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Abstract
We study a relation between coupling introduced by Ebeling (Kodai Math J 29:319-
336, 2006) and the polytope duality among families of K3 surfaces.
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1 Introduction

A notion of coupling is introduced by Ebeling (2006) as a tone-down of the duality of
weight systems by Kobayashi (2008). It is proved that the duality is also “polar dual”,
in the sense that certain rational polytopes associated to weight systems are dual. In
Ebeling (2006), there is given a list of coupling pairs for 95 weight systems of simple
K 3 hypersurface singularities classified by Yonemura (1990), and it is proved that the
duality induces Saito’s duality, which is a relation between the zeta functions of the
Milnor fibre of the singularities. It is interesting to note that these dualities translate a
famous mirror symmetry.

Instead of rational polytopes, we are interested in Batyrev’s toric mirror symmetry
(Batyrev 1994) for integral polytopes in this article. As a generalisation of Arnold’s
strange duality for unimodal singularities, Ebeling and Takahashi (2011) defined a
notion of strange duality for invertible polynomials. It is studied by Mase and Ueda
(2015) that the strange duality for bimodal singularities defined by invertible polyno-
mials extends to the polytope duality among families of K3 surfaces.

The polytope duality is focusing on more details in geometry of K3 surfaces such
as resolution of singularities, as a compactification of some singularities in three
dimensional space which should affect the geometry of the surfaces while the polar
duality in Ebeling (2006), Kobayashi (2008) is determined only by the weight systems
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and thus, itis quite global. There are some profiles in coupling as is explained in Ebeling
(2006) from the viewpoint of mirror symmetry, in particular, in terms of the Milnor
fibres. It is expected that a study of the polar duality associated to coupling gives
another explanation to coupling by Batyrev’s mirror symmetry. In turn, we expect
some relation can be extracted between the Milnor fibres of singularities and the
geometry of associated K 3 surfaces.

Motivated by this, and focusing on coupling, we consider the following problem.

PROBLEM. Let a and b be weight systems that are coupling pair and their weighted
magic square is given by polynomials f and f’, respectively. Determine whether or
not there exist reflexive polytopes A and A’, and projectivisations F and F’ of f and
/' in the weighted projective spaces P(a) and P(b), respectively, such that they are
polytope dual in the sense that they satisfy the following conditions:

A*~A, AFCACA, Ap CA CA,.

Here A and Ap are Newton polytopes of F and F’, respectively, and A, and Ap
are polytopes that define the weighted projective spaces P(a) and P(b). Note that the
isomorphism between A* and A’ is that of as integral (or lattice) polytopes.

The main theorem of the article, which is proved in Sect. 5 is stated:

Theorem 5.1 Any coupling pairs in Yonemura’s list extend to the polytope dual
except the following three pairs of weight systems : (1, 3, 4, 7; 15) (self-coupling),
(1, 3,4, 4; 12) (self-coupling), and (1, 1, 3,5; 10) and (3, 5, 11, 19; 38). The com-
plete choice of reflexive polytopes is given in Table 1.

In Sect. 2, we recall the definitions concerning the weighted projective spaces and
the strange duality. In Sect. 3, we recall the definition of coupling. In Sect. 4, we
explain the polytope duality after recalling necessary notions of toric geometry.

2 Preliminary

A K3 surface is a compact complex 2-dimensional non-singular algebraic variety with
trivial canonical bundle and irregularity zero.

Let (ao, ..., an) be a well-posed (n + 1)-tuple of positive integers, that is, ag <
... < ay, and any n-tuples out of them are coprime. Recall that the weighted projective
space P(a) = P(ao, ..., a,) with weight a = (ao, ..., a,) is defined by

P(a) = P(ay, ..., ay) := C"T2\{0}/ ~,

where (xg, ..., x,) ~ (Yo, ..., yn) if there exists a non-zero complex number A
such that

(305 -5 yu) = (Ax0, ..., A%xp)
holds. We call a; the weight of the variable x;, and denote it by wt x;.
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In case n = 3, we fix a system of variables W, X, Y, Z of the weighted projective
space P(ag, a1, az, az) with weights

wtW =ag, wtX =a;, wtY =a;, wtZ =as3.

We say a polynomial F in P(ag, a1, a», a3) is an anticanonical section if F is of
degree d := ag + ai + ap + az. The tuple (ag, ai, az, az; d) is called a weight
system.

By Dolgachev (1982), the anticanonical sheaf of P(a) is isomorphic to Op,) (—d).
All weight systems that give simple K3 hypersurface singularities are classified by
Yonemura (1990). Namely, if a weight a is in Yonemura’s list, general anticanonical
sections of P(a) are birational to K 3 surfaces. Thus, one can consider families of K3
surfaces.

For a polynomial f in three variables, a polynomial F in the weighted projective
space P(a) is called a projectivisation of f if there exists a linear form / in P(a) such
that

f=Fli=0o

holds. In this case, the form [ is called a section of f for F.

3 Coupling

Recall the definition of coupling for weight systems with three entries. Let w =
(w1, wa, w3; d) and w’ = (w), wj, wj; h) be weight systems, with weights being
well-posed.

A weighted magic square C for the weight systems w and w’ is a square matrix of
size 3 that satisfies relations

Cl(wy wp w3) ="(ddd) and (w] wywy)C = (hhh).

The pair of weight systems (w, w’) is called coupled if C is almost primitive, that is,
if |det C| = (d — 21‘3:1 wi) h= (h — Z?:l wl/> d hold. The pair of weight systems
(w, w') is strongly coupled if it is coupled and the weighted magic square C has

entries zero in every column and row.
Thus, one can assign polynomials f and f’ to C = (c;;) in such a way that

3 3
f= Zxcilycizzcﬁ, = Zxcliyczi 763,
i=1 i=1

In other words, there exisis weight systems (ao, a1, a2, az; d)and (bgy, by, by, b3; h)
such that there exist i, j € {0, 1, 2, 3} with properties

|detC|=ha,-=kbj, and tAf/:Af
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Define an anticanonical section F' of weight system (ag, a1, az, asz; d) sothat/ is the
section of f for F, where [ is a linear form defined by

wh/@  if |det C| = hay,
xMarif |det C| = hay,
yhlaif |det C| = hay,
M if |det C| = has.

Note that the choice of variables is different from the original Ebeling’s paper (Ebeling
2006). And then define a polynomial F’ so that

'‘Apr = Af

holds. Note that F’ is a projectivisation of f’, and an anticanonical section in the
weighted projective space of weight system (bg, b1, b2, b3; h).

Ebeling (2006, Tables 2 and 3) gives (strongly) coupling pairs among weighted
systems in Yonemura’s list.

4 Duality of Polytopes

Let M be a lattice of rank 3, and N be its dual lattice Homz (M, Z) that is again of
rank 3. A polytope is a convex hull of finite number of points in M ® R. If vertices of
a polytope A are vy, ..., v, we denot it by

A = Conv{vy, ..., v }.

We call a polytope integral if all the vertices of the polytope are in M. For a polytope
A, define the polar dual polytope A* by

A" ={ye NQR|(y,x)r > —1 forall x € A},

where (, )isanatural pairing N x M — Z,and (, )R is the extension to R-coefficients.
Let A be an integral polytope that contains the origin in its interior as the only lattice
point. The polytope A is reflexive if the polar dual A* is also an integral polytope.

Recall an interesting property of reflexive polytopes related to K3 surfaces due to
Batyrev (1994):

Theorem 4.1 (Batyrev 1994) Denote by Pa the toric 3-fold associated to an integral
polytope A. The following conditions are equivalent.

(1) The polytope A is reflexive.
(2) General anticanonical sections of Pa are birational to K3 surfaces. O

In particular, the weighted projective space P(a) with weight system a =
(ap, ai, az, a3) in Yonemura’s list is a toric Fano 3-fold determined by a reflexive
polytope A in the R-extension of the lattice

@ Springer



Polytope Duality for Families of K3 Surfaces...

M, = {(i, .k, 1) € Z* | agi + a1 j + axk + a3l 20},

where the weight system a is assigned No. n in Yonemura’s list. The anticanonical
sections are weighted homogeneous polynomial of degree d := ap + a1 + a> + asz,
thus, there is a one-to-one correspondence between a lattice point (i, j, &, [) in M,
and a rational monomial Wit! X/ +1yk+1 741 Iy this way, once a Z-basis is taken
for M,, we identify lattice points in A and monomials of weighted degree d.

5 Main Result

In this section, we prove the main theorem.

Theorem 5.1 Any coupling pairs in Yonemura’s list extend to the polytope dual
except the following three pairs of weight systems : (1,3, 4,7; 15) (self-coupling),
(1,3,4,4;12) (self-coupling), and (1, 1,3,5;10) and (3,5, 11, 19; 38). The com-
plete choice of reflexive polytopes is given in Table 1.

Remark 1 In Table 1, the reflexive polytopes A and A’ are given as a set of monomials
that are vertices of them. If there are more than one pairs, they are separated by a
dotted line and polytopes in the same row give the polytope duality. Although they are
not originally numbered, we label a number for each case treated accordingly from
the top to the bottom in Tables 2 and 3 in Ebeling (2006).

Proof Take polynomials F and F’ that are respectively anticanonical sections of the
weighted projective spaces P(a) and P(b) as in the Tables 2 and 3 in Ebeling (2006).

Recall that a pair of reflexive polytopes A and A’ is polytope dual if relations
Arp CACA,, Apr C A C Ap,and A* >~ A’ hold.

The strategy of the proof is that in each case, after taking a basis of the
lattice M,,, we observe if the Newton polytope A of the polynomial F is reflex-
ive by a direct computation. If the polytope is not reflexive, then, we search
a reflexive polytope A satisfying inclusions Ar C A C A®™ of polytopes.
The analogous observations should be made for F’. Once one gets a candi-
date reflexive polytope A and A’, we then study whether they satisfy a relation
A* >~ N,

The assertion is proved case by case.

5.1 No.1-No. 10

We claim that the unique pair (A(M) A(M)*) is polytope dual commonly for Nos. 1
to 10. Take a basis {e{”, e, U} of lattices M, for n = 14,28, 45, and 51 by

M = (=6,1,0,0), ' =(-14,0,1,0), 'Y =(=21,0,0,1),
QS) = (=3,1,0,0), ¥ =(=7,0,1,0), ¥ =(-10,0,0,1),
<45) = (—4,1,0,0), e(45>_( 9,0,1,0), ¢ =(~14,0,0,1),
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eV = (=5,1,0,0), ¢V =(=12,0,1,0), " =(~18,0,0,1).

In Kobayashi and Mase (2012), it is proved that the polytopes A" for n =
14,28, 45, and 51 are isomorphic to the polytope AU4 that is the convex hull of
vertices (—1, —1, 1), (—1,—1,—1), (6, —1,—1), and (—1, 2, —1) under the above
choice of basis. Since the polar dual AU s the convex hull of vertices (1,0, 0),
0,1,0), (0,0, 1), and (—6, —14, —21), the linear map of R3 defined by a matrix

6 —1—1
(—% 2 —11) gives an isomorphism from A% to AU9™ a5 lattice polytopes. There-
fore, a relation AUD* ~ A1D polds.

Define 2-dimensional sections Iy, T'», and 'z of AU% by

I't = Conv{(—1,—-1,0), (6, -1, —-1), (—1,2, =1},
I'y = Conv{(—1,0, —1), (6, -1, =1), (-1, -1, 1)},
I's = Conv{(0, —1, —1), (=1, —=1,1), (—1,2, =1)}.

