If the existence of
a moment generating function can be ensured, then a better approximation can be
proven. More precisely, if

E[exp(tX1)] < oo
for |t| < tg, to > 0, then it holds that
S(T) = B(T) = Op.s.(log(T))

as T — oo. This result, combined with the fact that the y?-squared distribution
exhibits a moment generating function, will ensure the quite general results on uniform
confidence for spot volatility in subsequent parts of this work. Let us insist that
Oa.5.(log(T)) in the above approximation can not be replaced by 0, s (log(7T)) unless
X itself is normally distributed.

2.5. Some limit theorems for extreme value statistics

This last section of this preparatory chapter is meant to gather recent and classical
limit theorems for extreme value statistics.

Lemma 2.26. Let (Z;);en be a family of independent and N (0,1) distributed random
variables. We set Y; = |Z; — Zi_1| and ~, = [4log(n) — 2log(log(n))]*/2. Then the
following weak convergence holds,

d
o) max Yim) <5V (2.25)
with
PV < z] = exp(—7 2 exp(—z)), (2.26)

For a proof we refer to Lemma 1 in Wu and Zhao [61].

Proving uniform limit theorems, we need a more general result for sequences of Gaus-
sian processes which has been proven in the classical work Bickel and Rosenblatt |14].
Therefore, let Y7 (-) be a sequence of separable Gaussian processes with mean pu’ (-)
such that Y7 () — uT'(-) is stationary. Let r(-) be the covariance function of Y7,

M =sup{YT(t): 0<t<T},
m” =inf{Y"(t): 0<t<T}
and b7 (t) = p”(t)(21og(T)) /2.
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2.5. Some limit theorems for extreme value statistics

Theorem 2.27 (Uniform limit for stationary and Gaussian sequences). Suppose that

(1) bT(t) is uniformly bounded in t and T on [0,T) as T — oo.

(2) b (t) — b(t) uniformly on [0,T] as T — oco.

(8) TIA({t : b(t) <2z,0<t<T}) — n(z) the cumulative distribution function

of a probability measure as T — oo, with X being the Lebesgue measure.

(4) b(+) is uniformly continuous on R.

(5) r(t) =1—=C[t|" + o(|t|]"), 0 < a < 2 with a constant C as T — 0.

(6) [3° 3 (t) dt < oo.
Let

1
dt = (210g(t>)1/2 + W

X Kl — ;) log log(t) 4 log(2m)~Y/2(CY* H, 2~/ |
(6

where

1 oo
H, = lim / exp(s)P[ sup Y; > s]ds
T—so0 T 0 0<t<T

and Y being a Gaussian process with
E[Yy] = —[t]*
and
Cov(Yy,, Ye,) = [ta|* + [t2| — [t1 — 2|

Then

Ur = 2log(TH)Y2(MT —dr) and Vi = (2log(T))?(m” — dr)

are asymptotically independent with,

PlUr < z] — exp(—A1exp(—2)),
PlVr < 2] — exp(—A2exp(—2));

where

h= [ep(dn(z) da = [ exp(-2)dn(z).

(2.27)

For a proof of Theorem we refer to Theorem Al in Bickel and Rosenblatt [14].
An immediate consequence of the theorem above is the following corollary for the

absolute value, which we will use in subsequent parts of this work.
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2. Some basics and tools on high frequency statistics

Corollary 2.28. If M = sup {[YT(t)| - 0 <t <T} then under the conditions of
Theorem |2.2

P[(2log(T)2(M" — dr) < 2] — exp(—(A1 + A2) exp(—2)),

as T — o0.

Remark 2.29. The bridge constituting the connection between our general semi-
martingale framework and the limit theorems presented in this section is the strong
invariance principles presented in Section The underlying idea is to provide sev-
eral approximation steps and to exploit the independence of Brownian increments,
such that the i.i.d. results presented in this section become applicable. This proce-
dure has already been pursued in Bibinger et al. |10] proving limit theorems based on
high-frequency data without observation noise.
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3. Change-point inference on spot
volatility

This chapter is organized as follows: First, we will give a very short treatment of
the parametric case, using limit theorems presented in the previous chapter and will
proceed with the general It6 semimartingale case. We formulate the testing problem
and the corresponding test statistic. We begin with the test for a continuous semi-
martingale (X)yc[p,1) which is then extended to the general case utilizing truncation
techniques. We present the asymptotic theory including the limit theorem under the
null hypothesis, consistency of the test and consistent estimation of the change point
under the alternative hypothesis. We conduct a Monte Carlo simulation study. The
main insight is that the new test considerably increases the power compared to (op-
timally) skip sampling the noisy data to lower frequencies and applying the not noise
robust method by Bibinger et al. [10] directly. The last section gathers the proofs. This
chapter, except the first Section has been published in Bibinger and Madensoy
[11].

3.1. The parametric case

In this short section we will present a concise discussion of the parametric case, using
the limit theorem presented in Theorem The simplified parametric model implies
that the volatility process (o¢).e[o,1] is neither random nor time varying, that is

Oy =0

for some constant ¢. Furthermore, we drop the drift and jump component of the Ito
semimartingale (X¢),c0.1, 1-€.

and

p=0,

using the notation introduced in ([2.3]). This implies that the data generating process
(Yo)teo,1):

}/t:Xt—i_Eta
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3. Change-point inference on spot volatility
is given by

t
Xt:/ O'dWS
0

and with (e¢),¢[o,1) fulfilling Assumption Based on high-frequency data ([2.19) we
define the statistic @y, n, given by

m hﬁl
Qm,n: \/ hnz &(Qk—l)hn _hn 6-(216—1)]1” 3 mE {].,7h7;1} .
k=1 k=1
With m = [th,!], it holds that
[thnt] hiyt

Qm,n = \/H Z &(Qkfl)hn - \/h>nhn Uhglj Z&(Zkfl)hn
k=1

k=1
t o L
— h 52 —/ o?ds | + Op(v/hn)
T n (k—1)hn, P
fin k=1 0
-1
nl/A [thn ] t
x hn62, 1 — / o’ ds
log(n) ; (1) 0

i1/
\/loT Zhnak e /agds + Op(vIn) .
k=1

We will apply Theorem [2.19] Therefore, taking into account, that according to the
calculations presented in Altmeyer and Bibinger [5], the factor 1/4/log(n) provides
the right rescaling with respect to the variance. This yields

1/4 [tha ! t
L Z h O'k Dh /02(15
0

log(n)

-1
/A hn

1
e — hn6l 1y, —/ o2 ds | + Op(v/hn) =5 vB?
log(n) \ i 0

with a Brownian bridge (By).c[o,1] independent of G. Tt is

3
v =8n|o|
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3.2. The general nonparametric case

which is, in general, unknown, due to n and ¢ being unknown parameters. We have
to construct an estimator 42 of 42. It is well-known that 1? can be estimated in this
model with y/n-rate by either a rescaled realized volatility or from the negative first-
lag autocovariances of the noisy increments. Under Assumption Zhang et al. [62]
provide a rate-optimal consistent estimator for n?:

. 1< _
P’ == (Yia, = Yiena,) =0’ + Op(n1?). (3.1)

i=1

Furthermore, since
—~ ]ID
IVn’l —> 0 2 s
we set

72 = 8/ (IV,1)*/2 .

Therefore, after proper rescaling, we can conclude that the limit process is a standard
Brownian Bridge. Testing for jumps in the volatility parameter, we can use the test
statistic T,, given by

T,= sup |(32)7%Qmnl -

m:l,...,h;1
As n — 400 this converges to a Kolmogorov Smirnov distributed random variable.
Concerning the quantiles of the latter, we refer to Marsaglia et al. [46].

3.2. The general nonparametric case

This section tackles the change-point detection question for general volatility processes
(0t)tejo,1)- We will develop a test for volatility jumps. We aim to test for some cadlag
squared volatility process (Otz)te[o,l] hypotheses of the form

Hj : there is no jump in atQ VS.

H; : there is at least one 6 € (0,1) such that }03 - ligm gaf‘ >0. (3.2)
s—0,s<

It is standard in the theory of statistics of high-frequency data to address such ques-
tions path-wise. This means that Hy and H; are formulated for one particular path
of the squared volatility (07(w))iefo,1) and we strive to make a decision based on dis-
crete observations of the given path of (Yi(w))ie(o,1)- The semimartingale (X¢),c( 1) i

defined on a filtered probability space (Q®, F(©), (f(o))te[o,l],P(O)).
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3. Change-point inference on spot volatility

3.2.1. Assumptions and test statistics

We need further assumptions on the coefficient processes of (X;).

Assumption 3.1 (The processes a and o). The processes a and o are locally bounded.
o 1s almost surely strictly positive, that is, infyc(g 1] o2 > K~ >0.

Our notation for jump processes follows Jacod and Protter [35].

Assumption 3.2. Suppose sup,, . |6(s,x)|/v(x) is locally bounded for some determin-
istic non-negative function v which satisfies for some r € [0,2]:

/R(l Ay (x))A(dx) < oo (3.3)

Remark 3.3. The smaller r the more restrictive Assumption The case r = 0 is
tantamount to jumps of finite activity.

On the null hypothesis we allow for very general and rough continuous stochastic
volatility processes.

Hypothesis (Hp-a). Under the null hypothesis, the modulus of continuity

ws(o)e = sup{|os — o] : |s — 7| < d}
s,r<t
is locally bounded in the sense that there exists a > 0 and a sequence of stopping times
T — oo, such that ws(o) A1) < Lnd®, for some a > 0 and some (almost surely
finite) random variables Ly, .

The regularity exponent a € (0,1] is selected for the testing problem. The test can
be repeated for different values also. The regularity exponent coincides with a usual
Holder exponent when L, is a fix constant. Integrating a sequence L, enables us
to include stochastic volatility processes in our theory. Since stochastic processes as
Brownian motion are not in some fix Holder class, it is crucial to work with (slightly)
more general smoothness classes determined by the exponent a > 0 and by L,,. Observe
that if

E Datg — a?‘b] < Ct— 5|7 for some b, C' >0 and v > 1,
then the Kolmogorov Centsov Theorem implies that

li P( 2 _ 2<L6“>:1
nﬁlriloo sﬂfseu[g,l] ‘O-t JS} -

[t—s|<6

if L,, — +oo arbitrarily slowly. In particular, we can impose that L,, = O(log(n)) for
our derivation of upper bounds in the sections below. The null hypothesis is the same
as in Assumption 3.1 of Bibinger et al. |[10]. Our test distinguishes the null hypothesis
from alternative hypotheses of the following type.
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3.2. The general nonparametric case

Alternative (Hi-a). Under the alternative hypothesis, there exists at least one 6 €
(0,1), such that

‘Aag} = ‘03 —Sjg{?<gag‘ =0>0.

We suppose that o7 = J?’(c) + Uf’(‘j), where (U?’(C))te[m] satisfies |(Ho-a ). The jump

(j))

component (O’tz’ tef0,1] 48 a pure-jump semimartingale which satisfies Assumption

with r < 2.

In particular, the alternative hypothesis does not restrict to only one jump. We es-
tablish a consistent test when at least one non-negligible jump is present. Multiple
jumps and quite general jump components are possible. Consistency of our test only
requires that in a small vicinity of 6, (JtQ ’(C)) and (th ) _ Aol q(t)) are sufficiently
regular such that the jump Ao is detected. Bibinger et al. [10] impose in their Theo-
rem 4.3 the condition that all volatility jumps are positive. This condition is replaced
here by the semimartingale assumption on (crt2 Y ))te[o,l]- Both ensure that Aag can
not be compensated by opposite jumps in an asymptotically small vicinity. In order
to incorporate microstructure noise, we have to extend the original probability space.
We set G, = .Ft(o) ®o (es: s <t). As we have already explained in the previous chap-
ter, the data generating process (Kt)te[o,u is defined on the filtered probability space
(Q, g, (gt)te[o,l],]P)). For the noise process we impose further assumptions being more
restrictive than Assumption [2.18

Assumption 3.4 (The noise process). The stochastic process (et);cp 1y s defined on
(Q, g, (gt)te[o,l],]P’) and fulfills the following conditions.

(1) (€t)eppa 15 @ centered white noise process, Ele:] = 0, and with
E [E?] =’
(2) The following moment condition holds.

E[led|™] < oo, for all m € N. (3.4)

Remark 3.5. The moment condition is standard in related literature, see for
instance Assumption (WN) of Ait-Sahalia and Jacod [1], p. 221 or Assumption 16.1.1
of Jacod and Protter [35], but in a certain sense purely technical. Let us stress that
in our setting, we do impose as less assumptions as possible on the volatility process
(Ut)te[o,l}‘ More precisely the regularity under |(Ho-a)| for arbitrarily small a € (0, 1],
requires the existence of all moments in . More precisely, the smaller a the larger
m has to be chosen. Nevertheless, we point out that the moment condition is not
that restrictive for standard models of volatility. In the usual case, for instance,
where (0¢),¢[o,1) itself is assumed to be an It6 semimartingale, when a &~ 1/2, only the
existence of moments up to order m = 8 has to be imposed.
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3. Change-point inference on spot volatility

Remark 3.6. While Assumption is in line with standard conditions on the ad-
ditive noise component in the literature, possible generalizations with respect to the
structure of the noise process (51;),56[0,1] in three directions are of interest: serial de-
pendence, heterogeneity and endogeneity. Such generalizations are also motivated by
stylized facts in econometrics, see Hansen and Lunde [29] for a detailed discussion.
For instance, Chapter 16 in Jacod and Protter |35] includes conditional i.i.d. noise,
endogenous as it may depend (in a certain way) on (X;), in the theory of pre-average
estimators. This allows to model phenomena as noise by price discreteness (rounding).
Bibinger and Winkelmann |13| provide some first extensions of spectral spot volatility
estimation to serially correlated and heterogeneous noise. Though the possible exten-
sions appear to be relevant for applications, we work in the framework formulated in
Assumption mainly due to the lack of groundwork sufficient for the present work.
Since we exploit some ingredients from previous works on spectral volatility estima-
tion, particularly the form of the efficient asymptotic variance based on Altmeyer and
Bibinger [5], a generalization of our results requires non-trivial generalizations of these
ingredients first. Furthermore, more general noise processes ask for extensive work
on the estimation of the local long-run variance replacing . This topic, however,
is beyond the scope of this work. Let us remark that it is as well not obvious how
to apply strong embedding principles in these cases to generalize our proofs. Since
Wu and Zhao [61] provide strong approximation results for weakly dependent time
series, we nevertheless conjecture that certain generalizations in the three directions
are possible.

In this subsection we construct the test first for the model (Xt)te[o,l] without jumps,
that is, the process (J;) in (2.3)) fulfills

JtEO.

The construction of the test is based on a combination of the techniques by Altmeyer
and Bibinger [5] introduced in Subsection and Bibinger et al. [10]. In order to
do so, we split the observation interval [0, 1] by some “big blocks” with length av,hy,:

liamhn, (i + 1) anhn], i=0,..., |[(anhn) ] =1,
where (), oy is some N-valued sequence fulfilling as n — +oc:
VvV (anhyn)* y/log (n) — 0 and h, % /a,, — 0 (3.5)
for some @ > 0 and the regularity exponent a € (0, 1] under the null hypothesis

@ Using spectral estimators and averaging within each big block [iav,hy, (i + 1) aphy]

provides a consistent estimator for O'l anhn

; Z hn (ian+(£—=1))> 1=0,..., {(anhn)ilJ —1. (36)
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3.2. The general nonparametric case

A feasible adaptive estimation is obtained by a two-stage method where $? from (3.1
and

| E=DVlen-1) -

= Z Z% <Sj21 (Y) = [pji 0il,, 7;) = U(Qk:—l)hn + op(1) (3.7)

(6%
" =k—a,Vv0 j=1

are inserted in the oracle weights to derive feasible estimated weights w;;. The result
has been established and used in previous works on spectral volatility estimation,
see Bibinger and Winkelmann [13]|. The pilot volatility estimator (3.7) is an average
of squared bias corrected spectral statistics over J Fourier frequencies and «,, bins.
For some fix J € N and an optimal choice of o, o< n% 1) /log(n), it renders a
rate-optimal estimator for which the op(1)-term in is Op(n~%(+2)) A sub-
optimal choice of a,, will not affect our results, however. Other weights than
do not yield an asymptotically efficient estimator with minimal asymptotic variance.
With estimated versions of the optimal weights , Altmeyer and Bibinger [5] show
that a Riemann sum over the estimates yields a quasi-efficient estimator for the
integrated squared volatility. Hence, we use the statistics with exactly these
weights and the orthogonal sine basis (®;;) motivated by the efficiency results of Reif3
[53]. Finally, with adaptive versions of the local volatility estimators

1

Hrrad ~2,ad . -1
RV’I’LJ = ;n O-hn(iOénﬁ’(E*l)), 1= 0, ey L(anhn) J — 1 5 (38)
/=1
pud [nhn]—1 f/Q
Gl yhy, = Z Wj (S?k (Y) = [wjk, vjkl, n> ,
j=1

our test statistic is given by

—=T-ad —=T-ad

Rvn,i - Rvn,i—H
~ 1 pad  |3/4

V8 |RV 4] /

where ) = /7?2, with #? from (3.1). We write the absolute value in the denomina-

tor, since due to the bias correction in (2.21)) the statistics (RV ;) and (W?Ldl),z =
0,..., | (anhy) '] — 1 are not guaranteed to be positive.

Vo= max

(3.9)
i=0,...,| (nhn) "] =2

Remark 3.7. (1) The construction of the test statistic (3.9) is based on the idea
to compare the values of the spot volatility process (Uf) tef0,1] O1 contiguous
intervals [ia,hn, (1 4+ 1) anhy] and [(i + 1) ahn, (1 + 2) anhy] and to reject the
null hypothesis of no jumps, if the test statistic V,, fulfills V,, > ¢, for some
accurate sequence c¢y.

(2) The statistic (3.9) significantly differs from the statistic V;, given in Equation (13)
of Bibinger et al. [10] beyond replacing spot volatility estimates by noise-robust
spot volatility estimates. Though both statistics are quotients, the underlying
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3. Change-point inference on spot volatility

structure of them is different. Whereas in Bibinger et al. [10] the simple structure
of the (asymptotic) variance of spot volatility estimates allows to use statistics
based on their quotients, is based on differences rescaled with their esti-
mated variances. The statistics which are used to wipe out the influence of the
noise process imply that volatility does not simply “cancel out” in our case as in
Proposition A.3 of Bibinger et al. |10]. The construction of is particularly
appropriate from an implementation point of view, since it scales to obtain an
asymptotic distribution-free test and makes it possible to avoid pre-estimation
of higher order moments.

In order to increase the performance of the statistic, we also include a statistic Vi
based on overlapping big blocks:

_ RV, — RV,
Vo = max — n’l+§/1 (3.10)
i=an ' an | /87 | RV s |

with WZUZ given by

_ 1 :
ov ~2,ad . -1
RV, ,=— E Ol—1)hyr 1= Qnsye hy

Q
" p=i—an+1

3.2.2. The discontinuous case

In this subsection we generalize the method to be robust in the presence of jumps in
(2.3). When (U?)te[o,l} is our target of inference, the jumps are a nuisance quantity.
In order to eliminate jumps of (Xt)te[o,u in the approach, we consider truncated spot
volatility estimates

St 1 ! ~2,ad , ~1

RV,;=— Yo o Lered  jcprys 8= Qe byt (3.11)

L—1)hn
" —i—an+1 (€1

with a truncation exponent 7 € (0,1). Truncated volatility estimators have been
introduced first for integrated volatility estimation by Mancini [44] and Jacod [33].
We define the test statistics with the truncated spot volatility estimates (3.11))

tr —<5tr

. RV, —RV,
V., = max n:mnitr n’(H?/CZL ) (3.12a)
’L:L--ql_(anhn) J_l \/% Rvn,(’i+l)an}
——tr ——tr
s RV, —RV,,
Voo = max Amitr n’H;/T:l (3:12b)
1=Qn,...,hy  —ap, 8')7 RVM-JFQH‘

3.2.3. Limit theorem I: The continuous case

The hypothesis test formulated above is based on asymptotic results for the statistics
V,and V' .
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3.2. The general nonparametric case

Theorem 3.8. Set m, = [(anhn) ], Ym, = [4log(mn) — 2log(log(mn))]*/? and
assume that Jy = 0. If Assumptions cmd hold and o, satisfies condition (3.5)),
then we have under that

= d
log (my,) (\/anVn — ’ymn) —V, (3.13)
where V' follows an extreme value distribution with distribution function
P(V < z) = exp(—n /% exp(—=)).

Theorem [3.8]is a key tool tackling the testing problem which is based on non-overlapping
big blocks. The following result covers the case of overlapping big blocks.

Corollary 3.9. Given the assumptions of Theorem[3.8, the following weak convergence
holds under|(Hy-a ):
— 1
Viog (mp)/oan V. — 2log (my,) — 5 log (log (my,)) — log (3) Ly, (3.14)

with V' as in Theorem [3.8.

3.2.4. Limit theorem Il: The general case

We extend this result to the setup with jumps in (Xt)te[o,l] when using truncated
functionals.

Proposition 3.10. Let m,, and v, be the sequences defined in Theorem|[3.8 Suppose
an = /@hﬁﬁ for a constant k and with 0 < g < 1, Assumption Assumption
and Assumption [3.4 with

r < min (2—2,27_1(1—B),T_I,Z(quT—g)). (3.15)

Then we have under that
log (mn) (vVan Vy, = Yim,) v, (3.16a)
T70U,T 1
Viog (m)y/ar V"7 = 2log (my) -  log (log (my,)) — log (3) v, (3.16Db)

with V' as in Theorem [3.8.

It is natural that we derive the same limit results as above, since the truncation aims
to eliminate the nuisance jumps. Proposition |3.10| gives rather minimal conditions, in
particular (3.15), under that we can guarantee that the truncation works in this sense.

Remark 3.11. Condition ((3.15)) ensures that different error terms in the proof of
Proposition [3.10] are asymptotically negligible. Though we state it in terms of upper
bounds on the jump activity r, it rather puts restrictions on the interplay between 7,
7 and 3. Given a from we choose 3 close to 2a/(2a + 1) to attain the highest
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3. Change-point inference on spot volatility

possible power of the test. This results in 0 < § < 2/3, where the case 5 ~ 1/2 for
a = 1/2 appears the most relevant one including a test for jumps in a semimartingale
volatility process. Rewritten in terms of bounds on 7, (3.15]) gives:

g4 B

, =T+ = — 1) < 7 < min (7“_1,27“_1(1 - 6)) :

max(Q—r 3’ T2

For finite activity, » = 0, we only have mild lower bounds on the choice of 7. Usually a
choice of 7 close to 1 is advocated in previous works on truncated volatility estimation.
For 5 ~ 1/2 this requires r < 1. The different error terms under noise for the maximum
obtained here actually suggest that 7 = 3/4 is an even better choice when we require
only r < 4/3. Overall the conditions on the jumps are not much more restrictive than
required for central limit theorems of linear volatility estimators, see Chapter 13 of
Jacod and Protter [35]. Compared to Proposition 3.5 of Bibinger et al. [10], we relax
the conditions on (J;) by a more sophisticated strategy of our proof. In particular, we
do not have to restrict to a Lévy-type process with independent increments, since we
work with Doob’s submartingale maximal inequality instead of Kolmogorov’s maximal
inequality. With this strategy it is also possible to generalize the result in Proposition
3.5 of Bibinger et al. [10].

3.2.5. Construction and consistency of the hypothesis test

Based on the limit results presented in Subsections and we can summarize
the following rejection rules. Thereto, let ¢, be the (1 — a)-quantile of the Gumbel-
type limit law Py, of V' in the limit theorems. Since the latter is absolutely continuous
with respect to the Lebesgue measure, there is a unique solution given by

1
cq = —log(—log(l —a)) — §log (7).
(R) Based on Theorem and the notations used there we

reject Ho-a if V, > o /2 ((log(mn))fl/2 Ca + an) . (3.17)

(R°") Based on Corollary and the notations used there we

(ca + 2108 (my) +  log (log (ma) +log (3))

reject Ho-a if V, > (3.18)
! (log(mn)aum)'’?

(R™) Based on Proposition and the notations used there we
reject Ho-a if V, > o '/? ((log(mn))_l/2 Ca + vmn> . (3.19)

(R°"7) Based on Proposition and the notations used there we

_ +21 + 2 1log (1 +log (3
reject Ho-a if V"7 > (o +210g (mn) + 5 108 % /(2m n) +1og (3)) (3.20)
(log () arn)

30



3.2. The general nonparametric case

Theorem 3.12. Suppose Assumption[3.1], Assumption and Assumption|3.2 with
(3.15) in the case with jumps. The decision rules (3.17), (3.18), (3.19) and (3.20)
provide consistent tests to distinguish the null hypothesis |(Ho-a ) from the alternative

hypothesis for the testing problem (3.2)).

Consistency of the test means that under the alternative hypothesis, if for some 6 €
(0,1) we have that |07 — oj_| = 6 > 0 for some fix § > 0, the power of the test, for
instance by (3.17)), tends to one as n — oo:

Pu, (Vi > a;l/Q( (log(mn))_l/2 Ca + Ymn)) sy
Theorem ensures that (3.17) facilitates an asymptotic level-a-test that correctly
controls the type 1 error, that is

Prry (Vi = a2 ((log(mn) ™ ca 4 ym,)) =5 .
Thereby, even for small a > 0 the test can distinguish continuous volatility paths from
paths with jumps.

Remark 3.13. The rate /log(my,)a, in (3.13), (3.14)), (3.16a) and determines
how fast the power of the test increases in the sample size n. The convergence rate,
for ay, close to the upper bound in is close to n®(49+2) The latter coincides with
the optimal convergence rate for spot volatility estimation under noise, see Munk and
Schmidt-Hieber [50]. In light of the lower bound for the testing problem without noise
established in Bibinger et al. [10] and the relation of the models with and without
noise studied in Gloter and Jacod [26], we conjecture that the above test yields an
asymptotic minimax-optimal decision rule. A formal generalization of the proof for
the detection boundary from Theorem 4.1 of Bibinger et al. |[10] to our setting however
appears not to be feasible, since it heavily exploits simple y2-approximations of squared
increments.

