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Abstract: Inspired by the article Weak Convergence Rate of a Time-Discrete Scheme for the Heston Stochastic
Volatility Model, Chao Zheng, SIAM Journal on Numerical Analysis 2017, 55:3, 1243-1263, we studied the
weak error of discretization schemes for the Heston model, which are based on exact simulation of
the underlying volatility process. Both for an Euler- and a trapezoidal-type scheme for the log-asset
price, we established weak order one for smooth payoffs without any assumptions on the Feller
index of the volatility process. In our analysis, we also observed the usual trade off between the
smoothness assumption on the payoff and the restriction on the Feller index. Moreover, we provided
error expansions, which could be used to construct second order schemes via extrapolation. In this
paper, we illustrate our theoretical findings by several numerical examples.
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1. Introduction and Main Results

The Heston Model Heston (1993) is a widely used stochastic volatility model to price
financial options. It consists of two stochastic differential equations (SDEs) for an asset
price process S and its volatility V:

ds; = yStdt + \/VtSt <det +4/1— Pdet>r
th = K(9 — Vt)dt + U\/thwt,

M

with So, Vo, x,0,0 > 0, u € R, p € [-1,1], T > 0 and independent Brownian mo-
tions W = (Wi),c (0,1, B = (Bt)e|o,1), which are defined on a filtered probability space
(Q, F, (Ft)tefo,1), P), where the filtration satisfies the usual conditions. It is a simple and
popular extension of the Black-Scholes model where the volatility of the asset was assumed
to be constant. As a consequence, the Heston Model takes the asymmetry and excess
kurtosis of financial asset returns into account which are typically observed in real market
data. The volatility is given by the so-called Cox-Ingersoll-Ross process (CIR). Its Feller
indexv = 2;‘—2? will be an important parameter for our results. Throughout this article, the
initial values Sy, V| are assumed to be deterministic.
To price options with maturity at time T, one is interested in the value of

Elg(ST)],

where g : [0,00) — R is the payoff function. Closed formulae for E[g(St)] are rarely
known and often Monte Carlo methods are applied, for which in turn the simulation of St
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is required. Usually, the log-Heston model instead of the Heston model is considered in
numerical practice. This yields the SDE

1
d(log(St)) = (u — EVt)dt +Vid (th +4/1— szt>,
AV = k(8 — V})dt + o/ VidW;,

@

and the exponential is then incorporated in the payoff, i.e., g is replaced by f : R — R with
£(x) = glexp(x).

While exact simulation schemes and their refinements are known (see, e.g., Broadie
and Kaya (2006); Glasserman and Kim (2011); Malham and Wiese (2013); Smith (2007)),
discretization schemes as, e.g., Altmayer and Neuenkirch (2017); Andersen (2008); Kahl
and Jackel (2006); Lord et al. (2009), are very popular for the Heston model. The latter
discretization schemes can be easily extended to the multi-dimensional case and avoid
computational bottlenecks of the exact schemes. In particular, Euler-type methods, such as
the fully truncated Euler scheme, seem to be very efficient (see, e.g., Coskun and Korn (
2018); Lord et al. (2009)), but no weak error analysis is available for them, up to the best of
our knowledge.

A second order discretization scheme for the log-Heston model has been introduced
in Andersen (2008) and analyzed in Zheng (2017). The so-called Broadie-Kaya trick and a
removal of the drift, detailed in Section 3.1, reduce the simulation of the log-Heston model
to the joint simulation of

IX, = (p" _ 1) Vidt + \/1—7\/@13,» 3)

dVi = x(0 — Vy)dt + o/ VidW.

Moreover, since the transition density of the CIR process V = ( Vf)te[O,T] follows a
non-central chi-square distribution, it can be simulated exactly. Trapezoidal discretizations
of the first component X = (X;);¢|o 7] lead to the trapezoidal scheme

K 1\ 0k + v
xk+1—xk+<P )+(tk 1— )

+./1- ,/v"“ﬂ”‘AB k=0,... N—1

where0 =ty <... <t <... <ty =T, 0 =V and A B = By, ;1 — By, This discretiza-
tion avoids in particular the cumbersome exact simulation of the integrated volatility.
Zheng (2017) establishes weak order two for polynomial test functions by transferring the
error analysis to that of a trapezoidal rule for multidimensional deterministic integrals.
Our original intention was to extend this result to a larger class of test functions f by using
the Kolmogorov PDE approach. However, the required Ito-Taylor expansions turned out
to be not feasible. So, instead, we analyzed the following two semi-exact discretization
schemes: the Euler-type scheme

x 1
xk+1:xk+<€7_2>vk e — tk) + /1 — p2\/0kA B 4)

and the semi-trapezoidal scheme

x 1\ov +v
xk+1_xk+(‘; 2)"“2" 11— ) + /1 — 2 /O ALB. (5)

In both schemes, the CIR process is simulated exactly. In our opinion, the analysis of
these schemes gives valuable insights in the weak error analysis of discretization schemes
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for the log-Heston model and is also a good starting point for the analysis of full Euler-type
discretization schemes.

Our error analysis relies on two regularity results for the Heston PDE (Briani et al.
(2018); Feehan and Pop (2013)), the Kolmogorov PDE approach for the weak error analysis
from Talay and Tubaro (1990), and Malliavin calculus. We also observe the usual trade off
between the smoothness assumption on the payoff and the restriction on the Feller index.
For payoffs of lower smoothness, a restriction on the Feller index v = 2x6/0? is required,
which arises from the use of Malliavin calculus tools.

In the following, we use the notation

At = max |t —t_
k=1 N | k k 1|
for the maximal step size and the usual notations for the spaces of differentiable functions.
In particular, the subscript ¢ denotes compact support and pol denotes polynomial growth.
In addition, see Section 3.1. The results of Feehan and Pop (2013) require compact support

of the test functions f, while the results of Briani et al. (2018) allow polynomial growth
but require higher smoothness for f.