No. 1. The Newton polytope of F = F' coincides with A4,

No. 2. Since the Newton polytope of F’, which is the convex hull of vertices
(=1,—-1,1, (=1,—1,—=1), (6, —1,—1), and (—1,2, —1), coincides with AZ®,
which is isomorphic to A% Thus, we take A’ to be AU Since the polar dual
polytope of AU% is AU% jtself, and the polynomial F is an anticanonical member of
the weight system (1, 6, 14, 21), the Newton polytope Ar of F is a subpolytope of
A, we can take A to be again AUY,

No. 3. Since the Newton polytope of F’, which is the convex hull of vertices
(=1,—=1,1, (=1,—1,—=1), (6, —1,—1), and (—1,2, —1), coincides with A®,
which is isomorphic to AU% . Thus, we take A’ to be A%, As in No.2, we can
take A to be AU,

No. 4. Since the Newton polytope of F’, which is the convex hull of vertices
(-1,—-1,1), (=1,—1,—1), (6,—1,—1), and (—1,2, —1), coincides with ACD,
which is isomorphic to AUY  Thus, we take A’ to be AU¥ . As in No.2, we can
take A to be AU,

Nos. 5, 6, and 7. The Newton polytope of F’, which is the convex hull of vertices
(-1,-1,0), (-1, -1,1), (6, —1, —1),and (—1, 2, —1), contains a face I'y. Since the
polar dual of I'; is a non-integral vertex (3/10, 7/10, 21/10), the Newton polytope
A is not reflexive. In order to construct a reflexive polytope A’ such that Az C A/,
one may replace the face I' of A/ by some sections. In other words, fixing vertices
(=1,-1,1), (6,—1,—1),and (—1, 2, —1), we may add one or two other vertices to
the polytope A . This is done by a try and error construction with the following three
cases.

First try-out The face I'; is replaced by a section spanned by vertices (—1, —1, 0),
(6,—1,—1),and (—1,a, —1) with a = 1,0, —1. The polar dual of this section is a
vertex vy = 1/(a 4+ 8)(a + 1,7,7(a + 1)). The vertex is a lattice point if and only if
a = —1. This means that we obtain the polytope A4 after the construction. Thus
we may take A’ = A = A4,
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Second try-out The face I'; is replaced by a section spanned by vertices (—1, —1, 0),
(=1,2,—1), and (b, —1, —1) with b = 5,4,3,2,1,0, —1. The polar dual of this
section is a vertex v = 1/(b+4)(3,b + 1,3(b + 1)). The vertex is a lattice point if
andonlyif » = —1. This means that we obtain the polytope A4 after the construction.
Thus we may take A’ = A = A4,

Third try-out The face I'; is replaced by a section spanned by vertices (—1, —1, 0),
(-1,a,—-1),and (b, —1,—1) witha = 1,0, —1,and b = 5,4,3,2,1,0, —1. Note
that @ = —1 if and only if b = —1 since this try-out means that we are construct-
ing a polytope that contains a section which is a subset of the triangle spanned by
(=1,2,=1), (6,—1,—1), and (—=1,—1,—1) of AU If ¢ = b = —1, then, the
resulting polytope coincides with AU'¥ | which is reflexive. Otherwise, the polar dual
of this sectionis avertex v3 = 1/(a+b+2)(a+1,b+ 1, (a+ 1)(b+ 1)), which is
never a lattice point. Therefore, we obtain the polytope A4 after the construction.
Thus we may take A’ = A = AU,

Nos. 8 and 9. The Newton polytope of F’, which is the convex hull of vertices
(-1,0,-1), (—1,-1,1), (6,—1,—1), and (—1,2, —1), contains a face I'>. Since
the polar dual of I'; is a non-integral vertex (2/9 14/9, 7/9), the Newton polytope
A is not reflexive. In order to construct a reflexive polytope A’ such that Apr C A/,
one may replace the face I'y of A/ by some sections. In other words, fixing vertices
(-1,—-1,1), (6,—1,—1),and (—1, 2, —1), we may add one or two other vertices to
the polytope A . This is done by a try and error construction.

The idea to add a section two of which vertices are (—1, —1, 1) and (—1, —1, 0)

is excluded by the arguments made in Nos. 5, 6, and 7. Thus we consider that we
add a section spanned by vertices (—1, —1, 1), (—1,0, —1), and (a, —1, —1) with
a = 5,4,3,2,1,0, —1. This section has the polar dual spanned by a vertex v =
1/(a+3)(2,2(a+1),a+1). The vertex v is integral if and only if a« = —1. Therefore,
we may take A’ to be AU and A tobe AUD,
No. 10. The Newton polytope of F’, which is the convex hull of vertices (0, —1, —1),
(-1,—-1,1), (6, —1,—1),and (—1, 2, —1), contains the face I'3. Since the polar dual
of '3 is anon-integral vertex (6/5, 2/5, 3/5), the Newton polytope A g+ is not reflexive.
In order to construct a reflexive polytope A’ such that Apr C A’, one may replace
the face I'3 of Ap by some sections. In other words, fixing vertices (—1, —1, 1),
(6, —1,—1), and (—1, 2, —1), we may add one or two other vertices to the polytope
A . This is done by a try and error construction.

The idea to add a section two of which vertices are (—1, —1, 1) and (—1, —1, 0)
is excluded by the arguments made in Nos. 5, 6, and 7. Thus we consider that we
add a section spanned by vertices (—1, —1, 1), (0, —1, —1), and (—1, a, —1) with
a = 1,0, —1. This section has the polar dual spanned by a vertex v = 1/(a +
3)(2(a + 1),2,a + 1). The vertex v is integral if and only if a = —1. Therefore, we
may take A’ to be A% and A to be AUY,
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5.2 No. 11-No. 14

We claim that there exist two polytope-dual pairs for Nos. 11 to 14. Take a basis
{el”, ", e} of lattices M, for n = 38,50, 77, and 82 by

e = (=6,1,0,0), &§® =(=8,0,1,0), ¥ =(~15,0,0,1),
(50) = (—4,1,0,0), (50) =(=10,0,1,0), ¥ =(-15,0,0, 1),
(77) = (-5.1,0,0), (77> =(=7,0,1,0), " =(~13,0,0,1),

<82) = (=3,1,0,0), (82> = (=7,0,1,0), ¢ =(~11,0,0,1).

In Kobayashi and Mase (2012), it is proved that the polytopes A®® and A7, and
ABY and A®2) are respectively isomorphic to the polytopes

(38,77) ._ (_17 _17 1)7 (_17 _17 _1)7
A := Conv @, —1,—1), 0.2, 1), (—1,2, -1y [’

(50,82) .__ (-1, -1,1), (-1,-1,=1),
AT =GO (6 1), (4,0, 1), (Z1,2, 1)

Define polytopes Ay, A, and Ay, A/, by

Ay = AGBTD.
/. (_17_151)5 (_15_15_1)5
Api= COHV{(s, —1,=1), (4,0,—1), (-1,2,—1) }
. (_1’_151)’ (_15_1’_1)5
A2i= C"“V{(é, —1, -1, (4,0, -1), (=1,2,-1) }

— 50,82
Ay = A0S,

Since the polar dual polytopes A} and A% of A and A; are the convex hulls of vertices
(1,0,0), (0,1,0), (0,0, 1), (0, -2, —3), and (-6, —8, —15), respectively, (1, 0, 0),
0,1,0), (0,0, 1), (—=2,—-4,-7), and (—4, —10, —15), and the linear maps of R3
determined by matrices A| := (% 4311 é), and A := " Aj respectively give isomorphisms
from A} to A} and from A), to A3, the relations A7 >~ A and A5 >~ A/ hold.
No. 11. The Newton polytope of F, which is the convex hull of vertices (—1, —1, 1),
(—-1,—-1,—-1), (4, —1,—1), and (0, 2, —1), is not reflexive. Indeed, A g contains a
face I" spanned by (—1, —1, 1), (—1, —1, —1), and (0, 2, —1) of which the polar dual
is anon-integral vertex 1/2(3, —1, 0). In order to construct a reflexive polytope A such
that Ar C A, we have to replace the face I by a union of some sections, which is
done by add a vertex (—1, a, —1) witha = 1, 2 so that there is a new face spanned by
(-1,—-1,1), (0,2, —1), and (—1, a, —1). The polar dual of this new face is a vertex
1/(a — 3)(2(a — 2),2,a + 1). Thus, this vertex is an integral point if and only if
a=1,2.

The Newton polytope of F’, which is the convex hull of vertices (—1, —1, 1),
(-1,—-1,-1), 4,0, —1),and (—1, 2, —1), is not reflexive. Indeed, the polytope A g
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contains a face I' spanned by (—1, —1, 1), (=1, —1, —1), and (4, 0, —1) of which
the polar dual is a non-integral vertex 1/4(—1, 5, 0). In order to construct a reflexive
polytope A’ such that Az C A’, we have to replace the face I'/ by a union of some
sections, which is done by add a vertex (b, —1, —1) with b = 6,5,4,3,2,1,0, —1
so that there is a new face spanned by (—1, —1, 1), (4,0, —1), and (b, —1, —1). The
polar dual of this new face is a vertex 1/(b — 7)(2, 2(b — 4), b + 1). Thus, this vertex
is an integral point if and only if b = 6, 5.

By the above observation, there are two polytope-dual pairs, that is, if (a, b) =

(2,5), then, (A1, A)), and if (a, b) = (1, 6), then, (A), Aj).
No. 12. The Newton polytope of F', which is the convex hull of vertices (—1, —1, 1),
(-1,-1,-1), (4, —1,—1), and (0, 2, —1), is isomorphic to the Newton polytope of
F that we have already studied in No. 11. Thus, we may take A or A, as a reflexive
polytope A.

The Newton polytope of F’, which is the convex hull of vertices (4,0, —1),
(-1,-1,1), (0, —1, —1),and (—1, 2, —1), is not reflexive. Indeed, the polytope A pr
contains faces I", which is spanned by (—1, —1, 1), (0, —1, —1), and (4, 0, —1), and
I'>, which is spanned by (—1, —1, 1), (0, —1, —1),and (—1, 2, —1) of which the polar
duals are vertices v = 1/7(—2, 8, —1), and v» = 1/5(6, 2, 3), respectively.

We have to replace the face I'; by a union of two sections, in particular, we have
to use a new face spanned by vertices (—1, —1, 1), (4,0, —1), and (a, —1, —1) with
a=6,54,3,2,1,0, —1. By the same argument made in No. 11 for polytope A’, we
have to take a = 6, 5.

We have to replace I'> by a union of two sections, in particular, we have to use
a new face I' spanned by vertices (—1, —1, 1), (0, —1, —1), and (—1, b, —1) with
b = —1,0, 1. The polar dual of I" is a vertex 1/(b +3)(2(b + 1), 2, b+ 1). Thus, this
vertex is an integral point if and only if b = —1.

Therefore, there are two polytope-dual pairs, that is, if (a,b) = (5, —1), then,
(A1, A)),andif (a, b) = (6, —1), then, (A}, Az).

No. 13. The Newton polytope of F', which is the convex hull of vertices (—1, —1, 1),
(-1,—-1,—-1), (4,0, —1),and (—1, 2, —1), is isomorphic to the Newton polytope of
F’ in No. 11. Thus, we may take A| or A as a reflexive polytope A.

The Newton polytope of F’, which is the convex hull of vertices (0,2, —1),
(=1,-1,1), (—1,0,—1), and (4, —1, —1) is not reflexive. Indeed, the polytope A
contains faces I'y, which is spanned by (-1, —1, 1), (—1,0, —1), and (4, —1, —1),
and I'>, which is spanned by (-1, —1, 1), (—1,0, —1), and (0, 2, —1) of which the
polar duals are vertices vi = 1/7(2, 10, 5), and v = 1/3(4, —2, —1), respectively.

We have to replace the face I'| by a union of two sections, in particular, we have to
use anew face 1"/l spanned by vertices (—1, —1, 1), (—1,0, —1),and (a, —1, —1) with
a=4,3,2,1,0, —1. The polar dual of Fi isavertex 1/(a +3)(2,2(a+ 1),a + 1).
Thus, this vertex is an integral point if and only if a = —1.

We have to replace I' by a union of two sections, in particular, we have to use a new
face I‘é spanned by vertices (—1, —1, 1), (0,2, —1), and (-1, b, —1) with b = 1, 2.
The polar dual of T'} is a vertex 1/(b — 2)(2(b — 2), 2, b + 1). Thus, this vertex is an
integral point if and only if b = 1, 2.

Therefore, there are two polytope-dual pairs, that is, if (a,b) = (-1, 2), then,
(A, Ap),andif (a, b) = (—1, 1), then, (A, A)).
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No. 14. The Newton polytope of F coincides with that of F’ in No. 12. Thus, one
may take A or A; to be A. Besides, the Newton polytope of F’ coincides with that
of F” in No. 13. Thus, one may take A} or A} to be A’. Therefore, there are two
polytope-dual pairs, that is, (A}, Ay) and (Az, A)).

