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1. Introduction

In this paper, we study the following Cauchy problem
0p+V-(ou)=0, (1.1)
1
o + ¥ - (pus )+ Tplp) = ~pu=p [ Tl= )@ - uGpO)y.  (12)
RN

in (0, c0) x R" and the initial conditions

Pli=o = po(x),  uli=o = up(x), xeR", (1.3)

where p and u are the unknown density and velocity, and the pressure p(p) = Ap”. The matrix is
I'(x) € L'(RY). The constants A,y > 1,7 > 0 are given. For simplicity, it is assumed that A = 1. This
compressible Euler type system can be formally derived, for example in [11], from mean field type
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interacting many particle system where the particle velocities are also involved in the interacting force.
In the intermediate step, from mesoscopic kinetic model to Fluid dynamic model, one can choose
different closure Ansatz of the probability density to obtain the system with or without pressure term.
For example, by taking the density to be a localized Gaussian function, one obtains a linear pressure
in [7]. In this paper, we consider the case with nonlinear pressure, which can be obtained by taking the
probability density as an indicator function in the velocity space.

For quasi-linear hyperbolic systems, intensive studies have been carried out in numerous literature,
such as [17,19, 21, 23], and etc. It has been proved in general that for symmetrizable hyperbolic
systems, smooth solutions exist locally in time and shock waves formation will breakdown the
smoothness of the solutions in finite time even for the scalar case, see [21]. However, if some
damping terms are taken into account, shock waves can be avoided for small perturbation of the
diffusion waves [10, 15]. Moreover, with the help of velocity damping, the existence and uniqueness
of the global classical solution can be obtained, see for example [16,24-27].

The pressureless Euler system with non-local forces has been studied recently and very limited
results have been done. The local existence of classical solutions of the complex material flow
dynamics which has been derived in [11], under structural condition for the interaction force has been
obtained in [6]. In [3], for the 1-D model with damping and non-local interaction, a critical threshold
for the existence of classical solution by using the characteristic method is presented. 1-D entropy
weak solution for Cucker-Smale type interaction has been obtained with the help of the compensated
compactness argument in [12]. The global existence of smooth solutions with small initial data for the
model with velocity alignment can be found in [2,9, 13, 14, 18]. In these references, the influence
function of velocity alignment is I'(x) = ¢(|x|)Iyxy, Where ¢(|x|) has a positive lower bound and Iyxy
is the identity matrix, with which the formation of shock can be prevented. In case that additional
pressure and viscosity are added, for restrictive interaction potentials, the global weak solution and its
long time behavior are obtained in [5]. By adapting the convex integration method, it has been shown
in [4] that infinitely many weak solutions exist. Recently, the global existence of classical solutions
for the hydrodynamic model with linear pressure term and non-local velocity alignment was given
in [7], where the shock wave was prevented by velocity alignment.

In many models, the communication weight matrices have different structures. Many of them do not
need to be positive definite, as for example in the material flow model that has been proposed in [11],
the interaction force includes I' = ;= ® = as the weight of velocity alignment.

In our model, the influence function of velocity alignment I" is a matrix which corresponds to a
linear projection of the velocity field. Furthermore it is non-constant and not positive definite, which
reflects the anisotropic non-local interaction within the system. Therefore, the velocity alignment
alone can not prevent the formation of shock wave. In order to obtain the global existence of smooth
solutions, the additional damping effect in the system is necessary. Additionally, the symmetry of the
coeflicients plays an important role in the analysis of the existence of smooth solutions when using
the method of standard energy estimates. We will use sound speed to reconstruct Eqs (1.1) and (1.2)
into symmetric hyperbolic equations. It should be pointed out that this method will make the term of
velocity alignment more complicated. After a detailed analysis of the relationship between velocity
alignment and damping, the anisotropic non-local interaction is overcome by using damping, and the
existence of the global classical solution of problem (1.1)—(1.2) is obtained.

Here, we introduce several notations used throughout the paper. For a function u = u(x), ||ul|.»
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denotes the usual L”(R"Y) -norm. We also set C as a generic positive constant independent of ¢. For
any non-negative integer k, H* := H(R") denotes the Sobolev space = W**(RY), and C¥(I; E) is
the space of k-times continuously differentiable functions from an interval / C R into a Banach space
E. V* denotes any partial derivative ¢ with multi-index @, where || = k. For simplicity, we write
[ fdx:= [, fdx.

This paper is structured as follows: In Section 2, we reformulate the Cauchy problem (1.1)—(1.3)
into a symmetric hyperbolic system and present our main result. In Section 3, we demonstrate the local
existence under uniqueness of the classical solution for the reconstructed system. Finally, we establish
the priori estimates to prove the global existence result.