Theorem 1. Let e > 0. (i) If f € C2T¢(R x Ry;R) and 217%9 > 3, then both schemes satisfy

E[f(xn,on)] = E[f (X1, VT)] = O(Af).
(ii) If f € CAH¢(R x Ry;R), then both schemes satisfy

E[f(xn,on)] = E[f (X, V1)] = O(A).
Assuming more smoothness of f, we obtain more detailed results:

Theorem 2. Suppose that f € C;j o) R x R ;R). (i) Then, the Euler scheme (4) satisfies

E[f(xN, T)N)} — E[f(XT, VT)] = Nil /ttnﬂ . t.tE[H(S, t,Xg, %, Vs, Vt)]dsdt —+ O((At)z),

where
H(s, b, %s, %, Vs, Vi) = <; - T) (K(Q — Vo) ux(t, %1, Vi) + 02 Viatixo s, s, Vs))
- _zpz) (K(9 — Veuxx(t, £, Vi) + 0 Vit (s, £, VS))
and

. x 1
Xt = Xy + (po_ - Z)Un(t_ tn) + 4/ 1 _P2\/Un(Bt - Bt,,)/ te [tnrtn+1]/

forn=0,...,N—-1
In particular, for an equidistant discretization with ty = kT/N,k =0,..., N, we have

lim N(ELf vy, on)] ~ L (X, Vo)l) = 2 [ B (1, X0, X0, Vi, V)l

N—oo

Here, u denotes the solution of the associated Kolmogorov PDE; see Equation (7).
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(ii) For the semi-trapezoidal scheme (5), we have

N-1 tpy1 ot
E[f(xn,on)] — E[f (X7, V1) = Y /t E[H (s, t, %, £, Ve, Vi)|dsdt + O((A)?),
n=0 7' b

where

PSP _ (1-p?) . o 2 .
H(s, t, %5, %, Vs, Vi) = 7 k(0 — Vs )uxx(t, £, Vi) + 0 Vitixo (s, s, Vi)

and

. x 1\Vi4vo
L= xn+ (’; - 2) ! 7 B(t—tn) + /1 —02/0n(Bt — Bt,), tE€ [t tnr1],
forn=0,...,N—-1

In particular, for an equidistant discretization ty = kT/N,k =0,..., N, it holds

lim N(]EU:(XN/ UN)] - ]E[f(XT/ VT)]) = gATE[H(t/ tl Xt/ Xt/ ‘/t/ Vt)]dt

N—oo

Here, u denotes again the solution of the associated Kolmogorov PDE; see Equation (7).

Thus, the semi-trapezoidal rule eliminates the first two terms of the error expansion
of the Euler scheme.

Remarks
Remark 1. We expect that the error expansions for an equidistant discretization for both schemes

satisfy
E[f(xn,on)] — E[f(X1, VT)] = (g /OTE[’H(t,t,xt,xt,vt,vt)]dt> N1+ O(N72). (6)

However, to establish this, we would require error estimates for functionals of the type
E[f (A, X7, Vr)] with A € [0, T], which are uniform in A. (Compare, e.g., Proposition 2 in
Talay and Tubaro (1990).) This, in turn, would require uniform reqularity estimates for the Heston
PDE, which are not available at the moment.

Remark 2. Property (6) allows to construct a second order scheme via extrapolation: If (6) holds,
then

YN = 2f(xon, v2n) — f(xN,UN)

satisfies
EYy = Ef(Xr, V1) +O((At)?),

where (xaN, VoN ) uses the stepsize T/ (2N) and (xn, vy ) the stepsize T/ N.

Remark 3. We require smoothness assumptions for f that are not met by the payoffs in practice,
which are at most Lipschitz continuous or even discontinuous. However, this is a typical problem
for weak approximation of SDEs as the Heston SDE, which do not satisfy the so-called standard
assumptions on the coefficients. In Bally and Talay (1996), only bounded and measurable test
functions f are treated assuming uniform hypoellipticity of the coefficients of the SDE. Howeuver,
the Heston model does not satisfy this property. An adaptation of the strategy of Bally and Talay
(1996) to the Heston model yields strong assumption on the Feller index (see Altmayer (2015)),
which we want to avoid here.

Remark 4. Schemes built on the Broadie-Kaya trick, i.e., Equation (3), have a different structure
than schemes which arise by a direct discretization of the log-Heston model as, e.g., the schemes
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studied in Altmayer and Neuenkirch (2017); Lord et al. (2009). For example, the so-called absorbed
Euler discretization reads as

1
Zk41 = 2k — ivk(tk-s—l — ) + @(P(th —Wy) +1/1—p*(By, — By, )
+
U1 = (0k +6(0 — 0p) (b1 — t) + 00k (Whe, — Wi ))

Here, the volatility V = (V}),c(o 1) is discretized by an Euler scheme, a fix for retaining
the positivity is introduced by using the positive part, and the equation for the log-Heston price
Z = (log(St) )tefo,r) is discretized instead of the one for X = (Xi)e(o,1]-

Remark 5. The Broadie-Kaya trick is a particular case of a more general transformation procedure,
which has been introduced in Cui et al. (2018) for a general class of stochastic volatility models.
In addition, in Cui et al. (2018), the weak convergence of a Markov chain approximation for
these equations is established, which had been introduced in Cui et al. (2020). Markov chain
approximations have been also studied in Briani et al. (2018) for the Heston and Bates model and
are an alternative to a classical discretization of stochastic differential equations. In particular, for
pricing American options, they can be beneficial.