5.3 No. 15-No. 18

We claim that there exists a unique polytope-dual pair for Nos. 17, 18, and that two
pairs for Nos. 15, 16. Take a basis {ei"), eé"), eé")} of lattices M,, for n = 13, 20, 59,
and 72 by

MV =(=3,1,0,0), 'Y =(=8,0,1,0), 'Y =(=12,0,0,1),
¢ = (=6,1,0,0), e =(-8,0,1,0), e{” =(-9,0,0,1),
(59) =(=5,1,0,0), <59) = (-7,0,1,0), (59) =(=8,0,0, 1),
(72> = (=2,1,0,0), (72’ — (=5,0,1,0), ”2) —(=7,0,0, 1).

In Kobayashi and Mase (2012), it is proved that the polytopes A?? and A®?
are isomorphic to the convex hull AP0:59) of vertices (—1,—-1,1), (—1,—1,—-1),
(3,—1,=1), (0,—1,1),and (—1,2, =1).

Define polytopes Ay, A}, and Ay, A} by

Ay = A2059)

. (=1, =1, 1), (=1, 1, —1),
Ar= COHV{(S, —1,-1), 3,—-1,0), (=1,2, —1) }

AZ = COHV{(O, _19 1)! (_17 _13 _1)3 (39 _11 _1)9 (_17 23 _1)}a

I A(13) _ (=L, —=1,1), (=1, -1, -1),
Ay = A _Conv{(7’_17_l)’ (—1.2.—1) .

Since the polar dual polytopes A} and A% of Ay and A, are the convex hulls of vertices
(1,0,0), (0,1,0), (0,0, 1), (0,—2,—-3), and (—6, —8, —9), respectively, (0, 1, 0),
0,0, 1), (2 0, —1), and (—6, —8, —9), and the linear maps of R3 determined by a
matrix (% 3 g) gives isomorphisms from A to A} and from A/, to A}, the relations
AT ~ A} and A% >~ A/, hold.

No. 15. The Newton polytope of F, which is the convex hull of vertices (0, —1, 1),
(=1,—-1,-1), (3, —1,—1),and (—1, 2, —1), coincides with A,.

The Newton polytope of F’, which is the convex hull of vertices (3, —1,0),
(-1,-1,1), (—1,—1,—1), and (—1, 2, —1), is not reflexive. Indeed, the Newton
polytope A s of F’ contains a face " spanned by vertices (3, —1,0), (—1, —1, —1),
and (—1, 2, —1), and the polar dual of I' is a non-integral vertex 1/3(—1,0, 4). We
have to replace the face I" by a union of two sections, in particular, by using vertices
(3, —1,0) and (—1, 2, —1), we may choose an appropriate vertex of form (a, —1, —1)
witha =7, 6,5, 4, 3, 2, 1, 0, so that the resulting face is reflexive. The face I'’ spanned
by 3, —-1,0), (—1,2,—1) and (a, —1, —1) witha = 7,6,5,4, 3,2, 1,0 has polar
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dualv =1/(a—8)(3,a+1,3(a —3)). Thus, the vertex v is a lattice point if and only
ifa=17,5.

Therefore, there are two polytope-dual pairs, that is, if a = 5, then, (A
Ay, A)),andif a = 7, then, (A, AUY = A)).

No. 16. The Newton polytope of F' coincides with that of F in No. 15, namely, with
As.

The Newton polytope of F’, which is the convex hull of vertices (—1, —1, 1),
©, -1, -1), 3, —1,0),and (—1, 2, —1), is notreflexive. Indeed, the Newton polytope
A contains two faces I'y spanned by (—1, —1, 1), (0, —1, —1), and (-1, 2, —1),
and I'y spanned by (3, —1,0), (0, —1, —1), and (—1, 2, —1), and the polar dual of
these faces are respectively, I'l = 1/5(6, 2, 3), and I'; = 1/8(—3, —1,9). We have
to replace I'1 and I'; by sums of other sections.

For I'{, we have to use a section Fi spanned by (—1, —1,1), (0, —1, —1), and
(—1,a,—1) witha = 1,0, —1. The polar dual of I'| is a vertex vi = 1/(a+3)(2(a +
1), 2, a + 1). Thus, the vertex v is a lattice point if and only if a = —1.

For I';, we have to use a section Fé spanned by (3, —1,0), (—1,2,—1), and
(b,—1,—-1) with b = 7,6,5,4,3,2,1. The polar dual of Fé is a vertex vy =
1/(b — 8)(3,b + 1,3(b — 3)). Thus, the vertex v, is a lattice point if and only if
b=5,17.

Therefore, there are two polytope-dual pairs, that is, if b = 5, then, (A1, A/l), and

if b =7, then, (A, A)).
No. 17. The Newton polytope of F, which is the convex hull of vertices (—1, —1, 1),
(—=1,—-1,-1), (3,—1,0), and (—1, 2, —1), coincides with that of F’ in No. 15. Thus
the same argument can be applied to A, so, one may take A% or a polytope with
a vertex (5, —1, —1) instead of a face spanned by vertices (3, —1,0), (—1, —1, —1),
and (—1,2,—1) as A.

The Newton polytope of F’, which is the convex hull of vertices (0, —1, 1),
(-1,-1,0), 3,—1,—1), and (—1, 2, —1), is not reflexive. Indeed, the polytope
A g contains faces I'y spanned by (0, —1, 1), (-1, —1,0), and (—1, 2, —1), and I'>
spanned by (—1, —1,0), (3, —1, —1), and (—1, 2, —1) of which the polar duals are
't =1/23, -1, -3),and '} = 1/7(3, 4, 12). We must replace these faces by sums
of sections by adding other vertices to Apgs. For I'y, the only possible way to add a
vertex is to adding the vertex (—1, —1, 1). For I'y, there are three try-outs.

First try-out Consider a section Fi spanned by (—1,—1,0), (—1,2,—1), and
(a,—1,—1) with a = 2,1,0, —1. The polar dual of F; is a vertex v; = 1/(a +
4)(3,a + 1,3(a + 1)). The vertex v is a lattice point if and only if a = —1.
Second try-out Consider a section Fé spanned by (—1,—1,0), (3,—1,—1), and
(—=1,b,—1) with b = 1,0, —1. The polar dual of T} is a vertex vo = 1/(b + 5)(b +
1,4,4(b + 1)). The vertex v, is a lattice point if and only if b = —1.
Third try-out Consider a section Fé spanned by (—1,—1,0), (a,—1,—1), and
(—1,b,—1) witha =2,1,0,—1and b = 1,0, —1. Note thata = —1l and b = —1
simultaneously occur. If a = b = —1, then, it is clear that Fé is reflexive. Otherwise,
the polar dual of I'; is a vertex v3 = 1/(a+b+2)(b+ 1,a+ 1, (a+ (b + 1)),
which is never a lattice point. Therefore I' is reflexive if and only if a = b = —1.
Therefore, the pair (A, Ay) is polytope-dual.

0) _
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No. 18. The Newton polytope of F, which is the convex hull of vertices (—1, —1, 1),
0, —1,-1), (3,—1,0), and (-1, 2, —1), coincides with that of F’ in No. 16. Thus
the same argument in No. 16 can be applied here.

The Newton polytope of F’, which is the convex hull of vertices (—1, —1, 0),
0,—-1,1), (3,—1,—1), and (-1, 2, —1), coincides with that of F’ in No. 17. Thus
the same argument in No. 17 can be applied in this case.

Therefore, the pair (A, Ay) is polytope-dual.

5.4 No.19

78 78 78
(78) é )’ eé )}

’

We claim that there exist three polytope-dual pairs. Take a basis {e;
for a lattice M7g by

e’ = (=4,1,0,0), ™ =(=6,0,1,0), ® =(=11,0,0,1).

Define polytopes A1, As, A3, Agq by

. (78) _ (_19_111)7 (_11_17_1)1 (41_17_1)1
AI =A - Conv { (3507 _1)7 (O’ 27 _1)7 (_1’27 _1) ’

L (-1,-1,1), (-1, —-1,-1), (4, -1, —1),
A2:=Comv 30 1), (0,2, -1), (—1, 1, 1) ’
. (_1?_151)’ (_15_13_1)5 (35_17_1)5
A3 = COM Y 30 1), 0,2, 1), (~1,2, —1) ’
. (_19_1’1)’ (_1’_1’_1)5 (35_1’_1)5

Aa=Conva 30 1), (0,2, -1), (1,1, 1)

Since the polar dual polytopes A}, A%, and A5 of Ay, Aj,and Aj are the convex hulls
of vertices (1, 0, 0), (0, 1,0), (0,0, 1), (=2, =2, =5), (=4, —6, —11), (0, =2, —3),
resp., (1,0, 0), (0, 1, 0), (0,0, 1), (-2, -2, =5), (-4, -6, —11), (1, —1, —1), resp.,
(1,0,0), (0,1,0), (0,0, 1), (~1,0, =2 (=4, =6, =11), (0, ~2, —3), and the incar

11
map of R? determined by a matrix ( % % g) gives isomorphisms from A4 to A, from

Aj to A3, and from Aj to Aj, the relations AT >~ A4, A5 =~ Ay, and A} >~ Aj hold.

The Newton polytope of F = F’, which is the convex hull of vertices (—1, —1, 1),
(-1,—-1,—-1), (3,0, —1), and (0, 2, —1), is not reflexive. Indeed, the polytope A
contains faces I'y spanned by (-1, —1,1), (—1,—1,—1), and (0,2, —1), and T'»
spanned by (—1, —1, 1), (—1, —1, —1), and (3, 0, —1), of which the polar duals are
non-integral vertices vi = 1/2(3, —1,0), and v» = 1/3(—1, 4, 0), repsectively. For
these faces, we have to replace them by sums of other sections.

For I'1, we have to use a section FQ spanned by (—1,—1,1), (0,2, —1), and
(—1,a,—1) witha = 2, 1, 0. The polar dual of Fg isavertex vy = 1/(a —3)(2(a —
2),2,a + 1). The vertex vy is a lattice point if and only if a = 2, 1.

For I';, we have to use a section Fé spanned by (—1,—1,1), (3,0, —1), and
(b, —1,—1) with b = 4,3,2,1,0. The polar dual of I} is a vertex v, = 1/(b —
5)(2,2(b — 3), b+ 1). The vertex vy is a lattice point if and only if b = 4, 3.
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Therefore, there are there polytope-dual pairs, that is, if (a, b) = (2, 4) for one side
and (a, b) = (1, 3) for the other, then, (A1, Ay), if (a,b) = (1,4) for both sides,
then, (Aj, Ap),if (a, b) = (2, 3) for both sides, then, (A3, A3).

5.5 No. 20

We claim that there exist two polytope-dual pairs. Take a basis {e\”, e{", e{} of M,,
for n = 39, 60 by

e =(=3,1,0,0), ¢ =(=5.0,1,0), " =(-9,0,0,1),
e = (=4,1,0,0), " =(=6,0,1,0), " =(-7,0.0,1).

Define polytopes Ay, A}, Az and A), by

©,-1,1), (-1,—-1,-1),

A1 := Conv ,
(37_]3_])7 (2707_1)7 (_1729_1)
(-1,-1,1), (—=1,—-1, =1),

A} := Conv ,
(57_19_1)7 (07 29_1)7 (_1’ 15_1)
0, -1, D, (=1, -1, =D,

Ay := Conv )
(27_17_1)7 (27 07_1)7 (_1’27_1)

I A(9) _ (=1, -1, 1), (—=1,—1,—-1),
Ao =4 _C"“V{<5,—1,—1), 0.2, —1), (=1,2,—1) [

Since the polar dual polytopes A} and A} of Ay and A; are the convex hulls of
vertices (0, 1, 0), (0,0, 1), (-2, =2, —=3), (-4, —6, —7),and (2, 0, — 1), respectively,
0,1,0), (0,0,1), (—1,0,—1), (—4, —6, —7), and (2, 0, —1), and the linear map of
R? determined by a matrix (i é %) gives isomorphisms from A to A, and from A;
to A%, the relations AT >~ A} and A ~ A/, hold.