3.2.6. Consistent estimation of the change point

In this subsection we present an estimator for the change point #, which is of impor-
tance, once we have decided to reject Therefore, we suppose and that
there exists one 6 € (0,1) with |Ao3| > 0. The aim is to estimate 6, in general referred
to as the change point or break date in change-point statistics, which here gives the
time of the volatility jump. We suggest the estimator én, given by

770

0n = hn argmax,_, -1, Vi, (3.21)
where
i i+ap
V=Y 6, = D0 0,
l=i—an+1 £=i+1

It is sufficient to use these modified non-rescaled versions of the statistics in (3.10)).
We prove the following consistency result for our estimator.
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3. Change-point inference on spot volatility

Proposition 3.14. Given the assumptions of Theorem|[3.8, that is, Assumptions[3.1

(md Ji =0 and o, satisfies (3.5), and assume that applies with one jump
time 6 € (0,1). For Ao3 = § # 0 it holds that

|0, — 0] = Op (hy |67/t log(n)) -

In particular, 0,, Ny

Remark 3.15. Put another way, we can detect jump times associated with sequences
of jump sizes §,, — 0 as n — +o0 as long as h;, ' (ay, log(n))~"/? = 0(8,) in the sense of
weak consistency. Choosing a,, as small as possible, such that is satisfied, yields
the best possible rate, while for the testing problem in Theorem [3.8 we select «, as
large as possible. In the optimal case, a jump with fix size § # 0 can be detected with
a convergence rate close to h,!. This provides important information how precisely
volatility jump times can be located under noisy observations. With jumps in (X;),
we conjecture that an analogous results holds true under the conditions of Proposition
A sequential application of our methods allows for testing and the estimation
of multiple change points. The extension of the estimation from the one change to
the multiple change-point alternative is accomplished similarly to Algorithm 4.9 from
paragraph 4.2.2. in Bibinger et al. [10].

3.2.7. Simulations

In this subsection we investigate the finite-sample performance of the new method in
a simulation study. We also analyze the efficiency gains of our noise-robust approach
based on the spectral volatility estimation methodology in comparison to simply skip
sampling the data and applying the non noise-robust method from Bibinger et al.
[10]. Skip sampling the data, which means we only consider every 60th datapoint,
reduces the dilution by the noise and is a standard way to deal with high-frequency
data in practice. We consider n = 30,000 observations of , a typical sample size
of high-frequency returns over one trading day. The noise is centered and normally
distributed with a realistic magnitude, n = 0.005, see, for instance, Bibinger et al. [9].
We implement the same volatility model as in Section 5 of Bibinger et al. [10], where

t t
op = </ c-deer/ \/1—p2-chSJ‘> v (3.22)
0 0
is a semimartingale volatility process fluctuating around the seasonality function
vy =1-0.2sin(3rt), t € [0,1], (3.23)
where ¢ = 0.1 and p = 0.5, with W+ a standard Brownian motion independent of

W. We set Xy = 4 and the drift a = 0.1. We perform the simulations in R using an
Euler-Maruyama discretization scheme.
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3.2. The general nonparametric case
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Figure 3.1.: Left: Histogram of statistics left-hand side in for h! = 120 and
an, = 15, n = 30,000, under null hypothesis and alternative hypothesis
and limit law density marked by the line. Right: Histogram of corre-
sponding not noise-robust statistics from Bibinger et al. [10] applied after
(most efficiently) skip sampling to a subset with ng;;, = 500 observations,
ky = 125, and limit law density marked by the line.

Performance of the test, comparison to skip sampling, bootstrap adjustment and
sensitivity analysis

Concerning the jumps of (X;) and (o) under the alternative hypothesis, we implement
two different model configurations. In order to grant a good comparison to Bibinger et
al. [10] in the evaluation of the efficiency gains by our method instead of a skip-sample
approach, we will adopt the setup from Section 5 of Bibinger et al. [10]. There, under
the alternative hypothesis, the volatility admits one jump of size 0.2 at time t = 2/3.
The jump size equals the range of the expected continuous movement. Under the
alternative hypothesis, (X;) admits a jump at the same time ¢ = 2/3. Under the null
hypothesis and the alternative hypothesis, (X;) also jumps at some uniformly drawn
time. All price jumps are normally distributed with expected size 0.5 and variance
0.1. More general jumps are considered below.

We consider the test statistic (3.12bf) with overlapping blocks and truncation. The
simulations below confirm that it outperforms the non-overlapping version (3.12al).
We set h. ' =120 and a,, = 15. Robustness with respect to different choices of h,
and «,, is discussed below. For the truncation, we set 7 = 3/4 according to Remark
3.11] In all cases, we compute the adaptive feasible statistics and do not make use
of the generated volatility paths to derive the weights . We rather rely on the
two-stage method and insert with J = 20 and in the statistics. The spectral
estimates from are computed as sums up to the spectral cut-off .J,, = 50, smaller
than [nhy,| —1 = 254, as the fast decay of the weights in j, compare also ,
renders higher frequencies completely negligible. The investigated test statistics will
be identically feasible in data applications.

Figure visualizes the empirical distribution from 10,000 Monte Carlo iterations
under the null hypothesis and the alternative hypothesis. The left plot shows our
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3. Change-point inference on spot volatility

statistics while the right plot gives the results for the statistics from Bibinger et al.
[10] applied to a skip sample of 500 observations. The skip-sampling frequency has
been chosen to maximize the performance of these statistics. While they are reasonably
robust to minor modifications, too large samples lead to an explosion of the statistics
also under the null hypothesis and much smaller samples result in poor power. The
length of the smoothing window k,, for the statistics given in Equation (24) of Bibinger
et al. [10] is set k, = 125, adopted from the simulations in Bibinger et al. [10]. In
the optimal case, null and alternative hypothesis are reasonably well distinguished by
the skip-sampling method — but the two plots confirm that our approach improves
the finite-sample power considerably. For the spectral approach, 88% of the outcomes
under H; exceed the 90%-decile of the empirical distribution under Hy. For the opti-
mized skip-sample approach this number reduces to 75%. The approximation of the
limit law appears somewhat imprecise. The relevant high quantiles, however, fit their
empirical counterparts quite well.

Nevertheless, we propose a bootstrap procedure to fit the distribution of VZ”’T under
Hy with improved finite-sample accuracy. We start with an estimator for the spot
volatility WZ“ i = ap,...,h; !, from , using the same h,! and «, as for
the test. We also define and compute WZZ, i=1,...,a, — 1, averaging over the
available number of blocks, smaller than «,,, back in time. In order to smooth the
random fluctuations of the spot volatility pre-estimates, we apply a filter to the esti-
mates of length 30 with equal weights and denote 612“-, i=1,...,h,"', the resulting
estimated volatility path. At the boundaries we interpolate linearly to Wﬁ;l and
WZ}L#, respectively. Repeating each entry nh, = 250 times, we obtain a (bin-wise
constant) estimator 52 1 =1,...,n. For two sequences of i.i.d. standard normals

n,t’

{Zi}lgigfru {Ei}lgign; and Xék = YO* = Yb, denote with

~2
o° .
Xf=Xig+\| 22 Y = X[ +9- B 1<i<n,

a pseudo path Y™ generated with the estimated volatility path and estimated noise
variance and the (Z;, ;). We can iterate the procedure as a Monte Carlo simulation
and produce N = 10,000 different pseudo paths Y* using independent generalizations
of random variables (Z;, E;). With

[nhn]—1

~2
-0 N * Ui
Gl m, = Y <Sj2k (Y*) = [pjk, vjkl, n) :
7=1
1 [
* ~2 ) 1
RVii=on 2 v Loy, 1<hi'y 1= O

n l=i—an+1

we derive the pseudo test statistic

VJ = max
i=om,...hnt—1

RV, =RV, |
=~ |57 7% 3/4
V81 Rvn,i-i-l‘ /
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Figure 3.2.: Left: Empirical size and power of the new test for h;! = 120 and
a, = 15, n = 30,000, by comparing empirical percentiles to ones of
limit law under Hy and H; (light points). Empirical percentiles com-
pared to bootstrapped percentiles under Hy (dark points). Right: Per-
centage of exceedances under H; of the 90% empirical quantile under Hy
for h, ! = 60,90, 120, 150, 180, 210, 240, 270, 300 and «,, = 5, 10, 15, 20, 25.
The line gives the marginal curve for h,, ! = 120.

In fact, the truncation with the indicator function is obsolete, since we do not have
jumps in the pseudo samples. For a test, we can use the approximative (conditional)
quantiles

Ga(VI|1F) = inf{z >0 : PV < z|F) > ot
and compute (joé(f/;r |F) based on Monte Carlo approximation. We reject Hy when

Vo' > qima(VIIF).

In the left plot of Figure the black dots compare the empirical percentiles of the
left-hand side in , the standardized versions of V", under Hy to the ones
of the bootstrap, i.e. QQ(VJU:). The finite-sample accuracy of the bootstrap for the
distribution under Hy is significantly better than the limit law (light points). Since
the high percentiles of bootstrap and limit law are quite close, the power of both tests
is comparable. For a level a = 10% test, we obtain approx.88% power using the
limit law and 89% power using the bootstrap. For a level a = 5% test, we obtain
approx. 79% and 75%, respectively.

Finally, we consider different parameter configurations (h,, !, a;,). Since we can exploit
the bootstrap to ensure a good fit under Hyp, we concentrate on the ability of VZU’T to
distinguish hypothesis and alternative. To quantify the ability to separate Hy and Hi,
we visualize the relative number of exceedances under H; of the 90% empirical quantile
under Hy. We plot the percentage numbers in the right plot of Figure [3.2] over a grid of
different values for (h; !, o). Additionally, we draw the marginal curve for h; ! = 120
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3. Change-point inference on spot volatility

at points «,, = 5,10, 15,20,25 (black line). Choosing a different (reasonable) quantile
under Hy does not change the shape of the surface with respect to the values of
(h,;, ). Figure confirms that the test is reasonably robust with respect to
different values of the tuning parameters. For h_! sufficiently large, setting a;, between
15 and 20 yields the highest power. For h, !, values between 60 and 180 grant a good
performance. Hence, we choose h,! = 120 and «,, = 15 as suitable configuration for
the simulation study.

Comparison of tests with overlapping and non-overlapping statistics

We illustrate the improvement in the power of the test based on compared to
the non-overlapping version . Here, we use a prominent general model for jumps
of (X) often considered in related literature, including Jacod and Todorov [38], with
a predictable compensator v(ds,dz) = (1{;¢[-1,—0.2)u[0.2,1]})/1.6 dt dz. Since jumps of
very small absolute sizes are not generated, the truncation works well and we do not see
a manipulation of the empirical distribution of the test statistics due to errors in the
truncation step. We investigate the power of the tests for different volatility-jump sizes
under the alternative, Ao = (10 +5-4)/100,i = 1,...,7. The volatility-jump time ¢
is randomly generated in each run according to a uniform distribution on (a,hy, 1 —
aphy,). Note that not excluding the boundary intervals [0, a,hy] U [1 — by, 1] would
slightly reduce the power in all configurations, since the test is not able to detect jumps
in these boundary blocks. In order to include common price and volatility jumps, we
add an additional price jump at 6 with uniformly distributed size as according to v
above. We keep to the parameters h,! = 120, o, = 15 and 7 = 3/4 and compute the
adaptive statistics as in the previous paragraph in 10, 000 iterations.

Figure confirms that the test using with overlapping statistics has a sig-
nificantly higher power than the test based on and non-overlapping statistics.
The largest difference for Ao3 = 0.2 is 17.8% at 10% testing level and for AcZ = 0.25,
14.8% at 5% testing level. Thus, for volatility jumps with moderate absolute size in
the range considered in Figure the overlapping statistics attain relevant efficiency
gains. The location of the volatility jump — when the boundaries are excluded — does
not affect the power of the tests. Figure illustrates increasing power of both tests
as Aag gets larger. It also reveals that volatility jumps with Aag < 0.15 are difficult
to detect in our setting where this corresponds only to approximately 20 times the av-
erage absolute increment |A”Y|. Due to the required smoothing over blocks we cannot
expect to detect such small volatility jumps with good power. We can further report
a better accuracy of the theoretical limit law under Hy from Proposition for the
empirical distribution of the statistics with overlapping compared to non-overlapping
blocks. The average amount of realizations of simulated statistics exceeding
the theoretical 90%-percentile is 9.99% and exceeding the 95%-percentile 6.41%. For
the statistics these values are 21.00% and 11.11%, respectively.
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Figure 3.3.: Empirical power of the test based on with overlapping statistics
(dark, solid) and ([3.12a)) with non-overlapping statistics (light, dashed) for
the level 10% (points) and 5% (squares) under the alternative hypothesis
as function of the volatility-jump size Aag. The plot gives empirical per-
centiles exceeding the bootstrapped percentiles under the null hypothesis
for hi;t = 120, oy, = 15 and n = 30, 000.

3.2.8. Proofs

Since the proofs of the results stated in Subsections and are quite long, we
want to sketch the key ideas of the proof shortly.

Starting with the continuous case, for the results given in Theorem and Corol-
lary the main ingredients are described as follows. In the first step we carry out
the crucial approximation where we show that the error, replacing the true log-price
increments of (Xt);c(o,1] by Brownian increments multiplied with a locally constant ap-
proximated volatility, is negligible. More precisely, we show that the spectral statistics
Sjk (Y') are adequately approximated through o -1 14, 5, Sk (W) + Sji (€) with
the volatility approximated constant over the big blocks. The analogues of RV, ; after
the approximation are denoted Z,, ;, given in (3.24).

In the second step, we conduct a time shift with respect to the volatility in 7n,i+1 to
approximate the volatility by the same constant in the differences Zn,i — 7n,i+1-

The third step is to replace the estimated asymptotic standard deviation in the de-
nominator in by its stochastic limit. The latter step is essentially completed by a
Taylor expansion. Finally, we establish in a fourth step that the difference between the
statistics using with oracle weights and the statistics using with adaptive
weights is sufficiently small to extend the results to the feasible statistics.

The approximation steps combine Fourier analysis for the spectral estimation with
methods from stochastic calculus. Disentangling the approximation errors of maxi-
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mum statistics requires a deeper study than for linear statistics. After an appropriate
decomposition of the terms, we frequently use Burkholder, Jensen, Rosenthal and
Minkowski inequalities to derive upper bounds.

The final step is to apply strong invariance principles from Section [2.4] and to apply
results from Sakhanenko [56] to conclude with Lemma 1 and Lemma 2, respectively,
in Wu and Zhao [61]. Concerning the non-overlapping statistics we need Lemma 1,
whereas the overlapping case needs the more involved limit result presented in Lemma
2 of Wu and Zhao [61].

In order to prove Proposition we show that under the stated conditions the jump
robust statistics provide the same limit as in the continuous case. That is, the jumps
do not affect the limit at all. We decompose the additional error term by truncation
in several terms of different structure which we prove to be asymptotically negligible
under the mild conditions on the jump activity and its interplay with the trun-
cation and smoothing parameters. We use Doob’s maximal submartingale inequality
to bound one crucial remainder without imposing a more restrictive Lévy structural
assumption as has been used in Bibinger et al. [10].

Proof of Theorem 3.8

For notational convenience we replace

max by max,
i:O,...,L(anhn)_IJ*Q ‘
and
min by  min,
i=0,...,| (anhn) "t =2 !
respectively.

We also introduce the following notation, adapting the elements of the spectral statis-
tics on each big block. Set

(I)ZJZ (t) <I> (t - (hn(zan + (f - 1))))

and

ije (t) = @; (t = (hn(ioan + (£ = 1)))) .

Furthermore, we define the big block-wise spectral statistics

Sije (L ZA"‘PUz( )

and the associated variance minimizing oracle weights

-2
( hn(zozn—&—(é 1))+ [90136)901]6] )

nhy | 2 -2
ZL < T b (e +(E— 1))+%[90ijb(ﬂijé]n>

Wije =
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3.2. The general nonparametric case

We further introduce the bias correction terms
2
Kije = [Pije; Pijeln .
We can strengthen the assumptions presented in Assumption|3.1jand |(Hp-a)|as follows.
We replace local boundedness of (0¢),c(0.1), (at)sepo,1), and the modulus of continuity
(ws(0)t)se[0,1) under by global boundedness. We refer to Section 4.4.1 of Jacod

and Protter [35] for a proof and the construction through localization. We set

Un = max 7Z—nj _ Zn’H_l ,
=0,y [ (anhn) "L -2 |Zn7i+1\3/4
with
o 1 an |Mhn]—1
Zni = O YD wie ((Uianhnsijé (W) + Sije ())* — Miﬂ) : (3.24)
=1 j=1

We fix some constants K, K~ > 0, such that almost surely
K=< inf 07 and KT > sup o?.
t€[0,1] t€[0,1]
Finally, we will use an universal constant C' which may change from line to line. We
will write C), to indicate that the constant depends on an external parameter p. The
constant will never depend on n. The first step outlined in the sketch of the key ideas
is accomplished in the next proposition.

Proposition 3.16. Given the assumptions of Theorem|3.8, it holds under|(Hp-a ) that

Wn,i - Wn,z‘ﬂ Z

B ‘Zn,i — Znjit1|| P
— 3/4
}RVn,zurl} /

an log (hfll) max

3/4

‘Zn,i—&—l ‘
Proof of Proposition [3.16

Since hy, o n~1/2 log(n) we can proceed as follows. The reverse triangle inequality and
the decomposition

Wn,i - Wn,zﬂrl _ 7n,i - 7n,i+1

—— 3/4 - 3/4
|RV i1 / | Z i1 /
o Wn,i . Wnﬂl Wn,i - 77171' . Wn,i—‘,—l Zn,i-i-l - Wn,i—l—l
J— 3/4 |5 3/4 - 3/4 — 3/4 - 3/4
|RV i1 / | Zniv1] / | Znis1] / |RV i1 / | Zni1] /
yield the following decomposition:
— 1 1 RVyi— Zni
max RVM ( —— Y — 3/4> + max 771,2 3/7:1
‘ |RV i1 | Zniv1] U I VA
— 1 1 Zniv1 — RV
+ max | RV, i1 ( — —— 3/4> + max n,zil 3/Z,z+1
! | Z i1 |RV it ! | Znjiv1]
=: (I) + (II) + (III) 4+ (IV) . (3.25)
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3. Change-point inference on spot volatility

Starting with (II) in (3.25)) we proceed as follows.
For all § > 0 and k=~ > 0, such that k= € (0, K7), the following holds:

P |max | Y2" log‘(n) (RF’;Z = Zni) | 5]
! i+l
o DB
‘ Zni+1 !
4P max Qp, log‘(n) (R“g'r/zz - Zn,i) > (5, min ‘771,2'4-1‘ < K— H]
! Znit1 !

<P [max vV an log (n) ’Wn,i — 7n,i‘ >0 (K_— Ii_)3/4:|
K3
+ P [min ’Zn7i+1| < K— n_]
K3
=: Ap + B (3.26)
In (3.26)) we dropped the dependence on the constants § and K~ for notational conve-

nience. We start with the term A,. We split the term into various summands in the
following way:

Qn \_nth_l
__ _ 1
Rvn,i - Zn,z :; Wije (SZQJK (X) - U?anhnsfjé (W))
=1 j=1
2 Qn \_nh"J_l
+— w;;eSije (€) (Sije (X) = Tianh, Sije (W)).
Te=1 j=1

That yields

[nhn|—1
I
Ap SP[max \/?Z Z wije
n (=1 j=1
0 (K— k™ 3/4
(Sz]é( ) - O-Z'Qanhn‘s’z?jf (W)) ' > (2>:|
\/W an |nhn]
+P |:H1&X Z Z wZJKSz]Z
Jj=
0 (K— k™ 3/4
X (Sije (X) - amnhnSZ-jg (W)) ‘ > ( 1 ) :|
= At A (3.27)
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3.2. The general nonparametric case

In order to handle A;y, we rewrite the spectral statistics S;je (L) for any stochastic
(n)

process (Lt)te[o,l]: using step functions &;;; given by

n - v
&5 (=3 e (2) 1oz 4@
v=1
which yield

1o hp+ehay (n)
Sijf (L) = / f (8) dLS
hp(ian+(#—1))—n—1

for any semimartingale L = (Lt),¢c(01)-
By virtue of the Itd process structure of (X;), we obtain that

tanhn+Llhn tanhn+Llhn
/ 51-(;-? (s) dX,s = 51-(;-? (s)asds
ho (i +(6—1)) =1 T (in +-(£—1)) —n—1
10t hp+lhy (n)
+/ 5& (s)os dWs.
hn(ian+(¢—1))—n—1

1t6’s formula yields

1o hp+ehy
S’l?jf (X) :2/ hn+£Lh (5(:7— - th(ia,L-i-(é—l))_nfl) é'z(;? (7_) o, dWT
hn(ian+(‘€*1))f’n_1
i b +ehn B _ .
" 2/h (ian+(6—1))—n—1 (XT N th(ianﬂf—l))—n*l) gijZ (7)ardr

ianhn‘f’Zhn 2
(n) 2
-|-/ §: (7)) ozdr
B (it 4 (£—1))—n—1 ( it ))
with
X = Xo + / {7;(;74) (s)asds + / 51-(;-2) (s) os dWs.
0 0

Similarly,

o hn+Lhn

s =g [T W, ™ (7) aw. ™ ()" d
’L]f( ) 5 ) ng]f (T) T + é.z‘]ﬂ (T) T

n(ZOén-i-(Z—l))—TL_ hn(ian“l‘(z_l))_n_l
with

. t
Wy = / 51.(;72 (s) dWs.
0

For notational brevity, we suppress the dependence of )A(:t and Wt, respectively on
(i,4,¢,mn). We bound A} via

Ap S AV AT+ A,
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3. Change-point inference on spot volatility

where
an [nhn]—1
1
A}{l [max \/?Z Z Wije
Jj=
taphp+Llhn _ _ 5 (K__ K_)3/4
8 Xr = Xhp(ia —1))—n-1 él(n) T)a,dr| > :| ,
/}Ln(ian+(8_1))_n1( b (icn+(£—1)) ) ]Z( ) 9
an |[nhn] i b +Ch
lo 5 ) N . )
A,lﬂ [max \/?Z Z wmf/ (gi(je) (7_)>
TL n 104n+ Z 1 -1
K— 3/4
X (03 — Uz'zanhn) dr| > 6((:)] ’
and
\/IOT on thnj ! iaphp+Llhn
AL3 = [max Z Z wmf/ gi(;lz) (r)
Ven Jj= n(ian+(—1))—n—1
~ ~ _ 6(K_ H_)3/4
X ((XT - th(ian+(e_1))_n—1> or — O"LzanhnWT> _

Starting with A}L’l we employ Markov’s inequality, applied to the function z — |z]",
r>0andreN:

Qn thnJ 1 ianhn+Llh
1 nin n -~ iy
PETEELL (5t

n =1 j=1 n(icn+(0—1) —n*l(

< €M (1) ar dr

O(K— /1_)3/4
ijl >

12

< Gy (log (n))"* a2

[ £5

j=1 hn(ian+(—1))—n—1
The identity

tonhn+Chn

|

(5(:7' - )}hn(ian-i-(f—l))—n*l) é.z(]né) (T) ardr

an |[nhn]-1 o b +ehn - . (n) r
|: Z Z wz]f/ (XT _th(ian-l—(f—l))—n*l) gijﬁ (T) ardr :|
= n(tan+({—1))—n—
Qn I_nh‘"J 1
—arB||3o Y v
/=1
zanthrZhn " . r
X Xy = X, s (b-1)) -1 ) £ () ay dr }
/hn(ianJr(@l))n—l( finiant(t=1)) ) i ()
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3.2. The general nonparametric case

implies, together with Jensen’s inequality, that

Qn thnJ 1
ag/zxa[ > L Z wise
=1
zanhn—i-fhn r
X X: — X, e ) € aq—d’r]
An(ian+(4—1))—n_1< inlient (1) ) i (7)
[nhn]—1

SQZ/Q—liE[ Z wije
=1 Jj=1

iaphp+Lh _ B .
X XT - X n(ton — —n—1 é.zn T)ar d,]—
/h (ion+(—1))—n~1 ( fin (10 +(6-1)) ) i (7)

Qn thnJ 1

<a7‘/2 12 Z wije

j=
i b +LChy .
X IEH /n BT (X th(zanJr(z 1))—n— 1) EM (1) ardr

|

r]
Concerning the second inequality we have taken into account that Zj wije = 1, in
order to apply Jensen’s inequality a second time.