2. Reformulation and main result

2.1. Reformulation of the problem
In this subsection, we will reformulate the Cauchy problem of the compressible Euler system (1.1)—
(1.3) as in [24]. The main point is to obtain a symmetric system. We consider the case y > 1 in this
paper and introduce the sound speed:
k() = \p'(p),

where k = k(p) is set to the sound speed at a background density p > 0. The symmetrization in the case
of v = 1 can be done similarly with a new variable In p.
Define

a(p) = v(k(p) — k) with v = L
v—1

Then the Eqs (1.1) and (1.2) are transformed into the following system:

1
0,0+kV-u=-u-Vo—- -0V -u, 2.1
v
1 1 1
ou+ikVo+-u=-u-Vu——-oV-0-a fl"(x = V(u(x) — u(y))(—o(y) + k)"dy, 2.2)
T % v

where the constants are a = y~'/0~D > (. The initial condition (1.3) becomes

(0, w)li=o = (o0(x), up(x)) (2.3)

with oy = v(k(pg) — k). Note that as we did at the formal level, we can find the relation between
the classical solutions (p, u) and (o, u) to the systems (1.1)—(1.2) and (2.1)—(2.2), respectively, in the
following two lemmas. The proofs can be obtained by taking the similar strategy as in [24].

Lemma 1. Forany T > 0, if (o,u) € C'(RN x [0, T]) is a solution of system (1.1)—(1.2) with p > 0,
then (o, u)) € C'(RY x [0, T]) is a solution for the system (2.1)—(2.2) with (%0' + k)" > 0. Conversely,
if (o,u)) € C'RN x [0,T)) is a solution for the system (2.1)—(2.2) with (%0' + k)" > 0, then (p,u) €
C'(RN x [0, TY) is a solution of system (1.1)—(1.2) with p > 0.

Lemma 2. Forany T > 0, if (o, u) € C'(R"N x [0, T]) is a uniformly bounded solution of system (1.1 )—
(1.2) with py > 0, then p > 0 on RN x [0, T]. Conversely, if (o,u)) € C'(RN x [0,T]) is a uniformly
bounded solution of system (2.1)—(2.2) with (‘—1/0'0 + k)" > 0, then (%0' +%)”>00nRN x[0,T].
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2.2. Main result

In the subsection 2.1, we have presented the equivalent reconstruction system (2.1)—(2.2) of the
problem (1.1)—(1.2) and the equivalence relation between them. Next, we will study the reconstructed
system (2.1)—(2.2) and provide the following results.

Theorem 1. (Local-in-time exitence) For s > %’ + 1, assume the initial values (oo(x), up(x)) € H*(RM).
Then there exist a unique classical solution (o, u) of the Cauchy problem (2.1)—(2.3) satisfying

(o, u) € C([0, T, H*R)) n C'([0, T], H*RN)) (2.4)

for some finite T > 0.

Theorem 2. (Global-in-time exitence) Suppose background sound speed k satisfying 2ak”||['||1 < % If
lloollas + lluollgs < 6o with sufficiently small 6y > 0, then the Cauchy problem (2.1)—(2.3) has a unique
global classical solution.

Remark 1. Since the matrix I'(x) is not positive definite, the damping coefficient needs to be large
enough to make the damping term restrain the self-acceleration effect caused by velocity alignment to
get the global well-posedness. The definition of condition 2ak”||['||;1 < % is therefore natural.

3. Local existence and uniqueness

In this section, we demonstrate the local existence and uniqueness of the classical solutions to (2.1)—
(2.3). We will present a successive iteration scheme to construct approximate solutions and to obtain
the energy estimates. Then we show that approximate solutions are convergent in Sobolev spaces using
the contraction mapping principle and prove that the limit function is the local solution.

3.1. Approximate solutions

We construct approximate solution by the following iterative method:

e the zeroth approximation: (o, u®)(x, 1) = (0, up);
e Suppose that the kth approximation (o, u*)(x, t), k > 1 is given. Then define the (k + 1)th
approximation (o**!, #**1)(x, t) as a solution of the linear system

1
3,0 + &RV - = —yf Vo — — oY (3.1)

v

8,uk+1 + I_<V0'k+l + luk+1 — _uk . Vuk+1 _ lo_kv . 0_k+l
T v
k k 1 -\"
—a f L(x = y)(u(x) - u (y))(;a ) +&) dy (3.2)
with the initial data

(@, W lmo = (o), up(x)) € H'RY). (3.3)

The local existence of the solutions (o**!, u**!) in Sobolev spaces can be obtained by applying the

linear theory of the multi-dimensional hyperbolic equations in [1].
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3.2. Priori estimates

We first set up several constants:

M = JIoolR, + ol + 1, (3.4)
and choose T, > 0 so that
(M0 — 1)(llorol + lluolly.) + e“ M oM, v, KTy < 1, (3.5)

where C(M, v, k) is given in the proof of Lemma 3 below.