The Newton polytope of F, which is the convex hull of vertices (0, —1, 1),
(-1,—-1,-1), (2,0,—1), and (—1,2, —1), is not reflexive. Indeed, the polytope
AF contains a face I' spanned by (0, —1,1), (—1,—1,—1), and (2,0, —1), of
which the polar dual is a non-integral vertex 1/5(—2, 6, 1). The face I' has to be
replaced by a sum of other sections: consider a section I'' spanned by (0, —1, 1),
(2,0,—1), and (a, —1, —1) with a = 3,2, 1,0. The polar dual of I’ is a vertex
v = 1/(a — 4)(2,2(a — 2),a). Thus the vertex is a lattice point if and only if
a=2,3.

The Newton polytope of F’, which is the convex hull of vertices (0,2, —1),
(=1,-1,1), (—=1,—1, —1),and (2, —1, 0), is not reflexive. Indeed, the polytope A
contains faces I'y spanned by (—1, —1,1), (—1,—1,—1), and (0,2, —1), and I'»
spanned by (2, —1,0), (—1,—1, —1), and (0, 2, —1), of which the polar duals are
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respectively non-lattice vertices 1/2(3, —1,0),and 1/7(—3, 1, 9). We have to replace
these faces by sums of other sections.

For I', consider a section F{ spanned by (—1, —1, 1), (0,2, —1),and (-1, b, —1)
with b = 2, 1, 0. The polar dual of I'| is a vertex vy = 1/(b —3)(2(b —2),2,b+1).
The vertex vy is a lattice point if and only if b = 1, 2.

For I'z, consider a section I'}, spanned by (2, —1, 0), (0,2, —1), and (o', =1, —1)
with b’ = 5,4, 3,2, 1, 0. The polar dual of I'} is a vertex v = 1/(b' —6)(3, b', 3(b' —
2)). The vertex v; is a lattice point if and only if b’ = 3, 5.

Therefore, there are two polytope-dual pairs, that is, if (a, b, b’) = (3, 1, 5), then,
(A, A)),andif (a, b, b') = (2,2,5), then, (A2, A)).

5.6 No. 21

We claim that there exist two polytope-dual pairs. Take a basis {e
a lattice M»; with by

@) @) @2y o

e =(=3,1,0,0), ¥ =(=5.0,1,0), ¢ =(=6,0,0,1).
Define polytopes Ay, A and A} by

Al = COHV{(O, _19 1)5 (_17 _15 _1)7 (47 _15 _1)7 (_1729 _1)}’

0, —=1,1, (=1,=1,=1), }

Ay = Conv{
2,-1,-1, 2,—-1,0), (-1,2,—1)
(-1, -1, 1), (-1, -1, -1), }

Ay := AP = Conv
(45 _17 _1)’ (Oa _17 1)7 (_ls 27 _1)

Since the polar dual polytopes A} and A% of Ay and A, are the convex hulls of vertices
(01 17 O)’ (Os Oa 1)9 (_37 _53 _6)5 and (21 07 _1)9 reSPeCtlvely, (01 1» O)s (Os Oa 1)9
(-1,-1,0), (-3,-5,—-6), and (2,0, —1), and the linear map of R3 determined
by a matrix (i%%) gives isomorphisms from Aj to A}, and from A) to A3, the

relations AT >~ A and A3 >~ A hold.

The Newton polytope of F = F’, which is the convex hull of vertices (0, —1, 1),
(=1,-1,-1), (2, —1,0), and (—1, 2, —1), is not reflexive. Indeed, the polytope AF
contains a face I spannd by (2, —1,0), (—1, —1, —1), and (—1, 2, —1) of which the
polar dual is a non-integral vertex 1/2(—1, 0, 3). We may replace the face I" by a
union of other sections. Consider a section I'” spanned by (2, —1,0), (1,2, —1),
and (a, —1, —1) with a = 4, 3,2, 1, 0. The polar dual of I'” is a vertex v = 1/(a —
5)(3,a + 1,3(a — 2)). The vertex v is a lattice point if and only if a = 2, 4.

Therefore, there are two polytope-dual pairs, that is, if a = 4, then, (A1, A1), and
ifa =2for A,and a = 4 for A’, then, (A, A)).
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5.7 No. 22-No. 24

We claim that there exist a unique polytope-dual pair for Nos. 22 and 23, and that none
for No. 24. Take a basis {ei"), eg'), eé’”} of lattices M,, forn =9 and 71 by

eig) = (_4» 17 O» 0)7 eég) = (_51 07 11 0)1 e:gg) = (_105 Ov 01 1)1
¢V =(=3,1,0,0), &’V =(=4,0,1,0), €' =(=7,0,0,1).

Define polytopes A1 and A, by

o ) _ (_11 _1a 1)7 (_11 _17 _1)a
Ari=a ‘COI‘V{(4,—1,—1), (-13.-1n |

Ay := Conv{(—1,-1,1), (-1,—-1,-1), 4, —1,—-1), (—1,1,0)}.

Since the polar dual polytope A’f of A is the convex hull of vertices (1, 0, 0), (0, 1, 0),
(0,0, 1),and (—4, —5, —10), and the linear maps of R? determined by a matrix (i i g)
gives an isomorphism from A to A, the relation AT 2 Aj holds.

No. 22. The Newton polytope of F = F’, which is the convex hull of vertices
(-1,-1,1), (-1,—-1,—-1), (4, —1,—1), and (—1, 1, 0), coincides with A;. There-
fore, a pair (A1, Apr = Aj) is polytope-dual.

No. 23. The Newton polytope of F', which is the convex hull of vertices (—1, —1, 1),
(-1,—-1,-1), 4,—1, —1),and (—1, 1, 0), coincides with A,. The Newton polytope
of F’, which is the convex hull of vertices (—1, —1, 1), (=1,0, —1), 4, —1, —1),
and (—1, 1, 0), is not reflexive. Indeed, the polytope A s contains faces I'; spanned
by (—-1,-1,1), (-1,0,—1), and (4, —1,—1), and I'; spanned by (—1,1,0),
(=1,0,—1), and (4, —1, —1), of which the polar duals are non-integral vertices
1/7(2,10,5), and 1/4(—1, -5, 5), respectively. We have to replace these faces by
unions of some sections. For I'1, we consider the following try-outs:

First try-out Consider a section Fi spanned by (—1,—1,1), (—1,0,—1), and
(a,—1,-1) with @ = 3,2,1,0,—1. The polar dual of I'| is a vertex v; =
1/(a +3)(2,2(a + 1), a + 1). The vertex vy is a lattice point if and only ifa = —1.
Second try-out Consider a section Ff spanned by (—1, —1,0), (—1,0,—1), and
(4, —1, —1). The polar dual of I”f is a non-integral vertex 1/6(1,5,5). Thus, it is
impossible to use this section.

For I'», consider a section Fé spanned by (—1, 1,0), (4, —1, —1),and (—1, b, —1)
with b = 3,2, 1. The polar dual of the section Fé isavertex v = 1/(b —4)(b +
1,5,5(b — 1)). The vertex v is a lattice point if and only if b = 3.

Therefore, a pair (Ar = A3, Aq) is polytope-dual.

No. 24. The Newton polytope of F = F’, which is the convex hull of vertices
(-1,—-1,1), (—1,0,-1), (4, —1, —1),and (—1, 1, 0), is not reflexive. It is observed
that one might take a polytope with vertices (—1, 2, —1), (0,2, —1)and (-1, —1, —1)
instead of faces spanned by vertices (—1,1,0), (—1,0,—1), (4, —1,—1), and
(—1,—=1,1), (=1,0, —1), (4, —1, —1), namely, A7D,
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In the polytope A7V, the vertex (—1, —1, —1) is adjacent to three other vertices:
vertex (—1, —1, 1) with an edge e, vertex (—1, 2, —1) with an edge e,, and vertex
(4, —1, —1) with an edge e3. On the edges e1, e>, e3, respectively, there are one,
two, and four inner lattice points. Thus, the polar dual polytope ATD* must contain
a triangle as a two-dimensional face that is adjacent to other two-dimensional faces
with inner lattice points one, two, and four. However, it is easily observed that there is
no such a configuration in the polytope ATDT, Thus, A7D is not self-dual, and there
does not exist a polytope-dual pair.

5.8 No. 25

We claim that there exist two polytope-dual pairs. Take a basis {e e eén), g")} of

lattices M,, for n = 37, 58 by

e = (=3,1,0,0), 7 =(-4,0,1,0), " =(-8,0,0,1),
(58> = (~4,1,0,0), (58>_(5010) (58)_(6001)

Define polytopes Ay, A}, Aj and A), by

. (_171’0)’ (_11_150)’
Ari= C"“V{(—l,—l, ~1), 3,1, -1), 0, —1, 1) }
/. 37 _ (_1» _11 1)1 (_19 _11 _1)9
A=A ‘C°“V{<4,—1 “1), 3.0, -1), (-1,3,~1) [

_ ( 1,1,0),( 1, 1)
Ay := Conv {( 1, —1,—1), (3, 1, 1),(0,—1,1)},

/o (_17 _15 1)5 (_1? _15 _1)5
£z = C"“V{(s, —1,-1), (3,0, —1), (=1,3,—1) }

Since the polar dual polytopes A} and A% of Aj and A are the convex hulls of
vertices (1,0, 0), (0, 1,0), (0,—1,2), (1,0, —1), and (—4, —5, —6), respectively,
(1,0,0), (0,1,0), (0, -1, 2), (0, —1, =2), and (—4, —5, —6), and the linear map of
R? determined by a matrix (i i é) gives isomorphisms from A} to A}, and from A,
to A%, the relations AT >~ A and A5 ~ A/ hold.

The Newton polytopes of F, which is the convex hull of vertices (0, —1, 1),
(-1,—-1,-1), (3, —1, —1),and (—1, 1, 0), is not reflexive. Indeed, the polytope AF
contains a face I' spanned by (—1,1,0), (—1,—1,—1), and (0, —1, 1) of which
the polar dual is a non-integral vertex 1/3(4, 1, —2). The face I has to be replaced
by a union of other faces. In order to do this, consider a section I'" spanned by
(=1,1,0), (0, —1,1),and (—1, —1, a) witha = 0, 1. The polar dual of "’ is a vertex
v=1/(a —2)2(a — 1), a,?2). The vertex v is a lattice point if and only if a = 0, 1.
Moreover, we note that it is also possible to use a vertex (—1,a’, —1) witha’ = 1,2
instead of a face spanned by vertices (0, —1, 1), (—1, —1, —1), and (—1, 1, 0) which
follows from a direct computation.
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The Newton polytopes of F’, which is the convex hull of vertices (—1, —1, 1),
(-1,—-1,-1), 3,0, —1), and (—1, 1, 0), is not reflexive. Indeed, the polytope A g
contains faces I' spanned by (—1, —1,1), (=1, —1,—1), and (3,0, —1), and I'»
spanned by (—1,1,0), (=1, —1, —1), and (3, 0, —1), of which the polar duals are
respectively non-integral vertices 1/3(—1, 4, 0) and 1/5(1, —4, 8). The faces I'y and
I'; have to be replaced by unions of other sections.

For I'{, consider a section Fi spanned by (—1,—1,-1), (3,0,—1), and
(b, —1,—1) with b = 4,3,2,1,0. The polar dual of I'| is a vertex v; = 1/(b —
5)(2,2(b — 3),b + 1). The vertex vy is a lattice point if and only if b = 3, 4.

For I'z, consider a section I'}, spanned by (—1, 1,0), (3,0, —1), and (-1, %', —1)
with b" = 3,2, 1, 0. The polar dual of I'} is a vertex vy = 1/(b' —4)(b', 4,4(b’ — 1)).
The vertex v; is a lattice point if and only if 5’ = 0, 3, 2.

Therefore, there are two polytope-dual pairs, that is, if (a, b, b’) = (0, 4, 3), then,
(Aq, A)),andif (a, b, b") = (1,3, 3), then, (A, A)).