2. Numerical Results
In this section, we will test numerically whether the convergence rates for the Euler
Scheme (4) and the Semi-Trapezoidal scheme (5) are attained even under milder assump-
tions than those from Theorems 1 and 2. We use the following model parameters:
Model 1: Sy = 100, Vy = 0.010201,K = 100,x = 6.21,0 = 0.019,0 = 0.61,p = —0.7,
T=1,r=0.0319;
Model 2: So = 100, Vo = 0.09,K = 100,x = 2,60 = 0.09,0 = 1,p = —0.3,T = 5,7 = 0.05;
Model 3: Sy = 100, Vy = 0.0457, K = 100,x = 5.07,60 = 0.0457,0 = 0.48,p = —0.767,
T =2,r=0.00.
The Feller index is v = 217%9 ~ 0.63in Model 1, v = 0.36 in Model 2, and v =~ 2.01 in
Model 3. For each model, we use the following payoff functions:
1. European Call: g1 (St) = ¢ "T max{St — K,0};
2. European Put: g5(St) = e~ max{K — St,0};
3. Indicator: g3(St) = e_rTl[o,K](ST).
Note that none of these payoffs satisfies the assumptions of our Theorems. Thus, the
presented numerical experiments explore whether the Theorems are valid under milder as-
sumptions. In order to measure the weak error rate, we simulated M = 2 - 107 independent

copies g;(s s\ )) j=1,..., M, of gi(sN) to estimate

E(gi(sn))
by
3 o (sU)
PMN = M Z&'(SN )
for each combination of model parameters, functional and number of steps N € {21, ey 26}
where At = L. The number of Monte Carlo samples is chosen in such a way that the
Monte Carlo error is sufficiently small enough, i.e., does not dominate the theoretically

expected convergence rates. The Monte Carlo mean of these samples was then compared
to a reference solution p,f, i.e.,

6<N) = ‘pref - pM,N|/
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and the error e(N) is plotted in Figures 1-18. We then measured the rate of convergence,
i.e., the decay rate of e(N), by the slope of a least-squares fit in logarithmic coordinates.
The reference solutions can be computed with sufficiently high accuracy from semi-explicit
formulae via Fourier methods. In particular, the put price can be calculated from the call-
price formula given in Heston (1993) via the put-call-parity. The price of the digital option
can be computed from the probability P, given in Heston (1993); it equals e’ (1 — P,). Ad-
ditionally to the Euler and Semi-Trapezoidal scheme, we simulated the Trapezoidal scheme
as in Zheng (2017) and the two extrapolation schemes from Remark 2. Moreover, to present
a broader picture we estimated the weak error order of two Euler-type discretizations
of the full Heston Model, the Full Truncation Euler (FTE) as in Lord et al. (2009), and the
Symmetrized Euler as in Bossy and Diop (2015). To clarify things, we show two plots
for each combination of model parameters and functional: one with the suspected order
one schemes (Euler, Semi-Trapezoidal, FTE, and Symmetrized Euler) and one with the
suspected order two schemes (Trapezoidal, Extrapolated Euler, and Extrapolated Semi-
Trapezoidal).

2.1. Model 1

In Table 1, we can see the measured convergence rates for this model with a Feller
index of v ~ 0.63. The associated plots are shown in Figures 1-6.

Table 1. Measured convergence rates Model 1.

Method Call Put Indicator
Euler 1.5252 0.9492 1.1870
Semi-Trapezoidal 2.0174 0.2857 1.8343
FTE 1.5205 1.5205 1.2847
Symmetrized Euler 0.3693 0.3659 0.3250
Trapezoidal 2.0283 1.1119 2.4544
Euler extrap. 23114 2.0172 1.9719
Semi-Trapezoidal extrap. 1.8687 1.9999 0.9834

All “Order 1”7 schemes seem to have a very regular convergence behavior except
for the Semi-Trapezoidal scheme for the Indicator, which could be explained by the low
absolute error. Especially for the Call and the Indicator, both schemes from Theorem 1
seem to have very high weak convergence rates. Because of the Feller index of 0.63 in
this model, this indicates that the assertion of Theorems 1 and 2 could hold under weaker
assumptions. The extremely low estimated convergence rate for the Semi-Trapezoidal
scheme in combination with the Put could be due to the low error. The estimated weak
error order of the FTE scheme is noticeably higher than 1, whereas the Symmetrized Euler
has low convergence rates. The convergence behavior of the “Order 2” schemes is a bit
less regular. The Extrapolated Euler scheme seems to converge with order 2 for all payoff
functions, whereas the Extrapolated Semi-Trapezoidal scheme seem to have only order 1
for the Indicator. But, again, we notice that the error for just 2 discretization steps already
starts at around 2710, which is extremely low.
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log, (Error)

G- Euler
#+-- Semi Trapezoidal
0T |t FTE
------- Symmetrized

12 L L .
1 1.6 2 25

Figure 1. Call Model 1.

log, (Error)

3

3.5 4 4.5

log, (Steps)

© - Trapezoidal
+ - Euler extrapolation

-+ Semi-Trapezoidal extrapolation

/
x

3.5 4 4.5

log, (Steps)

S Euler

- FTE

Semi Trapezoidal
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Figure 3. Put Model 1.
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log, (Error)

G Trapezoidal ; *
-16 [ | ~# - Euler extrapolation y
-+ Semi-Trapezoidal extrapolation %L'

18 \ \ | \ . . . . ,
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
log, (Steps)

Figure 4. Put Model 1.

log, (Error)
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~#- Semi Trapezoidal
W e prE Fosw ;
Symmetrized e g
-16 ; L : L : : : L .

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
log, (Steps)

Figure 5. Indicator Model 1.

log, (Error)

Trapezoidal
-# - Euler extrapolation
-+ Semi-Trapezoidal extrapolation

4E i i ; i ; ; A .

1 1.5 2 25 3 3.5 4 4.5 5 5.5 6
log, (Steps)

Figure 6. Indicator Model 1.
2.2. Model 2

Here, we have an even lower Feller index of v &~ 0.36. We can see that the estimated

convergence rates for all “Order 1” schemes are lower than before, see Table 2. However,
the Semi-Trapezoidal scheme and the FTE scheme seem to converge with order 1. The
convergence behavior is still quite regular as we can see in Figures 7, 9, and 11. In absolute
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terms, the errors of the schemes from Theorem 1 are the lowest, especially for Put and
Indicator. Looking at the “Order 2” schemes, the Trapezoidal discretization still shows
an estimated weak convergence rate of around 2, whereas the two extrapolation schemes
show a weaker performance. But, especially for the Indicator, all three schemes seem to

have a very low error and a quite regular convergence behavior.