We employ the generalized Minkowski inequality for double measure integrals, which
implies
]

tanhn+Llhy "
H/ (X Xh (ian+(—1))—n~ 1) 5”4( T)ardr
1/r r
] dT> . (3.28)

n(ton+(0—1))—

S(/h%anhﬁfhn E H (Xr - Xh (ian+(6—1)) ) fwg (1) ar

n(ian+(—1))—n—1

In order to bound the expectation in (3.28]), we apply Burkolder’s inequality to the
local martingale part. The general case can be handled via the elementary inequality
la + b]P < 2P (Ja|’ 4 |b|P) and the standard bound for Lebesgue integrals

/Q £(5) dn(s) < () sup | £(5)] (3.20)

applied to the finite variation part. Taking into account that the quadratic variation

process, ([)N(,)Nf]t)te[o n is given by

X, %), = / (€7 ()22 ds
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3. Change-point inference on spot volatility

yields

E HXT - th(ianJr(ffl))fn—l

., - r/2
| <ce|( [ (€5 (azas) |
hn(ian+(¢—1))—n—1

iophn+Llhn (n) T/Z
SCTE[(/ (3% (s))202 ds> ]
hn(ian+(¢—1))—n—1

<C.hI2h;T2 = 0(1). (3.30)
(3-30) is a consequence of (3.29)),

&)@ =0 (\/27) : (3.31)

and the global boundedness of (at?) Consequently, the above yields

te(0,1]°

r (e 7% nhn 1
(o5 s >> /2 o el

> Wi

Oén (=1 j=1
i by +LChy _ B . .
B / Xr—X i —1))—n-1 fzn T)a,dr :|
H n(ian+(£—1))_n71 ( hn( ”+(£ 1)) ) NI4 ( )

an |Mhn]—1
(log r/2 r/2 12 Z w”gh r/2 O(log(n)r/Qath:/Q) ]

Taking into account that
1 1__2a_
il = O (7752 (log (n))' %77 ) |
we can conclude, if » > 2, that
ALt =0 <(anhn)_1 log (n)"/? a;/Qh:Lﬂ) =0(1), asn— .

n

For the term A,lf, we start with

ap, [nhn]—1 i hp+Llhy
)y > / ) @) (02 = 0han,) dr
1 J=

F t= n(iam+(£—1))—
\/m i i b +lhn ) - )
< wije €™ ()2 o2 =02, | dr.  (3.32)
v =1 j=1 hon (i0m 4 (0—1))—n—1 7
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3.2. The general nonparametric case

In (3.32)) the triangle inequality and Jensen’s inequality are applied. Combining the

regularity under |[(Hp-a)| and (3.5)) gives

(e 7% thnJ 1

iaphn+Clhny
e z D s P02 o ar

z@
n(tan+(€—1)) J

=Op (\/log (n)y/an (anhn)a> , uniformly in i

=0(1), asn — .

. 1,3 " .
Concerning Ay,” we use further decompositions rewriting

()N(T - )thn(ian+(€fl))fn—1> — W0k (3.33)

in the following way:

()}:T - thn(ian"ﬂ‘(e—l))—nil) Or — W Jzanh

— Ur/ fi(;.? (s)asds
b _

n(ian+(—1))—n—1

+ o, / fz(;;) (s)os dWs
hon (ian+(£—1))—n—1

- Uianhn/ gljg ( )Us AW,
hon (ian+(€—1))—n—1

+ Cicnhn / 52(]2 (s)os dWs
hn(ian+({—1))—n—1
- Uianhn é-'fjf) ( )o-zanhn dW
hn (icn+(6—1))—n—1
= UT/ gi(;) (s)asds (3.34)
hon (ion+(£—1))—n—1
(0 — Gian.) / € (s)uaw, (3.35)
B (icim+(€—1))—n

+ i, | €7 (5) (0 — Grayny) AW (3.36)
hp(ian+(#—1))—n—1

. . e 3 .
Using this decomposition, we can bound AY? via

1,3 1,3,1 1,3,2 1,3,3
AP <A+ AT+ A0
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3. Change-point inference on spot volatility

We start with the probability involving the summand (3.34]). We have to bound the
probability

H log (n an_[nhn] =1 /zanhn+ehn

(n)
wi '@"gi iv (T) Or
Ve =1 j=1 (ion+(t=1))—n 7
T 5 K— k)4
X/ 51(]6)( ) as (36)}
hp(ian+(—1))—n—
an [nhn]-1 ianhn+Lh
10g(n> { / T (n)
> 7" Wi §Z i0 (7—)
( Ve ; ]Z; 7 S GGmt(0=1))— J

X O'T/ fl(]ng (s)asdsdW-
hn(ian+(¢—1))—n—1

where we have applied Markov’s inequality with some exponent » > 0 and r € N. Set

On I_nth -1

=> o Y. wmfi(;lz) (1) /T &) (s) ag ds
=1

l
= o i +(6=1))=n =1 7

X 1 (B (in+(6=1)) =~ i b +ehn] (T) -
In order to apply It6 isometry, we set r = 2m, with some m > 0 and m € N. We

derive that
Z Z wz]f/ g(n)

e[2 5 0o L
n Zan+ Z 1 -1 hn(zan+(871))

([ e ([ e

onhn

on [nhn]—1 icenhn+Lhn

|

where we have again used the Minkowski inequality for double measure integrals

Since (tanhpn + (01 — 1) hp,yichy + L1hy] and (aphy, + (b2 — 1) by, iaphy, + €ohy] are
disjoint, if £ # {5 and 7 is fixed, we get

igl
=1 j=1 o (icin+(6~1))—n1

B[ 0] - 2 {“z m( PR /. &5/ (s)a, ds> m]

Ly, (icin+(0=1))=n~"1sicinhn+thn] (T) -
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3.2. The general nonparametric case

We proceed with Jensen’s inequality, which yields

an [nhn]—1 . om
E{azm( wzefzg( )/ fw()asds> ]
; JZ_; N
X ]l(hn(ian-i-(ﬁ—l))—n*lVianhn_kghn} (T)
an [nhn|—1 - - o
= E 072'm Wije <£Zn T / é-z Qg dS) :|
; [ ; i\ %t (7) B (i +(£—1))—n—1 ¢ ( )

X L(hy (jan+(0=1))=n—1 i hn+ehn] (T) -
Using (3.31)), global boundedness of the volatility and (3.30) we can conclude that
i 2m
E[ (cn’1 (7’)) ] =0().
Consequently, we can conclude as follows using ([3.30)):

(i+1)anhy ) m m
([ el @) ar) =0k . @31

it hn,

That yields the following bound for Ay
A}L,3,1 -0 ((log (n))m hy (anhn)_l) =0(l), asn— oo,

for m sufficiently large.
We proceed with the probability AL32 involving the term ((3.35). We first get the
standard bound by the Markov inequality with some exponent » > 0 and r € N:

an [nhn]— i hn+Lhn

log (n n
[ Z Z wzyf/ 51'(]'4) (1) (07 = Tiaghy)
(ian+(£—1))
T 5 K= k)34
hn(ian+(—1))—n

Qn thnJ 1 ionhn+ehn

> X | ) 0

n(ian+({—1))—n—1

()

1

X (UT - Uianhn) / ’EZ(]”() ( )Us dWsdW
hn(ian+(¢—1))—n—1

We define
Qn thnJ 1
i,2 (n)
¢y (1) =) (07 — Tiayh,) wijet / &) (s) o AW
; Z J ]@ o (e (£—1)) —n—1 i

X L (hy (jan+(0=1))=n—"1 i hn+2hn] (T) -
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3. Change-point inference on spot volatility

In order to apply Ito isometry, we set r = 2m, with m > 0 and m € N. We obtain

that
(i+1)anhn . 2m (7:"’_1)0‘"}1" . 2 m
IE[ / cﬁf (1) dW, } EK/ (01;2 (7‘)) d7'> }
2 tanhn

it b,
(i+1)anhn ) m 1/m m
(/ E [(022 (T))2 ] d7> .
We have via Jensen’s inequality

IN

anhn

i 2m
E| (2 (r)™"]
(e75) 5 I_nh’ﬂJfl ( ) T ( ) 2m
5> (0 ) (3w [ &) oaw.) |
; ; 7 h (iom+(0—=1))—n—1
X L (b (jan+(0—1))=n—" i hn+2hn] (T)
Qn thanl T m
< E[ (anhy)?™ wije (€7 (7) )2’”< / £ (5)2 02 ds> ]
; ; ’ / hn(ian+(¢—1))—n—1 J

X Lh, (iamt-(=1)) —n—1 sinhn+-thn] (T)
=0 ((@nhn)™™ h;™) |
by the regularity under Overall we can deduce for Ay>? that
4332 = O ((anha) ™" (anhn)?™ (log(n))™) =0 (1) , as n = oo,

if m € N sufficiently large. Proceeding with Arl;?”:l', we have with » > 0 and r € N:

[‘miLn§ 1w”£/zanhn+£h

gmé ( )Ulanhn
(ion+(—1))—n—

§(K— k)4

ionhn+lhn (n)
n
« | €5 (5) (0 — o) =

n(tan+({—1))—n—

() g

zanthréhn
% / fgbe) (5) (05 = Tiaph, ) AWsdW;
hn(lan‘f’(zfl))*’n_l

} (3.38)

an [nhn]-1 ianhn+Clhn

> Z ww@/ fz-(fz) (T) Cianhn,

n(ton+(—1))—
[nhn]—1 -

Qn
=Y e Y witl ) [ €1 (5) (00 — Giapn,) AW,
(=1

j=1 B (ion+(0—1))—n—1

Analogously, we set

X L (iun+(=1)) == icvnhn+-Chn] (T) -
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3.2. The general nonparametric case

With r =2m, r > 0 and r € N we apply It isometry and Minkowski inequality.

(i+Danhn 2m (i+1D)anhn ) m
E[(/ 3 () dWT> } :E[</ (C:ﬁ(’l’)) dT> ]
i hn ionhn
(i+1)anhn ) 1/m m
< </ E [(023(7))27”} / d7‘> .

anhn

Since (ianhy + (61 — 1) by, tanhy 4+ £1hy] and (iaphy + (b2 — 1) by, ic by + €ohy) are
disjoint if ¢1 # ¢ and 7 is fixed, we get

B[ ()]
<[

[nhn|—1 r - 2m
wl]fé.z‘][ / ) é.z;lé (S) (US - Ulanhn) dWS) :|
7 hn(ian+(¢—1))—n—1

X 1 (hy (ian+(6=1))=n—" i hn+Chn] (T)

]:

[nhn]—1

b}%lejwm$%m%

J=1

- 2m
x(/ Qﬁ@@vﬁmmMM>]
hon(ian+(¢—1))—n—1

X L (hp (ian+(0=1))=n—" i hn+thn] (T) 5

where we applied Jensen’s inequality. Proceeding with Burkholder’s inequality and

(3-29), we get

[nhn|—

r 2m
(n)
Cin, wije(§; &iiv (8) (0s — Tianh, dWs> ]
[Z ”h"z (€ Je </hn(mn+(e—1))—n1 i () ( hn)

X Lk (jan+(0=1))=n—"1ian hn-+¢hn] (T)

[nhny |
[kamiileW<Wm

J=1

X é- S Os — Ciaphn ds
</hn(ian+(£—1))_n1 ( ijt ( )> ( anhn)

X L (h (ian+(—1)) =~ ianhn+Cha] (T)

— O ((anhn)Qma h;m) ’
which gives the following bound concerning A3

4133 = 0 ((aha) ™ (log ()" (anha)®™®) =0 (1) , as n = oo,
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3. Change-point inference on spot volatility

if m is sufficiently large. We have completed the third term Ar®? and so AL, Overall
the term Al has shown to be negligible. We proceed with A2 from ([3.27). Therefore,
we take into account that

Sije (X) = Gianh, Sije (W)

1o +Hehay 1o +Hehay

:/h §z(gz)( )dX _Uzanhn/ gz(‘;nf)(s) dWs

n(zan+(€—l))—n hn(ian‘f‘(g_l))—n_l

1o +Hehay 1onhp+Lhn
_ / () (05 — Giayn,) AW + / &) (s)as ds.
h’ﬂ(ian+(£71))7’n_l hn(ian‘i’(gfl))*n_l
(3.39)

Using this identity, we bound A2 by
2 2,1 2,2
Ar < AZ+ Ane,

where the probability A% is based on the local martingale part in and A%? is
based on the finite variation part. The elementary inequality |a 4 b[P < 2P (|al? + |b|P)
allows to split the discussion of A2. Starting with A2 we proceed as follows using
Markov’s inequality with an exponent r > 0 and r € N.

apn [nhn]—1 i b+ th, L
IP’[ z_: gwijfsijﬂ (¢) /Ilnogi:n:;’il))_nléi(;? (s) (0s — Tiapn, ) (S(K_SH)/]
an Lnfin] =1 icnhn+-Lhn, " .
< E[ Z Z wijeSije (e /h A 6) (0 i) AW, }
We define

(e 7% L’nth 1

Z Z wzgészﬂ / gl(]nﬁ) (5) (GS - Jianhn) dWS
j= hn(ian+(¢—1))—n—1

X L(hy (jan+(0=1))=n—"ianhn+ehn] (T) 5
>3 i) / €57 6) (02 = o) W |
— j=1 hn (ian+((—1))—n—1

2m (i+1)anhn ) m 2m
< ([ o] ™o)™

0t hun
In order to bound this expectation, we split the j-sum using the elementary inequality
la + bP <27 (Jal’ + |b|?) and that the weights fulfill the following growth behaviour:

1, for j < \/nhy,
Wik X
i j74n2n}, for j > \/nh,.

such that with r =2m, m >0 and m € N

:E[

H—l)an )
=E H A (r)dr

n’rL

an [nhn]—1 ictnhn-+-Chn

(3.40)
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3.2. The general nonparametric case

That yields

1 on [nhn]—1 ianhn+Lha . om
=E|— w;jeSije (€) / 0 (s) (05 — %nhn)dWs) }
[h’% =1 ( ; o (i +(€—1))—n—1 3t

X L (hy (jan+(0=1))=n—"1 ianhn+ehn) (T)

< Con E[(gn Siie (€) /T SZ-(;?(S) (o5 — Uz‘anhn)dWs>2m}

h’%m =1 j=1 A (i +(—1))—n—1
X L (i + (6= 1))~ siarnhn+hn] (T)
C an [nhn]—1 - . o
+ hgir':’l), ZE[( Z j_4nhnSij£ (8) / ) 5”7} (3) (O'S — Uianhn) dWS> :|
noop=1 J:\/ﬁhn‘f'l hn(Zan-l-(Z—l))—n*l

X L (hy (jan+(0=1))=n—" i hn-+ehn] (T) -
Since
JTnPh, = O (1) for v/nhy <j < nhy,

it is sufficient to consider the first summand only.
The calculations pursued in Lemma 2 in Bibinger and Winkelmann [13] imply the

following, using the fact, that (Et)te[(],l] is independent of F(©).

1 an gV icin b +Chy, - 2m
E|— w;ipSiip (€ / gln 5) (s — Tianh, dWS> :|
[h%m ;( jz; 55t (€) B (in+(—1))—n-1 ¢ () ( i)

10 b +Lhy 2 m
< CE / € (s osm%nwﬁ]
K hn(z‘an+(e—1))_n1< i )) ( )

= O ((anhn)?™ 032" |

such that

We can conclude that

(i+1)anhn
E[ / A (r)dr
Overall we get

anhn
421 = O ((@nha)™ (l0g ()™ 07 (aha) ) = 0(1) , a5 1= 00,
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3. Change-point inference on spot volatility

if m € N is sufficiently large.

The term A%® can be handled easier, using instead of Burkholder’s inequality.
Overall it is shown that A2 = o(1).

We can proceed with B,, from . Note that

P {min ’7717”1’ < K— m_] <P |:minZn’i+1 < K—~&K~
1 (]

L(C’énhn)ilj—Q
P [Zn,z'—&-l < K— H_] .

IN

i=0
It is sufficient to bound the probability

P|Zniy1 < K=k |
an |nhn]—1

=P [aln Z Zwijz ((Uianhnsijz (W) + Sije () — ,Uijz) < K- /ﬂ_}

Qn thnJ 1
—]P)|:an Z sz_yf ( Oianhn Sz]ﬁ (W) + Szjé (5))2 — 'UJZJ€> — O‘?anhn < K— lOénhn /{_:|

Note that K~ — Jmnh" < 0 and k= > 0, such that we can proceed with Markov’s
inequality with an exponent r > 0 and the elementary inequality |a + b+ ¢|”
3" (lal” + [b]" + |]"):
1 an |nhn)-1
]P)|: Z Zwi]‘g ((Umnhnsijg (W) + Sz‘jé (5))2 _ 'uijf) — O‘?@nhn < K— O-iQanhn_ Ii_:|
=1 j=1
1 n [nhn]-1
< P[ Z Z Wije ((Uzanhnswﬁ (W) + Sije (e )) - Nijf) - Uz‘zoznhn > H]
=1 j=1

re

[nhn|—1
1 [677%
<C,E |[|— Z Z wz’jeff?anhn (Szzjz (W) — 1)

re

WieTian hn Sije (W) Sije (€)

Qn thnJ 1

Z wlﬂ z]é ) 1)
7=1

Qn \_nth 1

\/@ Z Z wz]fsmﬁ ) Sijf (5)

7=1

wije (S%4(€) — pije)”

+

Q

=
Q‘,_.

an
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3.2. The general nonparametric case

1 1 Qn thnJ_l T
+ C,E [T Wije (ngz (e) — Nij€)2 ]
~0 (oz,;T/ 2) :

by the classical central limit theorem. This implies
P [min | Znit1| < K= m} =0 (a;’"/Q (anhn)_1> =0(1), asn — o0,
7

if r > 0 sufficiently large. Thus, we have completed the term B,,, and so the term (II).
We proceed with (I) from (3.25)). It holds that

3/4 3/4

1 _ 1 ) — W ] <|Zn,i+1} - ‘Wn,i—l-l‘ )
’Ww’rl ’3/4 }Zn,i+1‘3/4 | |Wn,i+l|3/4 ‘Zn,i+l‘3/4 |

> 4]
— |RV it >‘
’ > 6,
Y Zni [

RV, <

such that for every § > 0 we have

P [ max \/ o, log (n)

__ 1 1
SO (R S
‘Rvn,i-l-l ‘3/4 ‘Zn,i—i-l ’3/4

I
7 ’Wn,ﬂrl ’

=P [ max \/ o, log (n)

miin {Wn,iﬂ{ ‘Zn,iJrl‘ >

3/4 3/4

| Zn,iv1|”"" = |BV s )’

BV nia| [ Znisa | ’

(K= r")°
2

+P [ max v/ o, log (n)

RV, (

miin |Wn,i+l| ‘771,24-1‘ <

<P {mzax vV an log (n) ‘Wm (‘7n7i+1|3/4 - ‘Wn7i+1‘3/4>‘ > 46 (K*— ﬁ)g/z]

e (K—r)°
+P miln }RVMH} ‘Znﬂq_l‘ < — 1 | (3.42)
We start with the second probability (3.42)):

9
]P{min RV i1 | Zn,iva] < (K—Zf)]

K— k™~
2

— k=

< P[min ’Wn,zﬂrl’ < K :| + P[min ‘771,141‘ <
i i
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3. Change-point inference on spot volatility

The second probability has already been considered, since

IP’[miin Znitn] < K= “_] - P[miianﬂ < K_; ”_] —O(B,) .
Concerning the first one, it holds that

P[miin ‘W’n,ﬂrl‘ < K= /{_} < P[miiﬂRVn,iH < K__2 K_}

=P [miinRVm-H < K—r , mZaX ‘WMJA — Zn,iJrl‘ < Kﬁ_z v

+P [miinRVn’iH < K= r , Max ‘Wn,zud - 771,2'4—1‘ > K__2 ﬂ_}

<P [miinZMH < K™— H] + ]P’[mzax |RV niv1 — Znjita| > K__2 K_] :
Since

P[mlax |RV nit1 — Zniv1] > K__z ﬁ_] =0 (4n) ,

we can proceed with (3.41]). For every § > 0 and ™ € (K, 00), it holds that
P {max vV an log (n) ‘Wm (‘7n7i+1{3/4 - ‘Wn,i+1‘3/4>‘ > 46 (Kf— 5)3/2]

—Pp [maxﬁan log (n) | RV i (|Znisa | = RV wiia[*) | > 6 (K= 5)*",
(3.43)

max?n,i <K't 4 /<;+]
(]

+P [mzax V a log (n) ‘Wm (‘771,“1‘3/4 — ’Wn,i+1’3/4)‘ > 46 (K*— /f)3/2,
(3.44)

mgmx?n,i > KT+ /{'*'] .
We start with .
P | /@ o8 (0 [ RV s (| Zosia Y = (R s )| > 48 (5= )",
mﬁx?n,i < Kt /ﬂ']

< P[max ‘Wm‘ > 2 (Kti- K,+):|
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3.2. The general nonparametric case

25 (K= k)2
WK )

max /ay, log (n) \ (1Znisa["* = RV i ) ’ KW]

+P

<P [max RV i — Zos| + |Zna| > 2 (K + ,.»ﬁ)]
K3

s — sy | 20 (K= k)"
+P[mfmx\/ong(n)‘(\Zn,i+1! — | RV nit1]) >‘>W

<P [max |RV i — Zn,i| > Kt+ /cﬁ] +P {max | Zni| > Kt /cﬁ] (3.45)

= 3/4  |—=— 3/4 20 (K= /i_)g/2
+P [mzax vV Qn lOg (n) ‘ (‘Zn,i—i-l‘ - |RVn7i+1| ) ‘ > M] (346)

Note that

L(anh7l)7lj_2
P [m?X Zos| > K + Fﬁ] < Y BTl > K 4]

1=

. . . . . 2
holds. We proceed with the triangle inequality and using that K — o2 , > 0

10 Nn,
uniformly in ¢,

Qn thnJ -1

1 Y > wieoinn, (Sye (W) - 1)' > n*}

Q
=1 j=1

1 Qn I_nth —1

OTZ > wijiGiann, Sije (W) Sije (€)

=1 j=1
(7% I_nth—l

1
- Z Z wije (Sije (€) — pije)
™ op=1 J

1

P [max ‘Zn,i’ > KT+ I€+:| < P[
7

+e|

> /<c+]

+p|

>m+].

Applying the Markov inequality, bounding the volatility from above, and concluding
with a classical central limit theorem argument, yields the bound

P[|Z0i] > K+ +1%] = 0 (a;77?)
such that
P |max |Zn;| > KT + /ﬁ] =0 (a:ﬁ (anhn)_1> =0(1), asn — o0,

holds if the exponent r > 0 is sufficiently large. This completes (3.45)), since the first
probability therein is included in A,,.
We proceed with (3.46]). The discussion of this term can be traced back to A, with a
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3. Change-point inference on spot volatility

Taylor expansion. More precisely, we set ¢ () = 23/* and expand around the point
’Zn,i+l | )

U ([RVini]) =¥ ([ Znia]) = ¢ (| Zninr]) ([RVinisa| = [Zniva])
+ (|RV 1| = | Zn,is1]) R (|RV njis1| — | Znit]) -

Since 1)’ (‘Z’n,i-‘rl‘) = Op (1), and since the remainder R is negligible,
R (|RV n,is1| = | Znit1]|) = 0p(1),
by the reverse triangle inequality and the estimates for A,,. Therefore, only
[BV nis1| = [Zni]

is crucial. But, using the reverse triangle inequality again this has already been worked

out in A,, too. So we have completed (3.46) and so (3.43)). We proceed with (3.44)).
It holds that

P |mase /08 )[R s (2o = [RV a0 ) | > 48 (1= )2,
m;ax?m > KT+ /<:+}
<P {mzame > KT+ /<;+] <P [mlax ‘Zn,i| > Kt 4+ /<c+] .
Thus, this probability has already been considered within . Therefore, we also

have completed (3.44)), such that we are done with (I). The terms (III) and (IV) in
(3.25)) are only shifted in i. So we have finished the proof of Proposition O

For the second step described in the outline of the proof we approximate the volatility
locally constant over two consecutive blocks by shifting the index of o 1)a,4, In
Zn,it1 as follows: i + 1+ i. We set

wije ((U(i—l)anhnsijﬁ (W) + Sije () - Mijé) :

Proposition 3.17. Given the assumptions of Theorem|3.8, it holds under|(Hy-a | that

Zni— Znjit1
3/4

Zni— Znji+1
3/4

P

an log (h;l) max

n,i+1

‘Zn,i—&—l |

as n — +00.
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3.2. The general nonparametric case

Proof of Proposition [3.17

The decomposition

Zn,i - Znﬂ'—i—l . Zn,i - Zn,i-‘,—l

- 3/4 ~ 3/4
‘Zn,i-i—l‘ / nyit1 /
_ Zn,i 777,,1’ 7n,i+1 771,2'—1—1 Zn,i—i—l - 771,1'—4—1
— 3/4 |~ 3/4 ~ 3/4 = 3/4 = 3/4
e AL AT N AT At
yields, via the triangle inequality, the three terms
— 1 1 — 1 1
max Z”ﬂ( = 374 T~ 3/4> + max Z"vi+1< . Ey 7 — 3/4)‘
‘Zn,z‘+1 ’ Znit1 ‘ Znis ‘ ‘Zn,i—i—l ‘
o — 7
+ max n,i—l 371/,24—1
! }Zn,i—i—l‘
=: (I) + (II) + (I1II).
We start with (ITI). For any ¢ > 0 it holds that
. nlog (n) (Zn,i-i-l - 7n,i+1)
max — 3/ )
‘Zn,iJrl‘
nlog (n) (Zn,i+1 - 7n,i+1> _
=P |max 3/ > §, min Zmﬂ‘ >K—kK"
1 =~ 1
Zn,i—l—l’
nlog (n) (Zn,iﬂ - 7n,i+1) _
+ P | max 3/ > §, min Zn,i—l—l‘ < K-k~
1 =~ 1
I Zn,i—i—l’
< P |max +/nlog (n) Znﬂ‘_i_l - 7n7i+1) > (K= /1)3/4} (3.47)
K3
+P [min Zmﬂ‘ <K— n_] . (3.48)
1

The probability (3.48) has already been done, since it only differs by a shift in ¢ with
respect to the volatility from the term in Proposition We continue with ((3.47)).
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3. Change-point inference on spot volatility

It holds that

- _ 1
Z Zni= (U(z Danh zanhn) ; Z wljészjf (W)
=1 j=1
1 Qn thanl
+ (C(G—1)anhn — Tianhn) o > wijeSije (W) Sije ()
=1 j=1

That yields

P [max ap log (n)

Znit1 — Zn,iJrl‘ > (K= ﬁ_)g/ﬂ

<P [m;cxx ay log (n) (O’?anhn — U(2i+1)anhn>

an [nhn|-1 (K*— H,)3/4
X oTn Z Z l+1)]€S(z+1)]€ W) > 5
+P [max 108 (1) (Ticinhn = O(it1)anhn)
[e% thnj -1 _ _ 3/4
1 n K— &k
X — Z W(it1)0Si+1)5¢ W) S(ig1yje ()| > (4)

=1 j=1

o2

2
< P |max v/ap 10g (1) |70, h, = TG4 1)anhn

y (K‘—:‘)3/4]

an |nhn|-1
+P maxaf Z Z Weir1)eSGipn)je (W) > 2
? n

Concerning the first term it holds that

o2

2
miaX Qn log (77,) iopnhn U(i+1)anhn

= Op ( ay, log (n) (anhn)a> , uniformly in 4

— op(1), as n— o0, by ([B3).
It remains to show that

Qn nth 1

mlax 07 Z Z W(i+1) geS (i+1)5¢€ W) > =o(1).
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3.2. The general nonparametric case

We conclude with a classical central limit theorem argument, using Markov’s inequality
with r > 0.