Lemma 3. Let (0, u¥) be a sequence of the approximate solutions generated by (3.1)—(3.2) together
with the initial step (0, u®) = (0, ug). Then the following estimate holds

sup o1l + sup k|l < M, forallk >0, 3.6)

0<1<Ty 0<t<Ty

where s > % + 1, M and T, are given in (3.4) and (3.5).

Proof. We use the method of induction to prove the Lemma.
Step 1. (Initial step) Because we choose (¢, ") = (o7, up), together with the choice of M, Ty > 0
in (3.4) and (3.5), it is easy to check that

0 0
sup (llo~llgs + llee”[[ms) < M.
0<t<Ty

Step 2. (Inductive step) Suppose that

sup (lo*lzs + 1u¥las) < M, (3.7)

0<t<Ty

where Ty, M are positive constants determined in (3.4) and (3.5). We will prove that

k+1 k+1
sup ([l g + 1 ||gs) < M.
0<t<Ty

First, multiplying o**!, 4**! on both sides of (3.1), (3.2) respectively, summing up and integrating over
RY, we obtain

1d 1
k+112 k+12 k+172
5 2 o+ )+ — I

2dt

1
- _ f(uk N v S B R v 'uk+1)dx _ - (O_kv U R gy gkt _uk+1)dx
v

-a f f I'(x - y) Wk (x) - uk(y))(%/dk(y) + k)vdy - uf ! ()dx
=L+5L+1 (3.8)

We shall estimate the terms on the right-hand side of (3.8). Thanks to the Sobolev embedding
theorem and the inductive assumption (3.7), using integration by parts, we obtain
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1
I = - f(uk Vot e kv uk“)dx =3 fV : uk(|0'k+1|2 + |uk+1|2)dx

k k+1112 k+1712 k+1)12 k+1112 Y.
<V - Ml (12 + 1 2,) < CM(le 10, + 1111 ):
1

1
12 - __ f(o_kv . l/tk+10'k+1 + O_kvo_k+l . uk+l)dx - _ fvo_k . (uk+10'k+1)dx
4 v

< CIVEH o™ el 2 < CM(Ie* 2, + 1112 ):
1 v
h:—gfffu—wwurm%mgﬁwua-Mmem
1
< CU o™ + 8l Il e
S C(M’ V’ I_()(”uk+1||i2 + 1)

Combining the estimate of ;, i = 1, 2, 3, we obtain

d 2 _
— (o + 1) + Sl < v (1o I3 + I + 1) (3.9)

Next we will get the higher order estimate of (**!, u**1).
Taking V", 1 < r < s with respect to x on both sides of (3.1)—(3.2), and then multiplying the resulting
identities by V'o**!, V"u/**! respectively, summing up and integrating over RY, we obtain

1d r _k+1(12 ro k+172 1 ro k+172
o (el AT PR T P
- _ f(vr(uk X V0-k+l)Vr0-k+l + Vr(uk . Vuk+l) . Vruk+l)dx
1

_Z f (V’(crkV YV 4 V(A Vet vruk“)dx (3.10)
4

—a f vi( f I'(x - y)uk(x)(%oj‘(y) + R)'dy) - V! (x)dx

+a f vi( f I(x - y)uk(y)(%ak(y) +R)'dy) - V't (x)dx

= ili. (3.11)

i=1

In the following we will estimate /; term by term. Using the Sobolev embedding theorem and Moser
type inequality, we obtain

Il - _ f(vr(uk . V0_k+l)vr0_k+l + Vr(uk . Vuk+l) . Vruk+l)dx
— _ fuk X ero_k+lvr0_k+ldx _ f(vr(uk X V0_k+l) _ Mk . ero_k+l)vro_k+ldx

_ fuk LYV Y A e — f(vr(uk . Vuk+l) — k. eruk+l)vruk+ldx
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k k+1712 k+112
< CIV - =V o™l + IVU L)
+ IV UV W NNV s + 197 Vi)
IV U AV U 21V s+ IV 6 21V )
k+1(12 k+1(12 k+1(12 k+1112 .
S CM(IV'T L + IV U L) + CMANVO e + 1IVa ™ l00s (3.12)