Table 2. Measured convergence rates Model 2.

Method Call Put Indicator
Euler 0.4335 1.2898 0.8565
Semi-Trapezoidal 1.3025 0.7810 0.9518
FTE 1.2050 1.1733 1.0546
Symmetrized Euler 0.3028 0.3021 0.2421
Trapezoidal 1.8925 2.1272 1.6324
Euler extrap. 0.9483 1.4393 1.5966
Semi-Trapezoidal extrap. 1.4840 1.0481 1.2744

log, (Error)

Euler

-6 1 | #- Semi Trapezoidal
Symmetrized

1 1.5 2 2.5 3

Figure 7. Call Model 2.

log, (Errer)
S

35 4 4.5 5 5.5
log, (Steps)

8| ~© Trapezoidal
-+ Euler extrapolation

+-- Semi-Trapezoidal extrapolation

1 1.5 2 25 3

Figure 8. Call Model 2.

3.5 4 45 5 5.5 6
log, (Steps)
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log, (Error)

Euler
#+-- Semi Trapezoidal
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------- Symmetrized

10 . . . . . . . . .
1 1.6 2 25 3 3.5 4 4.5 5 55
log, (Steps)

Figure 9. Put Model 2.

0-
-2
E
-4
5 6|
£
=
£ -8 #*
-10
Trapezoidal
-12 #- Euler extrapolation
-+ Semi-Trapezoidal extrapolation
14 . . , . , \ . . . .
1 1.6 2 25 3 3.5 4 4.5 5 55

log, (Steps)

Figure 10. Put Model 2.

log, (Error)

Euler
- Semi Trapezoidal
e 1=
< Symmetrized

14 \ \ ! ) . . . . \
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
log, (Steps)

Figure 11. Indicator Model 2.
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log, (Error)

Trapezoidal
#- Euler extrapolation

-+ Semi-Trapezoidal extrapolation

1 1.5 2 2.5 3 3.5 4
log, (Steps)

Figure 12. Indicator Model 2.

2.3. Model 3

4.5 5 55 6

Here, we have the highest Feller Index with v ~ 2.01. It is, therefore, a bit surprising
that the Euler scheme seems to have a convergence rate of less than 1 in this case. In general,
the errors for the “Order 1” schemes show a more irregular behavior, as can be seen from
Figures 13, 15, and 17. The Semi-Trapezoidal and the FTE scheme work especially well in
this scenario as we can see in Table 3. This is also the only case where the Symmetrized
Euler shows an estimated convergence order of around 1. The extrapolation definitely
improves the convergence rate of the Euler scheme with order 2 for the Indicator, but this
is not the case for the Semi-Trapezoidal scheme.

Table 3. Measured convergence rates Model 3.

Method Call Put Indicator
Euler 0.6977 0.5378 1.0695
Semi-Trapezoidal 1.6989 1.6551 1.6396
FTE 2.0091 1.7303 1.6008
Symmetrized Euler 1.0386 1.0426 0.9018
Trapezoidal 1.8682 1.6799 1.5219
Euler extrap. 1.1612 1.1857 2.2612
Semi-Trapezoidal extrap. 1.5660 1.0441 1.5979

28

log, (Error)

-~ Euler
#+-- Semi Trapezoidal
TFTE
; Symmetrized
-10 . L :

1 1.5 2 2.5 3 3.5 4
log, (Steps)

Figure 13. Call Model 3.
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© - Trapezoidal
+ - Euler extrapolation
-+ Semi-Trapezoidal extrapolation

log, (Error)

-10 L L . L . . . . L \
1 1.6 2 25 3 3.5 4 4.5 5 55 6

log, (Steps)

log, (Error)

-6
G- Euler
#+-- Semi Trapezoidal
Bt FTE :
------- Symmetrized *
10 . . , . . . . . . .
1 1.6 2 25 3 3.5 4 4.5 5 55 6

log, (Steps)

Figure 15. Put Model 3.

© - Trapezoidal
+ - Euler extrapolation
-+ Semi-Trapezoidal extrapolation

log, (Error)

12 L L . L . . . . L \
1 1.5 2 2.5 3 3.5 4 4.5 5 55 6

log, (Steps)

Figure 16. Put Model 3.
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Euler

44 || ~#*— Semi Trapezoidal
T ETE %
~ Symmetrized

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
log, (Steps)

Figure 17. Indicator Model 3.

© - Trapezoidal
#- Euler extrapolation
-+ Semi-Trapezoidal extrapolation

20 . . ,
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
log, (Steps)

Figure 18. Indicator Model 3.

2.4. Computational Times

The computational times show the expected behavior, i.e., the simulation times for
the semi-exact schemes increase as the Feller index decreases. See Tables 4 and 5. This is
a well known feature of the MATLAB-generator ncx2rnd for the non-central chi-square
distribution, which we used. (All simulations were carried out in MATLAB.)

Table 4. Computational times (sec.) of the semi-exact schemes for 2° time steps and 2 x 107 paths.

Model 1 2 3
Euler 345.73 755.19 145.40
Semi-Trapezoidal 344.53 757.93 144.79
Trapezoidal 342.51 766.01 143.39
Euler extrap. 690.36 2335.94 307.62
Semi-Trapezoidal extrap. 686.55 2371.67 310.29

Table 5. Computational times (sec.) of Euler-type discretizations for 2° time steps and 2 x 107 paths.