(e 7% thnj 1

maxfz > w

ax — W(it1)j6SG1y;0 W) > 2

an [nhn]—1
1
=P max — Z Z w(H_l ]g(S(Z+1)]g (W) — 1) >1

(Y%
=1 j=1

™

[nhn|—1
-1 1 1 2
< (anhn) E a;/Q M Z W(i+1)j¢ (S(i+1)j€ (W) - 1)

=1

—0 ((anhn)_l

with 7 > 0 sufficiently large. We have completed (3.47)) and so (III).
We proceed with (I). For any § > 0 it holds that

a;r/2> =0o(1), asn — oo,

1

1

P |max |Z,; | — - — >0
’ ‘Z”ﬂ‘rl |3/4 Znjit1 ’3/4
- _ 3/4
_ Zn,i+1‘ - |Zn,i+1‘3/4
=P |max|Z,; 3 >0
i ’ ~ /4
L ‘Zn z+1‘ nz+1}
- - 3/4
_ Zn,i—l—l’ - |Zn,i+1‘3/4 _ ~ )
=P |max Zn,z 3 >0, min ’Zn,i—i-l’ Zn,i-i—l‘ > (K__ KJ_)
7 3/4 /4 7
L ‘Zn H—l‘ ‘ nz-‘,—l‘
r - 3/4
_ Zn,i+1’ - |Zn,i+1‘3/4 .
+ P |max|Z,; 3 >5m1n‘Zm+1‘ m+1‘< K /()
i ’ 3/4 /4
‘Zn z—i—l‘ nz-‘,—l‘

< P |max Zmz‘ <
K3

+P [miin | Znit1]

We start with (3.50]).

P [miin ‘7n,i+1 ’

<P [mln |7n7i+1} < K— m_] + P [min ‘Zn,i+1‘ < K— m_} .
(2 (2

- 3/4
Zn,z’+1‘ _‘Zn,i+1‘3/4>

Zn,i-{-l‘ < (Kf— /1)2] .

S5 (K~ n)?’/?]

Zn,iJrl‘ < (K_— /{_)2:|

(3.49)

(3.50)
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3. Change-point inference on spot volatility

Only the second probability has to be considered. But since the involved statistic only
differs by a shift in the volatility, we can bound the latter from below and argue with
the central limit theorem. So we have completed and continue with .

We handle (3.49)) via a Taylor expansion. Expanding the function 1 (x) = z3/4 around
the point |Z,, ;41| yields the desired result using the procedure for (III). We will omit
the details for (II), since it only differs by a shift in 7. So Propositionis proven. [

We do a further approximation step, replacing the denominator in Proposition (3.1
by its limit. This is the third step outlined in the proof sketch above. Here we use the

estimator 72 from (3.1]).
Proposition 3.18. Given the assumptions of Theorem|3.8, it holds under|(Hp-a )| that

Toni— T Toni— T
ap log (hﬁl) max L — n’“;l“ — | =2t 3/7;”“ L0,
8ﬁ n,i—i—l‘ v Snaianhn
Proof of Proposition [3.18
We have to bound the term
_ ~ 1 1
m?X ap log (’I’L) (Zn,z - n,iJrl)

~ 3/4 o= _3/2
V8 Zn,iﬂ’ 8n0ianhh

_ ~ 1 1
= max y/ o log(n) ‘Zn,i — n}i+1} max 37

~ 3/4 o
V8 Zn,iJrl‘ 8770ianhh

We will employ a 2-dimensional Taylor expansion of order 1 with respect to the second
term. We set ¢(z,y) = 2~ /2y~3/* and expand around the point (a,b) = (7, a?anhn).
Therefore, we have to bound the term

(91/}(77, Uz'Qanhn) ~ 811[)(77’ o-iQanhn) 174 2
8—56 (77 - 77) + a—y< ‘Zn,i—i—l’ - Uianhn) + O]P(l). (351)

Since (af)te[o,l] can be bounded globally, we get the following uniform bounds in ::

81,11(77, U'L'zanhn) 81,[}(77, U'L'Zanhn)
max < o , By > = Op(1).

The first summand in (3.51) with (7 — 7) can be handled easily, using

(7 —n) = Op(n~112).

This implies

o, 02
mae 20 Thsat) () o 1),
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3.2. The general nonparametric case

Proceeding with the second term in (3.51)), we need bounds for the uniform error. Such
bounds are given in Bibinger and Reif3 [12] on page 10 for the estimators in (3.7]) with

J = 1. Such a uniform bound readily extends to the more sophisticated estimators
—2a

in the same way. Since a,, o< hs*" is the rate-optimal choice, we get with the upper
bound from Bibinger and Reif [12] that

0 s 2 ~ JR _a
maxW< ‘Zn,iJrl’ - U?anhn) =Op < 2 (log(hy ) 2“+1> = op(1).

Proceeding with the term

max /an log(n) ‘Zn,i - ~n,i+1’

we conclude similarly with the triangle inequality,

max /an log(n) ’7%@' — Zn,zurl‘
< max /oy, log(n) ‘77“' — Ufanhn‘ + max y/ay, log(n) ‘Zmﬂ — Uizanhn

the uniform bound applied to each summand and the regularity of (at?)
the null hypothesis This implies

mzax V Qn log(n) ’771,2' - Zn,i-}-l = OIF’(l) ’

such that the convergence in Proposition follows. O

il

t€(0,1] under

—2a
It is worth to mention that the optimal choice of a,, o, o hs*"", together with

Theorem yields a similar uniform bound as we have used above. In order to
conclude the convergence for the adaptive statistics in Theorem [3.8] we have to show
that replacing the oracle versions by the adaptive statistics does not affect the limit.
It is sufficient to show the following for the fourth step to complete the proof of the
approximation steps mentioned in the outline of the proof section.

Proposition 3.19. Given the assumptions of Theorem|3.8, it holds under|(Hy-a | that

— RVl 0.

n,t

anlog (k) max | RV,

Proof of Proposition [3.19

As we have argued above, n? can be replaced by the /n-rate consistent estimator
without affecting the limit behaviour of the statistics. Therefore it is sufficient
to consider the plug-in estimation of the spot volatility in the weights (w;j¢). First
of all, taking into account that the asymptotic order of the weights does not
depend on 7, £, we may consider them as a function w; = w; (c2) of the spot volatility.
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3. Change-point inference on spot volatility

/,

Calculating the first derivative, w;

[5], we get the upper bound

as pursued on page 40 in Altmeyer and Bibinger

w'(0?) = Op(w;(0?) log*(n)). (3.52)

In order to bound max |Wzdz — RV .|, take into account that > wi(z) = 1 for every

x. So it is sufficient to consider the term

\_nth—l Qn
1 R
max —= Z (wj(azzanhn) - wj(“?anhn)) Z(S%z(y) - E[SiZjé(Y)D :
nooi= =1

The only difference compared with Bibinger and Winkelmann [13] and Altmeyer and
Bibinger [5], is to replace the point-wise L' bound for |(TZ<201n - afan 1, | by the uniform
bound from Proposition [3.18] with that the bound

[0} (0 ,) = W5 (6, )| = Op(wj (o) log? ()™ log(n) =7
follows, using the mean value theorem and (3.52]). O

The key, proving the last conclusion is to apply strong invariance principles presented
in Section 2.4 First of all we have to take into account that the rescaling factors in
U’ /\/8n provide only an asymptotically distribution-free limit. So it is more adequate
for our purpose to rescale with the exact finite-sample standard deviation, that is

[nhp|—1

2 -2\ -1
n
2( Z (Uzzanhn + Z [‘Pmk: ‘Pmk]n) > .

m=1

Using a Taylor approximation and the convergence of the above variances to 80;‘5% h,
presented in Section 6.2. of Altmeyer and Bibinger [5], it is clear that the approximation
holds.

Let I; , and Ti,u be the exact finite-sample variances and define L™ and L") given by

i,V i,V

- S g, ((Uianhnsju (W) + S5 (£))” = M,m)

v Ii,l/ ’
) _ S ((O’(i—l)anhnsju (W) + Sju () — Mz’,u,j)

)

The distributions of <L£?> and (Hjii)l V) do not depend on the volatility. Therefore,
’ v v

and due to the independence of Brownian increments, the latter are two independent
families. Furthermore, the independence of Brownian increments also yields that each
family itself forms an independent family in v. Taking into account the remark in
Komlés et al. [42] below Theorem 4, we can proceed as follows. Since we want to
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3.2. The general nonparametric case

ensure the existence of a properly approximating independent Gaussian family (Z;);,
according to Theorem 4 in Komlds et al. [42], we have to pick a function H such that

H{(z)

55 is increasing for some 6 >0, (3.53)
x
log (H
og(x(]x)) is decreasing and (3.54)
/H(\x!) dP () < 0. (3.55)

We pick a power function H and set H(z) = |z’ with some p > 4 such that
and (3.54) are fulfilled. For the latter condition @, by Jensen’s inequality and
Rosenthal’s inequality, we require at this point up to m = 8. In order to control
the remainder term in the approximation, we take into account that

R < (7 (n) R
mzax ; (Li,u — Z,,) - Vz:: (Li,l/ — Z,,) < 4~mzax ; (Li,v — Z,,) .

Furthermore, the triangle inequality and the Markov inequality yield

(i+1)an
(n)
P mZaX Zl (]LZ:, —Zl,) > Ty
V=

1

(i+1)an
<P |max Z LEYL)—ZV > xp| <

i
v=1 v
ol
L P
< Z:can { ] .
v=1

Applying (1.6) in Sakhanenko [56], we get

L™ _ 7,

i,V

NE

|

> xn]

1

LM _ 7,

(i+1)am hit
P | max Z <L§Z) — ZV) >zl < Zx;pE [
= v=1

i
v=1

L%

< onta,

where C' > 0 is the positive constant given in (1.6) in Sakhanenko [56]. We set

v = v/ (log (17"))

Since there are more bins than big blocks, the conditions of Theorem 4 in Komlds
et al. [42] are fulfilled. Furthermore, we can choose p by (3.5) such that

a P2t = o <(10g (h;l))_pﬂ) _

—-1/2
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3. Change-point inference on spot volatility

So the remainder term fulfills
(i+1)an o,
max | 30 (L) = 20) = D0 (L) - 20) | = or (van (1og (1)) -
v=1 v=1

Let B be the Brownian Motion in the invariance principle. This implies that the family
(Z;); defined as

Zi = a; 2B + 1)aw) — Blioy,))

are i.i.d. standard normal variables. We set

1 . . _
"= (B (i +1) an) — B (ian) + 0p ((log (n)?) ) .
The scaling properties of Brownian motion and the upper bound given for the re-
mainder term give the desired result using Lemma 1 in Wu and Zhao [61] applied to

(73)i-

Proof of Corollary [3.9]

The proof of Corollary [3.9 works along the same lines as the one of Theorem [3.8f More
precisely,

(a) in a first step, we have to show that the overlapping versions ng can be

K3
replaced by 7?:12 In a second step, we

(b) have to do a shift in the volatility and proceed

(c) by showing that the estimated asymptotic standard deviations can be replaced
by their limits and that

(d) the difference between oracle and adaptive versions is asymptotically negligible,
where the final step is to

(e) use a limit theorem for extreme value statistics similar to Lemma 1 in Wu and
Zhao [61]. The appropriate tool for the overlapping versions is given by Lemma 2
in Wu and Zhao [61], which can be directly applied choosing H as the rectangular
kernel. The latter works, since even if the big blocks may intersect, it is crucial
that the bins remain to be disjoint.

Starting with (a) we will argue that the estimates provided in the proof of Theorem
[3-8] are sufficient to conclude the limit for the overlapping statistics. We have to show
that

ov 2%

Zn,i - Zn,i+1
—o0v 3/4
’Zn,i+1| /

=50V <50V
Rvn,i - RVn,i—i— 1

—— = op(a; % log(n)~1/?).
RVl el ostn) )

max
i:anw-"h;l*an
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3.2. The general nonparametric case

The triangle inequality, the decomposition ([3.25)) and a Taylor expansion yield that it
is sufficient to prove

max \/anlog ‘RV,”— M‘AO.

i:an,...,h;

The key step proving this is to consider the term corresponding to A, in - It
is basically suﬂﬁment to translate the terms A1 1 and A1 2 to0 the overlapping case.
Starting with Ap' we have to take into account the fact that in the overlapping case,
the index set i € {an, ..., h, ' —a,} is a factor v, times larger than the index set for the
non-overlapping case. But since we can adapt the exponent r in the Markov inequality
by ., we get a similar upper bound for Ar'. Considering the corresponding part
to the term Ar? we proceed as follows using Assumption (Ho-a)| and (3.31)):

an |mhn]—1 i—14am)hn
Vlog Z Z wze/j+ v (g(@)(T))Zyaz—afhnmr

ijl

1
< Ln éh ZM 9 s < Lo/ 108 () (conhn)® — 0, a5 1 — 00,

Concerning (b) we have to show that

oV +0vU

max Zn,i — Zn,’i+1 Z Z’IZU’L+1 —0 ( 1/2 10 (n)—l/Q)
- 1 1Z0%,]3/4 Zov. | [3/4 e ¢ '
1=an,....hn —an n,i+1 ‘ n,i+1‘

Again, after a proper decomposition of the terms and a Taylor expansion, it is sufficient
to show that

max % Z0”| = op(a;/?1log(n)~1/?).

) 2 n,i
1=0n,....hn —an

The discussion of this term works very similar as in the non-overlapping case. Using
and the central limit theorem, as presented above, we can conclude the desired
asymptotic behaviour by adapting the exponent r in the Markov inequality. The
third and fourth steps (c) and (d) are analogues of Propositions and Since
the upper bound, which is presented in Bibinger and Reif} [12], is not affected for
overlapping big blocks, we omit the details. Concerning (e) let us only mention that an
additional tool which is necessary is Lévy’s modulus of continuity theorem in order to
control the discretization error. Then, the limit in Corollary is an immediate
consequence of Lemma 2 in Wu and Zhao [61].

Proof of Proposition [3.10]

We decompose the process Y; = Cy + J; + €; with the continuous semimartingale part

t t
Ot:X0+/ a5d8+/ o5 dWs
0 0
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3. Change-point inference on spot volatility

and write RV (C +e¢) for the statistics (3.8)) applied to observations of a process where
the jump part (Jt)te[o,l] is eliminated. We begin with some preliminaries for the proof.
Throughout this proof, K is a generic constant that may change from line to line. For
N™(v,) a sequence of counting processes with N/*(v,) = fg Jg L) >vnya(ds, da),
with y(z) from Assumption we have by (13.1.14) from Jacod and Protter [35]
that

P(Ngn (vn) > l) < Khb ! (3.56)

with 7 from (3.3). We may restrict to the more difficult result for VZU’T with over-
lapping statistics. With an analogous decomposition as in (3.25)), the proof reduces
to

max [RVe, — RVeL(C +e)| = o ((1og(n)an)‘1/2) . (3.57)

) -1
i=an,....hn

We separate bins on that truncations occur from (most) other bins

i \Rvm ~RVY(C +e)

i=am,.. ,h
7
| Z ~2,ad 520d )’
= @ max a r— C+e
2! ma | (o5 Lozt 1<nity ~ Oe—nyn, (€ 2)
l=i—an+1
1

-1 AQad
<a, max‘ Z {‘U(Qeadl)h 21301, (C+5)‘

(2

l=i—an+1
[nhn|—1
+0¢Elm§‘X‘ Z Loz 1<ni > “’J@(SJE(J)+25J€(J)Sjé(€)+25j€(J)Sj€(C))’=
l=i—an+1 Jj=1

and consider the two terms separately. For the second maximum the term with S?Z(J )
is the most involved one and we prove that

i [nhyn]—1

~Q2 _ Qn
max| 3D Ly jagy D aeSHU)| = OP( log(n)> - (83
{=i—an+1 j=1
With some ¢, ¢ € (0,1) the relation
2,ad r—1 thnJ 1. o o1y + 1, .20 r—1
{|0(2 1)hn |<h’ } {Z wjlsjg(J)SChn } {|U(4 1)hn (C+€)|>Ch }

can be used to decompose the term in two addends. First, we prove that

i [nhn]—1

N 2 . Qp,
m?x‘ 2 Lisstnni=1g,, 52, (y<eniy 2 wﬂsﬂ(‘]))_OP< 1og(n)>‘

l=i—an+1 j=1

(3.59)

66



3.2. The general nonparametric case

Using the elementary estimate |®;(t)| < V2hyt? and that >_j>1Wje = 1, we obtain
the bound

[nhn|—1 [nhn -1 n ; 2 [4nhn ] 9
S s = 3 (LAt (L)) <t Y A’
j=1 j=1 i=1 i=[(t—1)nhn |

(3.60)
We deduce the upper bound
i [nhn] -1
mlax’ Z R{ZLT{”J_I@szZZ(J)SCh:fl} Z wjﬂ SJZZ(‘])‘
l=i—an+1 = J j=1
i [nhn|—1
< mlax) Z (( Z Wjg SJQ-K(J)> A ch;_l)‘
l=i—ap+1 Jj=1
i [4nhn | 9
Smax) Z (<2h;1< Z |Af<]|> > /\ch;_l)).
" mi—ant1 i=|(6—1)nhn |
We decompose this term as follows
i [4nhy | 9
max‘ 3 ((2h;1( 3 |A?J]> ) A ch:fl)‘
Y mi—ant1 i=[(=1)nhn |
i » [4nhy, | 9
= ‘ Z:z‘za:n+1 i (i=L(€§1:)nth & JD ]1{ S iy 18T T 1</ T202 }

)

T—1
+ InzaX ‘ Z chy, Il{ sLentin |A?J|>Mh;/2}

i 11 i=[(¢=1)nhn ]

7
—1
< m?X‘ Z 2h, | Jen, — Je—1)n,
l=i—an+1

’ 2

1 -
{1 Tehn —T(0—1ynn |<V/c/207%}

i
+ mlax‘ Z 2h;1(\Jehn — J(-1)hy |
l=i—an+1

2

[fnhy |

2
_ AP V1 o ) .
(i=L(€—Zl)nth| |) ) { S 187 1<V 2202 |

)

T—1
+m?x‘ >, o st apas /aani/?)

i1 i=(€=1)nhn]

=I'1+Iy+1T3,
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3. Change-point inference on spot volatility

where we use the triangle inequality, that 1ip<cy < Iia<cy if A < B, and elementary
inequalities for the maximum. We begin with I's. It holds for @ > 0 arbitrarily small
that

i [4nhy, | 9
~1
Iy §4m?X’ Z ha, ( Z |A;’IJ|) l{zL”h"J |AnJ|<h?/3+w}‘
l=i—an+1 i=|(t—1)nhn] =L T
i [4nhy | 9
—~1 2
+ Qm?x‘ Z h, (‘Jﬁhn — J(Zfl)hn’ — ( Z |AILJ‘> )
l=i—an+1 i=[((~1)nhn |
X Lon 2/3+@y m p2/3teysor Lf2/34m _lnhn) n 21|
(NG, (PP =Ng ) (T z2y R AR <20

with NJ*(v,) from (3.56)). The additional indicator function in the last addend may be

added, since |Jp,, — J(g_l)hn‘ = Zgﬁlzgﬂl)nw |A?J| when there is at most one jump

on the bin. By (3.56) with v, = h?/ % and | = 2, we obtain for the Poisson process

IP’(NZLn(hi/3+w) - N&il)hn(hz/i;-‘r’w) > 2) < W2p722/3+w)
for all £, and we infer that
Ty = O(cnhy hA32%) 4 Op (o log o) LT hy 27(2/3+))
= o(al/?(log(n))"1/2) + op(a/?(log(n))~1/?) .

We used that a,, < hi/ 3 by (3.5)), since a < 1, for the first term and that by Condition
(13.15):
a2 log (o, )/log(n)h TR 2r2/3+=) ¢ (3.61)

Define the sequence of random variables

2
-1
o= <(J"hn =) V1 c/zh;/2}> =L
We have that '
I'i'= max Z 2h;124.

. —1
i=an,shn T

From equation (54) of Ait-Sahalia and Jacod [2], we obtain the bounds

E[ (17, — Jion,| A VaT202) ] < KhohZ072 0 (3.620)
Var ((|Jon, = Jie-1ya| A VT2 B! 2)2) < Khph2r=7/2 (3.62b)
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3.2. The general nonparametric case

Observe that

7 1—Qp,
I''= max 2h_1( Zp — ) < 2h, L' max Zp.
i:anv--wh;l " Z_Zl Zz_; i=1,.. 7h; Kz;

Since fg Jz 6(s, x)]l{v(x)g\/c/ﬁh;/z}(u—y)(dx, dx) is a martingale, (Y _;_, 2h512€)1§i§h;1
is a submartingale as the martingale increments are uncorrelated and a squared mar-
tingale is always a submartingale. We apply Doob’s submartingale maximal inequality
which yields
=
MP’( max ZZh 1z, > A) < on- 11@[224 oc hT(=r/2) (3.63)
i=anhn ' 2] =1

such that P(maxi:an s S 2k 2, > )\> — 0 for \71 = O(h;(r/Q_l)). Thus, I'y

is negligible as long as

/2\/log(n)h71=7/2) — 0. (3.64)

From Condition (3.15) we have that 7 < 2 — 77! and it follows that 8 < 7(2 — r),
what ensures the above relation. Under this condition, I's becomes negligible as well,

since with (3.56)) for [ =1 and v,, = hr/ % we obtain that

) on ()

We have proved (3.59)). Finally, we show that

i

52 ad _ On

and discuss the similar remaining second term for (3.58)). With some ¢,¢ € (0,1), we
use the relation

{\Uﬁeadl)hnbhfl} {ZthnJ L S?Z(J)>ch;fl} {|U(2zad1)h (C+e)|>enn~ "}

With Markov’s inequality, we obtain that

IP’( max |02ad (C+e) >>\vn) <h, 1P<

52940 4 )| > )\vn> (3.66)

k=1,...h;' (E=1)hn
< thE[ orel(C +e)’|
- " (Av, )P
= O(hy, " log(n)v,”) , (3.67)
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3. Change-point inference on spot volatility

using moment bounds from Lemma 2 of Bibinger and Winkelmann [13] under condition
(3.4). We derive that

kz];n&}; X }U(Qkadl) (C+e)| =0p(h,™) (3.68)

for arbitrary w > 0. In particular, for w from (3.5

2,ad - —w/2) _ 79
(C Op(h .
L [67%,,(€+9)| = 0n(1=1) = on (|20

With (3.60)), we obtain the estimate
i

~2,ad
m’La.X ‘ Z {ZthnJ 1 wjé S?Z(J)>Ch;71}a-(£_l)hn (C "I_ 6)‘

l=i—oan+1
7
~2,ad
§max‘ 1 Lenhn ) " 77210 ) (C+€)’
' Z—iza +1 {0y 183715 V/er2m2 7 (=D
=1—0Qn

Since for r7 < 1, we have by (3.56]) that

Ryt
P (i, (Ver2hi/?) = Nippy, (Ve2hi/?)) = 2}) < Khy'h2hy™ — 0,
(=1

we may consider instead
i

~2,ad
mzax ’ Z ﬂ{|J€hn—J(£—1)hn|>\/ e/2hy/ 3% (6=1)hn (C+ 8)‘ )

l=i—an+1
It is thus sufficient to show that

hpt
P( U A (Nioun, (Vel2h/D) =Ni oy, (Vel2hi/?) 2 1) < Khylalhz ™' 0,

k=an

for some [ < oo where we have applied an inequality analogous to (3.56]). This holds
true, since

h;l-‘rla%hrzrrl/? < Kh;1<h}L_B_TT/2)l
and r7 < 2(1 — ) by Condition (3.15). Using (3.60)), (3.66) and that the squared

jumps are summable, we obtain that for 7 < 1 — (3 — 2w)/p with p € N
i [nhn|—1
x| 2 o, crapen Z e S}
l=i—an+1
<h 1 2.0

{max |67, (C+e)|>chh ™1}

_ 3/24p/2(1-7)\ _ Qnp
O]p(h ) (91117( log(n)> . (369)
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3.2. The general nonparametric case

This is sufficient for

i A2 ,ad 79
mZaX ‘ . _Z: B {‘U(Qeadl)hn (C+E)‘>Ch‘r 1} (é 1) (C + 6)‘ ( 10g(n)> . (370)

Equations (3.59)) and (3.69) imply Equation (3.58). Maxima of the terms with cross
terms Sjs(€)S;¢(J) and Sjs(€)S;¢(C) can be handled similarly (or with Cauchy-Schwarz)

and are of smaller order. Equations (3.58)) and (3.65)) imply Equation (3.57) what fin-
ishes the proof of Proposition [3.10 O
Proof of Theorem (3.12]

We have to show that (3.17)), (3.18)), (3.19) and (3.20)) yield asymptotically tests with
power 1. Concerning (3.17)), that is, under [(H;-a)

P (Vo2 ot ((logm)) ™ot )| =1 msns oo (3T

We set

) r— (o . -

n,g — 37 : - 3/4|° 1=0,..., {(anhn) 1J —2 (372)

1 nyi+1
with
n . -1 - ~2,ad ~2,ad
Ci T O[n ; ( hn(’b()én"!‘(z 1)) ]E |: hn(lan+(€ 1))i|)

For 0— | (anhpn) ~10)anhy > anhy /2, set i* = | (anhn)~10]. For 0—|(anhy) 10 anhy, <
nhn /2, set i* = | (ahy,)710] — 1. Since 6 € (0,1), i* > 0 for n sufficiently large. By
the reverse triangle inequality we get:

D) [6_2,ad :| . D) [5_2,ad
— ~ =1 *anhn+({—1)hn, =1 (i*+1)anhn+({—1)hp

n,iJrl‘

First of all, we can conclude by Theorem [3.8] that for all :

Vnz _ (’)p( 1/2)

Then we take into account that the sum over j is convex and J}ZL “(Ci o -(0—1 is already

bias corrected with respect to the noise part. Furthermore, bounding the volatility
from below, using the It6 isometry and

an nhn—1 tanhn+Llhy 2 1 (i+1)anhn
(n) ) 2 d 2 d
Wje » &iji (s)) osdsoc— osds,
(=1 j=1 n(ian+(£—1)) n Jionhn
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3. Change-point inference on spot volatility

we obtain that with a constant ¢ > 0:

1
vV On

Vn > _OIP’<

> el (i*m) < (i + L) (1 - 0p (1)),

with

1 (i+1)anhn
¢ (iym) == / olds.