1
L =— f(vr(o_kv . uk+1)vro_k+1 + Vr(o_kvo_kﬂ) . Vruk+1)dx
%
1 1
- __ fo_kv . Vruk+lvr0_k+1dx - f (Vr(o_kv . Mk+1) _ O_kV . Vruk+1)vr0_k+1dx
4 V JRN
1 1
_ fo_kvvro_k+lvruk+ldx _ f(vr(o_kvo_k+]) _ O_kvvro_k+l)vruk+]dx
v v
< CIVoH = IV 17, + IV 17)
+ C(”Vro-k”LZ”V | + IIV'uk”IILzIIVG"IILw)IIV’Uk“IIL2
+ C(IV" MV Iz + V7 2 Vo IV 2
< CM(IV'E + IV W %) + CMAVG 1+ VW), (3.13)

where we have used ||[Vu*™!||;~ < ||Vi**!|| -1 and the inductive assumption (3.7).
Next, we estimate the /5. Using Young’s inequality and Moser type inequality, we have

I = —a f V() f I(x— y)(%ak(y) +&)'dy) - Vu! (x)dx
< CIV IV (T = ot + )l
< CIV U2V U 2T (%(T" + &)l + CUV W 2l [ V'T % (%/(Tk +0) M. G4
Applying the Sobolev embedding theorem and the inductive assumption (3.7), direct calculation shows

1 1 1
1T = (;O'k +K) |z =] fF(x - y)(;O'k(y) + &)yl < ”r”LlH(;O-k + k)|l
< C(lloM|lz=, v, k) < C(M, v, ®). (3.15)

1 1 1
IVE % Sy + 0l = IV f L(x = Mo )+ 0)'dyllee = | f L(x =)V 0) + D'l

1
< ClIEY|s IIVr(;O'k + 1)l < Cllo s, v, DI ol
< C(M, v, k), (3.16)

where C(M, v, k) is non-decreasing in M.
Then, we obtain that
L < C(M, v, (VU 12, + 1). (3.17)

Finally, we provide the estimate of /,. By applying the Moser type inequality and Young’s inequality,
we have

li=a [ Vi nw( [ Te- o) rto) + o)
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1
=a f V' (x)dx f I(x - y)V;(uk(y)(;O'k(y) +&)")dy
1
< ClT IIV’uk”IILZIIV’(uk(y)(;cT"(y) + k)"l
1 —\V r 1 —\V
< CIIFIILIIIVruk“IILz(IIV’ukIILZII(;ch + 1)l + IV (;cfk +K) ”Lz”uk”L"")
< C(M,v, IV W17, + 1), (3.18)

Here, we used (3.16) and the inductive assumption (3.7).
Collecting all estimates of /; from 1 to 4, we obtain that

d 2
IV G + 197 ) + IV
< CM,v, IV U2, + IV 2, + 1) + CMANVG 2 + IV, (3.19)

We can sum (3.19) over 1 < r < s and combine (3.9) to obtain

d 2 _ _
d—t(llffk“llés + IIMkHIpr) + ;IIV’uk“IIiz < C(M, v, Ol Iz + Nl I3 + C(M, v, 0. (3.20)

This yields

To
k+1112 k+112 k+112
sup lo™ s + 1 |l +f IV U dt
0

a<t<Ty

< S|l 3 + ol ) + <O C(M, v, R)T.
By the choise of M and T as in (3.4) and (3.5), we can easily check that
“MT (ool + IluollFys) + e“HOTOC(M, v, )T, < M.

So, we obtain
o Mg + 1" Nl < M (3.21)

which completes the induction process. O

3.3. Convergence in lower-order norm

[

In this subsection, we will show that the {o*, u} e are convergent in some lower-order Sobolev
spaces using the contraction mapping principle.
Let

—k+1 —k+1
n — O_k+1 _ O'k, U — uk+1 _ uk.

Note that (c**!, u**1) and (0%, u*) satisfy

1
(9,0'k+] +kV - uk+l — _uk . V0_k+1 _ _O_kV . I/tk+l,
4
1 1
At + RV + M = b i — — et (3.22)
T 4
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1
—-a f I'(x - y)ut(x) - uk(y))(;ffk(y) +k)'dy
as well as

1 _ 1,
0,0 + &V - i + —ut = =1 Vot — —o IV U,
T %

Ot + Vot = - vk - %OJ”VOJ‘ (3.23)
—-a fR . L(x — y)u (x) - u"‘l(\/))(%(f"‘l(y) +k)'dy
subject to the same initial data
(@, Wy = (6, ub) = (no, uo) € H-. (3.24)
It follows from (3.22) and (3.23) that
A" =)+ &V - W - i) = (= uFHVHH!
— "'V (! - o) - %(ak - HV Mt - %O'k_lv (U — k) (3.25)
3, — by + kV(*M! - f) + %(uk“ —u")
=~ — YV T — Y R = k) — %(of — vkt - %ak—lwa’“l - )
“a [Ty - )Gt + 1 - Gt o)+ 1)y
~a f L(x - y)(u(x) - uk‘l(ao)(%ak‘l(y) +k)"dy
~a [Ty - ) o)+ Ry (326)