Model 1 2 3

FTE 142.3 138.37 141.53
Symmetrized Euler 141.64 140.98 141.67
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2.5. Conclusions

Except for the Euler scheme for the Call in Model 3, the simulation studies support the
conjecture that the convergence rates of Theorems 1 and 2 hold under weaker assumptions.
For the mentioned behavior of the Euler scheme, we do not have an explanation, except
the possibly pre-asymptotic step sizes. For the extrapolated schemes, which might have
order two, the situation is less clear. Since the behavior of the trapezoidal scheme is regular,
a too large Monte Carlo error seems an unlikely explanation. Explanations could be again
the pre-asymptotic step sizes or, in fact, the non-smoothness of the considered payoffs.

3. Auxiliary Results

In this section, we will collect and establish, respectively, several auxiliary results for
the weak error analysis.

3.1. Kolmogorov PDE
Recall that the stochastic integral equations for the log-Heston model for0 <s <t < T

read as
t 1 t
log(St) = log(Ss) +/S <r — 2Vu>du +/s v Vud(qu +4/1— pZBu>,
t t
V=V, +/ x(6 — Vu)du—ka/ vV Vi, dWy,.
S S

Now, we apply the so-called Broadie-Kaya trick from Broadie and Kaya (2006). We can
rearrange the second equation:

t t
/ VVadW,, = i(vt A x/ Vudu>.
S

S

Then, we plug this equation into the first one:

log(S¢) —log(Ss) =

SIS

(Vi = Vs —xbB(t —s)+r(t—s)) + (?—;) /stVudu

t
/1 —pZ/S V/VidB,.

Without loss of generality, we can neglect the non-integral part in log(S;) — log(Ss),
since we have

f(log(St), Vr) = f(XT + (BT(VT — Vo — x0T +rT), VT>

with X1 = XOT’IOg(SU)’V0 given below. To get the Kolmogorov backward PDE, we look at the
following integral equations:

t t

Vi’ =v+ / k(0 — V¥)dr + (7/ VIUAW,,

S S
. pre 1N 1ty N
X5 — x 4 (U _ 2) /S veedr + /1 fp2/s VidB,.
We set
_ t,x,0 t,o

u(t,x,v)fIE[f(XT ,Vr )},te[O,T],xeR,vzo

and obtain for f: R x [0,00) — R bounded and continuous the Kolmogorov backward

PDE by an application of the Feynman-Kac Theorem (see, e.g., Theorem 5.7.6 in Karatzas
and Shreve (1991)):
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u(t, x,v) = — (FZTK - ;)vux(t,x,v) —x(0 —v)uy(t, x,0)
v

2((1—p2)uxx(t,x,v)+(72um,(t,x,v)), te(0,T),xeR,v>0, (
u(T,x,v) = f(x,v), xeRov>0.

7)

In our error analysis, we will follow the now classical approach of Talay and Tubaro
(1990), which exploits the regularity of the Kolmogorov backward PDE. For the latter
we will rely on the works of Feehan and Pop (2013) and Briani et al. (2018). To state these
regularity results, we will need the following notation:

For a multi-index ! = (I3, ..., 1) € N?, we define 1] = Z?:l l]- and fory € R? we define
a;, = E)f}] e 8%. Moreover, we denote by |y| the standard Euclidean norm in R¥. Let D C
R? be a domain and g € N. The set C7(D; R) is the set of all real-valued functions on D
which are g-times continuously differentiable. For ¢ € (0,1), we denote by C7¢(D; R)
the set of all functions from C7(D;R) in which partial derivatives of order g are Holder-
continuous of order ¢, and C/ +€(D; R) is the set of all functions from C17¢(D; R), who have
compact support. Moreover, CZ »(D;R) is the set of functions ¢ € C7(D; R) such that there
exist C,a > 0 for which

2y8(y)| < C(1+1yl"), ye D, <q.

Finally, we denote by CZ o1,7(D;R) the set of functions v € C;EZZ/ZJ A([0,T) x D;R) such

that there exist C,a > 0 for which

sup \alt‘alyv(t,yﬂ <C+1yl"), yeD,2k+|l| <qg.
t<T
The work of Feehan and Pop deals with general degenerated parabolic equations and

establishes a-priori regularity estimates for them. In the context of Equation (7), the main
result of Feehan and Pop (2013), i.e., Theorem 1.1, reads as follows:

Theorem 3. Lete > 0and f € C2H¢(R x Ry ;R). Then, there exists a constant ¢ > 0, depending
onlyon f,T,p,x,0 and o such that the solution u of PDE (7) satisfies

sup (Ju(t, x,0)| + [9pu(t, x,0)| + [ou(t, x,v)| + [9xu(t, x,v)|) <,
(t,x,0)€[0,T] xRx[0,00)

sup (|00xxu(t, x,0)| + [09xou(t, x,0)| + [vuou(t, x,0)|) <,
(t,x,0)€[0,T] xRx[0,1]

sup (10xxu(t, x,0)| + [Oxoti(t, x,0)| + [00u(t, x,v)|) <c.
(t,x,0)€[0,T] xRx[1,00)

So, under the above assumptions on f, the solution # and the first order derivatives
are bounded. Moreover, the second order derivatives are also bounded, if they are damped
by v for v € [0,1].

Assuming more smoothness on f, we can achieve more regularity for u using the
above result, at least for the partial derivatives with respect to x. Set

(t,x,0) 1= ux(t,x,0) = E| fu(XF™, VEY)),

i(t,x,0) = ux(t,x,0) = E{fxx(X%x’v, V%v)}.
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This is well defined: by continuity and boundedness of f; and dominated convergence

we have
_ EE Xt,x,v Vt,v _ EE Zt,v Vt,v
”x<trva)—ax fXF5, Vo) =5 flx+23°, Vi)
to to ot
im | LI 2 V) — e+ 28 V)
5—0 )
1
13 to t,0
= lim | E[folx+ 07+ Zi, Vi¥)] dA
1
:/O E[flx + 25, Vi7)|dA
= E|felx+ 2, Vi) | = B[ (X, Vi)
with

to __ PK 1 t , 2 t S, 0
zte = (0—2>/S Vatdr +/1—p / \J Ve dB,.