(7% hn anhn

Note that the denominator in (3.72)) can be ‘absorbed’ by the constant c. We give a
lower bound on |¢ (i*,n) — ¢ (¢* + 1,n)|. Under the alternative hypothesis (H;-a) we
have for the continuous volatility part that

/(i*—l-l)oznhn (Ug,((:) _ 0_2,(0) )ds

+onh
*anhn STQnlin

< anhnLly (anhn)a :

The jump component of the volatility is most difficult to handle for » = 2. If it satisfies
(3.3) with some r > 1, we derive for some constant K, dependent on p the bound

. t r
Vs, t>0: E UO‘?’(]) - 03’(j)‘p‘f5} < KpE[(/ /(’yr(az) A 1))\(d1:)ds)p/ ]
s JR
< K|t — s|(®/MA) (3.73)

With 7 = 2 and for p = 1, we thus obtain for i* = |(a,h,) 10| that

_ OP(/‘(i*+1)anhn ’anhn’m ds)

*anhn

(I*+1)anhn ) ;
/ (0270) ) B Aag]l[o,e)(s))ds

S st+anhn
*anhn

= OP((anhn)s/Q) )

and an analogous bound for i* = |(ah,)~10] — 1. Thus, we obtain that

ls (i*,n) — < (i* + 1,n)| = (anhn) ™ /(i*+1)anhn (02 — o2 ) ds
R ) nlln ] s stanhn

*aphn
(#*+1)anhn ) ) (*+1)anhn
N%ml<ﬂh ﬁyhﬁﬂﬁww—ﬁh U%)fﬂmwﬁ

0 (i*+2)anhn
> (aphy) ! min <‘ / Ao} ds), / Ao} dSD
*anhn 0

- OP((anhn)1/2) — Ly, (anhn)a
1
2

where we have applied the reverse triangle inequality. This implies (3.71)). In the
non-overlapping case two neighboring differences | (i,n) — ¢ (i + 1, n)| incorporate the

> AO’% — Op((anhn)1/2> - L, (Oénhn)a )
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3.2. The general nonparametric case

volatility jump. Our above definition of i* ensures that we consider the most affected
one for the lower bound. A corresponding lower bound for VZU in the overlapping case
becomes simpler as we always include statistics over two neighboring blocks, such that
f is close to the end-point between the two blocks. Proving that

P [Vn < oy, "2 ((log(mn))_l/2 Ca +'ymn>] —1l—a asn— 4o

under is an immediate consequence of Theorem This completes the proof
for (3.17). We omit further details concerning (3.18)), (3.19) and (3.20)), since the

estimates we have presented above can be readily adapted. O

Proof of Proposition [3.14]

We adopt the following elementary lemma, related to Lemma B.1 in Aue et al. [6] and
Lemma D.1. in Bibinger et al. [10].

Lemma 3.20. Let f(t) and g(t) be functions on [0,0] such that f(t) is non-negative
and increasing. As long as f(0) — f(0 — ) > 2supg<;<q |9(t)| for some v € [0,0], we
have that

argmaxo<y<g (f(t) + g(t)) >0 — .
An analogous result holds, if f(t) and g(t) are functions on [0, 1] and f(t) is decreasing.

Proof of Lemma [3.20L

Since

sup |g(t)] —g(f) <2 sup |g(t)| < f(0) — f(O0—n),
0<t<0—~ 0<t<6

we derive that
oJna (£(t) +9(0) < S (f@®) + S l9(t)|
< fO—7)+ sup |g(t)] < f(0) +9(0),
0<t<O—v

such that argmaxg<;<q(f(t) + g(t)) >0 — . O

Let 6 € (0,1) be the change point, that is, the jump time of the volatility. Without
loss of generality 6 = Ao > 0. Define (i* — 1) = [0h,!], the smallest integer
such that (i* — 1)h, > 6 holds. We use the following decomposition of me- for
i=Qn,..., bt —ay:

> —

Vmi =y 1/2 ‘An,z + Bn,i + Cn,z' + Dn,z‘ ’
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3. Change-point inference on spot volatility

where
7 i+an
~2,ad ~2,ad ~2,ad ~2,ad
Ani = Z (U(eq)hn - E[U(eq)hn]) - Z (U(eq)hn - E[U(eq)hn]) ;
l=i—an+1 L=i+1
7 i+o
~2,ad 2 ~2,ad 2
B, = Z (E[U([il)hn] - U(z-1)hn) - Z (E[U(einhn] o U(é—l)hn) )
l=i—an+1 f=it1
7 i+oy
~2 ~2
Cni = Z T(—1)hy — Z T(e—1)hy
l=i—on+1 l=i+1
7 i+
Dn,i — Z 6]].{[21*} - Z 51{@21*}5
l=i—an+1 t=it+1
with (5?) te[0.1] the path of the volatility from that the jump is eliminated:

U(Qf—l)hn = 5(2£—1)hn + 00>y -

By definition, ('&?) then fulfills the regularity properties on |(Hp-a)l This implies

te(0,1]
that
7 itan
Coil =1 > Gliymn = 0im) = O (Gf 1y = TG 1)hn)

l=i—an+1 l=i+1

i i+an

< 2max Z (5(2g,1)hn - 5(21-,1)%) ) Z (5(2@1)}“1 - va(Zz‘—l)hn)
l=i—cun+1 l=i+1

Under |(Hp-a), we obtain uniformly in ¢ that almost surely

% 7

Z (Gl 1yn, = TG1ymn) | < Z [(€ = D)hy — (i = 1)hn|* < an(anhn)®.
l=i—an+1 l=i—an+1

This is sufficient for

max Chil = Op (v an log((anhy) 1)) .

From the proof of Theorem we can thus conclude the following bound:

max (|And| + Bl ) = Oz (v/an log((anhn) 1))

Next we consider a step-wise defined function (g(t))c[o 1) given by

g(Zhn) = 04771/2 (An,z + Bn,i + Cn,l)
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3.2. The general nonparametric case

and (f(t))¢e[0,1) being step-wise defined via

0, for i + ay, < ¥,
San2(i—i* +an +1), fori*—am <i<i*—1,
San(ap —i+i* —1), fori* —1<i<i+am—1,

0, fori>i*+a, —1.

f(Zhn) =

The function f fulfills

. f|[0 P is monotonically increasing and
- f |[9 1 is monotonically decreasing.

. . T7°
We get the following representation of V, ;:

VZ,@' = |g(7’hn) - f(lhn)| :
The calculations above imply that

sup |g(t)] = Op(v/1og((anhn)™1)). (3.74)
t€[0,0]

Furthermore, for i* — cay, < i < i* 4 cay, with any 0 < ¢ < 1, it holds that
f(ihy) > |g(ihn)| >0,

with a probability tending to one as n — +o00. Therefore,

O

Vn,i = f(ihn) — g(ihn),

for those ¢ with a probability tending to one as n — +o0o. For a sequence 7,, with
Yn € [0, aphy], it holds that

PG = Dha = y0) = 80,2 (= by | + an)
and
FUE = Dhn) = F((F = Dhn = 30) = by, 805,72
When we set
Y = had o log(n) < anh,
we derive with that almost surely for n sufficiently large:

J(@ = Dhn) = f((* = 1)hp —m) 22 sup [g(t)] -
t€[0,0]
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3. Change-point inference on spot volatility

Therefore, f ‘[0 0 satisfies the conditions of Lemma This implies that

o Vo ihy > (1" = D) hy —

—1
Qnyeeshpy " —an

(¢* = 1)h, > argmax,_

An analogous procedure applied to the function f }[9 1 yields that

(* = 1)h,, < argmax, —1 Vz’ihn < (" = Dhp + Y -

i=an,....hn " —an

Overall this yields

0, — (i* — 1)hy,

= OP(’YH) = OP(l) y

which completes the proof of Proposition
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4. Uniform spot volatility estimation

This chapter is devoted to present limit theorems allowing for the construction of
confidence bands for the spot volatility process (atz) reo1]"
It is organized as follows. We start with a short discussion on literature on this topic
and afterwards the construction of the key statistic is presented. We will present the
asymptotic theory and conclude the chapter with the proofs of the presented limit

theorems.

4.1. The state of the art

Before presenting the main results, we will briefly discuss the state of the art on
uniform spot volatility estimation. Starting with Kristensen [43], the author considers
spot volatility estimation within the model

dXt = /Ltdt‘i‘O’tth,

with a standard Brownian Motion W. The results on spot volatility estimation seem
to be quite restrictive as the author assumes the processes p, o and W to be mutually
independent. Based on these assumptions, the author proves a uniform consistency
result in Theorem 2 therein and a point-wise central limit theorem for the kernel based
spot volatility estimator.

Another recent work, considering some uniform inference on spot volatility is given
by Kanaya and Kristensen [40], which only address a very narrow setup and not the
general situation we are interested in.

Let us conclude this subsection with a more detailed discussion of the result presented
in Fan and Wang [23]. The main Theorem 2 in Fan and Wang [23] directly tackles
those questions, which we have raised in the introduction of this chapter. More pre-
cisely, for a data generating continuous process (Xt)te[o,l] they provide a Gumbel type
approximation, which allows for uniform inference concerning the spot volatility pro-
cess (Uf) te[0,1]" Unfortunately, the limit in Theorem 2 has been proved under seriously
restrictive aésumptions. In addition to other restrictions they assume

(F1) (o¢)ep0,1] to be a stationary process and
(F2) sup{|os — o] : s,t € [0,1],|s — t| < a} = Op(a'/? log(a)|*/?).

From an application and theoretical point of view it is desirable to relax both restric-
tions.
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4. Uniform spot volatility estimation

Example 4.1 (Diffusion stochastic volatility models). In their seminal paper Hull and
White [30] consider the stochastic volatility model given by the stochastic differential
equation

do? = a(o?)dt + B(c?)dB;

with a standard Brownian motion B. In general, a solution (crtz) is a diffusion, i.e.

te[0,1]
in general the latter is a non-stationary process. Thus, this well known and prominent
stochastic volatility model does not fulfill condition (F1) and therefore, the asymptotic

theory in Fan and Wang [23] is not applicable.

Example 4.2 (Rough and long memory stochastic volatility models). There is econo-
metric evidence for the fact that, in contrast to the classical stochastic volatility mod-
els, the volatility process has the property of long range dependence effects. The latter
is not reflected within the classical framework due to the uncorrelated increments of
the standard Brownian motion, driving the stochastic differential equation determin-
ing the dynamics of the volatility process. We refer to F. Engle and G.J. Lee [22] for
further discussions on these long memory effects. In order to address these empirical
facts, a lot of work has been provided in order to generalize the stochastic volatility
models. For continuous time modeling of spot volatility the prominent model due to
Comte and Renault [18] is given by the stochastic differential equation

do} = (m — o}) dt + BdB}

with a fractional Brownian motion B*.

Whereas condition (F2) doesn’t exclude these type of stochastic volatility models, the
theory presented in Fan and Wang [23] yields suboptimal convergence rates. Uniform
confidence is, however, of interest for the best feasible rate. Otherwise, the confidence
bands are far from being sharp and unreasonably conservative. More recent research
results due to Gatheral et al. [25] give plausibility arguments for rough stochastic
volatility models. Rough stochastic volatility models, e.g. processes with a small
Hurst index H, i.e. H < %, are excluded in Fan and Wang [23] due to condition (F2).

Remark 4.3 (Discontinuous price processes). The question whether we allow for
discontinuous price processes or not, is quite crucial from a statistical point of view,
since the existence of jumps requires a significant modification of the involved statistics
in order to ensure jump robustness. Nevertheless, due to econometric evidence, it
seems to be necessary to allow for non-trivial jump components. We refer to Jiang
and Oomen [39] for an extensive discussion of these aspects. Obviously, the asymptotic
theory presented in Fan and Wang [23] is not robust with respect to a non-trivial jump
component, even if the latter only exhibits finite activity.

Remark 4.4 (Microstructure noise). As we have already argued in the previous chap-
ter, microstructure noise in high-frequency data is a commonly accepted fact. The
theory presented in Fan and Wang [23] is clearly not noise robust. The extension of
their theory to noise robust estimators is postponed to the next chapter.
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4.2. The estimator and some assumptions

In the very recent independent work Koike [41] general approximation results for
maxima of Wiener functionals, based on Malliavin Calculus and Stein’s method, are
presented. Uniform confidence results for spot volatility as an application of the main
Theorem 2.1 given therein are considered as a corollary of the general asymptotic the-
ory. In contrast to this work we will consider Gumbel type approximations and also
allow for a more general model allowing for non-trivial drift and jump-component for

X.

4.2. The estimator and some assumptions

In order to tackle the estimation problem described in the introduction of this chapter,
we will employ the Nadaraya-Watson type estimator I'}?, c.f. Tsybakov [59], given by

~ 1 & )
I = D Ky (t—i/n) (ATX)?, (4.1)
moi=1

with a kernel function K,
K$(Z) = K(Z/.CU) ’

and bandwidth b,,. The estimator will be used for the continuous It6 semimartin-
gale case as it is not jump robust. We will postpone the jump robust version based on
truncated realized power variation to the end of this subsection. Similar assumptions
as in Chapter [3| with respect to the spot volatility process (Ft)te[o,l]’ ie. I'y = o? and
the drift process are necessary.

Assumption 4.5 (The coefficient processes). The coefficient processes a and o are
assumed to fulfill the following properties.

(1) The processes a and o are locally bounded. o is almost surely strictly positive,
that is, infye( 1] o2 > K~ >0.

(2) The modulus of continuity

ws(o)r = sup{|os — o] : |s — 7| < I}
s,r<t
is locally bounded in the sense that there exists a > 0 and a sequence of stopping
times Ty, — 00, such that ws(o)(r,a1) < Land®, for some a >0 and some (almost
surely finite) random variables Ly, .

Remark 4.6. The conditions imposed in Assumption are exactly those which
were used for the asymptotic theory in the previous chapter. In particular, using the
arguments which have already been presented, we can assume the sequence L,, to grow
arbitrarily slowly. The latter ensures that the upper bounds presented in the proof
section can be shown to be negligible.

79



4. Uniform spot volatility estimation

We need further assumptions on the bandwidth (by,),en.
Assumption 4.7 (The bandwidth b,). The sequence (by),cy is assumed to fulfill

(1) b, — 0 and nb, — o,

(2) \/nbylog(n)bs, — 0 and

log(n)+/log(n
(3) g(n) g(n)

nbpn

— 0,
as n — 0.

Let us briefly discuss the assumptions imposed on the bandwidth (b,),,cy. The second
property (2) in Assumption is addressed to modulate the roughness of the volatility
process (Ft)te[(),l]’ such that the rougher the volatility paths are, i.e. a being small,
the smaller the bandwidth b, has to be chosen. Assumption (3) in is due to
strong invariance principles ensuring the strong approximation. The latter serves as
the key technique in the final step of the proof. This assumption and its necessity will
be clarified in the proof section. Let us emphasize that in contrast to the analogue
assumption in Wu and Zhao [61],

log®(n)

b/

we can relax this assumption significantly. The reason is twofold. On the one hand,
the authors intend to impose as less assumptions as possible on the moments of their
error terms, namely the existence of the fourth moment. On the other hand, they also
allow for dependence in the error term, which implies a slower rate of convergence in
the strong approximation. In our case, we will end up with independent and shifted
x? distributed random variables, such that the existence of the moment generating
function is ensured and we can apply better approximation results presented in Chap-
ter 2.

Further assumptions on the kernel function K are necessary.

— 0 as n — 400,

Assumption 4.8 (The kernel function K). The kernel function K is assumed to fulfill

(1) K is a continuous, bounded, symmetric function with compact support such that
supp K = [_17 1]7

(2) it holds that [ Wk s(u)du = O (8) as & — 0, with
Wres(u) = sup {1 @) — K ()] : 2, [ — b+ 8]}
and

(8) the limit Do = lims_o [6]* [ (K(z 4 0) — K(x))? dx exists for some 1 < o <
2.
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4.3. Uniform limit theorem I: The continuous case

Remark 4.9. The class of kernels K which are allowed for our asymptotic theory
include those in the existing literature. In contrast to Fan and Wang [23] we neither
impose differentiability nor some kind of Lipschitz regularity. Let us emphasize that
the compact support property or the symmetry assumption could also be relaxed as
they are only assumed to reduce notation and more technical considerations. Promi-
nent kernel functions as the Gaussian kernel also allow for the asymptotic theory. The
crucial property is that every kernel K exhibits a certain decay behaviour with re-
spect to its tails. The symmetry assumption can simply be relaxed by considering the

symmetrization K, given by K(z) = 1(K(z) + K(—x)).

We will proceed with a jump robust version of Theorem We fix a truncation
exponent 7 € (0,1/2) and define the truncating sequence (uy,)nen, such that u, oc n=7.

A jump robust version of (4.1)) is given by

L . n
b= > Ky (t—i/n) (ATX)? 1 (]a7X|<un} - (4.2)
" i=1

The general discontinuous case will provide further error terms due to the non-trivial
jump component. Therefore, we need further conditions on the bandwidth b,,, ensuring
the additional terms to be negligible.

Assumption 4.10 (The bandwidth b, II). For some p with 1 < p < (2r7)~! and
some £ < 0o, the sequence (by), o is assumed to fulfill

(1) PEZO = o(1) and

(2) \/nb, log(njn™=2) = o(1),

as n — Q.

4.3. Uniform limit theorem |: The continuous case

We will start presenting our asymptotic theory for the continuous case. More precisely,
we will prove a limit theorem for quantities of the form

sup ‘f? - 1",5‘ . (4.3)
t€[0,1]

The Gumbel type approximation, which we will prove in the main theorem of this
subsection needs a further rescaling of the statistic (4.3)), since otherwise we could

only ensure a limit with a conditional rescaled Gumbel distribution. Therefore, we
will replace (4.3) by the rescaled version

il
sup ——=—,
tef0,1] V2T
which is more appropriate for further statistical inference, e.g. testing and confidence
sets, as it will provide a distribution free limit.

(4.4)
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4. Uniform spot volatility estimation

Remark 4.11. Due to the missing rescaling in Theorem 2 in Fan and Wang [23], we
think that the limit presented therein only holds for ¢ = 1. Of course, the extension
to o = ¢ for some constant c¢ is straightforward, but needs a modification of the limit
distribution as it is a different rescaled Gumbel distribution.

In order to formulate the main theorem of this section, we need further notation. For
a, K .
my, > 3, we define the sequence (dp"" ),>3, given by

1 2 —« Cr o H, 21
doK = /21 log(1 log | =0 a”
n og(n) + > fioa () [ - og(log(n)) + og( NG )]

with
Cka = Dro/2\k and Ak = / K?%(s)ds,
R

and H, being Pickand’s constant, c.f. Bickel and Rosenblatt [14] or (2.27)) in Theorem
2271 We set

M, = sup M,(t),
tel0,1]

with

Ty — rt’

vare
Theorem 4.12 (Uniform estimation of spot volatility). Under the Assumptions
it holds with my, = 1/b, that for all

P [(QIOg(mn))l/z <%Mn - d:;f) < x] — exp(—2exp(—z)). (4.5)

Using Theorem [£.12] we can construct asymptotic confidence sets. Choosing b, =

M, (t) =

n_Tlﬂ optimally under Assumption yields confidence bands at almost optimal
rate. We set z5 = —log(log(1 — 3)) /2 and define the set Cs given by
Cs = |Tris Thns)

with

T 2a0+1

fn,a _fn_ ( Z3 _|_da,K> V2)‘5F?,

a
T 2a+1

Fra _ < N da’K> VgL
o .
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4.4. Uniform limit theorem II: The general case

Corollary 4.13 (Confidence band for spot volatility). The set Cs is a (1 — ) simul-
taneous confidence band for the unknown spot volatility process (Ft)te[o,l]-

Proof of Corollary
This is an immediate consequence of Theorem O

Remark 4.14. For o € {1,2} the values of Pickand’s constant H, are known and
Hy=1and Hy =71/ 2 i.e. this enables uniform confidence for a large class of kernels
K. Beyond this well known cases Theorem [4.12]is only of probabilistic interest.

4.4. Uniform limit theorem Il: The general case

In this section we will extend the asymptotic theory developed in the previous section
to the general case. That is, we will prove a limit theorem for quantities of the form

sup ’f;g - rt‘ . (4.6)
tefo,1]!
We further set

Mn,T = sup Mn,r(t)a
tel0,1]

with

i, —r
nr(t) Vaty,
Theorem 4.15 (Uniform estimation of spot volatility). Under the Assumptions

[4.9, -7, [4.8 and [4.10 it holds that for all =
Vnby
P [(210g(mn))1/2 < -
VAK
Using Theorem we can construct asymptotic confidence sets. We define the set
Cp.7, given by

M, ., — df,;f) < x] — exp(—2exp(—z)) . (4.7)

_ |pn,a "n,a
CB’T o |:Ft77—7£75’1—‘t77-7u7:8:| ’

with

trl,8 Ft,T -

fn,a n ( 2B + da,K) \ 2)\KI‘ZT

t,T,’LL,B = th 210g

“n,a “n Zﬁ + dO‘vK \V4 QAKF%/L,T .
(mn) !

Corollary 4.16 (Confidence band for spot volatility). The set Cg, is a (1 — f5)
simultaneous confidence band for the unknown spot volatility process (I't)ic(o,1)-

Proof of Corollary
This is an immediate consequence of Theorem O
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4. Uniform spot volatility estimation

4.5. Proofs

This section is intended to present the proofs of the main theorems. We will use an
universal constant C which may change from line to line. Furthermore, we will use the
notation C), to indicate that the constant depends on an external parameter p. The
constant will never depend on n.

Proof of Theorem [4.12)

The proof of Theorem is quite lengthy and will be split into several parts. The
crucial step of the whole proof is to replace the true price process increments A" X by
(properly rescaled) Brownian increments A?W. First of all, we assume nby, b,* € N,
such that there is some k € N, fulfilling k/n = b,. This assumption is only due to
notational convenience. The general case can be concluded very similarly.
Furthermore, we define some repeatedly used abbreviations. We set

Ky = K, (t = (ibn +0/n),
ie. Kgf = Ky, (t — £/n). We also set, for any stochastic process (L¢),

n e —
ApiL = Libn+§ Libn#% :

We will use a generic constant ¢ > 0 which may change from line to line and the
sequence v, given by

nlog(n)
bn ‘

VTL =
Finally, we define indices ti{[ given by
; l
7€ —

The approximation described above can be pursued via

bpt—1
E
t b Z Tiby, Z KZ AZ i
Proposition 4.17. Under the assumptions of Theorem [{.13 it holds that
‘fg ~Ty ’F? ~Ty

= =n
n
Ft

Ly

0. (4.8)

nby, log(n) sup
te(0,1]

Proof of Proposition [4.17]
The following decomposition holds:
rr—-r, T;-Ty
e I

~ (1 1 I 11
ry Iy I, I, ry
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4.5. Proofs

This yields the following upper bound via the reverse triangle inequality and elemen-
tary properties of the sup;¢(g 1

= (I) + (II) + (III).

We start with the term (II). It holds that for every 6 > 0

rr—T;
P | sup v/nbylog(n)——— >0
te[0,1] I‘t
-1y .
=P | sup /nb,log(n)—— >¢, inf T, > K— k™
te[0,1] : t€[0,1]
[ Iy -7
+P | sup v/nb,log(n)——=— >4, inf T}, < K— K~
te[0,1] r, te[0,1]
<P | sup y/nby,log(n) IA“? — (K=r")
| t€[0,1]

—{—]P’[lnf Iy < K—r~ ]
t€0,1]

= A,+B,.