5.9 No. 26

We claim that there exist four polytope-dual pairs. Take a basis {e
a lattice Mgy by

587)7 e§87)7 e§87)} of

e’ =(=3,1,0,0), " =(-4.0.1,0), " =(-5,0.0.1).
Define polytopes A;, A; fori =1,2,3,4by

,—1, 1), (—=1,1,0), (0, -1, 1),
7_13 _1)7 (27 _19_1)7 (27 09_1)7 (_1a07_1) ’
) _15 1)5 (_17 170)7 (05 _17 1)7
,—1,—-1), 2,—-1,-D, 2,0,-1), (-1,2,-D |’
) _1’0)9 (_17 150)5 (09 _1’ 1)’
) _la _1)’ (37 _la _1)7 (27 Oa _1)9 (_17 O’ _1) ’
7_]10)9 (_17 ]’0)1 (03_]’ 1)5
7_11_1)7 (37_15_1)9 (2705_1)7 (_1721_1) ’
,—1,0), (—=1,1,0), (0, -1, 1),
7_13 _1)7 (27 _1»_1)7 (27 0»_1)7 (_1a27_1) ’
) _15 1)5 (_17 170)7 (07 _17 1)7
,—1,—-1), 3,—-1,—-1, 2,0,-1), (-1,0,-1 |’
) _150)7 (_17 150)5 (09 _15 1)’
’_la _1)7 (27 _17_1)’ (27 07_1)7 (_1707_1) ’
(_17 _17 1)3 (_17 150)’ (03 _]’ 1)5

L =A% =Conv{ (-1, -1, -1), 3, —1,-1), (2,0, -1),
(-1,2, -1

A1 := Conv
A} := Conv
Aj := Conv
Az := Conv
A% := Conv

A4 := Conv

—m = e e e e e e e e e e e e

(

(

(

(

(

(

A, := Conv (
2 (
(

(

(

(

(

(

P
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Since the polar dual polytopes AY, i = 1,2, 3, 4 are respectively given as follows:

s [0 B0
st {120 0 1 0000 |
s {00 0D O 0070 ).
s [0 )

. . Loy .
and the linear map of R? determined by a matrix (} % %) gives isomorphisms from

Al to A¥, i =1,2,3,4, therelations AT ~ Al, i = 1,2, 3,4 hold.

The Newton polytope of F = F’, which is the convex hull of vertices (0, —1, 1),
(-1,—-1,-1), (2,0,—1), and (—1,1,0), is not reflexive. Indeed, the polytope
Ar contains faces I'y spanned by (—1,1,0), (—1,—1,—1), and (0, —1,1), I'»
spanned by (0, —1, 1), (=1, —1, —1), and (2,0, —1), and I'3 spanned by (—1, 1, 0),
(—=1,—-1,—-1), and (2, 0, —1), of which the polar duals are respectively non-integral
vertices 1/3(4, 1, —-2), 1/5(—2,6, 1), and 1/4(1, —3, 6). These faces have to be
replaced by unions of other sections.

For I'y, consider a section Fﬁ spanned by (—1, 1,0), (0, —1, 1), and (-1, —1, a)
with a = 0, 1. The polar dual of Fi isavertex v = 1/(a —2)(2(a — 1), a, 2). The
vertex v is a lattice point if and only if a = 0, 1.

For I';, consider a section Fé spanned by (2,0, —1), (0, —1, 1), and (b, —1, —1)
with b = 3,2, 1, 0. The polar dual of I'} is a vertex v, = 1/(b —4)(2,2(b — 2), b).
The vertex vy is a lattice point if and only if b = 2, 3.

For I'3, consider a section I‘g spanned by (—1,1,0), (2,0, —1), and (—1, ¢, —1)
with ¢ = 2, 1, 0. The polar dual of I'} is a vertex v3 = 1/(c —3)(c, 3,3(c — 1)). The
vertex v3 is a lattice point if and only if ¢ = 0, 2.

Therefore, there are four polytope-dual pairs, that is, if (a, b, ¢) = (1, 2, 0) for one
side, and (a, b, ¢) = (1, 2, 2) for the other, then, (Aq, A’l); if (a, b, c) = (0, 3, 0) for
one side, and (a, b, ¢) = (0, 3, 2) for the other, then, (A,, A’z); if (a,b,c) = (0,2,2)
for one side, and (a, b, ¢) = (1, 3, 0) for the other, then, (A3, Ag); and if (a, b, c) =
(0, 2, 0) for one side, and (a, b, ¢) = (1, 3, 2) for the other, then, (A4, AQ).

5.10 No. 27

We claim that there does not exist a polytope-dual pair. Take a basis {654), ef), eg4)}

of a lattice M4 by
e’ =(=3.1,0,0), &V =(-4.0.1,0), ¥ =(-4,0.0.1).
By a direct computation, one has AD* * A® which we say not self-dual.
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It is observed that there exist four invertible projectivisations

Fi=F=X'"+Y3+Z 4+ W FB=F=X'+Y’+7+Ww’Z,
F3=F,=X*+Y3+Z°+ W, i, =F, = X*+ Y+ Z3 + WX.

The Newton polytope of F| = F|, which is the convex hull of vertices (-1, —1, 2),
(=1,—1,—=1), (3, =1, —1), and (—1, 2, —1), coincide with A®.

Since F, and F3 are symmetric in variables Y and Z, we only treat with F>. The
Newton polytope of F» = F;, which is the convex hull of vertices (-1, —1,2),
(-=1,-1,0), (3, =1, —1),and (-1, 2, —1), is not reflexive. Indeed, the polytope A F,
contains a face I" spanned by (—1, —1,0), (—1,2, —1), and (3, —1, —1) of which
the polar dual is non-integral vertex 1/7(3, 4, 12). The face I" has to be replaced by a
union of some sections.

First try-out Consider a face T’ spanned by (—1,-1,0), (3,—1,—1), and
(—=1,a,—1) witha = 1,0, —1. The polar dual of I'” is a vertex v’ = 1/(a + 5)(a +
1,4,4(a + 1)). The vertex v’ is a lattice point if and only if @ = —1.

Second try-out Consider a face I'” spanned by (—1,—1,0), (1,2, —1), and
(b, —1,—1) with b = 2,1,0, —1. The polar dual of I'” is a vertex v’ = 1/(b +
4)(3,b + 1,3(b + 1)). The vertex v” is a lattice point if and only if b = —1.

Third try-out Consider a face ' spanned by (—1,—1,0), (—1,a,—1), and
(b,—1,—1) witha =1,0,—1and b = 2,1,0, —1. Note thata = —1 and b = —1
simultaneously occur. If @ = b = —1, then, the resulting polytope is none other than
A® _ Otherwise, the polar dual of I'"” is a vertex v = 1/(a + b + 2)(a + 1,b +
1, (a + 1)(b + 1)), which is never a lattice point.

Therefore, the only reflexive polytope A such that Ap, C A'is A®,

The Newton polytope of Fy = F, 4{, which is the convex hull of vertices (—1, —1, 2),
(0, —-1,-1), (3, -1, —1),and (-1, 2, —1), is not reflexive. Indeed, the polytope A F,
contains a face I' spanned by (—1, —1,2), (0, —1, —1), and (—1, 2, —1), of which
the polar dual is a non-integral vertex 1/2(3, 1, 1). The face I" has to be replaced by a
union of other sections. Consider a section I'” spanned by (—1, —1, 2), (0, —1, —1),
and (—1,a, —1) with @ = 1,0, —1. The polar dual of T is a vertex v' = 1/(a +
4)(3(a+1),3,a+1). The vertex v’ is a lattice point if and only if @ = —1. Therefore,
the only reflexive polytope A with Ap, C Ais A®,

5.11 No. 28-No. 29

We claim that there exist two polytope-dual pairs for Nos. 28 and 29. Take a basis
el el e} of lattices M, for n = 12,27 and 49 by

P = (=2,1,0,0), ' =(=6,0,1,0), €' =(=9,0,0,1),

) = —(1,=7,1,1), " = —(1,1, =2, 1), e = —(0, 1, 1, —1),
e =—0.-7.1,1), & = —(1, 1, -2, 1), & = —(1, 1, 1, - 1).

@ Springer



Polytope Duality for Families of K3 Surfaces...

In Kobayashi and Mase (2012), it is proved that the polytopes A7) and A“%) are
isomorphic to the polytope A 2749y with vertices (0,0, 1), (1,0, 0), (0, 1,0), and
(-3, -8, —12).

Define polytopes Ay, A}, Aj and A), by

Al = COHV{(O, Oa 1)7 (17 01 0)9 (09 1a 0)7 (_29 _61 _9)}a

. (12) __ (_17_171)7 (_17_1’_1)7
=AY = Conv{(& C1 1), (—1.2.—1) ,

Ay = A% = Conv{(0,0, 1), (1,0,0), (0,1,0), (=3, -8, —12)},
A/Z = COl‘lV{(—], _]’ 1)5 (_]1 _ls _1)1 (71 _15 _1)’ (_19 25 _1)}'

A

—_

It is direct to see that the relations A} >~ A and A% >~ A/, hold.

No. 28. The Newton polytope of F, which is the convex hull of vertices (1,0, 0),
0,1,0), (0,0,1), and (-2, —6, —9), coincides with A’l. The Newton polytope of
F’, which is the convex hull of vertices (—1, —1, 1), (=1, —1,0), (7, —1, —1), and
(—1, 2, —1), is not reflexive. Indeed, the polytope A s contains a face I' spanned by
(-1,-1,0), (7,—1,—1), and (—1, 2, —1) of which the polar dual is a non-integral
vertex 1/11(3, 8,24). The face I has to be replaced by a union of other sections.
First try-out Consider a section I'" spanned by (—1,—1,0), (7,—1,—1), and
(—1,a,—1) witha = 1, 0, —1. The polar dual of T’ is a vertex v = 1/(a + 9)(a +
1,8, 8(a + 1)). The vertex v’ is a lattice point if and only if a = —1.

Second try-out Consider a section I'” spanned by (—1, —1,0), (-1, 2, —1), and
(b, —1,—1) with b = 6,5,4,3,2,1,0, —1. The polar dual of I'” is a vertex v” =
1/(b+4)(3,b+1,3(b + 1)). The vertex v” is a lattice point if and only if b = —1.
Third try-out Consider a section I'"” spanned by (-1, —1,0), (—1,a, —1), and
(b,—1,—1) witha = 1,0,—1 and b = 6,5,4,3,2,1,0, —1. Note that a = —1
and b = —1 simultaneously occur. If a = b = —1, then, the resulting sec-
tions have lattice dual vertex. Otherwise, the polar dual of ' is a vertex v =
1/a+b+2)a+1,b+ 1, (a+ 1)(b+ 1)), which is never a lattice point.

Therefore, there are two polytope-dual pairs : (Ar = Ay, A}), and (A2, A)).
No. 29. The Newton polytope of F, which is the convex hull of vertices (1, 0, 0),
0,1,0), (0,0,1), and (-2, —6, —9), coincides with A’l. The Newton polytope of
F’, which is the convex hull of vertices (—1, —1, 1), (0, —1, —1), (7, —1, —1), and
(—1,2, —1), is not reflexive.

Indeed, the polytope A contains a face I" spanned by (—1, —1, 1), (0, —1, —1),
and (—1, 2, —1), of which the polar dual is a non-integral vertex 1/5(6, 2, 3). The face
I" has to be replaced by a union of other sections. Consider a section I'” spanned by
(—=1,—1,1), (0,—1,—1), and (-1, a, —1) witha = 1,0, —1. The polar dual of T’
isavertex v/ = 1/(a +3)(2(a + 1), 2, a + 1). The vertex v’ is a lattice point if and
onlyifa = —1.

Note that the polytope A s contains a face spanned by (—1, —1, 1), (7, —1, —1),
and (—1, 2, —1), with which is possible to be replaced by

(—1,—-1,1), (7, -1, —1), (—1,—-1,1), (-1,2,—1),
COHV{(&—I,—I) }+Conv{(8’_l’_1) }
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or
(-1,—-1,1), (7, -1, —1), (-1,—-1,1), (—1,2,—1),
COHV{(S,O,—l) }+C0nv{(5’07_1) }
or
(=1,—-1,1), (7, -1, —=1), (=1,—-1,1), (-1,2,—1),
COHV{(Z.],—I) }+C0nv{(2’1’_1) }

In these cases, one has to take A to be a cone of a hexagon with A* to have a
configuration of edges that form a lattice of type T 3 4. However, the maximal number
of lattice points in an edge of A'? is 8, and if we use this edge, we only construct
a configuration of edges that form a lattice of type T 4 4. Thus, in such a case, it is
impossible to find out a corresponding polytope-dual partner A’.