An analogous calculation for uyy(t, x, v) shows that uyy(t, x,v) = E[ e (X, V%’U)} .

Thus, uyy is also bounded, if f € CIHe(R x Ry; R). Moreover, I fulfills the Kolmogorov
backward PDE

i (t,x,0) = — (f? — ;>vﬁx(t,x,v) — k(0 —v)ily(t, x,0)

— %((1 —p2>12xx(t,x,v) +(7212w(t,x,v)>, te(0,T),xeR,v>0,

ﬁ(T/x/U):fx(xrv)/ XER,UZO,
while i fulfills the same PDE with terminal condition
i(T,x,v) = fax(x,0v), x€R,0v>0.

Applying Theorem 3 now to i and 7, we obtain the following additional bounds (case
(ii)) for the derivatives of u:

Corollary 1. (i) Let ¢ > O and f € C¥*¢(R x Ry;R). Then, there exists a constant ¢ > 0,
depending only on f, T, p,x,0 and o such that the solution u of PDE (7) satisfies

sup [0xxu(t, x,0)| < c.
(t,x,0)€[0,T]xRx[0,00)

(ii) Lete > Oand f € C2H¢(R x R4 ;R). Then, there exists a constant ¢ > 0, depending only
on f,T,p,x,0 and o such that the solution u of PDE (7) satisfies

sup (|0xou(t, x,0)| + [9xxuu(t, x,0)| + [Oxxott(t, x,0)| + [dxxxti(t, x,0)|) < c.
(t,x,0)€[0,T] xR x[0,00)

The recent work of Briani et al. is a specialized approach for the log-Bates model, of
which the log-Heston model is a particular case. In our setting, they obtain in Proposition
5.3 and Remark 5.4 of Briani et al. (2018) the following:

Theorem 4. Let g € N, g > 2 and suppose that f € szZl (R x Ry;R). Then, the solution u of
PDE (7) satisfies u € CZol,T(R x R4;R).
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In contrast to the results of Feehan and Pop, the result of Briani et al. requires more
smoothness of f but allows polynomial growth instead of compact support.

3.2. Properties of the CIR Process

We recall here the following estimates for the CIR process, which are well known or
can be found in Hurd and Kuznetsov (2008).

Lemma 1. (1) We have

El sup V/| < oo
t€[0,T]
forall p > 1and
2
sup EV/ < o0 iff  p> —ULZG.

te[0,T]

(2) For all p > 1, there exist constants ¢ > 0, depending only on p,x, 0,0, T, and Vy, such that

E|V; — Vs|P <c-|t—s|P/?, s, t €10, T].

We will need the following bound on the growth of the L7-norm of a specific stochastic
integral of the CIR process:

Lemma 2. Forall g € {2, ‘t%e) , it holds that

sup t 2R [

q
}@0.
te[0,T]

to1
dB
/0 ,—Vu u

Proof. With the Burkholder-Davis-Gundy inequality and the Holder inequality, we have

t 1 q/2
—d
v ]
/1 \49/2 P a-2)/0\ 172
< t712R /() du /dr
0 Vu 0

/2
(e (2) ey
0 u

< el

q
t_q/zE[ } < t71?E

.t 1
dB
/0 N/

2/q

for all t € [0, T]. The assertion now follows from Lemma 1 (1). O

3.3. Malliavin Calculus

When working with low smoothness assumptions on f, we will use a Malliavin
integration by parts procedure to establish weak convergence order one. As in Altmayer
and Neuenkirch (2017), this paragraph gives a short introduction into Malliavin calculus;
for more details, we refer to Nualart (1995).

Malliavin calculus adds a derivative operator to stochastic analysis. Basically, if Y
is a random variable and (W, Bt)te[O,T] a two-dimensional Brownian motion, then the
Malliavin derivative measures the dependence of Y on (W, B). The Malliavin derivative is
defined by a standard extension procedure: Let S be the set of smooth random variables of
the form

5= go(i/(;T y (5)d(Ws, By),. /OT hk(s)d(Ws,Bs))
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with ¢ € C®(R; R) bounded with bounded derivatives, h; € L2([0,T);R?),i=1,...,k
and the stochastic integrals

T T (l
/hj(s)d(Ws,Bs):/ Y dWs+/ n? (s)dB.
0 0

The derivative operator D of such a smooth random variable is defined as

iax: (/ (W B) '/OT i (s)d(W, Bs>)hi.

This operator is closable from L?(Q) into L? (Q; H) with H = L?([0, T}; R?) and the
Sobolev space D!* denotes the closure of S with respect to the norm

p) 1/p
In particular, if DW denotes the first component of the Malliavin derivative, i.e., the
derivative with respect to W, we have

DtWY:{ 1oy if Y=W

T
iy = (Bl +B| [ D

0 if Y=B

and vice versa for the derivative with respect to B, i.e.,

1 if Y=B
By _ [0,¢]
PryY { 0 if Y=W

This, in particular, implies that, if Y € D12 s independent of B, then DBy =o0.
For the CIR process, we will, therefore, have that DBV, = 0 for all t € [0, T].
The derivative operator follows rules similar to ordinary calculus.

Proposition 1. Let X = (X, ..., X4) be a random variable with components in D, If
(i)  ¢:R?— Risin CY(R%;R),

(i) ¢(X) e LP(Q),

(iii) 0;¢(X)-DX; € LP((; H) foralli =1,...,d,

then the chain rule holds: ¢(X) € DVP and

d
=) 9i¢(X) - DX;
i=1
For example, for a random variable Y € D* and ¢ € C!(R;R) with bounded deriva-
tive, the chain rule reads as
Dg(Y) =¢'(Y)DY.
Another simple example for the application of this chain rule is
DY [(Wy = Ws)?| = 2(Wi = We)1(s(r),  7,5,t€[0,T], s <t.