We start with A,,.
It holds that

by =1 [nby nbn
f? ﬂ Z [ZK’Lf Ez zb ZKZZ Afz ] :

=0

Using It6’s formula, it holds that

il il il

tn 1238
(AZiX)zz /t“ (X, — X 1)or dW; +2/t”1(X — Xyie- 1)aTdT+/Mla$dT

@0 0,0
n n

t t
n 2
( é,iW) = Q/ti,el(WT — Wt%e—l)dWT +/ti,el dr.
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4. Uniform spot volatility estimation

This implies the following decomposition with respect to f? — f?

b =1 nby, it
i f’”—2§ SR (X, - X, 2 (W, = Woirs)d
t Tt T t,n M_l( T t#*)UT—Uz‘bn( T t#fl) T
" =0 ¢=1 n
1 b ' =1 nby, £t
0,0 2 2
+ bi Kt,n (UT — 05 )dT
n ‘ tz,éfl
=0 /=1 n
9 bpl—1 nb, y it
+— K (XT - Xti,e,l) ardr.
bn ’ ¢t -1 n
i=0 /(=1 n

Thus, we can decompose A,, via
A, <A+ AL+ A3,

such that Al is given by

bn'—1 nby, firt
i,0 2
P sup vp E E Ktm/ul(X‘,- — Xt;b'),z71)0‘,- — Uz’bn(WT — Wtiiéil) dr| >c s
t€[0,1] im0 =1 tn ’
A2 is given by
bn'—1 nby, y firt
P | sup vy, E E K, /‘Z 1(03 — o3, )dr| >c
t€[0,1] =0 =1 tn

and A3 is given by

il

by ' =1 nby, th
P | sup v, Z ZKtli / (XT — Xti,é—l) ardr| >c
te[0,1] ‘=0 = it "

n

We start with AL and employ a further decomposition
(XT — Xtil,e—l)O'T - (WT - Wti;e_l)o-zzbn

T T

=0, ay du + (o7 — ogp,) o AWy,
fil=1 {1
n

-
+ o, /‘z 1(0u_0ibn)qu~
tnt T

This yields the decomposition

Ap S AT+ AT+ A,
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4.5. Proofs

where Ab' is given by

bn'—1 nb, N

. n T
P | sup v, KZ’fL/ 07/ Ay dudW,| > c| ,
) i0—1 i0—1
t€[0,1] =0 (=1 tn tn

12 . .
Ap” is given by
. il
TL

sup v, Z Z Kt / or — 0, /tiyé_louqudWT >c
0 [ n n

te[0,1]

and finally AL? s given by

bl —1 nb, .
£
sup vy, Z ZK’ /M T, /ﬂl(o'u—o’ibn)qudWT >c
t€(0,1] i—0 (=1 tn

We start with A}L’l and set

nbpn

N
g Z Kito / G dul s i (7).

This implies the representation

bl G
AV =P | sup v, Z / qf{’t(T) aw.| >c
t€[0,1] i—0 < ibn

We need a further decomposition:
Set v, = n? and t; = j/v, for j = 1,...,v,. Note the difference between the indices
5" and tj. Then the following decomposition holds

P | sup v, Z/ qnt( )dW,| > ¢
tE[O,l] 1=0 ‘n
Sl Db t1 t

<P | max su v, Ly = ot AW, | > ¢
- 1<j<vn get; Il),t] " izg /zn (qm( ) an( ))

bl 1 L (i41)b, i
+P | max v, Z;/ ¢ (1) dWy| > c| |

1= n

i.e. there is a decomposition

1,1 1,1,1 1,1,2
Ayt <A+ A,
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4. Uniform spot volatility estimation

Starting with At it holds that,
by -1 -
t,1 i\ ¢ ¢
) — B r) = z; (K — K o, /t L dul g o (7).
= n

In order to exploit the regularity of the kernel function K, we have to rewrite the sum
as an integral using the floor function | |. This yields

t — (iby + £/n) t; — (iby + ﬁ/n)] }

7,0 il
Kt,n - Ktj n

< sup { K(z) - K()] 2,7 € [

by, ’ by,
and
nbpn nbn,
.0 1,0 i,|u i, | u
Z(Kt,n - Kt]-,n) = /0 (KtTLL I _ Ktj%nj)du
(=1
=0 (/R Uk o(u) du>
_ o (1t
_0 ( il
i.e.
_ =t
b,
Burkholder’s inequality and 7 € [ti;g_l, tf{g] yield
ti{e T til’e T 2 %
/ 0'7-/ ay dudW, | = Op (/ <O‘T/ Ay du> dT)
t;,e—l t}‘n’271 t%271 t;’271
Since T € [tf{g_l, tf{g] it holds that
or /tul ay du| = Op(th* — t571) = Op(n71).
Furthermore, t € [t;_1,t;], i.e.
[t — ] —2;-1
Note that
1
# {(i,é) e N? :b—(t — (ibp, +€/n)) € supp K} = O(nby,) (4.9)
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4.5. Proofs

and
1</4<nb,,

which imply, with Cauchy-Schwarz and Burkholder inequality, the bound

bat=1 .
nlog(n) |’ /(Hl)b t,1
max  sup ————— 4, ,(T) — qn ; dW.
1=5<vn teft; 4 ,t;] Vbn ; ibn, ( (7) ( ))

= Op (\/n 1og(n)ng/Qb}/%—?bgln—l)
= Op(l) .

We can proceed with Ap'?. We use Markov’s inequality applied to the function
z > |2|*™ with m > 0 and m € N. Then we have

bl Tl (it be ]

7
P énjz%);n Un Z; /n Gy (T)dWr| > ¢
-1 .

Un by, —1 (i+1)b t,1
<SPl [ s
j=1 i=0 " ibn |

_ (i41)b 2m
(nlog(n))™ < =
< CmT ' E Z ) dW,

Considering the expectation, we employ (4.9), the triangle inequality, Burkholder’s
inequality and Jensen’s inequality, such that it is sufficient to bound

</ib(:+1)bn (qfi;l(T))Q dT)"L]
. (/(i+1)bn E |:<quj,;1(7-)>2m:| 1/m dT)’”

(i+1)bn 2m

<E

E

ibn

Since T € [tif L Z) it holds that
t; 1 2m
E [(qm (T )) ]
nbn 2m

N4

=F (Z Kf Jq—/ ay du]l[ i1 t%z)(ﬂ)
[nby 2m
it 2m T

=E Z (sz_m) azm e oy du ﬂ[tigefl,tf{[)(T)

Le=1
=O(n=2m).
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4. Uniform spot volatility estimation

Due to Assumptions and Burkholder’s inequality it holds that
1 m (i+1)by, _ om11/m m
(nlog(n))™ / E|(4'm) dr| = O ((nlog(n))™b; ™o n2m)
by ibn "
= O™ log™ (n))

n

if m is sufficiently large. This implies Ay = o(1) and so Ayt = o(1).
We can proceed with AL? and define

-
N
qnZ ZKZ n)/ti,é—l Oy qul[t:{Z—17tiZ[)(T)'

This implies the representation
bl =1 (i41)by, )
A2 =P | sup v, Z / qf{i(T) dW.| > ¢
t€0,1] i—0 Jibn ’

We need a further decomposition
AL < AL2L L gl22

with Ap?! given by

b =1 n(i+1)bn ‘9 t,2
P| max sup vy Z / (qn’i(T)_qnz( )) dWr| > ¢

)

1<5<vn teft;—1,t4] =0 ibr,
and AL>? given by
-1
b1 (i41)by t 2
P | max v, Z i (T)dWr| > ¢
15i<on | = i,
1=

We omit the details verifying Ay>' = o(1), since it works similar as for the term
AL
We proceed with A}{Q’Q,

br (+Dbn ]

P | max v, / q’ (1) dW,| > ¢
1<j<0, " ZZ; it ni (1) Wz

Un bn =1 (i+1)b, - 1

<> P |wn Z/ g7 (1) dW-| > ¢

j=1 i=0 7ibn |
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4.5. Proofs

Markov’s inequality applied with z — |z]2m7 m > 0 and m € N, yields

byl—1

(Db,
P v, Z/ Gy (T)dWr| > ¢
i=0 *ibn
p=1_1 ) 2m
1 m n (i+1)bn
scmmf,ﬂ”))E Z/ g (1) dw,| |
n =0 n

whereas Burkholder’s inequality, triangle inequality, (4.9) and the generalized Minkowski
inequality yield

b1 2m

E (i+1)bn, t 2
> a7 (1) dW- < CpE
i=0 n

For a fixed 7 € [t?f !

=[(it)"] - )2 i ([ )

=1

.55 it holds that

X ]l[tingl,ti;[)(T) = O(b%man—m) .

The boundedness of the coefficient processes, the regularity of (Ut)te[o,l] and Burkholder’s
inequality yield

2m

bi' =1 (i 1)by
/ qﬁ( ) dW- =0 ((nlog(n))mb;mbim“bﬁn_m)

(nlog(n))™
|| &
=0 (logm (n)bim“)

= O(Uil) ’

n

due to Assumptions [£.5] and [£.7] for a m being sufficiently large. This completes the
term Ay?? and so Ay
We can proceed with A1 3. We define the step functions q g1ven by

qnl ZKtn zbn/.’ 1(Uu )dW l[tze 1712)(7')

and use the representation

bpl—1

(’L+1)bn t3
AP =P ts%pl] Un Z / i (T)dWr| > ¢
€, i=0 “n
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4. Uniform spot volatility estimation

We have a decomposition similar to the previous ones,
1,3 1,3,1 1,32
Aw < AT 4 A

with Ab3! given by

byl—1

(i+1)by,
t,3 5,3
P | max sup  Vpn / (qn,i(T) - qnj,i (7')) dWr| > ¢
ISisontelt; vty | =0 Jibn
and AL>? given by
b =1 L
n (Z+1)bn t'3
P 7 aw.
gl X ), >
= n

We omit the details on A>! and proceed with AL?2. Tt holds that

byl-1

(b,
VR
P max vp Z/Z G (T)dWr| > ¢
i=0 n
n bl L b |
SZIF’ Un Z/ g (T)dWr| > ¢
j=1 i=0 vibn |

Markov’s inequality with z ]z|2m, m > 0 and m € N, Burkholder’s inequality,
Minkowski inequality, triangle inequality and (4.9) yield

bi' =1 (i41)b, L
P v, Z/ i (T)dWr| > ¢
i=0 7ibn
. 2m
1 m (i4+1)bn _
scm(”of,ffmla / 07 (r) AW,

m (i+1)bn A om1 1/m m
< 0, L8 ([ e ()] )

Again, for a fixed 7 € [ti{g_l,tigz), the boundedness of K, the It isometry, standard

Lebesgue upper bounds and the a-regularity of the volatility yield
nbpn

E [(qﬁi?(ﬂ)m] = (K;JZ"> T (/tz‘iiel(au —y,)° du) m]
=1 5

X Loty (1) = O "82).
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4.5. Proofs

Overall, via (4.9) and triangle inequality, this yields the bound

blol am
nlog(n))™ K (i+1)bn
e || [ a,
n i=0 *"n

= O ((nlog(n))™b, ™br b2 n~™)
= 0 (log™(MIZ"™) = o(v;, )
if m € N is sufficiently large and due to Assumption This completes the term
Ap®? and so Ay®. This yields AL = o(1).

We can proceed with A2. Therefore, we define functions &}, , given by

nbp

Z ]11217,[)(7—).

Then it holds that

—1 nb it
1 n
P | sup nog ZZ / (02 — o3 L)dr| >c
t€[0,1] i—0 (=1
1 (i+1)b
=P | sup nog Z/ )02 — o}, )dr| > c
te(0,1]

Proceeding with the triangle inequality and Assumption it holds that

1 z+1
sup n og Z / 7) (02 — Jizbn) dr

t€[0,1]
/'n log (i+1)b ) )
< sup ()07 — o, ) dr
te[0,1] Vbn Z &
b -1
/nl (i4+1)b
< sup " og / ’03 - o*?bn} dr
te[o 1] n

= 0p (Wbﬁ;) = op(1)

due to (4.9), triangle inequality, the boundedness of K and Assumption We have
completed A2 and can proceed with A3 .

Therefore, we use a further decomposition

A, <AV + AT
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4. Uniform spot volatility estimation

with A given by

nby, 4irt

P | max sup v, Z Z /w 1(XT_Xti,E—1)a7-dT > c
tn' "

1<]<v"t€[t] 1,t] —0 -1

and A2 given by

bnl—1 nb,
P | max v, Z / (X, XM Vardr| > c¢

1<j<un

We start with A>'. First of all, the regularity of K and a proper integral representation
imply

nbn
> (K, - KiL) =0 ( /R g (1) du)

=1
= O(n"by,)

with o = |t — t]" /an and t € [tj_l,tj].
Burkholder’s inequality, the boundedness of the coefficient processes and the standard
Lebesgue bound imply

t t* T 1/2
: _ 2
/t,i,,:él(XT - Xt;,e_l)aT dr = Op (/ti,él </tz',e1 o du> dT)
= Op(n~'n"1?).

The Cauchy Schwarz inequality and (4.9) imply
—1 nby ) tiil
max  sup Z Z / Z—I(XT — X,ie1)ar dr

L<ji<vn geft; 1tj] ‘=0 =1 th

=0Op ( nlog(n)n_l/zbgl/zn_Qb;1n_1/2>

. 2 .
We can proceed with As’{ via,

b iy
nlog(n)
P -~ X=X d

3 V/nlog(n) > Z/_’ (Xr = Xyo1)ar dr| > ¢
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4.5. Proofs

Furthermore, with Markov’s inequality applied to z — |z]", r > 0, ., the tri-
angle inequality, the generalized Minkowski inequality, Burkholder’s inequality, the
boundedness of the coefficient processes and the boundedness of K, we can proceed
as follows:

nlog(n) b lnb"
p | V08T XT—XM,l)aTdT >c
t]7 tn
1= 0 Z 1
(nlo T/2 nbn n "
<c gr/2 ZK;Z /_/Z (X7 — Xy 1)aq—d7']

7,0

tn
/t_ (XT —Xt;,e—1)a7 dr

i,0—1
n

< Crn3r/2(bn log(n))T/QE [ ]
tze 1/r "

< Cn®/2(b, log(n))"/2 /e 1 HX ~ Xy } dr
t74

= O ?(by log(n))/*n~"n""/2)
= O((by log(n))"'?) = o(v; 1),

if r is sufficiently large. This completes the term A3? and so A3. Overall, we have
completed A,.
We can proceed with B,,. We have to bound the probability

[mf F < K-k~ ]
t€[0,1]

byl-1 nbn
=P telr(l)fl — Z Tib,, ZKM Ah 2 K— k™
i=0

Using a Riemann sum approximation [K =1 and K~ < inf o? we can proceed as

te[0,1]
follows, using
bpt-1 bnt-1 nb,
D WEED IS (a10)
It holds that
bnl—1 nby,

te[01]b Z anZKM (A7 W <K~k

byl—1

=P f— K (VA <K=k
B 2 wnZ (VAALW)? < K= r
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4. Uniform spot volatility estimation

bpt—1

=F t€[01 b Z anZKM W)2_1)<_

nbn

b1
=P sup—z anZKM ApW?=1) >k,
tefo,1] ™

—1
where we have subtracted Zgio_ fb ?bl K o on both sides and applied (4.10]).
The last equality is a consequence of the elementary identity — inf(S) = sup(—9) for
any set .S. Thus, we can split B,, via

B, < B, + B,
where B! is given by

byt—1 byt—1

i n R
P| max sup Z 8 Z — K ) (VAW = 1)) >

Isj<vn geft; 1,t]]

and B2 is given by

b; -1 nbn,

P Z zanKM (VnALW )2 —1) >%

1<]<Un nb

We start with the first probability and use that (/nAp,W ) —1 = Op(1) via Burkholder’s
inequality, the regularity properties of the kernel K , and triangle inequality it
holds that

1 byl—1 nbn,

max suwp | S0 o, D (K = KL (VAL = 1)

1<j<’l)n te[ ht ] i—0 =1

=0Op (/R Uk o(u) du) = Op(0),

with o = |t —t;| /2by,. Therefore, it is sufficient to consider the probability

b, 11 nb, _
7,6 2 L
P 1<j<vn nb Z Tibn Z Ky, “W) D) > 2
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4.5. Proofs

Note that for every i ((v/nA},W)? — 1)), is an i.i.d. family of centered random vari-
ables. Thus, we can argue with the classical central limit theorem which yields

bplo1 nbn i
P | max > oh DR WRSLIV) - 1) >
= =
Un 1 byt—1 nbn . i
<D P | Y 0h, DK (VRALW)? — 1)) >
=1 " =0 =1 ]
on 1 byl—1 nbn "
SC Y B D o Y KW (VRALW)? = 1))
j=1 i=0 (=1

= O(vn(nbn) 77”/2) )

where we have used the Markov inequality with an exponent r > 0, the , the tri-
angle inequality, the boundedness of K and the boundedness of (0);c(o1]- For 7 > 0
sufficiently large, it holds that O(v,(nb,)~"/?)) = o(1) which completes B2 and so
B,,. Finally, the term (II) has been completed.

We can proceed with (I). For every § > 0 we have

[sup \/nby log(n F”( ! ) >5]
t€[0,1]

=P | sup /nb,log(n ” S
t€[0,1]

TL K? —
=P | su nby, log( ” tA > 0, mf I‘”I‘ >

t€[0,1] t€f0,1
T” r K= k)2
+ P | sup y/nbylog(n " Lt ) >4, inf I‘”F < (7K)
t€[0,1] rer t€(0,1] 4
—=n K= r7)?
<P | sup /nby,log(n ”(I‘t > M (4.11)
te[0,1] 4
cE=h )
P f F”F . 4.12
+ Lel?) 1] ¢ 4 ( )
We start with (4.12):
— )2
[ inf DO M}
t€[0,1] 4
K=k~ K=k~
<P|linf 7<= " | 4P| inf T/ <——" |, (4.13)
t€[0,1] 2 t€[0,1] 2
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4. Uniform spot volatility estimation

The second probability in (4.13)) has already been considered in B,,, where we exploited
the boundedness of the volatility from below. We proceed with the first probability.
It holds that

- Kk
IP’[ inf Tn<——" ]
t€[0,1] 2

=~ K=k~ =~ K=k~
=P | inf T} < i , sup ’F?—fﬁ‘g i
t€[0,1] te[0,1] 2

BN K=k~
inf T} < ——, sup

~ K— k™
+P ry — ﬁf‘ > "
t€[0,1] t€[0,1] 2
_ o~ K— k™
gP[inf F?<K—m]+ﬂﬂ> sup [T — T, | > Al
te[0,1] te[0,1] 2

Both probabilities have already been considered. We can proceed with (4.11]). We use
the decomposition

N N - -2
P [ sup +/nby,log(n)I'y (ﬁ? - F?) > ($(K4H)]

te(0,1]

(=0 S(K— k)2 S
=P [ sup +/nby, log(n)I'y (Ft - F?) > M, sup I} <2(KT +x1)

t€[0,1] 4 te[0,1]
(4.14)
~n (=n A S(K=— k)2 -
+ P | sup \/nb,log(n)I'} (I‘t - F?) > (7/”, sup I > 2(KT + k™)
te[0,1] 4 t€[0,1]
(4.15)

We start with (4.14]). It holds that

~ e =~ K— k)2 ~
P | sup /nbylog(n)l'} (Ft - F’f) > 5(4%), sup I} <2(KT + k™)
t€[0,1] te(0,1]
—n fy 6(K7_ Kli)2
<P by 1 r, -Iy)> ——=~1,
<o v 1)

i.e. this follows from A,. We can proceed with (4.15]):

~ ~ S(K— k)2 ~
sup +/nby log(n)I'y (T? - F?) > ﬂ, sup I} > 2(KT + &™)

P
t€0,1] 4 te[0,1]

<P| sup f? >2(Kt + M)
t€(0,1]

+P

sup f?—ﬁ;‘>K++/€+

<P | sup f?>K++H+
te[0,1]

te€[0,1]
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4.5. Proofs

Only the first probability has to be considered. In contrast to By, in this case, we
have to bound the probability from above via K. A Riemann sum approximation,
[/ K =1 and

by t—1 byl—1 nbn

2 zanK”< 2 KT K

yield the following bound:

b1 nbn
N +
sup — KZ 2> Kt 4kt
te[mb 2 T 2
b1
=P | sup — KM W)? > KT+ st
B + 2 zbnz
[ nbp
<P|sup — Z anZKM \/ﬁA?iW)Z—l)>fﬁ+
vf0,1] nb ’

Due to the same argument and decomposition applied to By, it is sufficient to consider
the probability

b_ -1 nby,
P | max — Z anZKM ((ayw 2 —1) > k"

1<j<vn N

byl-1 nbn "

<O E| z h KW )
j=1

= O(Un(nbn)_T/Z)
= 0(1) )
if r is sufficiently large via the central limit theorem, (4.9)) and the triangle inequality.

This completes (4.15) and (4.11), i.e. overall, the term (I) has been shown to be
negligible. We omit the details on (II), since the procedure is exactly the same,

bounding the volatility from above. Thus, Proposition is shown. O

In order to apply limit theorems stated in Section we need two further approxi-
mations. Therefore, we define the quantities

—1 nby,

By B3R /

=0 /=1
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4. Uniform spot volatility estimation

and

byt-1 nbn
I—\/n o 1 2 Ki,@
t = b, Z Uibnz tn
i=0 =1

We have to show the following convergences in probability. The first one is given in

Proposition 4.18. Under the assumptions of Theorem[{.17 it holds that

sup |7 —I'7| = op((nby, log(n))~/?).

te(0,1]

Proof of Proposition [4.18
It holds that

sup |T7 —T"¢
te€[0,1]
| bl )b, .
—swp | S0 [ k()0 o) ar
te[0,1] |Yn 5 Jibn

= Op(b},) = op((nby, log(n)) /%),
where we have used Assumption the triangle inequality and (4.9)). O

The second convergence in probability is

Proposition 4.19. Under the assumptions of Theorem[{.17 it holds that

sup ’f? — Ft‘ = op((nby, log(n))*lﬁ) .

t€[0,1]

Proof of Proposition [4.19

For a proof of this convergence we refer to Section A.1 in Kanaya and Kristensen [40)].
Therein the term Ry contains the proof of the approximation above. The idea is to
define proper step functions and to exploit the a-regularity of the volatility process
proving the bound Op(b%). Note that the setting and assumptions imposed therein,
especially the non-standard assumption K.1 are compatible with our assumptions,
since we assume our kernel to have compact support and the volatility to be uniformly
bounded and fulfilling the a-regularity due to Assumption 4.5 O

Using Proposition [4.17}4.19] it is sufficient to consider the term
1 n
— Ky (t—1i ; .

The family of random variables (7;),cy, With

 (VaArw)® -1
i = \/§ s

are
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4.5. Proofs

- independent, centered and normalized with
- shifted x? distributed random variables.

The latter ensures the existence of the moment generating function. Hence, we can
apply the approximation explained in Remark We define the partial sums Sy =
Zle n; and Ty = Zle Z; with standard normal random variables Z;. It holds that

max |Se — Ty| = Op(log(n)).

It is sufficient to consider the sequence of stochastic processes U™ given by

U = mZKbn —i/n)n;.

Furthermore, we define another sequence W given by

1 n
Wr =S K, (t—i/n) Z
t m; bn( Z/n)

We will use a Brownian motion B from the invariance principles such that stochastic
analysis tools are applicable. Therefore, we use the stochastic integral representation
of Wm,

th:\/%/onz(bn(t lu+1]/n) dB, .

Abel’s partial summation and the boundedness of K yield

Ut =W/
n—1
— Z KOn Z (Z ) KOZ Kgf—i—l)
v /=1 \i=1

= O(Ry) [1+/R\IJK,Q (t_b:/"> du} ,

where the latter bound holds uniformly in ¢ and

1
nby,
R, = max|Sg Tyl //nby, .

Q:
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4. Uniform spot volatility estimation

We have to bound R,, properly. Therefore, take into account that

|Se — By
1 = —*
max \/ og(n) e
|Se — By| log(n)
Vnb,, log(n)
_ e 190 — Bel log(n) y/log(n)
t<n  log(n) nby,
=045 (1)o(1).

= 1
max \/log(n)

The scaling invariance of the Brownian motion and a change of variables imply

d o~
Wb, Jo<s<rnt = (Vi o<scpz?

1
fft”:/an<t—L1+nban) dB, .
0 nbn

The key step is to pass from the processes Y™ to another sequence of processes Y,
being stationary and Gaussian. This sophisticated construction has already been
presented in Wu and Zhao [61], where Y™ is given by

with

Y = /RK(t—u) dB, - 1o 1)

Y;n_y;n

= Op(ry) =

op(log(n)~1/2) has already been pursued on page 406 in Wu and Zhao [61]. Therefore
we omit the details. An application of Theorem with 7' = b, ! yields the desired
limit theorem, such that the proof of Theorem is completed.

being stationary and Gaussian. The approximation sup,., ;-1
—=vt=Yn

Proof of Theorem [4.15]

We have to show that

20 (4.16)

nby, log(n) sup ‘f?T—f?
te[o,1]'

holds. Theorem then immediately follows from Theorem We use the de-
composition

Xe = Xo+ X7+ Je,

¢ ¢
Xtc:/fisds—}—/adeS.
0 0

with
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4.5. Proofs
The purely discontinuous local martingale (Jt)te[o,l} is given by

Jt:/Ot/Ré(s,ac)(,u—V) (ds,dx)

and @; = a; + [ E((s,z)) A(dz). It holds that

r -y = ZKbnt—z/n ((AFX)1g p x|y — (ATX)?)
and

(A?X)Qﬂ{|A?X|§un} — (A7 X)?
= (Af X"+ A?J)Ql{mx\gun} — (A7 X)?

((AFX)? + 207 XALT + (AL Ly ppx|ca,} — (ATX)
= (A?XC)QI[“A?XP%L} + 2A?XCA?J1{|A?X|§W} + (A?J)2]1{|A?X|§un} )

Thus, we have to bound the following three terms:

nlog(n) , nyc
sup @ZKbn(t —i/n) (A} X )21{]Anx\>un}’ (4.17)
t€[0,1] — '

nlog(n) — .
sup @ ZKbn(t _ Z/Tl) A?XCA?J1{|A"X|<U71} , (4.18)
te(0,1] ; T

nlo
€lo,

It is sufficient to consider and (4.19) only, since (4.18)) is a simple consequence
of (4.17) and (4.19)) via Cauchy Schwarz inequality. We start with (4.17)). Using the

main theorem in Fischer and Nappo [24], it holds that max (A?X¢)? = Op(n~'log(n))
(2
and max |ATX¢| = 044 (uyn). We will stick to the ideas presented in Bibinger et al.
7

[10] and Chapter 13 in Jacod and Protter [35].
We use the decomposition

X — X/n_i_Xl/n’

with

t
nm __
Xt _/0 /Ré(87m)]l{’y(x)>u£} //L(ds,dl')

and

X=X, — X"
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4. Uniform spot volatility estimation

We define the sets A7 = {|ATX""| < u,/2} and the counting process N, given by

t
N} = /0 /R]l{v(xbu}ﬁ} wu(ds, dx) .
We know from (13.1.10) in Jacod and Protter [35] that

E

n n
n\C
Zﬂ{mzx\mn}ﬂ{mwc}] <Y P[(5)] — o,
i=1 i=1
for all such p with 1 < p < (2r7)~!. Using the inequality
Llapxpup1ay < Ljapxm| e, 2}
we can proceed as follows. We define the sets Z,, ; given by
Tnt = [nt — nbp,nt +nb,| N Z.