Multiplying (3.25) and (3.26) by (o**! — o), (u**! — u¥) respectively, summing up and integrating over
RY, similar to the estimate in subsection 3.2, we obtain

E(kfk“

— f(uk _ Mk_l)VO'k+l(O'k+1 _ O_k) + (Ltk _ Mk_l)V . uk+l . (I/tk+1 _ uk)dx

2
k|2 k+1 k|2 k+1 k2
= M+ T =) + Il -

_ fuk—lv(o_kﬂ _ o) o* = k) 4 Y T = ) - ik = di

B )l/ f(o_k — YW i (T 2 by 4 0k — YWk ik = ifdi

B )1/ fo_k—lv W Z Y — o)+ IV — o)k = ib)di

~a [ = iax [T 060 - G0 + R - G0+ 1)y
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—a f !~ u)dx f L(x = y)(u(x) — uk_l(X))(%/(Tk_l(Y) +K)'dy

—a f W = by f PO ) 0) ~ - ON G0 0) + 0y

< CM, v, B)(llo**! = o1, + ™! = uMI2,) + CML v Rl — I + I = wIEL), (327)
where we use the following estimate, for a.e.(, x) € (0, +00) X RY

k—1 + I_<)V

- )fl (So-" + a-9 S)O'k_l + I?)v_](O'k - O'k_l)ds‘
0

4
< C(M,v,5)|o* = 1. (3.28)

I I
(ot + 0y = (=0
v v

We can integrate (3.27) over (0, f) to obtain

!
ket 1 k)12 K+l kg2 ket 1 k(712 k+1 k(A2 A7
supllo™ = ol + W™ —u IILzSCf o™ (@) = o DIl + 1™ (@) = u (DIl d7
0

0<i<t

+ Cf o (@) — T DI, + @) — u* DI (3.29)
0

The we sum up for k = 1, 2, --- together with the Gronwall’s inequality to obtain
Z I = M2, + W = dfI7, <€, fort < T (3.30)
k=1

This implies that o* and u* are Cauchy sequences in C([0, Ty]; L?) .

3.4. The proof of Theorem 1

In this subsection, we will prove the local well-posedness of the system (2.1)—(2.2) given in
Theorem 2.1. First, we prove the existence of classical solutions.

By the Gagliardo-Nirenberg inequality together with the uniform bound of (o, u*) and the
convergence result (3.30), we can conclude that, for s > %’ + 1,

ot > o e C(0, Tol; H ™) and u* — u € C([0, T,l; H™). (3.31)

It easily follows from (3.31) that limit function (o, u) is a solution to (2.1)—(2.2) in a distributional
sense. Using a similar argument as in [13], we can obtain the regularity of (o, u):

(o,u) € C([0, Tol; H?). (3.32)

Applying Sobolev’s embedding theorem, we prove (o, u) € C'([0, To] X RY) is a classical solution.
Next, we prove the uniqueness. Let (o, u) and (0, u) be the two classical solutions of (2.1)—(2.2)
corresponding the same initial data (o, ug). We set

~2 2
U@ = llo = ol + llu —ull,.
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Then, by the same argument as in subsection 4.1, U(?) satisfies Gronwall’s inequality:

U@ < Cf U®d:, UQ©)=0.
0

This yields that
oc=0o, u=ueCq0, T]; L*(RY)).

So, we complete the proof of theorem.
4. Global existence of classical solution

In this section, we discuss the global existence of the classical solution on the basis of the local
existence results in Section 3. According to Remark 1, we assume that the background density and the
bottom viscous damping satisfy

1
2ak" 0| < —. 4.1
T

4.1. A priori esimates

In this subsection, we will provide the a priori estimates for the Cauchy problem (2.1)—(2.3). Hence,
we assume a priori assumption that for s > ; + 1 and a sufficiently small 6 > 0,

sup (llorlizs + lldllz) < 6. (4.2)

0<t<Ty

We show the L?>-norm estimates which contains the dissipation estimate for u. It should be noticed
that there is no dissipation estimate of ||o|;2.