The divergence operator ¢ is the adjoint of the derivative operator. If a random vari-
able u € L2(€); L%([0, T]; R?)) belongs to dom(6), the domain of the divergence operator,
then d(u) is defined by the duality—also called integration by parts—relationship

E[Y5(u)] = EVOTwSY, us>ds} forall Y e D2 ®)
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If u is adapted to the canonical filtration generated by (W, B) and satisfies E fOT |1t |2dt < 0,

then u € dom(6) and §(u) coincides with the Ito integral fOT up (s)dWs + fo uy(s)dBs.
For the Malliavin regularity of the CIR process, the followmg is well known. See, e.g.,
Proposition 4.5 and Theorem 4.6 in Altmayer (2015) or Proposition 4.1 in Alos and Ewald (2008).

Lemma 3. Lett € [0, T] and 2;—29 > 1. Then, we have \/V; € DV® and V; € DV with

D,(VV;) = %exp </rt(<(;2 K;) v )du)l[o,t] (r), rel0,T].

In Altmayer and Neuenkirch (2015), this and the integration by parts formula was
used to establish

E(g(XT))—T\/llin- ( /\FdBt>

under the assumption %'—"29 > 1 with G : R — R differentiable and g = G’ bounded,
see Proposition 4.1 in Altmayer and Neuenkirch (2015). Indeed, using u; = 1/ Vi and
E fOT lug|?dt < oo, DEX; = /1 — pz\/th[O’t] (r) and the chain rule, i.e.,

D/G(Xr) = g(Xr)Df X,

we have

E(G(XT)-/OT\/lvtdBt> —E(/()Tg(XT).DFXT. \;tht)

= E(/(]Tg(xT)ﬂ\/Vt- \/%dt) = T\/1-p?E[g(X7)],

where the first equality is due to the integration by parts formula.

In Lemmas 5 and 9, we will establish discrete counterparts for this integration by parts
result, i.e., on the level of the approximation schemes. In this context, we will also need the
Malliavin differentiability of [ St V'V, dW,,. Since

/\/Vudwu_( \/SKG(ts)JrK/tVudu),
we obtain
DW(/st\/v*udwu) =;(D¥V(ww>+r</stDMdu>,
Df(/s'tmtiwu) —0,

by exchanging the Riemann integral and the Malliavin derivative (via a standard approxi-
mation argument for the Riemann integral, Lemma 3 and Lemma 1.2.3 in Nualart (1995))
and the independence of (V, W) and B. Thus, we can conclude that

t
/ JVdW, €DV 0<s<t<T. )
S

3.4. Properties of the Euler Discretization

Recall that the Euler discretization of the price process is given by

1
xk+1:xk+<i’7—2>vk tke1 — te) + 4/ 1 — p?/UxArB
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with AyB = By, — By,. We extend this discretization in every interval [t,, t,1] as the
following Itd process:

. px 1 £ /
xt—xn(t)+<a—2>/1(t) dS+ 1— /t,/ st

Here, we have set n(t) := max{n € {0,.., N} : t, < t}, 5(t) := t,) and v = V,.

We have the following result on the Malliavin regularity of the Euler discretization:

Lemma4. Lett € [0, T] and 2;‘—29 > 1. Then, £; € DV, and we have

b = \V 1 _pzx/ zJn(r)l[O,t] (r)

Proof. We have

. ex 1
t ﬂ(t) <0- a 2>Z) ) Ty 1- \/ n(t q(t

and
R 1 n(t)—1
2y = (f;_2> Yo vkt —t) + /102 Z V(Bt, — Br)-
=0

Following the steps of the proof of Lemma 3.5 from Altmayer and Neuenkirch

Altmayer and Neuenkirch (20]7) we then have J?t € DV exploiting that \/Vt € D'* and
]D)l ) 2K9

n(t)—1
foﬂ(t) - M k;) ml(tk/fk+1](r)

and

DF2e = Dy + /1= 97/ Bu L)
O

Note that we write, in the following, v; instead of V; to unify the notation. With the
above result, we can express E { f ;7t (1) 1 [0sdWstry (£, 4, Ut):| without the second order deriva-
tive of u, which will be needed later on.

Lemma 5. Let t € [0, T]. Under the assumptions of Theorem 3 and 2(7%9 > 1, we have

t
E{/ VUsdWstiyy (8, &4, Ut)] =
1(t) t

/ VUsdWsuy (t, 24, 0t) r].
\/7

Proof. To avoid stronger restrictions on the Feller index we will use a localization proce-

dure. So, for € > 0, let i, be a function such that

1. ¢ : R —= Ris continuously differentiable with bounded derivative,

0 < ¢e(x) <1on|0,00),

Pe(x) =1 o0n [2¢, 00),

Pe(x) =0o0n (—oo,¢].

Ll N
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Since (V, W) and B are independent, the chain rule from Proposition 1 implies

f t
DF( / " @dwswe(w)ux(t,aet,m)) = / 0 VOsAWetpe (011t (1, £, 04) DB 2
P }7 . 17

with DBg = /1 — P2\ /Ty Lo, (7). Recall the integration by parts formula from
Equation (8), i.e.,

E [y (/OT 101 (s)dW; + /OT uz(s)dBSﬂ _E [/OT<DSY, us>ds],

where we now choose

by — (D}"’(f”t(t) mdwswg(vt)ux(t,ft,vt))), " ( 0 )
()

DrB (f;;(t) \/TTdesng(vt)ux(t,ft,vt)) . 1[0,1‘} (1")
Before we can apply the integration by parts rule, we need to check whether

T
/ E
0

77

t
‘D}’V (/(t) @dm)ws(vt)ux(t, 2,00 |dr < oo,
n

¢
E ‘/( | VOsAWs! (0 ux (t, 2, 0) DV oy | | dr < o0,
n(t

(10)

T
/ E
0

t
‘/(t) \/adWslpe(vt) (Mxx(t, X, ?)t)Dl/vJ?t + uxv(t, X, z)t)Dl’Vvt) dr < 00,
1

T
/ E
0

for t > 0. We deduced these terms by using again the chain rule for D,Y. Note that the
properties of the localizing function and Theorem 3 imply that

t
’/(t) VOsAWsthe (0 )1ty (8, &1, 0.) DER¢| | dr < oo,
Ul

Pe(v)ux(t, x,0), %(v)”x(trva)/ Pe(0)uxx(t,x,0),  Pe(v)uxo(t, x,0)

are all uniformly bounded in (t,x,v). So, Equation (10) holds, then, due to Lemma 1,
Lemma 3, Equation (9), and Lemma 4.