Therefore, there are two polytope-dual pairs, that is, (A = Ay, A’l ), and
(Ar, A/z)

5.12 No. 30

We claim that there exist two polytope-dual pairs. Take a basis {e
lattices M,, for n = 40, 81 by

}"), eén), eé")} of

40 = (22,1,0,0), 0 = (=4,0,1,0), ¥ =(=7.0,0.1),

e = 0.7, -1, -1), & = 0. -1.2.-1), & =(=1,-1,-1,1).

Define polytopes Ay, A}, Az, A by

A1 := Conv { E(l) } (1); Eg (1’21,)’_3), (=2, —6, —9) } ’
=@ =com [T CL T L )
A, := Conv { E(l), }’ (1);1 E(l)’ 8, (1);, (=2, -6,-9) } ,

Al := Conv { Egl_l_l_g 5612—_11)—(1)_1 1,—1) } '

Since the polar dual polytopes A} and A% of Ay and A are the convex hulls of
vertices (=1, -1, 1), (1,—-1,-1), (-=2,2,-1), (-=1,2,-1), (8,—1,—1), resp.,
(-1,-1,1), (1,—-1,-1), (—1,1,=1), (—1,2,—1), (8,—1,—1), and the linear
100

map of R? determined by a matrix (—% (1) (1) gives isomorphisms from A’ to A¥ for
i = 1,2, the relations A7 ~ A/ and A} ~ A/, hold.

The Newton polytope of F, which is the convex hull of vertices (1, 1, 1), (0, 1, 0),
(0,0, 1), and (-2, —6, —9), is not reflexive. Indeed, the polytope A contains a face
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spanned by (0,0, 1), (1,1, 1), and (—1, —6, —9), of which the polar dual is a non-
integral vertex 1/2(—5, 5, —2). The face should be replaced by a sum of some sections.
Consider a section spanned by (0, 0, 1), (1, 1, 1), and (-2 +a, —6+2a, —9+3a)
with a = 1,2, 3. The polar dual of this section is a vertex v = 1/(a — 4)(—3a +
10,3a — 10,a — 4). Thus, the vertex v is a lattice point if and only if ¢ = 2, 3.
Namely, one can take a reflexive polytope A tobe Ay, ie., a =2 and Ay, i.e,a = 3.
Besides, the Newton polytope of F’, which is the convex hull of vertices
(-1,-1,1), (—=1,0,-1), (5,—1,—1), and (0, 2, —1), is not reflexive. According
to the observation for A, we must take two polytopes which are isomorphic to A} and
A%. Indeed, we may take A} and A that clearly contain A as a subpolytope.
Therefore, there are two polytope-dual pairs : (A, A/l), and (A,, A’z).
Note that taking cones over a hexagon as a polytope A is impossible since in each
candidate cases, the configurations of lattice points in their polar dual is impossible as
a subpolytope of A“0),

5.13 No. 31

We claim that there exist five polytope-dual pairs. Take a basis {e\", e, I} of

lattices M,, forn = 11, 24 by

M= 2,7, -1, -1, &'V = —(1,1, -2, 1), &'V = —(1,1,1, 1),
o™ =(=2,1,0,0), &Y =(-4,0,1,0), ¥ =(-5,0,0,1).

Define polytopes A;, A}, i =1,2,3,4by

Ap = AYD = Conv{(0, 1, 0), (0,0, 1), (2,2,3), (=3, =8, —12)},
A} = Conv{(0, =1, 1), (=1, =1, =1), (4, =1, =1), (=1,2, 1)},
A, := Conv{(0, 1,0), (0,0, 1), (2,2,3), (=2, —6, =9)},

Ay := Conv{(0, —1,1), (=1, =1, =1), (5, =1, =1), (=1,2, =)},
Az := Conv{(0, 1,0), (0,0, 1), (1,1,2), (0, =2, =3), (=2, —6, —=9)},

A} == A®Y = Cony { Eg :} 1_)1)(_(1_1_1_1_3 (-1,2,-1) } '
A4 := Conv Eg: Ez()’),_g(;: (2’_12): 516’,1;55: (-1, =2, —4) } ’
yim Com [ G 1D LoD @b

As := Conv Eg 1_20)_?; (2_12) 961—3; (=2, =5, —8) } ’

s om oy [ Q7D b b |
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Since the polar dual polytopes AY of A;,i = 1,2,3,4,5 are respectively the
convex hulls of vertices (—1,—1,1), (2,—1,—-1), (—1,2,—1), and (7, —1, —1),
resp., (—1,—1,1), (2,—1,-1), (—1,2,—1), and (8, —1, —1), resp., (—1, —1, 1),
2,-1,-1), (-1,2,-1), (=2,—1,1), and (8,—1,—1), resp., (—1,—1,1),
2, —1, —1),(-1,2,-1), (-2,—1,1), (5,0, —1),and (7, —1, —1),resp.(—1, -1, 1),
2,—-1,-1), (—-1,2,—-1), (-2,—-1,1), (2 1,—1), and (7, —1, —1), and the linear
map of R? determined by a matrix ({ %% gives isomorphisms from A/ to A¥ for
i=1,2,3,4,5, therelations A¥ ~ A, i =1,2,3,4,5 hold.

The Newton polytope of F, which is the convex hull of vertices (0, 1, 0), (0, 0, 1),
(1,1,2), (—2,—-6,-9), is not reflexive. Indeed, the polytope A contains a face
spanned by (1, 1, 2), (0, 1,0), and (—2, —6, —9), of which the polar dual is a non-
integral vertex 1/5(—14, —5, 7). Consider a section spanned by (1, 1,2), (0, 1, 0),
and (—2+4a, —6+2a, -9+ 3a) witha = 1, 2, 3, 4. The polar dual of this section is
avertexv = 1/(a —5)(2(2a —7),a — 5, 2a — 7). The vertex v is a lattice point if and
only if a = 2, 4. Note that we can use a vertex (—1, —2, —4) or (-2, —5, —8) and
replace the face spanned by (0, 01), (0, 1, 0) and (—2, —6, —9) by either the sum

0,0,1), (=2,—-6,-9), 0,0, 1), (0,1,0),
Con{ (=1, -2, —d) }+C0nv{ (=1, -2, —4) }

or

0,0,1), (=2,—-6,-9), 0,0,1), (0,1,0),
Con{ (—2.-5.-8) }+COHV{ (—2.—-5. —8) }

However, it is impossible to consider as A to be
COHV{(O, Ol)a (_29 _67 _9)1 (29 27 3)7 (Oa 13 0)9 U} )

where v = (-1, =2, —4) or (=2, —5, —8) becase the polar dual polytope should
contain three incident edges of type 73 3.6 without an edge with two lattice points,
which is impossible.

Therefore, by the observation, there are five polytope-dual pairs, thatis, (A1, Ap =
A/l), (A, Alz), (A3, Ag), (Ay4, Ail), and (As, A/S)

5.14 No. 32-No. 34

We claim that there exist two polytope-dual pairs for Nos. 32 to 34. Take a basis
{el”, e, e} of lattices M,, with for n = 6,26, 34, and 76 by

e =(=2,1,0,0, e =(-2,0,1,0), € =(=50,0,1),

(26) —(1, =4, 1,1), " = —(1,1,-3, 1), ¥ = (0,1, 1, —1),
(34) =—(1,-4,1,1), ¢ <34) —0,1,-3,1), ¢ (34) —(1,1,1, =D,
(76) = (1,1,1,-1), e§76> 4,1,0, —1), e§76) ©,—1,0, —1).
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In Kobayashi and Mase (2012), it is proved that the polytopes A2 and AG
are isomorphic to the polytope with vertices (1,0,0), (0,1,0), (0,0,1), and
(—4, -5, —10).

Define polytopes A, Aj, A, and Aj, Ay, A, by

Al = Conv{(lv 03 0)7 (07 1’ O)’ (01 0’ 1)7 (_25 _2’ _5)}7
Ay = Conv{(0,0, —1), (2,0, -1), (2,-1,0), (=3,1,3)},

(=1,-1,1), (-1,—-1,-1), }

I A0
A=A _Conv{(4’_1’ 1), (—1.4.—1)

_ (1,0,0), (0,1,0), (0,0, 1),
A= GOV (55 —5), (—a, —(a+ 1), 2@ + 1)) }
N .o (0305_1)9 (2305_1)1 (21_150)1
B2i=COM Y (371 3) (a—2,1,—a+2) } ’
;L (-1,-1,1), (-1, -1, -1), (4, -1, —1),
Ayi=Comva 13 1) (@3 —a, 1) }

here, a=3,2,1,0.

Since the polar dual polytopes AT and &f of A1 and A are the convex hulls
of vertices( 1,—-1,1), (-1,—-1,-1), (4,—1,—1), and (—1, 4, —1), respectively,
(-1,—-1,-1), (0,1, 1) (O —4, 1) and (5, 11 1), and the linear map of R3 deter-

mined by a matrix (— % g 0 ) gives an isomorphism from A/ to A’f, the relations

AT = A| ~ &f hold. Moreover, Since the polar dual polytopes A% and A2 of Ay
and Az are convex hulls of the vertices (—1, —1,1), (—1,—1,—-1), (4, —1, —1),
(a,3 — a,—1),and (—1,3, —1), respectively, (—1,—1,—1), (0,1,1), (5,11,1),
(1, 1, 1), and (0,a — 3, 1), and the linear map of R3 determined by a matrix

1 -
( - _g _0 ) gives an isomorphism from A, to A;, the relations A} = A, >~ Aj
hold.

No. 32. The Newton polytope of F, which is the convex hull of vertices (1, 0, 0),
(0,1,0), (0,0, 1), and (-2, —2, —5), coincides with A. Besides, the Newton poly-
tope of F’, which s the convex hull of vertices (—1, —1, 0), (-1, 3, —1), (=1, —1, 1),
and (4, —1, —1), is not reflexive. Indeed, the polytope A g contains a face spanned
by (—1,-1,1), (—1,—-1,0), and (—1,3, —1), of which the polar dual is a non-
integral vertex 1/9(4, 5, 20). Thus, we consider a section spanned by (—1, —1,0),
4, —1,—1),and (—1,a, —1) witha = 1—1, 0, 1, 2. The polar dual of this section is
avertex v =1/(a +6)(a+1,5,5(a + 1)). Thus, the vertex v is a lattice point if and
only if @ = —1. Therefore, there are two polytope-dual pairs, thatis, (A = Ay, A’l),
and (A2, A)).

No. 33. The Newton polytope of F, which is the convex hull of vertices (1,0, 0),
0,1,0), (0,0, 1), and (—2, —2, —5), coincides with A;. Besides, the Newton poly-
tope of F’, which s the convex hull of vertices (—1, 0, —1), (-1, 3, —1), (=1, —1, 1),
and (4, —1, —1), is not reflexive. Indeed, the polytope A/ contains a face spanned
by (—1,-1,1), (—1,0,—1), and (4, —1, —1), of which the polar dual is a non-
integral vertex 1/7(2, 10, 5). Thus, we consider a section spanned by (—1, —1, 1),
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(=1,0,—1),and (a, —1, —1) witha = 1 — 1, 0, 1, 2, 3. The polar dual of this section
isavertex v = 1/(a+3)(2,2(a+ 1), a+1). Thus, the vertex v is a lattice point if and
only if a = —1. Therefore, there are two polytope-dual pairs, thatis, (Ar = Ay, A’] ),
and (Ao, A)).