Lemma 4. Assume (o, u) are classical solution of (2.1)—(2.2) and (4.1), (4.2) hold, then we have

d 2 2 1 -V 2 2 2
EE(IIGIIH + IIMIILz) + (2 = 2ak TNl < Codlully, + IVoly.). (4.3)

Proof. We multiply (2.1) and (2.2) by o and u respectively, sum up and integrate over RY, we obtain

2 [ (o + e+ i
:—f(u~V0'0'+u~Vu-u)dx—lf(O'V-u0'+0'V0'-u)dx
%

1
-a f fl‘(x ~ V(x) —u)Coy) + K)"dy - u(x)dx
=L+L+1. “4.4)

We estimate /; item by item. Using Young’s inequality, we have

1
11:—f(u~V0'0'+u~Vu-u)dx:—fu~V0'0'dx+§f|M|2V'MdX
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2
< Cllolisllull Vel + CUIV - ul|[lull}
2 2
< Co([IVally, + llullz),

1 1
L =— f(O'V -uo +oVo - u)dx = - fO'l/l - Vodx < Cllo|r=llull2|IVoll 2
v

4
< C5(IIVollz, + lull?.);

L =-a f u(x)dx f L(x - y)(u(x) - u(y))(%a(y) +&)"dy
= —a f u*(x) f I'(x - y)((%/O'(y) +R) - &')dydx
+a f u(x) f (x - y)u(y)((%a(y) +R)" - &)dydx
— ak’ f u(x)dx f I'(x — y)(u(x) — u(y))dy
< 2a||T|; ||<$a +R) = Rlllull, + 2ak ||l
Similar to (3.28), we can get
||(%<r +8) = Rl < Clllolgr, v. Bllerllzs < C(llolr, v, R)6,

with the help of the Sobolev embedding theorem. Then, we obtain that
I < Collull?, + 2ar” ||| flull?».

Collecting estimates (4.5)—(4.8) into (4.4), we obtain (4.3).

4.5)

(4.6)

4.7)

(4.8)

Next,we provide the high order energy estimates which contains the dissipation estimate for u.

Lemma 5. Assume 1 < r < s and (4.1),(4.2) hold, then fors > 3 + 1, we have

1 d 1 -V r r r
EE(IIV’UI@ + IIVrulliz) + (; = 2ak’ LIV ull7, < CSUIV ull;, + IV al2,) + Collully,,-

4.9)

Proof. For 1 < r < s, we apply V" to (2.1), (2.2), and multiply the resulting identities by Vo, V'u

respectively, sum up and integrating over R to obtain

%% (Vo +V7ul )dx+ IV ul?,
f (V'(u-Vo)Vor + V(- Vur) - V') dx
—% f (V'(@V-w)V'o + V(oVo) - Vu)dx
—a f vi( f I’(x—y)u(x)(%(f(y)+7<)vdy)-V’u(x)dx

1
ta f VZ( f I'(x —y)u(y)(;a(y) + /?)”dy) - Vu(x)dx
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= i I. (4.10)

Similar to the estimate of (3.12) and (3.13) in Section 3, by Holder’s inequality and Moser type
inequality, we have

L=~ f V(- Vo)Vo + V(- Vu) - Vudx < CO(|IV" o2, + IV7ull},), (4.11)
L = —%/ er(O'V -u)V'o+ V' (oVo) - Vudx < C6(||V’0'||i2 + IIV’ulliz). 4.12)
Next, we estimate /3. Applying Moser type inequality and the Holder inequality we have
L =-a f V' u(x)Vy( f I'(x - y)u(x)(%/O'(y) +R)dy) - dx
= —a f V' u(x) V" (u(x)I (%a +R)"(x))dx
=—a eru(x)F * (%/0' + k)" (x)V'u(x)dx
~a f V' u(x)(V ()T * (%0' +R)"(x) - T (11/0' + R () V' u(x))dx
< alll’ * (%0 + 1) |V ull 7
+ CIIV’MIILZ(IILtIILwIIV’F * (%/cf +K)’llp2 + IV = (%/Cf + I?)VIILwIIV’_lullLZ)- (4.13)
To deal with the dissipation of u, we need the following estimates. Similar to (3.28), we can get
[T = (%«T + 1)l = I ff(x - y)(%ff(y) +K)"dyll

1
<| f Lx =)o+ = @)l +1 f RT(x = y)dyllz
< C(lollz v BTl ol + &I (4.14)

Using the differential properties of the convolution and the Sobolev embedding theorem, we can
compute

1 1
IV (vo + &) [l = |V ff(x ~NECoO) + K dylle= = | ff(x ~ V(o) + K)"dyl|z

1
< [l II;CT(y) + 1) =Vl
< Clllorlze, v I IV Ol grs-1 (4.15)

and similar to (3.16), we have

IV'T * (vor + &)’z < Cllollz, v, DIl (4.16)
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where C(||o||.~, v, k) 1s non-decreasing in ||o7|| .
Substituting (4.14)—(4.16) for (4.13), we obtain that