It obviously holds that |Z,, ;| < n. Since N™ is a Poisson process with parameter

/R]l{'y(az)>uﬁ} )‘(dl') = O(U;Tp) )

it holds that for some ¢ < oo, with ¢* = max 7, ; and i, = min Z,, 4,
P[NE = N2y > ] =P [Ny 2 €
= O(bbu, Pt
This yields the bound
Op(log®?(n)(nb,) ™20 n™"P")
= Op(l) R

via the boundedness of K and Assumption This completes the proof of the term
(4.17). We can proceed with (4.19)). Starting with the finite activity case, we get the

bound /nlog(n)by, Y 2u% = 0(1). Therefore, we can proceed with the general infinite
activity case. It is sufficient to bound

t€[0,1] bn,

nlog(n) . < >2
= sup V——=— )Y Kp(t—i/n)|A}JL, ., .
tef0,1]  Vbn ; ( /) {lAi J\Sui/z}

Using the inequality (3.62a)) and defining the process Zy given by

2
Zg = (A?Jﬂ{Agﬂgu}/z})

sup @ Z; Ky (t —i/n) (A?J)Qﬂ{(A;LJPgun}
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we get the upper bound

l
/nlog(n) .
AP | sup max Y—==—= E Ky (t—i/n)2Z; > A
[ Von i=1

te[0,1] ¢€Zn,t

¢
max Z;
1

< /nlog(n)b; '’k
gezn,t i—
=0(/n log(n)bglﬁn—lui_r | Z )

=0(1)

for A=t = o(ul~2b, 'n~"1/? log_l/Q(n)) via Doob’s submartingale inequality and As-

sumption [£.10]
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5. Uniform spot volatility estimation for
noisy Itd0 semimartingales

In this final chapter of this thesis we will present a further extension of the model and
the methods presented in Chapter 4. This chapter is organized as follows. Starting
with the asymptotic theory in the continuous case we will proceed with a version being
jump and noise robust. We will construct confidence sets and will conclude the chapter
with the proof section.

5.1. Construction of the main statistics and asymptotic
theory
We will start with the continuous price process X, i.e. we assume p = 0 in (2.4). Asin

the previous chapter we will use a Nadaraya-Watson type estimator. More precisely,
an adaptive version Fi’gd of our estimator is given by

1

>

peod = PSS e 6 k) ¢y, (5.1)
" k=1
with
[nhn]—1 A9
@Y= Y (S = g i, )
j=1

and the notation introduced in the Chapters 3 and 4.
In contrast to Chapter 4 we need modified assumptions on the bandwidth (b,),en.

Assumption 5.1 (The bandwidth b,). The sequence (by), oy is assumed to fulfill
(1) b, — 0 and by, /hy, — 0,
(2) \/bnlog(hnt)/hpb® — 0 and
hn“\log(hy ')
(3) =

as n — Q.

— 0 for an arbitrarily small ¢ € (0,1),

Remark 5.2. (1) Similar to (2) in Assumption [4.7|the second assumption above is
necessary in order to modulate the roughness of the volatility paths controlled
by the index a € (0,1).
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5. Uniform spot volatility estimation for noisy It6 semimartingales

(2)

The third condition above is seemingly different to the analogous one in As-
sumption [£.7] This is mainly due to the fact that we wanted to impose as less
restrictions as possible with respect to the noise process structure, e.g. we do not
assume the existence of the moment generating function of the noise distribution.

The choice of the exponent ¢ € (0,1) crucially depends on the highest order of
existing moments of the noise process. More precisely, if

m =max {k € N: E[|€t|k] < oo},

then this would implies the choice ¢ &~ 1/m, i.e. the more moments exist the less
restrictive is the choice of the bandwidth.

The magnitude of the parameter ¢ € (0, 1) is also directly linked to the regularity
of the volatility paths (07)e[0,1] controlled via a € (0,1). The latter holds in
a sense that, the smaller a € (0, 1), i.e. the rougher the paths are, the smaller
¢ € (0,1) has to be chosen, i.e. the more restrictive is the choice of the bandwidth

(bn)neN-

Finally, an existing moment generating function of (g;)¢c[,1) would allow to re-
place (3) in Assumption by

3/2(1—1\7,1/2
10g (lfn )hn — O(l)
by

The conditions on the noise process, which are necessary for the asymptotic theory
of this chapter are exactly the same as formulated in Chapter [3] in Assumption
The properties on the coefficient processes of the semimartingale X are exactly the
same as formulated in Assumption Finally, we will also stick to Assumption
concerning the kernel function K. We set

and

e, ad
ot -1

\/% }3/4

e, ad
Ft,n

M, = sup M,(t).
t€[0,1]

Theorem 5.3. Under the Assumptions[3.4}, [{-5, [4.8, with the notation introduced
in Theorem[{.13, it holds that for all x
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5.1. Construction of the main statistics and asymptotic theory

Using Theorem we can construct asymptotic confidence sets. Choosing b,, opti-
1

mally, i.e. b, o h;**' yields the following confidence bands. Thereto, let zg be the
(1 — B)- quantile of exp(—2exp(—x)) dz and define the sets Cg given by

~ _ |pRead,a Re,ad,a
Cy = [Tt Ty

t7n7u’ﬁ
with
<2 ad | 3/4
peada _ pead 2 JoK VBT
tnlB = Ltm — o (m*) tdy, | /=
g n h72la+1
1 e ad|3/4
fs,ad,u . fs,ad Zp da’K V 87] F?Z ‘
tnu,B T tn + + Mn —a
2log(my,) p20+1
n

Corollary 5.4 (Confidence band for spot volatility). The set C is a (1 — f3) simul-
taneous confidence band for the unknown spot volatility process (Ft)te[0,1]~

Proof of Corollary
This is an immediate consequence of Theorem O

We can proceed with the general It6 semimartingale case with non-trivial jump mea-

. . . e, T,ad ~e.ad .
sure p. Therefore we define a jump and noise robust version I';);™ of I';," given
by

Bl
~ h.
,Tad n a
Fi,n = bi Z Kbn(t - khn) Ck‘d(Y)ﬂ{hand(Y)\gun} s (5'2)
" k=1

with u,, oc h], and 7 € (0,1).

As in the previous chapter the additional jump components will lead to further error
terms. We need further conditions on (by,),cy being necessary to ensure that those
terms are also negligible. Note that we introduced the index r in Assumption .

Assumption 5.5 (The bandwidth b, II). For some @ > 0 the sequence (by), oy s
assumed to fulfill

(1) log"2(n)by 2 b 203 = 0(1)

(2) log"(n)hy *bi*hi 7P = 0(1) and

(3) log"/>(n)br/ >k 720y IR — (1)
as n —r OQ.

In fact, considering the details of the proof, we will observe that there are more error
terms. Nevertheless, the three conditions above are sufficient as they imply a relation
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5. Uniform spot volatility estimation for noisy It6 semimartingales

between w, 7, and b,, ensuring the additional mixed error terms to be negligible. We
set

nﬂ'(t = 4\/@ lﬁ‘s,‘r,ad’3/4

t,n

™e,T,ad
Ft,n - Ft‘

and

Mn,T = Sup Mn,T (t) :
t€[0,1]

Theorem 5.6 (Uniform confidence: The general case). Under the Assumptions
43, [1-8, with the notation introduced in Theorem [{.13, it holds that for

all ©

P [ 2log(my,) (%LM”,T - d%f) < x] — exp(—2exp(—2x)) .

Remark 5.7. Based on Theorem [5.6] one can construct uniform confidence bands in
the general model analogous to Corollary

5.2. Proofs

In this section we will give the proofs of the main Theorems and As in the
previous chapter we will use an universal constant C', which may change from line to
line. Furthermore, we will use the notation C), to indicate that the constant depends
on an external parameter p. The constant will never depend on n.

Proof of Theorem

The proof of Theorem is quite lengthy and will be split into several parts. As in
the proof of Theorem the main challenge is to show that replacing the true price
process increments A X by properly rescaled Brownian increments AW does not
affect the limit. The terms, which have to be considered, are more involved compared
to Theorem since the existence of noise imply more error terms, which have to
be controlled. The final step of the proof is to conclude the extreme value limit via
Theorem Before starting with the proof we need some minor assumptions and
further notation. First of all, we assume by, /hy,, b, € N, which ensures the existence
of some k € N, such that kh,, = b,. Due to localization we can assume that all
coeflicient processes in X are in fact globally bounded. Finally, we introduce some
further notation. Due to notational brevity we introduce the sequence 7,, given by

/hy log(n)
.

VUp =
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5.2. Proofs

T A
and define indices 7, given by
tf = ib, + Chy,
and fix the repeatedly used abbreviation K ,, defined by
7<’£ 0

ie. Ky = Ky, (L — lhy).
We also set

—_ E_
Byje(t) = ot — 1, )
and

pigt(t) = st = T;7).

Finally, we use the notation S;j(L) for any stochastic process L for the associated
spectral statistics. We will start proving an oracle version of Theorem replacing
the adaptive statistic f;’gd by fi Finally we will show that this replacement does
not affect the limit behaviour.

The first approximation outlined above will be pursued via fin given by

777/'

bn/hn L”th—l
T, = b*n Z Z wije((030, Sije(W) + Sije(€))® = pije)

[e=]

with weights w;;, given by

—2
( Ezl 1 + [SOZJZa‘;Ong] )

9 -
nhy |—1
Z]L:1J < Zzé 1 + [@zgéa@zgé] )

Proposition 5.8. Under the assumptions of Theorem [5.5 it holds that

Wijp =

—Ty
3/4

T, —Tu
‘fin{fi/él

5
t,n P

by /by log(n)

Proof of Proposition
The following decomposition holds

r5,-I, T,-Ty
3/4 }f;n‘?)/él

- 1 1 rs —-T;, 1 1
—T¢ - 4o _brogT S .
o (IF \3/4 \Fi,n\3/4> I t (\Fin\‘m \Fin|3/4>
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5. Uniform spot volatility estimation for noisy It6 semimartingales

This yields the following decomposition via the reverse triangle inequality and elemen-
tary properties of the sup;¢(g 1)

nl

1 1
4+ sup I'y | — - —
te(0,1] <|rjn\3/4 Ix: 3/4>

al
— (I) + (1) + (III).

= 1 1 fi n - fi n
sup I'; — - — + sup ———"—
te[0,1] " < |F§7 3/4 ‘F;n}3/4> te[0,1] Fin

We start with term (II). It holds that for every § > 0

I
P bn/hin ] ()Ft’"_ s
sup n n 10g(N —
t€[0,1] ’rin}‘g/‘l
P b /T 1 ()Fg’"_i’" 5, inf To, > K— Kk~
= su og\n)————— > , 11 = — KR
te[Ol,Dl] i 0 |f§n 3/4 telo1)” "
+P b/ Fin 1 ()Fg’"_ri’" 5, inf T, < K— K~
su og(n)———— >4, in <K=k
te[OI,)ll o8 }fin 3/4 tefo,1]” "
<P | sup /bn/hnlog(n) |5, —T5, | > 6(K— k)34 —HP’[ inf T,, < K—r~
| t€[0,1] ’ ’ te[0,1] 7
= A, + B,,.

We start with A,,. Note the following decomposition of fﬁn, given by

L byl —1bn/hn [nhy | —1

= i, 2

I, = K Y wije(SHe(X) — page)
i=0 (=1 j=1

=0 (=1 j=1
2h b;l—l bn/hn ‘El—nth_l
= Tn Kpn > wieSije(€) (Sije (X) = oy, Sije (W)).
=0 =1 j=1

This yields the decomposition

Ap <AL+ A2,
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5.2. Proofs

where with a generic constant ¢ > 0, Al is given by

byt —1bn/hn |nhn|—1
—i,0 2
Sup Un Z Z Ktn szgé 2]6 zbnSzﬂ(W)) >c
te[0,1] =0 (=1
and A2 is given by
byl —1bn/hn thn -1

sup 7| Y- > Ky wasm (Sije (X) = i, Sige (W))| > ¢
t€[0,1] i=0 (=1

Starting with Al we use the notation fffi =t

7" —n~! and define step functions & i(;bf)
given by

ZJZ Z Dije ( )

IOk

which yields

R4

Sije(L) = /t e &) (s) dL

n_

for any semimartingale (Lt)te[o,l]' The Ito process structure provides the following
decomposition

o' o
/t“Z X M s)dXs = / flﬂ asds+[i,é 55;2)(5)0de3.

Using It6’s formula we get the following decompositions:

—1,0

t, . _ N
Smﬁ( ) 2 /ti,fl (XT - Xiiﬁfl)glgjg) (’7')0'7- dWT
-
+ 2 /ti,l’.—l (XT — Xg{i_l)él(]nf) (T)CLT dr

it
")
/ti’e 1 (§1]€( )) dT
and
Zi,é A
SLWy=2 [ Wegll)(r)aw +/i (€5 m)ar,
b _ 124
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5. Uniform spot volatility estimation for noisy It6 semimartingales
with
")
= Xo+ / gljg )as ds + / ‘Sijg (s)os dWs,
0

W, /;ﬂ()

Using the representations above we can pursue a further decomposition
A < AT+ AR 4 AP,

where AL' is given by

b_ —1 bn/hn I_’Vlhnj 1 7i,¢

tn
[ sup 7, Z Z Ktn Zw”g/ (X, qu 1)52.(;.;)(7)6176[7 >c],
t€[0,1] o =1
AR? is given by
bpt—1bn/hn g\_nhnj—l 7!
7 2
IF’[ sup 7, Z En Zwi]g . ({fﬂ)(T)) (02 — o2 )dr| > c}
te(0.1] i=0 (=1 j=1 n

and AR is given by

bpl=1bn/hn [nhn | —1 7irt
Plow | 3 Y il Yo [, 60)
te|0,1 i=0 (=1 t

> c] .
Starting with Ap' we need a further decomposition. Therefore, we set ty = dh2 and

Up = h,2 for d = 1,...,7,. Note that h,;! € N, s.t. 7, is well defined. We have a
further decomposition

X <()N(T — Xzi,f—l)UT — UzzanT>

1,1 1,1,1 1,1,2
At <At + AT

with ALD! given by

bn, —1 bn/hn thnJ 1
P| max sup 7y, Z Z( t Zw”g
1<d<”"tefd 1,td] i=0 (=1 o
ti,[
X /t“’ 1(X Xﬂe 1)§Z(]€)( Jardr >c]
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and AL given by

b_l 1bn/hn thnJ 1 Zi'é
) n ~ _ ~ . (n)
lg}fg{) Un, Z E tdn Zw”g/twl(X-,- Xi:l,z:l)fije (T)ardr| > ¢
=0 = j=1 n_

Starting with At we have to exploit the regularity properties of the kernel K.

Therefore, note
t—t Tt
<sup< |K(z) — K(2')| : 2,2 € nod " n
by, by,

1,0

—i,0
‘ Kt,n - deyn

and it holds that

bn/hn y ; b /B, L) : Lu)
Z (Kt:n th, )/ (Kt,n _Kf;,n)du
=1 0
t—t
:0(/ \I’Kg(u)du> :0(‘ d‘) ,
R n
i.e.
-
0= b,

Furthermore, Jensen’s inequality for convex linear combinations, the triangle inequal-
ity for integrals, Burkholder’s inequality and the boundedness of the coefficient pro-
cesses imply

t
> wije /M (X, — Xﬂ 1)§§;;)(T)aTdr
j=1 t_
[nhn]—1 O - 1/2
= Op ZW / . ( /ti,e_#ff}?@))za? ds> &) (r)ldr
= Op(hy/ 2) -

Overall using t € [ty_1,t4], the bounds calculated above and the Cauchy Schwarz
inequality, we get the bound (’)(hi/ an) = op(1) concerning ALL2 gince

# {(z () € N? ~b (t — (iby + £hy,)) € supp K} = O(bn/hy) (5.3)

n

and

1<l <by/hy,

115



5. Uniform spot volatility estimation for noisy It6 semimartingales

such that the i— sum can be simply bounded via triangle inequality in a way that the
term still remains negligible as n — co. We can proceed with A2 Tt holds that

b_ -1 bn/hn thnJ 1 t'LZ T
= Y (n)
P lglzgén Un Z Z td7 wag/ ) - Xizl,é_—l)éijz (T)ardr| > ¢
T, bpt=1bn/hn  [nhp]—1 7irt 7]
<Splo S SR, wa / (X — Ko )€ (Par dr| > ¢
d=1 i=0 (=1 ]
With Markov’s inequality applied to z — |z|" with r > 0 we get
b7 —1bn/hn I_’I’Lth 1 t;f
A3 SR ZW/M (X — X )e) (Pay dr| > c
=0 /=1 J=1
byt —1bn/hn [nhn|—1 7irt "
<GE |7 Y Ky Zwlﬂ/ﬁe (X = Xpse)Ef7) (Tar dr
i=0 (=1 j=1

Using (5.3) and the triangle inequality concerning the i— sum, Jensen’s inequality
concerning the /— sum, the boundedness of the coefficient processes, the boundedness
of K and Jensen’s inequality applied to the j— sum we can proceed as follows:

bn/hn thnJ 1 7ist ™
Z td7 szﬂ/ X X zé 1)&1(;’;) (T)CLT dr
=0 /(= j=1 J
/ th’nj t;@ ( ) e
<CGTE||Y K tdn wa/ﬂ (X - XM D& (T)ar dr
=1 Jj=1 |
[ [nhn]—1 irt ™

ty
< C, 7" (bn/hn)E wa / (X~ Rpuo )0 (7)ar dr

—i,0 T

_thnj 1 i
(XT XIZ 1)§U€( T)ar dr

< Crﬁ:L(bn/hn)rE Z Wije

718 1

Proceeding with the generalized Minkowski inequality and Burkholder inequality we
calculate the bound

[nhn]—1 f:l’g " " ry1/r r
< Crvg(bn/hn)r Zwijf (/Z —1 E H(XT - Xgivffl)gz‘(yf) <7—)0’T :| dT)
t ) n__

n

zl

/: (X = X DEW (T)ar dr

[nhn]—1

" (bn/hn)" Z w;j ok
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5.2. Proofs

r/2 1/r "

dr

[nhn|—

t
S n/h szﬂ /t Z]g |IE ‘/ ézjg

= O}, (bn/hn)"hy,"?17,) = 0(, ")

with r being sufficiently large. This completes the term ALY? and so AY'. We can
proceed with Ay, Therefore, we define functions E:Mt given by

bn/hn thnJ 1

Z K Zw”g]l et gy (7).

Then the identity

bpl—1bn/hn |nhy ] -1 it

n t,
_ N 2
P | sup 7, Z E,n wU@/ B l]ne)(’l')) (02— 02 )dr| >c
e | o o G

b =1 (i+1)b, — (n)
=P | sup 7, Z / Kot (T) (&0 (T ) (02 — 03, )dr| >c
0 7

tel0,1] i— by,

holds. Proceeding with the triangle inequality, Minkowski inequality and Assumption
[4.5]it holds that

byl—1

(i+1)bn = "
swp 7| 3 [ R nE )R - o) dr
te(0,1] i—0 Y ibn
bl =1 (it )b,
< sup / R () (€D (1)2(02 — 03, ) dr
te[O,l} i=0 ibn,
b=l (i11)by
_ B (i+1)b yu M N2(52 — o2 )| 4
< sup 7y Y n (ERD )02 = 03, dr
te[0,1] i—0 “ibn

= Op(?nbnb%) = (’)]p(l) ,

due to ( - the trlangle inequality, the boundedness of K, Jensen’s inequality, (3.31])
and Assumption |5.1} We have completed Ap? and proceed with Ap®. We need further
decompositions.

()Z'T — jzzz‘,l—l)o'fr — U?anT

- st 15235( s)as ds
e / LWy, [ .

-1
n__
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5. Uniform spot volatility estimation for noisy It6 semimartingales
T ™ e aw, — B O R
+ O-an gzjf ( )0-5 U’Lb é-zjﬁ ( )Ulb7L S
T T
= /18 1 EZJZ ( )G“S ds + (UT — Oy ) /l -1 ézjé ( )O-S dWS

+ou, [ o=, ) W

n__

That yields a further decomposition
1,3 1,3,1 1,3,2 1,3,3
AR <A+ AT 4 AT

with A3t given by

P | sup 7, Z Z K Zw,]g/ z(]né)( Yor / - 51(;)(5)@3 dsdW,| > c| ,
t€(0,1] =0 (=1 "

Ap? given by

n —lbn/hn I_Tbth 1 tzZ
Pl am | £ X i Lo e
te(0,1] i—0 (=1

< (o =au,) [, 650

n_

and Ay>? given by

Z Z Ktn waf/“, L Z]g)( )i,
i=0

x /ti,glﬁf??( $)(os — o3,)

n_

[ sup vp
te[0,1]

We start with A}l’?”l and define

bn/hn thnJ 1

)= 3 Ko 3wk / 57 (8)as ds gyt gy (7).

(=1

With respect to AF3! this yields the representation

bl =1 (it 1)b,
P | sup 7, Z/ 7“( )dW-| > ¢
tel0,1] i—0 Jibn
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We employ a further decomposition

byl—1

(i4+1)bn
P | sup 7, Z / Efllz(T) dWr| > ¢
t€[0,1] izo Jibn ’
by ' -1 (i+1)bp  _ 1
<P | max sup 7, Z / (Efl’f;I(T) —Ef;’l-(T)) dW,| > ¢
1<d<7_}n terd lvtd] i—0 7 n
by, (i+1)bn, i1
ki =bd,
+P | nax v ZO / Cur (T)dWr| > ¢
1= n
— ALBLL | g13.1.2
n n *
Proceeding with Ay>"! it holds that
_t,1 _ta,1
Cn,i(T) - Cnd,i (T)
bn/hn I_nh"’LJ 1
Y
= Z <K;,n - Z U)z_]féwz / 51,(][)( )as dS]l[tz - 1;;2)(7') .
(=1
As we have already argued in A}L’l’l it holds that
bn/hn
-1l 0,0
> (K —K7,,) = 0(0),
/=1
with
t—t tg_1—t
_ ‘ d‘ < ’ d—1 d‘ — O(h%b;l)

bn bn,
Furthermore, due to Jensen’s inequality, (3.31]), standard Lebesgue upper bounds and
the boundedness of the coefficient process, it holds that
[nhp|—1

szﬂ@]g / fl(jnz)( )as ds]l(fzf 1 i, z]( 7)=0p(1).

_ 'n

Due to (5.3)), the trlangle inequality, Burkholder’s inequality and the bounds calculated
above we get

bl—1

(4+1)bn
max  sup  Up| » / @& (r) — 24 (r)) dW,
1<d<’l}nt€r 1,td] i—o ibn ’
b =1| (it 1)bn 1/2
< max sup Ty / @ol(r) —Ll(r)2dr
1<d<Un terd 1vtd] i=0 ibn ’ ’

= Op(Tnb,;?h2) = op(1).
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5. Uniform spot volatility estimation for noisy It6 semimartingales

We can proceed with ArM? . With Markov's inequality applied to the function z —

12|*™, m € N and m > 0, it holds that

bl 1 (it 1)b,
P | max 7, Z/ ol (r) dW,| > ¢

~ n,t
1<d<in, ~ Ja, ,

Tn b =1 (i41)b, L
<> P, Z/ al(r)dW,| > ¢
=0

ibn

2m

Un (i4+1)bn
<C. ) E|l7 Z/ ael(r) aw,
d=1

Due to (5.3)) and triangle inequality, it is sufficient to bound the following term via It
isometry and the generalized Minkowski inequality, such that

(i+1)bn un 2m b o m
Bf| [ dman| | =E||[ @R
(Db o im \"
< ( [ [ e dr)
For afixed 7 € Hf " ﬂné) we can conclude the following bound with Jensen’s inequality
by, /o |nhn|—1 i 2m
_i m —i,l \2m
Bl o] =B | 3 @) L e ) [ G s
=1
X :[].ril[ 1’ ;Z)(T)
(b0 / |nhn |— . 2m’]
zf 2m n
=E Z Tom sz]z ( ie (T /Lz ) fgje)(s)as ds)
(=1
X :ﬂ.rzé 1’ ;Z)(T)
=0(1).
That yields the bound
byt -1 (H—l)bn _
plon| S [ ] > | = 00gEn) = o),
i=0 “ibn

for m being sufficiently large.This completes the term A2 and so AL
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We can proceed with AL32 . Therefore, we define functions c iven b
g Y
bn/hn |_nhn -
775 2
Z K Z wwfguz ~ %ip,) / 1 fzgz () dWslﬁi;{—l,sz)(T) :

which yields the following representation and decomposition with respect to A2

bl =1 (i+1)by
P | sup 7y, Z/ i) dW,| > ¢
t€[0,1] = Jibn
i 74,2 ot2
<P| max sup @ / (@22(r) — 2 () dW, | > ¢
1<d<0n (i, 1 7 ; ibn mt

b =1 (i+1)by, 7
75 7d7
+%%ﬂ§/ i (1) AW > ¢

1=

tbn

_ 41,321 1,3,2,2
= A, + A, )

. . . 1,3,2,1 1 -
We omit the details concerning Ar®® and refer to Ap®H. We proceed with AH?