No. 34. The Newton polytope of F, which is the convex hull of vertices (0, 0, —1),
2,0,-1), (2,—1,0), and (-3, 1, 3), coincides with Al. Besides, the Newton poly-
tope of F’, which is the convex hull of vertices (—1, 0, —1), (3, —1, —1), (0, 3, —1),
and (—1, —1, 1), is not reflexive. Indeed, the polytope Ars contains two faces I'y
spanned by (—1, —1,1), (—1,0, —1), and (3, —1, —1), of which the polar dual is
1/3(1,4,2), and I'; spanned by (—1, —1, 1), (—1,0, —1), and (0, 3, —1), of which
the polar dual is 1/5(6, —2, —1). The face I'; is replaced by a sum of other sections
as is discussed in No.33. For the face I';, consider a section spanned by (—1, —1, 1),
0,3,—1), and (—1,a, —1) with a = 1, 2, 3, 4. The polar dual of this section is a
vertex v = 1/(a —5)(2(a — 3), 2, a + 1). The vertex v is a lattice point if and only if
a = 3, 4. Therefore, there are two polytope-dual pairs, that is, (A = A1, A/l), and
(A2, A)).

5.15 No. 35-No. 37

We claim that there exists a unique polytope-dual pair for Nos. 35 to 37. Take a basis
{el™, el eV} lattices M, for n = 10, 46, 65, and 80 by

AV = (1,1,0,0), ' =(-4,0,1,0), {'” =(=6,0,0,1),
A = (1,1,1, -1, &9 =2,2,-1,0), &' =(11,0,-1,-1),
e = (1,0,1,-1), ¢ =@2,1,-1,0), eg“) = (10, -1, -1, —1),

B = (1,1,1, -1, & =02,1,-1,0), & =(10,-1,-1,-1).

In Kobayashi and Mase (2012), it is proved that the polytopes A“®  A®5 and
ABO gre isomorphic to the polytope A 4e,65,80) With vertices (—1, 0, 0), (1, —1,0),
(0,0,1), and (2,4, —1). Let a polytope A be Awe,65,80) and A’l be the polytope
A0 which is the convex hull of vertices (—1, —1, 1), (=1, —1, —1), (11, =1, —1),
and (—1, 2, —1). Since the polar dual polytope A} of Ay is the convex hull of ver-
tices (1, —1, —1), (1,2, 11) (1 2,—1), and (—1,0, —1), and the linear map of R3
determined by a matrix ( 0 —1 6) gives an isomorphism from A/ to A7, the relation
AT =~ A holds.

For each case of Nos. 35, 36, 37, the Newton polytope of F, which is the convex
hull of vertices (—1, 0, 0), (1, —1,0), (0,0, 1), and (2, 4, —1), coincides with A} =
A (46,65,80)- Thus, there exists only one reflexive polytope A such that Ap C A C
A (46,65,80)>» Which is none other than Aj. The polytope A/l no doubt satisfies Apr C
A} = AU Therefore, there exists only one polytope-dual pair (Ay, A}).
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5.16 No. 38-No. 40

We claim that there exist two polytope dual pairs for Nos. 38 and 40, and that none
for No. 39. Take a basis {e”, e5", e{"} of lattices M, forn = 42, 68, 83, and 92 by

P = (=1,1,0,0), ¢ =(=3,0,1,0), & =(=5,0,0,1),

e}68>=(1,0,1,—1) S =(3,1,0,-1), ™ =9, -1,-1,-1),
B = (1,11, -1, P =@3,3,0,-1), & =(10,1,-1,-1),
P = (1,1,1,-1), ¢ =@3,2,0,-1), ¥ =(10,0,-1,-1).

Define polytopes Ay, A}, Az, A), Az, Az, and A’ by

Al = COHV{(—l, 01 0)1 (09 01 1)’ (_1127 0)’ (_113»_1)7 (2” _170)}1

A7 = A(42)—Conv{(_1’_l’1)’ (=1, -1, -0, }
= = T

—_

9,-1,-1), (0,2, -1), (—-1,2, —

(—=1,0,0), (0,0, 1),

o A68) _
A=A _COV{( —2.4,—1), (1,3, -1), (2,—1,0)}’

/o (_15_17])7 (_17_17_1)7
£ = CO“V{<9,—1, ~1), (0,2, -1, (1,1, —1>}
A3 = COIIV{(—I,O, 0)’ (15 _17 1)7 (_1327 0)7 (_25 47 _1)7 (23 _170)}5
A (—1,0,0), (0,0, 1),
Az = A _CO“V{<—2, 4,-1), (2, —1,0), (1,—1,1)
;L (-1,-1,1), (—-1,—-1,-1),
Ay = CO“"{ 9, —1,—1), 3,1, —1), (—1,2,—1)}'

Since the polar dual polytopes A} and A% of Ay and A», and Az and A% of Az and
A3 are respectively the convex hulls of vertices (—1, —1, —1), (1,0,0), (1, 3,9),
(1,3,—1), and (1,0, —1), resp. (—1,—1,—-1), (1,1,3), (1,3,9), (1,3, —1), and
(1,0, —1), resp. (—1, -1, —-1), (1,0, —1), (1,3, 11), (1, 3, 1), and (1, 0, —2), resp.
(=1,-1,-1), (1,0,-1), (1,3, 11), (1,3, 1), and (1, 1, —1), and the linear maps of

R3 determined by matrices ( 8 —Oé —;), and ( 8 % _;) give isomorphisms from
A to AT and from A/, to A}, respectively from A to A;‘ and from A to A%, the
relations A} ~ A} and A3 ~ A, and A ~ A/ and A} ~ A} hold.

No. 38. The Newton polytope of F,which is the convex hull of vertices (—1, 0, 0),
0,0, 1), (—1,3,—1),and (2, —1, 0), is not reflexive. Indeed, the polytope A con-
tains a face spanned by (—1, 0, 0), (0, 0, 1), and (—1, 3, —1), of which the polar dual
is a non-integral vertex 1/3(—3, —1, —3). Since the complement of the set of lattice
points in edges of Af in that of A consists of two lattice points (—1, 2, 0) and
(=2, 4, —1), there are only two polytopes possibly to be considered:
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Case 1 The polytope A is spanned by (—1, 0, 0), (0,0, 1), (—1,2,0), (-1, 3, —1),
and (2, —1,0), namely A = Aj. In this case, relations A C AT = A} € A®?D
clearly hold.
Case 2 The polytope A is spanned by (—1, 0, 0), (0,0, 1), (=2,4, —1), (-1, 3, —1),
and (2, —1,0), namely A = Ay = A©3) In this case, relations Ap C A% = A’2 C
A2 clearly hold.

Therefore there are two polytope-dual pairs : (A, A®? = A'), and (A0®) =
Aa, A)).
No. 39. The Newton polytope of F, which is the convex hull of vertices (—1, 0, 0),
(1,-3,1), (-2,4,—1), and (2, —1,0), is easily seen to be reflexive. Besides, the
Newton polytope of F’, which is the convex hull of vertices (—1, —1, 1), (0, —1, —1),
(6,0, —1),and (—1, 2, —1), is not reflexive. It is observed that for any reflexive poly-
tope A suchthat A ¢ A ¢ A®?), the polar dual polytope A* should be a tetrahedron
of which each edge contains 3 lattice points. However, there does not exist a reflexive
polytope A’ such that Azx € A’ € A®?) that contains a vertex which is adjacent to
three vertices between which the edges contain 3 lattice points. Thus, in this case, no
pair is polytope-dual.
No. 40. The Newton polytope of F, which is the convex hull of vertices (—1, 0, 0),
1,-1,1), (2,4, —1), and (2, —1, 0), is not reflexive. Indeed, the polytope AFr
contains a face spanned by (—1, 0, 0), (1, —1, 1), and (-2, 4, —1), of which the polar
dual is a non-integral vertex 1/3(3, —1, —7). Since the complement of the set of lattice
points in edges of Af in that of A®® consists of two lattice points (—1, 2, 0) and
(0, 0, 1), there are only two polytopes possibly to be considered:
Case 1 The polytope A is spanned by (—1, 0, 0), (1, —1, 1), (—1,2,0), (—2,4, —1),
and (2, —1,0), namely A = Aj. In this case, relations A C AT = A} € A@?D
clearly hold.
Case 2 The polytope A is spanned by (—1, 0, 0), (0,0, 1), (2,4, —1), (2, —1,0),
and (1, —1, 1), namely A = A3 = A®3 In this case, relations Ap C A% = A’3 C
A®?) clearly hold.
N ThAe/r(;fore, ther are two polytope-dual pairs : (A, A4 = A’), and (A®Y =

3, A3).

5.17 No.41-No. 43

We claim that there exist two polytope- dual pairs for Nos. 41 and 43, and that a unique
pair for No. 42. Take a basis {ei"), eé"), e (Y of lattices M,, with for n = 25, 43, 48,
and 88 by

e = (=1,1,0,0), & =(=3,0,1,0), € =(=4,0,0,1),

A= —1,-8,1,1), &P =0, -1,2,-1), &P =—(1,1,1,-1),
(48) =(0,8,—1,—1), &$™® = —(1,1, -2, 1), (48> —(1,1,1, —1),
<88) — (0,4, —1, —1), 9(88) (—1,—1,2, 1), 6(88) (—1,0, —1, 1).
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Define polytopes Ay, A}, Az, and A} by

Al = COIIV{(], 07 0)7 (05 17 0)7 (07 Oa 1)5 (_27 _69 _9)}7
A/l = Conv{(_17_151)5 (_17_15_1)’ (85_1’_1)5 (_1725_1)}7
AZ = Conv{(la 07 O)’ (O’ 19 0)7 (07 O’ 1)5 (0’ _25 _3)7 (_17 _37 _4)}5

(-1, -1,1), (=1, —1, =1), }

I A5 _
A=A _C"“V{<8,—1,—1), ©0.—1,1), (-1,2, 1)

Since the polar dual polytopes A¥ for i = 1,2 are the convex hulls of vertices
(-1,-1,1), (—1,—1,—-1), (8, —1, —1),and (—1, 2, —1), respectively, (—1, —1, 1),
(=1,-1,-1), (8, =1,—1), (0, —1, 1), and (-1, 2, —1), the relations A} = A and
A} = A clearly hold.

Nos. 41 and 43. The Newton polytope of F, which is the convex hull of vertices
(1,0,0), (0,1,0), (0,0, 1), and (—1, —3, —4), is not reflexive. Indeed, the polytope
AF contains a face spanned by (1,0, 0), (0, 1, 0), and (—1, —3, —4), of which the
polar dual is a non-integral vertex (—1, —1, 5/4). Since the complement of the set
of lattice points on edges of A in that of A®3 are three points (1 — a, —2a, —3a)
with a = 1,2, 3, we consider a section I spanned by (0, 1, 0), (—1, -3, —4), and
(1 —a, —2a,—3a) with a = 1,2, 3. The polar dual of the section I' is a vertex
v =1/(a —4)(—4(a — 1), —(a — 4),2a — 5). The vertex v is a lattice point if
and only if @ = 1, 3. Note that if a = 3, the polytope is Ay, and if ¢ = 1, it is
A>. The Newton polytope of F’, which is the convex hull of vertices (—1, —1, 1),
(=1,0,-1), (8, =1, —1),and (—1, 2, —1), is not reflexive. Indeed, the polytope A g
contains a face spanned by (—1, —1, 1), (—1,0, —1), and (8, —1, —1), of which the
polar dual is a non-integral vertex 1/11(2, 18,9). It is clear that both A and A, are
reflexive polytopes that satisfy relations Az € A’ € A®Y . Therefore, there are two
polytope-dual pairs : (A®) = Ay, A)), and (Az, A)).

No. 42. The Newton polytope of F, which is the convex hull of vertices (1,0, 0),
0,1,0), (0,0,1), and (—1, —3, —4), is not reflexive. Indeed, the polytope Ar con-
tains a face spanned by (1, 0, 0), (0, 1, 0), and (—1, —3, —4) of which the polar dual is
a non-integral vertex (—1, —1, 5/4). Since the complement of the set of lattice points
on edges of A in those of AB® are three points (—1, =3, =5), (1 — a, —2a, —3a)
with a = 1, 2, consider the following sections:

Case 1 Section spanned by (—1, —3, —4), (1,0, 0), and (—1, —3, —5) has the polar
dual (—1,2/3, 0), which is not integral.