2 -1
I; < C(II(TIILmHV’ulle + o7l leal st IV sl 2 + (V|1 [V ulleIIV’ulle)
+ ak’ |0l [V ul 7,

< CS(IV"ullyy + Nlullfyoor) + ak” Il IVl (4.17)

12

where the Sobolev embedding theorem is used.
Similar to estimate of /5, we can deduce that

L=a f V' u(x) VY f I'(x - y)u(y)(%/(f(y) + &)"dy)dx
—a f Vu(x) f I(x - y)v;(u(y)(%cr(y) + R)")dydx
—a f Vi u(x) f I(x - y)V;(u(y)(%/O'(y) + R)")dydx
—a f V' u(x) f T(x - y)V;u(y)()l/O'(y) + &)’ dydx
ra [ VU [T @00 + 1) - Tuo) ot + 1)
< CS(IV"ullz, + llullZ,.-) + ai”|ITl [V ul 7. (4.18)

Collecting estimates (4.11), (4.12), (4.17), (4.18) and put them into (4.10), we obtain that

ld,_. - . 1 . -
5 (1970l + V7 ) + (= 2aR" IVl
< CS(IV"ull, + Il ) + CSIV' 2. 4.19)

Now, we will bring forward the dissipation estimate for o.

Lemma 6. For1 <r <y,
d r—1 r K r 2 2 r 2 2
7 V™ uViodx + leV oll7, < Cllullys + Co([IV Tl + [IVally-). (4.20)
Proof. First, we can directly calculate to obtain
d r—1 r r—1 r r—1 r
7 V™uVodx= | V"'uVodx+ | V7 u,Vodx. “4.21)

Next, we will estimate the right-hand two terms of the upper equation. Let 1 < r < s, applying V"
to (2.1), multiplying it by V"~'u and integrating over R" we obtain

fV’_luVrO',dx = —/?fV V-V udx
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1
- er(u Vo) -V udx - " fV’(O'V cu) - Vi udx (4.22)

< CIIV'ully, + CIIV'ull 21V - Vo2 + CIV ull 2V 0V - w2

In order to get the estimate of (4.22), we estimate ||V~ (u- Vo)||;2 and ||V~ ! (o - Vu)||,2. By Moser type
inequality and Sobolev embedding theorem, we have

IV~ (- Vol < Cllull=lIV allz2 + ClIV o= 1V ull 2
< Cllullg=1 1Vl + ClIV s IV ]2
< Co([IV'allz + [IVallgs1). (4.23)

IV o - Vil < Nloll=lIV7ull 2 + [V ull= IV orll 2
< Cliollys- IV ull2 + ClIVullgsi |V ol 2
< Co(|IV ullzz + IVullggs-1) (4.24)

Then, substituting (4.23) and (4.24) for (4.22) and applying Young’s inequality, we can deduce that
fV’_luVr(ftdx < CUIV'ullz, + IVullz) + CS(IV o7, + VOl ) (4.25)

Now, we estimate the second item on the right side of (4.21). Let 1 < r < s, applying V'~! to (2.2),
multiplying it by V' and integrating over RY we obtain

1
f V1 uVodx + &Vl = —— f V1 uVodx

, =
L T

—fV’_l(u-Vu)V’O'dx—%fV’_l(O'VO')V”O'dx
—a f v f F(x—y)(%a(y)+7<)Vu(x)dy)Vr0'(x)dx

5
+a f V’_l( ff(x - y)(%O'(y) + /'()"u(y)dy)V’O'(x)dx = Z I (4.26)
i=1

Using Young’s and Holder’s inequality, we have

. _
I = —— f V' uVodx < CIV 'l + guvran;. (4.27)
T

By a method similar to the estimate for |V""!(u - Vo)||;2 and ||V (o - Vu)||;2, we have

L =— f V' - V)V odx < CAIV'ully, + IVull,,) + CSIIV ol (4.28)
1

L= —— f V' (oVo)Vodx < CS(IV ally, + IVall,). (4.29)
v
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Next, we estimate /;,. Similar to (3.15) and (3.16), using Young’s inequality and Moser type
inequality, we have

L=-a f Vo)V (ulx) f I'(x - y)(%O'(y) + &)dy)dx
1
< IIVFU(X)IILzllV’_l(u(X)F * (;ff + )" (0|l