The triangle inequality, and Markov’s inequality applied to the function z + |z|?™
with m > 0 and m € N yield

br R ]
P 12 ¢ awr| >
p | ), e
Un bn —1 (Z+1)bn ~ , -
S ALAD SN R TR
d=1 i=0 Jibn |
- _ 2
n bl =1 (i 1)b, "
<Cp> Ell7, Y / et (r) dW,
d=1 =0 n

Again, due to (5.3) and triangle inequality, it is sufficient to bound the following term
via It isometry and the generalized Minkowski

(i+1)by _ (Db
[ s, [ w2

ibn ibn

2m

E =K
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5. Uniform spot volatility estimation for noisy It6 semimartingales

[’LZ 1

For a ﬁxed TEC ,fi;e) we can conclude the following bound with Jensen’s inequal-

ity, (3 and Asgumption
E [(eifffm)?m}

bn/hn Yy [nhn|—1 2m
=E | > (K7 ,)™ Z%ffw )/M lgw( s)os AW
/=1 tn_
Xz ()
(b1 /B, 0 [nhn]—1 - o 2m
< E Z tq,n 2m Zw”g ij 2mb2ma </ti’e §z]2( )Js dWS)
/=1 n_
g (7)
'bn/hn I_’Vlhn T m
zK - m12m n
<E| > (K. Zwm SHC T </ﬁ,“<s§j2<s>>%§ ds>
/=1 n_
X Atz
= O B2
Overall, we get the bound
bl =1 (it1)b, _
Plo | S [ s aw| > of = ougmigienin) = o).
i=0 7ibn

for m bemg sufficiently large due to Assumption We have completed Ar%? and
so Ay*?. We can proceed with A;>®. Therefore, we deﬁne functions c glven by

b/ |nhn|—1

= —i,0 T n
t 3 = Z Kt,n Z wz]égwg Tib, / . fz‘(je) (S)(Us ) dWs ]1[52 (-1 g ’)(7—)

=1

This yields the following representation and decomposition with respect to AL33

bu' =1 (i+1)b,
P | sup v, Z/ el (r)dW,| > ¢
t€[0,1] o Jibn
b=l (i )bn
<P | max sup 7, / (E:Ld;g(T) 7221( ) AW > ¢
1<d<On 17, 1 7] — Ji, ’
by '—1 (i4+1)bn :
P ded () dw, | >
+ 1g:lax Up, .Z(; /ln (T) c

_ 41,331 1,3,3,2
= A, + A, .
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We omit the details concerning A,ll’g’?”1 and refer to A};g’l L We proceed with Al 3,3,2
The triangle inequality, and Markov’s inequality applied to the function z — |z|2m
with m > 0 and m € N, yield

byl—1

(i4+1)bp, 73
P 12}%}1%”1/” ; /Zn Car (T)dW-| > ¢
Un b =1 (i41)b, _ ) 1
<SPl y [ ] >
i=0 v'n

2m

gcrim Z/ZH a3 (r) dW,
d=1

Again, due to (5.3) and triangle inequality, it is sufficient to bound the following term
via It isometry and the generalized Minkowski
m]

(Db
RN

(i+1)by, - 1/m n
< ( / E | ()] df)

For a ﬁxed TE ,fil’z) we can conclude the following bound with Jensen’s inequal-

ity, ( , Burkh(;lder’s inequality and Assumption

E [(ei%f’m)?m]

()b 2m

3 (7) dW,

’n’L

E =E

ibn

[ZZ 1

b /I [nhn | —1 . 2m
*’L',f m n n
=E [ > (& D wieel) (Do, / L S s) (s — 0,) WV,
/=1 j=1 n_

X :H.r}nE 1’ ;Z)(T)

bn/hn [nhn|—1 - 2m
ﬂl m m n
<E td7 2 Z wije(§ Uz 1bn)2 </t’ vy fl(]@)(s)(o-s —oy,) dWs)

n_

X Dgieot giey (7)

bn/hn y [nhn|—1 - - m
<E td7 2m szjé fljg 1bn) (/tz',e1(€iﬂ (5))2(05 - Uibn)2 ds)

n_

X et gy (7)
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5. Uniform spot volatility estimation for noisy It6 semimartingales

Overall, we can conclude the bound

P

for m being sufficiently large due to Assumption [5.1]

A,11’3’3’2 and so A}L’3’3. Finally, we have completed the term A}L’S, ie. A}L has also been

byt

Un

|

=0

(i41)bn
7td’
n )

(1) dW-| > ¢

n

= O(hy,

mbmema—Qm

)

n

We have completed the term

shown to be negligible. We can proceed with A2. We need a further decomposition
and take into account that

Sije (X)

' tn
/z -1 gzﬂé ( )dXS ~ Tibn /ti,é—l fijg

— U- Sijg (W)

+i,0

= [ e

n

That yields the decomposition

) AW, +/t ¢

ijl

—1,0

(n)

—i0

n_

(s) dWy

)( asds.

az-bnS,-jg (W)) > C

(s)(os — 0y, )dWs| > c

(s)asds| > ¢

(5.4)

by t—1bn/hn thnj 1
sup vy, Z Z Ktn szgészjé zjf( )
tE 0 1 i=0 _
i bt —1bn/hn nth 1 it
S P sup ﬁn Z Z Kt:n waﬁsljﬂ / gz(jnﬁ)
t€[0,1] =0 (=1
i b,:l—l bn/hn [nhn|—1 71"[
J— '7£
<P| sup 7, Z tn Zwlﬂslﬂ /[ 161(;2)
te[O,l] i=0 /=1 )
- Bl AZ2,
Starting with A% we use the order of the weights wy,
1, for j < \/nh,
Wik XN ._4 2 4 :
Jj *n*h;,, for j > +/nhy,,

in order to use a further decomposition

te(0,1]

bn,
<P | sup 7,

te
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bl —1bn/hn

P | sup 7, Z Z Kt,n szjZSz]Z

=0

[0,1]

. | bn/hn

> X R s,

=0

I_nhnj 1

(=1
\fhn

—
(=1

O i

it

i,4

(n)

(N)
1 sz

(s) (s —

(s)(os —

)dWs| > ¢

an

O'an) dWS >c
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“1_1b,/hy [nhn]—1 it

bn,
+P | sup 7, Z Z Ktn Z 3 nh,Sije (e )/ 52(;12( s)(os — oy, )dAWs| > ¢

te[0,1] ‘=0 =1 St
4211 2,1,2
= Ay + Ac.

We start with A2 an define functions 62,4@' given by
bn/hn \/>hn
— 4 n
ch § j Ky ZS”@ /M E(5) (00— 0y,) AW, Lgiet i) (7)

’n]

and infer the representation as well as the decomposition

byl—1

(i4+1)bn 4
P | sup 7, Z/ Et{i(T)dT >c
t€[0,1] i—0 Jibn ’
bl =1 (it 1)bn A A
<P| max sup 7, Z/ @A) =i () dr| > ¢
1Sd<0n ye [, 2] i—0 Jibn ’ 7
by G,
P | max 7 ¢4 dr| > c¢
R P Z /,-b i (7)
=0 n
_ A2LL1 4 42112
- n n
We will only sketch the upper bound for Az’l’l’1 and refer to similar calculations in pre-

ceding parts of this work. Using the bound in Lemma 2 in Bibinger and Winkelmann
[13], the independence of (g¢);c[o,1], the regularity of the kernel K and Burkholder’s
inequality, we infer the bound

byl—1

(Db 5 4 t4
mac s m| 3 [ @) - dim)ar
L<d<bn tefz, 1 7] = Jibn ’ ’

= Op(h2 log(n)b’7,) = op(1).

We can proceed with A%’l’m. ‘We have the bound

by '—1 (i4+1)bn 3
P | max 7, Z 7d’()dW7' >c
1<d<up, —~ Jav
1= "
e bl =1 (i 1)b, -
<> P |, Z/ elt(r)dr| > ¢
d=1 i=0 /ibn
_ r — 2m
Un bn1_1 (i+1)bn I4
<Cn> El7, Y. / adt(r)dr
d=1 || i=0 “ibn
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5. Uniform spot volatility estimation for noisy It6 semimartingales

We proceed with the generalized Minkowski inequality which yields

2
bl m

1 Db, (i+1)bn - am
E Z/ didrydr| | < / B[ ()22 ar |

1=0

Lemma 2 in Bibinger and Winkelmann [13], Burkholder’s inequality, Assumption

1) and a fixed 7 € [fif_l,fizg) yield the bound

E[(e,ii!(1))*"] = O (™ log(n)b}y)
Overall using (5.3, the triangle inequality and standard Lebesgue integral upper
bounds we conclude

bl =1 (i1 1)bn -
P |7, Z / ci(r)dr| > ¢
i=0 ibn

= O(7," by, 2" b" b, log (n) = 0(T, ) ,

due to Assumption for m being sufficiently large. We have completed the proba-
bility A?{l’m and so An’l’l. We can proceed with A?L’m. Therefore, it is sufficient to
note that

iTn?hl = 0(1) for /nh, < nhy,.
We omit the details, since the procedure is very similar to A2 Hence, we have
completed the term A?L’m and so A%L’l. The probability A?L’z is in fact easier than A%{l
as it only includes a (finite variation) Lebesgue integral, such that we can use standard
Lebesgue integral upper bounds instead of Burkholder’s inequality. We will therefore
omit the details. Finally, the probability A2 has been completed and so 4,, i.e. we
can proceed with B,. We have to bound the probability

P { inf T;, <K= H_:|

te[0,1]
h b,:lflbn/hn thanl
. 1,0 _ _
= inf = Z K/, sz‘je((gibnsijé(w) + Sije(e))? — pije) < K=k
te€[0,1] bn i—0 =1 =1
First of all, using a Riemann sum approximation, f K =1 K < iflf o?, the
te

)

convexity of the j— sum and

by l—1 bn/hn

bufn |
% D Kin> > K- Y Ky,
=1

1=0 (=1

byl—1

=0
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5.2. Proofs

we can proceed as follows. Using a similar argument applied for B, in the previous
chapter we have the following decomposition

-1

b;l—l bn/hn [nhn] o
Zwijé(S%e(W) -1 > 3
7j=1

h n
i 0
<P sup - bn Z ;Lf,n
t€0,1] bn i—0 —1
n

K
-1
',Z K
+ P | sup i Z Oib, Ki szgzszﬂ zyf( ) >
bn ’ 6
| telo1 i=0 (=1 j=1
-1

I b; - I_Nhn _

h 1bn/hn o
n
+P ts%pl b, | 2 Z K Zwme ige(8) = naje) Yy
€[0,1] i=0 (=1

:B}L+BZ+B§L.

We will only give a more detailed argument for the term B!, as the other terms can
be handled very similarly, c.f. Chapter

b_l 1 bn/hn thnJ 1

hy, K~
P | sup — K w )—1)| > —
te[opl] b, Z Z Z ije( Uf ) 3
[ b71 1 bn/hn thnj 1 _
. ¢ K
<P K, — )= 1) > —
: mr] | 2 () B0 0
i b7 —1 n/h I_nth -1 P
+P | max 3" s PIREDY Kiun 2 wigt(S5W) = 1)| > =
Un n .:1
=B+ B2,

The term By'' can be handled analogous to several terms, which we have considered
previously, exploiting the regularity of the kernel K. We omit the details. We proceed
with B2 using , the triangle inequality, the Markov inequality with an exponent
r > 0, the boundedness of the volatility process and a classical central limit theorem

argument such that

bpt-1 bn/hn th B
K
Z Tiby, Z tdn szﬂ 1j€ 1) > ?
bn/hn thnJ 1 r
<GE i tdn szﬂ z]f 1)
=1

= O(h/*0,"/?) = o@;l) :
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5. Uniform spot volatility estimation for noisy It6 semimartingales

with m being sufficiently large. That completes Br' and so B}. That implies B, to
be negligible. Finally we have completed the term (II). We can proceed with (I). For
every § > 0 and a generic constant ¢ > 0 (it may change from line to line) we have

1
su by /hi log( >0
[te[()pl] / alr (Fe ’3/4 |Fi |3/4) ]

)A t |3/4 1"6 |3/4
=P | sup v/bn/hplog(n)l';,, il
t€[0,1] / ( b |F Ft n|3/4

e 3/4 Fz—: 3/4 K— )2
=P | sup /byn/hylog(n)T5,, | t’n,‘\ — i , 1nf FE Finz( w)
t€[0,1] |5,y ]34 ’ 4
T 3/4 Fs 3/4 K )2
+P | sup /by /hnlog(n)5,, Lo — il 5, inf T5,T;, L E=R)
t€[0,1] \F T, |3/ tefo.] O" 4
sup /b /hn log(n)T5, (IT7 % = T, [4) > ¢ (5.5)
te[0,1] '
K— k~ 2
+IP’[ inf T¢ T, (’”} . (5.6)
t€0,1] 4
Starting with probability (5.5)) it holds that
sup /by /hn log(n)T7 ([T, [/ = L5, [*) > e
t€[0,1] ’
=P | sup \/bn/h,log(n |l“m|3/4 \FE 4 > ¢, sup F o <2(KT + k1)
te€(0,1] t€[0,1]

(5.7)
sup /bn/hylog(n |Ftn\3/4 \FE 174 > ¢, sup F n > 2(KT + k1)
t€[0,1] t€[0,1]

(5.8)

Considering (/5.7)) we have
sup /bn/hn log(n)T5,, (T3, %* — 15,134 > ¢, sup T5, < 2(K* + %)
te€(0,1] te€[0,1]

<P | sup v/bn/hnlog(n)(IT,,|¥* — T, [7/%) > c|
t€[0,1] ’ ’

i.e. it can be traced back to A, using a Taylor expansion of the function z — z:3/%
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around the point fin. Proceeding with (5.8) it holds that

sup /bn/hylog(n \Ftn\3/4 ]FE 34 > ¢, sup F 2(KT +rT)
te[0,1] t€[0,1]

<P|sup I, > 2Kt + k")
tel0,1]

sup |f§’n - fin| > Kt 4 kT
te(0,1]

+P

<P|sup I, >K"+xt
tel0,1]

Only the first probability has to be considered. Since we have already presented similar

arguments we will only indicate the proof. Note that we can bound the volatility from

above, such that

byl-1 bn/hn byl—1 bn/hn

2 1,0 + =i,
D T, 2 Kin< D KT )KL,
i=0 =1 i=0 =1

Afterwards, we can split the probability into three terms including Sup;efo,1)- Then

we can split each probability via max SUPsefz, ;7] and max . The former can
1<d<on 1<d<,

be handled via the kernel regularity, the latter can be handled using the Markov
inequality combined with the central limit theorem which has already been presented
above. Concerning the probability [5.6] we refer to and omit the details. We have
completed the term (I). We skip the term (III), since bounding the volatility from
above it is a direct consequence of (I). We have completed the proof of Proposition

B8 O

In order to apply the result in Theorem [2.27] we need further approximation steps.
Therefore, we define the quantities

—1 bn/hn I_nth 1 tz ¢
2
SRR B3 X v [ ok
i=0 (=1
and
bn'—1 bn/hn [nhn|—1
F/E _ hn 2 ?l,e
tn = 7 Tib, t,n Zwijf'
" =0 =1 j=1

Then we have the following approximation.

Proposition 5.9. Under the assumptions of Theorem [5.5 it holds that

sup |1~“§’n — r’in‘ = 0p((bn/hn log(n))*l/Q) '
te(0,1]

129



5. Uniform spot volatility estimation for noisy It6 semimartingales

Proof of Proposition
We will use Jensen’s inequality, , the triangle inequality and Assumption This
yields
N 1 bl Gt _
sup ([, — 15, = sup [0 3[R (02— o, ) dr
t€[0,1] tef0,1] |On =5 Jibn

= Op(b},) = 0p((bn/hy log(n))~7?).

Proposition 5.10. Under the assumptions of Theorem[5.3 it holds that
sup |5, = Te| = 0p((bn/hn log(n) ™'/?).
te(0,1]

Proof of Proposition
We will omit the details and refer to the argument presented in combined with
the fact that the j— sum is convex. O

Due to the approximations pursued above,
7 =+ Op(n~"/?)

a two-dimensional Taylor expansion of the function (z,y) — 21/2y3/* around the point
|(7,T¢)], and a Riemann sum approximation of [ K = 1 it is sufficient to consider the
sequence of stochastic processes U, given by

\/TZKbn pf’
TL ne 1

with a family of random variables (p,), ;< p-1 given by

2

E]LminJ wjﬁ(UtSJZ(W)) + ij(g))Q — (0752 * [(’Dﬂ’ gpjé]n%)) .

Py =
VI

Note that p, € LP for every p and ¢, i.e. we can use Remark Furthermore, taking
into account the calculations for the final parts of the proof of Theorem [.12] it is
sufficient to proceed as follows: With S, = Zle P; it holds with an arbitrarily small
¢ > 0 that

[Se — By
t<h;t \/bn/hn
= max V1og(n ‘SZ n”
(<hy \/
1Sy — By hgcx/log(n)
t<hyt  hpC \V/bn/hn
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5.2. Proofs

Now, we have to pass to a sequence of stochastic processes 7? being Gaussian and
stationary. Again, we refer to the final parts of the proof of Theorem as the
procedure is exactly the same. To finalize the proof of Theorem we have to show
that the limit is not affected, if we replace the oracle version I';,, by the adaptive

version ffzd
Proposition 5.11. Under the assumptions of Theorem[5.3 it holds that

sup |T5,, — 1709) = 0p((bn/hn log(n))~/?).
t€[0,1]

Proof of Proposition [5.11

The proof can be traced back to the proof of Proposition [3.19] exploiting the uniform
bound given therein and the compact support of the kernel K. We will therefore omit
the details. O

Finally, the proof of Theorem [5.3] has been completed.

Proof of Theorem

Due to Proposition [5.11] it is sufficient to show that

sup /by /hylog(n |FET—F5 0.

te[0,1]

The procedure is very closely based on the proof of Proposition [3.10, Therefore, we
will keep the exposition very short, referring to the above proof. We use the notation

—0k  —k
K., = K,,. We have to bound the terms

hot
SUP T 3 K Gl X + €)1 (116, (1) u} (5.9)
t€[0,1] =1

hyt [nhn | —
sup VnZKtn Zw]k D)L (V) <un} > (5.10)
t€[0,1] 1

hit |_nh
sup 7, Y Ko, Zwﬂf S (X)L halcr () <un} » (5.11)
t€[0,1] =1

hit thn
sup 7, > Ky, ijk S (E) L (v)|<un} - (5.12)
t€[0,1] —1

We will only discuss the quadratic terms (5.9)) and (5.10)). The remaining mixed terms
can be handled via Cauchy Schwarz inequality. Starting with (5.10) we fix some
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5. Uniform spot volatility estimation for noisy It6 semimartingales

¢, ¢ € (0,1) and get the decomposition

hpt [nhn]
ts%p1 vn ZK”L Zw]k )6 (v)|<un}
€
2l ka1
<t2%p1 VUn ZKtn ijk Ztnth 1k52 (J)<chi~ 1} (5'13)
ha! [nhn|—1
—'I_t:l,(l)pl l/n ZKtn Zw]k ]]-{lé-k XC+€)|>C}1T 1} (514)

We will only consider (5.13) and infer the bound

hyt [nhn|—1
K Lyinhn)- -
tzl[épl] Vn kz:l t,n ijk (J) {Zjl_zi{nj u%jksjzk(J)SChn 1}
-
<2 K, - 1 , 1
ha |knhny |
2
+2 sup vy ZKtn n <|th - '](k; 1 hn| - ( Z |A?J|) )
L B P i=[(k—1)nhn |
8 ]l{ziti%:ﬂ)nm AT JI< C/Qh;m} (5.16)
-
+ sup U Kr chT11 o - : 5.17
te[Opl] ! ; b {ZLk L?k J1)nth |A?J|§mhn/2} ( )
Proceeding with (5.16)) we have
ha! |knhn |
2
2 sup Uy ZKM - <|thn—J(k Dil? = ( Z AP T)) >
A k=1 i=|(k—1)nh, |

Ly knnn n /2
{Eiff(k Dnhn ) 1T T[SV €/2hn }

| knhy |
<4 sup 7, nhn A7) nhn n @
t€(0,1] Z ¢ L(k—zl)nhnj | ‘ {lek L(hk J1 nhp ] 1A J|<h2/3+ }
hn 1 knhy, |
n o7\ 2
+2 sup v, ZKM " (|<]khn_<](k on? = (D, |Ai<]|))
te(0,1] k=1 i=(k—1)nhn]

]]- w :H- w T
{Nkhn(hi/3+w)—N(k_1)hn(hi/3+ )22} {h?/?”r < |A?J|S\/c/2hn/2}

= Op((log(n)) /20,2y, 20/ P42 4 Op((log () 2by/ 2hy H 2k 2r /540y
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which is negligible, due to Assumption Proceeding with (5.15) we define the
sequence (Z¢),_, ;-1 given by

2
%= (Ukhn - ‘](’ffl)hn)ﬂ{\thn—J<k_1>hn|s c/zh;/2}> ‘

We use Theorem the bound (3.624) and set 1,1 = [—byn/hy+t/hn, t/hy+byn/hy)NZ
This yields

L

max E Zy,
elne 2y

= (’)((log(n))1/2h;1/2b711/2h;(1—r/2)) ,

/\IF’[sup max V”ZKtn 2> A <70 'E

te[O 1]e€Int k=1

which is negligible if A= = O((log(n))_1/2h;(7q/271)b;1/2h}1/2). We omit the details
on ([5.17) as the bound can be concluded similarly. Considering the term (5.9)), it is
sufficient to bound

hot
sup v K" Ce( X4 f < nhn)— . _
o] ; b {Z kS5 (J)>chn, 1}
h 1
< sup v Kt Ce( X+ )1 f rnhn . o
t€(0,1] " kzl " {Zuk Dnhn) |ATJ|>/c/2hy }

A decomposition similar to (5.16)) completes the term using the bounds in Lemma 2
in Bibinger and Winkelmann [13].
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6. Conclusion and further questions

6.1. Conclusion and summary

In this thesis we have provided new results for inference on stochastic volatility models
deepening and extending existing literature. In Chapter [3|we have extended the results
in Bibinger et al. [10]. We have provided weak limit theorems for noise and jump robust
statistics and constructed a consistent change-point test. Finally we have proved a
consistency result for the change-point estimator.

In Chapter [4] we have crucially improved and generalized the results presented in Fan
and Wang [23]. Our results allow for more general price process models including
infinite activity jumps as well as for more general stochastic volatility models. In
particular, we were able to show that serious restrictions, e.g. stationarity of the spot
volatility process imposed in Fan and Wang [23] are unnecessary.

In Chapter [5| we have provided an even more general method being noise and jump
robust. We have proved limit theorems for extreme values and explained how to
construct confidence bands.

6.2. Further questions

Though the results we have presented are quite general, there are still several open
questions which we will address in this section.

Concerning Chapter [3] there are still open question. Starting with the global change-
point problem, that is, constructing a consistent testing procedure, to detect changes
in the regularity index a of the volatility process (a?)te[o’l]. Therefore, similar func-
tional stable limit theorems as presented in Theorem 5.4 Bibinger et al. [10], are key
tools tackling this testing problem. A second open question, which we have already
mentioned in Remark is a formal proof of the conjecture that our test yields an
asymptotic minimax-optimal decision rule.

A further challenging but very interesting question is concerning the asymptotic dis-
tribution of the change-point estimator 0, in . That is, to investigate the limit
distribution of the random variable T" given by

—0 LT,

) A
R
hn/n log(n) |

The limit distribution of the change-point remains unknown in the case with mi-
crostructure noise as well as in the pure semimartingale case.
Though, the models which have been considered in Chapter |4 and Chapter [b| are quite
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6. Conclusion and further questions

general, it might be useful to pass to a more general class of processes (Xt)te[o,l], if we
intend to model within different areas of applications beyond financial mathematics.
Typical fields of applications are turbulence modeling, hydrology and electricity mar-
kets. From an application point of view it is desirable to be able to reflect phenomena
which exhibit long and short range dependence. Therefore, we could consider X; given
by

t
th/ osdBH
0

where the standard Brownian motion W has been replaced by a fractional Brownian
motion B, allowing for more flexibility in modeling. We refer to Manuel Corcuera
et al. [45] for high-frequency statistics with respect to X;. Furthermore, the model
above also allows for very interesting and possibly challenging theoretical questions.
Some of these possible questions are

(1) constructing uniform confidence bands for (67):e(0,1):
(2) change-point inference for (07)e(,1] and

(3) change-point inference for the Hurst index H € (0, 1), extending the recent work
Bibinger [8].

Due to the fact that X; is beyond the semimartingale framework almost every classical
result in stochastic calculus is not applicable within this model. Therefore, these
questions offer exciting challenges linked to other areas of stochastic analysis such as
Malliavin calculus and rough path theory.
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Appendix A. Some useful inequalities

In this appendix we will present two inequalities, which we have used in the main part
of this dissertation.

A.1. Rosenthal’s inequality

In Chapter 3, we have used Rosenthal’s inequality for sums of i.i.d. variables.

Theorem A.1 (Rosenthal’s inequality). Let p > 1. Suppose that X, X1,...,X,, are
independent, identically distributed random variables with mean 0 and X € LP. Set
Sn =3 p_1 Xk, n>1. Then it holds that

ConE[|XP],  ifpell,2]

Al
Cn?2E[| X[, ifp > 2, (A1)

E[|Sn]P] < {

with an universal constant C.

For a proof we refer to Gut [27].

A.2. Sakhanenko’s inequality

Controlling the error term in the proof of Theorem we have used the following
inequality.

Theorem A.2 (Sakhanenko’s inequality). Let &1, ..., &, be independent random vari-
ables and Z be a standard normal random wvariable constructed on some probability
space. We set

d=1|Sy/c—Z|
with Sy = »70_, &§; and = > j=1Var(§;). Then
E[6°] < (Ca)* Y Elmin {|&;/c[*,[€/¢|*}]
j=1
holds for o > 2 with an universal constant C.

For a proof we refer to Sakhanenko [56].
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