Case 2 Section spanned by (—1, =3, —4), (0,1,0), and (1 — a, —2a, —3a) with
a = 1,2 has the polar dual v = 1/(a — 4)(—4(a — 1), —(a — 4),2a — 5). The
vertex v is a lattice point if and only if a = 1. Therefore, there are two possibilities:
ABY) or Aj. The polar dual of AB®) contains a vertex (9, —1, —1). However, the
polytope A® does not contain the vertex. Therefore, A®® cannot be a polar-dual.
It is directly checked that relations Apr C A, € A® hold. Therefore, the pair
(A2, AY)) is polytope-dual.
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5.18 No. 44

We claim that there exists a unique polytope-dual pair. Take a basis {el , eg’), gn)}

of lattices M,, for n = 7 and 64 by

) = (=1,1,0,0), &)’ =(~2,0.1,0), e =(~4,0,0.1),

= (1,5, -1,-1), & =©,-1,2,-1), & =(-1,-1,1,0).

Define polytopes Aj and A} by

Al = COnV{(l, 09 0)7 (07 _17 1)’ (()7 O’ 1)’ (_15 27 _6)}9

/. 7 _ (_1’_171)7 (_17_19_1)7
Ari=a ‘C"“V{G,—l,—l),(—1,3,—1) '

Since the polar dual polytope A7} is the convex hull of vertices (-1, 2, 1), (=1, 0, —1),
(7,0, —1), and (—1, —4, —1), and the linear map of R3 determined by a matrix

10
(8 o 1 (1)) gives an isomorphism from A to A7, the relation AT = A holds.

The Newton polytope of F', which is the convex hull of vertices (1, 0, 0), (0, —1, 1),
(0,0, 1),and (—1, 2, —6), coincides with A 1. Since the complement of the set of lattice
points on edges of A £ in those of A©¥ consists of the only point (0, 1, 0), the possible
A is either A or A©Y The polar dual of A©® contains a vertex (9, —1, —1), which
does not belong to A, Therefore, A = Aj. It is directly checked that the polar dual
A* = A/, coincides with A Therefore, the pair (AF = Ay, A)) is polytope-dual.

5.19 No.45

We claim that there exists a unique polytope-dual pair. Take a basis {ein), eg'), g”)}

of lattices M,, for n = 35 and 66 by

e = (7,0,-1,-1), ¢ =(6,-1,0,-1), ¥ =(=1,-1,-1,1),

e = (=1,1,0,0), “’“ = (=2,0,1,0), ¢ =(=3,0,0,1).
Define polytopes Aj and A} by

A1 := Conv{(0,0, 1), (0,1,0), (2, -2,-1), (3, —4,-2), (2,2, -1},
(-=1,1,0), (0, -1, 1),

I
Al = COHV{(_L_L D, (-1, =1, —=1), (6,—1,—1)}.

Since the polar dual polytope AT is the convex hull of vertices (—1,—1,1),

©,-1,-1), (-2,—-1,—-1), (=1,0,—1), and (7, 6, —1), and the linear map of R3
—1-10
determined by a matrix ( ‘2‘ % (1) ) gives an isomorphism from A/ to A}, the relation

A} = A holds.
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The Newton polytope of F', which is the convex hull of vertices (0, 0, 1), (0, 1, 0),
(3, —4, —2), and (—1, 1, 0), is not reflexive. Indeed, the polytope contains two faces
I'y spanned by (—1, 1, 0), (0, 1, 0), and (3, —4, —2), of which the polar dual is a non-
integral vertex (0, —1, 2/5), and I'» spanned by (0, 01), (0, 1, 0), and (3, —4, —2),
of which the polar dual is a non-integral vertex (—7/3, —1, —1). For I'{, one has to
make a union of two sections by adding the vertex (—2, 2, —1). For I';, consider the
section spanned by (0, 1, 0), (0, 0, 1), and (2, —2, —1). The polar dual of this section
is (=2, —1, —1), which does not belong to A% Therefore, the only possibility is
A = Aj. Itis directly checked that A g C A/l C AGY_ Therefore, the pair (A1, A’l)
is polytope-dual.

5.20 No. 46-No. 47

We claim that there exists a unique polytope-dual pair for Nos. 46 and 47. Take a basis
{ei"), eén), ey )} of lattices M,, for n = 21, 30 and 86 by

PV = (=1,1,0,0), PV =(=1,0,1,0), ¥V =(-2,0,0,1),
eV = 0,4, -1, -1), &5 = (=1, 1,4, -1), &5 = —(1, 1,1, -1),
(86> =(4,0,—1,—1), Y =3, -1,-1,0), 8 =(0,-1,2,-1).

Define polytopes A1, A}, Az and A} by

A := Conv{(1,0,0), (0, 1,0), (0,0, 1), (—1,1,0), (2, =3, —1)},
(-1, =1, 1), (=1, =1, —1), (4,—1,—1),}

(=1,4,—1), (=1,2,0), (2, —1,0) ’

A, := Conv {(1,0,0), (0,1,0), (0,0, 1), (=2, =2, =5},

Ab = Conv{(—1, =1, 1), (=1, =1, =1), (4, —1,—1), (=1,4, —D)}.

A} := Conv {

Since the polar dual polytopes A} and A7 are the convex hulls of vertices (0, —1, —1),
(— 1 1), (—1,-1,2), (0,—1,4), (5,4, —1), (—1,0,—1),res., (—1, —1, —1),
(— 1 1), (4 —1,—1), (—1,4,—1), and the linear map of R? determined by a
matrix (—i —é 8) gives an isomorphism from A to A}, the relations AT ~ A and
A%} = A, hold.

No. 46. The Newton polytope of F, which is the convex hull of vertices (0,0, 1),
©0,1,0), (2, -3, —1),and (—1, 1, 0), is not reflexive. Indeed, the polytope A con-
tains a face spanned by (0, 1, 0), (0, 0, 1), and (2, —3, —1), of which the polar dual is
(=5/2, —1, —1). Since the complement of the set of lattice points on edges of Ar in
those of AB® consists of the only (1, 0, 0), the only possible A is ABO — Ajq.
It is directly checked that relations Ay C A} = A®®  Therefore, the pair
(A®® = Ay, A)) is polytope-dual.

No. 47. The Newton polytope of F, which is the convex hull of vertices (1,0, 0),
0,1,0), (0,0, 1), and (—1, —1, —2), is not reflexive. Indeed, the polytope A con-
tains a face spanned by (1,0, 0), (0,1,0), and (—1, —1, —2), of which the polar
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dual is (—1, —1, 3/2). Since the complement of the set of lattice points on edges
of Ar in those of ABY consists of the only (=2, —2, —5), the only possible A is
ABY = A, Ttis directly checked that relations Ap C Ay € AC@D. Therefore, the
pair (AGY = A,, A)) is polytope-dual.

5.21 No. 48-No. 49

We claim that there exists a unique polytope-dual pair. Take a basis {el , eg’), gn)}

of lattices M,, for n = 5, 56 and 73 by

e = (=1,1,0,0), ¢ =(=1,0,1,0), € =(=3,0,0,1),
P = (=1,0,2,-1), ¥ =(=1,-1,0,1), {¥=(5,—1,-1,-1),
<7z> =(=1,—1,4, —1), (73’ = (=1, -1, =1, 1), ¢ =(5,0,—1,-1).

In Kobayashi and Mase (2012), it is proved that the polytopes A®® and A3

are isomorphic to the polytope A (s 73) with vertices (1,0, 0), (0,1,0), (0,0, 1),
and (—1, —3, —1), under the above choice of basis. Let Aj be A(se 73), and A/ be
the polytope A® which is the convex hull of vertices (—-1,-1,1), (-1,—-1,—1),
(5,—1,—1), and (—1, 5, —1). Since the polar dual polytope A* of A is the convex
hull of vertices (—1, —1, —1), (—1,1, —1), (5 —1,—1), and ( 1,—1,5), and the
linear map of R3 determined by a matrix (é (1) (1) ) gives an isomorphism from A to
A7, the relation A} ~ A/ holds.
Nos. 48 and 49. In both cases, the Newton polytope of F, which is the convex hull
of vertices (1,0, 0), (0, 1,0), (0,0, 1), and (—1, —3, —1), coincides with Aj. It is
directly checked that the Newton polytope of F’ is a subpolytope of A’|. Therefore,
the pair (Ar = Ay, A}) is the only polytope-dual.

5.22 No. 50

We claim that there exists a unique polytope-dual pair. Take a basis { e(n), eé”), §”)}

of lattices M,, for n = 1 and 52 by

V= (=1,1,0,0), e =(=1,0,1,0), e’ =(~1,0,0,1),
(5” =(=1,2,-1,0), <52> = (=1,-1,3,-1), {? =(~1,-1,-1,2).

Define polytopes Aj and A} by

A = A®? = Conv{(1,0,0), 0, 1,0), (0,0,1), (=1, —1, =1},
A= AW = Conv{(~1, —1,3), (=1, —1,-1), 3, =1, 1), (—1,3, =D}

Since the polar dual polytope A} of Ay is the convex hull of vertices (—1, —1, 3),
(=1,-1,-1), 3, —1,—1),and (—1, 3, —1), the relation A} = A clearly holds.
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The Newton polytope of F', which is the convex hull of vertices (1, 0, 0), (0, 1, 0),
(0,0, 1), and (—1, —1, —1), coincides with Aj. Thus, A = Ar = A®D = A;
is the only possible reflexive polytope. The polar dual A/ coincides with AWM and
thus the Newton polytope Ag of F’ is a subpolytope of A/. Therefore, the pair
(Ap = Ay, AD = A)) is polytope-dual.

5.23 No. 51

We claim that there exist sixteen polytope-dual pairs. Take a basis {¢\", e5", e} of

the lattice M3; by
e =(=1,0.3, 1), &7 =0.-1,3,-1), &? =(-1.-1,-11).

Define polytopes A; , and Ay , withi = 1,2 by

Ay 4 = Conv (0,0, 1), (1,0,0), (0,1,0), (—4,3, —2), }

(—a+3,a—-4,-2), 2,-2,-1)

(O’ 07 1)7 (27 _27 _1)’ (O’ 19 0)7 (_2’ 27 _1)7
(_a + 37 a— 47 _2)5 (3’ _47 _2) ’

0,0, 1), (1,0,0), (=2,2,-1), (4,3, =2), }

Ay 4 := Conv
Az,a := Conv (_a =+ 3, a — 4, _2), (25 _2’ _1)

(0,0, 1), (1,0,0), (0,1,0), (=2,2,—1),
(—a+3,a—4,-2),3,—4,-2) ’
wherea =0,1,...,7.

Ay 4 = Conv

Since the polar dual polytopes A’f’a and A;a of Ay, and A, are respectively the
convex hulls of vertices (—1, —1, 1), (-1, -1, -1), (0,—-1,-1), (3,3, —-1), (a —
1,a,—1),and (—1,0, —1);and (-1, —1, 1), (-1, =2, —1), (0, -1, —1), (3,3, —1),
(a —1,a,—1) and (—1,0, —1), and the linear map of R3 determined by a matrix
(Pi :? 711) gives an isomorphism from A;,a to A}“)a, the relation A¥ | =~ A;,a for
i =1, 2 holds.

The Newton polytope of F = F’, which is the convex hull of vertices (1, 0, 0),
(—4,3,-2), (0,0,1), and (2, —2, —1), is not reflexive. Indeed, the polytope AFr
contains a face spanned by (1,0, 0), (0,0, 1), and (—4, 3, —2), of which the polar
dual is a non-integral vertex (—1, —7/3, —1).

Since the complement of the set of lattice points on edges of A in those of AG?
consists of (2, -2, —1), (1,0,0), and (—a + 3,a — 4, —2) witha = 0,1, ...,7,
it is clear that we just need to consider polytopes of form A, and A, witha =
0,1,...,7. And for each a, we can find a polytope-dual partner.

Therefore, the claims are verified. ]
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6 Closing Remarks

Asis mentioned in Ebeling (2006), almost all mirror symmetric pairs of weight systems
in the sense of Belcastro (2002) are also strongly coupled. We would like to study not
only the full families of K 3 surfaces, but families of K 3 surfaces associated to reflexive
polytopes A and A’ obtained in Theorem 5.1. More precisely, it is interesting to study
a relation with a lattice duality (Dolgachev 1996) and the coupling.
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