1 1
-1 — —
< IV IV 20 (S0 + R e + IV gz I+ (S0 + Rl
-1
< CITNV 2 (IIV " ull 2 + Nl liorl )

< Cllullz,-: + ZIIV’alle. (4.30)
Applying the same method as I, we can get
Is=a f vl f I(x - y)(%(r(y) + &) u(y)dy)V' o (x)dx
—a f f I(x— y)v;—l((%a(y) + &) u(y) )dyV o (x)dx
< Cllullz,, . + §||Vfa|Lz. (4.31)
Collecting all estimates of I;, we have
f V', Vodx + §||Vra||i2 < Cllullz,, s + CSUIV Tl + IV, ). (4.32)
Combining (4.25) and (4.32) to obtain

d — r k r r
- f V' 'uVodx + 71V all?, < Cllullys + CS(IV a7, + Va2, (4.33)

4.2. The proof of global existence

In this subsection, we construct the global-in-time solution by combining the local existence theory.
We sum up the estimate (4.9) in Lemma 5 form r = 1 to s, and then add the estimate (4.3) in Lemma
4, since ¢ is small and conditions (4.1), we can deduce that there exists £ > 0, C; > 0 such that

d S
(i + ) + 1l < 1Y 197l (4.34)

r=1

Summing up the estimates (4.20) in Lemma 6 from » = 1 to s, for sufficient small ¢, there exist
& > 0,C, > 0, such that

d < _
- > f VUV odx + &IVl < Collully. (4.35)
r=1
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. 2C6 L : : .
Multiplying (4.35) by =, adding it to (4.34), since ¢ is small, then there exits a constant €5 > 0 such
&
that
d 2C16 1 o
E(uo—nﬁﬂ + el + 8—21 > f V' uV odx) + &s(lullfys + Vel ) < 0. (4.36)
r=1

Note that there exist constant C3 > 0 such that

_ 2C16 oo
C31(||0'||12qs+||u||%{s)ﬁ(||0'||,2qx+||u||%p+8—lz f V' uVodx) < Gyl + lully ). (437)
2 '3

Integrating directly in time, with help of (4.37), we obtain

wmm@@ﬂwMM+£meﬂﬂmww®ms@WW@Hm%J (4.38)

O<i<t

Finally, we can use Theorem 1 and (4.38) to prove the global existence of classical solutions for
(2.1)—(2.2). Applying the local existence of the classical solution in Theorem 1, we deduce that for
any positive constant 0y < 9, there is a positive constant 7, depending only on dy, ¢ such that if
lloollas + lluollgs < o, then the solution of the Cauchy problem (2.1)—(2.3) satisfies

sup llollgs + llullzs < 6. (4.39)
0<t<To
Then, we choose that
1)
0o = (4.40)

21 + cg)’

where 6 and C3 are given in (4.2) and (4.38), respectively. Let us define the maximal existence time
T ax > 0 of the system (2.1)—(2.2) by

Ty :=sup{t > 0 : sup ||lollgs + llullgs < 6} 4.41)

0<t<Ty

Suppose T, < o0, then we can use the continuation argument and (4.38) to get
2 52

0
82 = sup ol + llull?e < C3(llooll?s + luoll?s ) < C3—— < —. 4.42
Sup Nl -+ ey 2(lloolls + ol A < 2 (4.42)

This is a contradiction, hence, we can conclude that 7, = 0.
In summary, we have completed the proof of Theorem 2.2.
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Appendix

In the appendix, we present several lemmas used in the existence proof in Sections 3 and 4.

Lemma 7. (Moser type inequality) Let s > 1 and 1 < r < s, then for any pair of functions f, g €
H* N L™, we have

IV (2 < CUV fllzllglls + N1V gll2)- (4.43)
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Furthermore if Vf € L*(RY) we have

IV'(fg) = fVgllz < CAVAll=IIV* " gllz + lIgllz=lIV* fll2). (4.44)
Proof. See Lemma 3.4 in [22]. O

Lemma 8. (Young’s inequality) Let p,q,r > land 1/p+1/q+1/r=2. Let f € LP,g € L?and h € L.
Then

f FOg * H()dx = f f Fg(x = yh(0ldxdy
< CpurllFllollgllallills (4.45)

Proof. See Theorem 4.2 in [20]. O

Lemma 9. (Gagliardo-Nirenberg inequality) Let f € Wol’q N L" for some r < 1. There exists a constant
C depending upon N, P, r such that

ey < CIVullZ el (4.46)

where 6 € [0, 1] and p,q < 1 are linked by

I 1y1 1 1y
o=(--=)c--+-) . (4.47)
r p/\N g r
Proof. See Theorem 1.1 of the Chapter 10 in [8]. O
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