Since fo FdBr is also well-defined by Lemma 1 due to 2"9 > 1, we obtain now
t
E { [ Voo vt)}
1 t/ ot
- ]E[ / ( / mdwszps(vt)uxx(t,aet,vt))dr]
t[Jo \Jn(t)
—#]E /tDB< t VOsdWspe (04 )ux (t, £ v)) ! dr
_t 1_p2 0 r 17(1‘) s sWel\Ut)Ux\L, At, Ut viy(r)

/ VUsAWsthe (04 ) 1ty (t, R, 0t)
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Due to Corollary 1 (i), not only u, but also i, is bounded. Since ¢(v;) — 1 almost
surely for e — 0 and |¢¢(v;)| < 1 for all € > 0, the assertion follows now by dominated
convergence using the Itd-isometry and again Lemma 1. O

We also need the following LP-convergence result:

Lemma 6. Let p > 1. There exists a constant ¢ > 0, depending only on p,T,p,x,0,0 and vy,
such that

sup E|X; — £|P < c- (At)P/4,

te[0,T]

Proof. We have

R 1\ rt t
Xy — % = <€7 - 2) /0 (0w — 0y () )du + /1 — p2/0 (Vou = /0y (u) )4Bu-

Assume without loss of generality that p > 2. Jensen’s inequality and the Burkholder-
Davis-Gundy inequality now imply that there exists a constant ¢ > 0, depending only on p,
T, the parameters of the CIR process, and vy, such that

t t
E|X; — 2P < C/o E|v, — v”(u)\”du+c/0 Elv/ou — /0y [P du.

Since |y/x — /| < /|x —y| for x,y > 0, the assertion follows from Lemma 1. []

Straightforward calculations also yield the following LP-smoothness result for the
Euler-type scheme:

Lemma 7. Let p > 1. There exists a constant ¢ > 0, depending only on p,T,p,«, 0,0, and vy,

such that
E|f — %P <c- |t —s|‘7/2

foralls, t € [0, T].

3.5. Properties of the Semi-Trapezoidal Rule

Recall that our semi-trapezoidal rule reads as
x  1\1
Xjy1 = Xk + <p - 2> 5 1+ 00) (eyr — t) + /1= 0%/0x B

x 1
=X+ (sz - 2>vk(tk+1 — 1) + /1 — p*\/oxAB
x 1\1
+ (f; - 2) 5 (@1 = o) (er — ).

Again, we write the scheme as a time-continuous process:

Expanding the last term with Itd’s lemma, we obtain

t t t
f=xy+ [ adst [ badBo [ caw,
1(t) n(t) n(t)
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with

Here, we have set again n(t) := max{n € {0,.., N} : t, < t}, 5(t) := typ), 0p = Vi,
and we also write again v;, instead of V;, to unify the notation.

We need the following result on the Malliavin regularity of the semi-trapezoidal
scheme:

Lemma 8. Let t € [0,T] and 2 > 1. Then, we have £ € D' and

t=1/1- 02 /Ty L0 (r)

Proof. We already know that v; € DL® and /v; € DV®. We can write £; as

R N x 1 !
Xt — xty(t) + = > (F:T - 2) (Ul‘ + viy(t)><t - U(t>) + ﬂ/ﬂ(t) \/%dBS

with
oK 1 n(t)—1 n(t
Ty = 5 (J - 2) Y (k1 + o) (bs1 — b)) + /1 — Z V(B — B,).
k=0

Following the steps of the proof of Lemma 3.5 from Altmayer and Neuenkirch (2017),
we then also have £; € D**°. The chain rule from Proposition 1 yields

Dg’?n(t) =4/1-p? Z Ml(tk,tk+1](r)

and

DF2e = Dy + /1= 97\ Bu L)
O

Note that the partial Malliavin derivative with respect to B for the Euler and the
semi-trapezoidal scheme coincide. So, by analogous calculations as for the Euler scheme,
we obtain the following integration by parts result:

d 21(9

Lemma9. Let t € [0, T]. Under the assumptions of Theorem 3 an. > 1, we have

1 g
t 1—p2

\desux (t, %, 01) r].
() 0 /Ty

By similar calculations as for the Euler scheme, we also have:

t
E{/ \/@dwsuxx(tzftlvt)] =
7(t)

Lemma 10. Let p > 1. There exists a constant ¢ > 0, depending only on p, T, p,x, 0,0, and vy,
such that
sup E|X; — £|F < c- (At)P/4,
te[0,T]
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Lemma 11. Let p > 1. There exists a constant ¢ > 0, depending only on p, T, p, %, 0,0, and v,
such that
E|# — %P <c- |if—s|’f’/2

foralls, t € [0, T].

4. Proof of Theorem 1

We address both schemes and the different assumptions in separate subsections.
Constants, which are, in particular, independent of the maximal stepsize

Jerer

At = max |t —t_1],
3 N|k k-1l

and depend only f, T, p, x, 6, o, and vy, xo, will be denoted by c, regardless of their value.

4.1. The Euler Scheme: Expanding the Error

Since u(T,xN,vN) = Ef(xn,vn) and u(0, xo,v9) = Ef (X7, V1), the weak error is a
telescoping sum of local errors:

N
Y Elu(ty, xn,0n) — u(ty—1,X4-1,04-1)]

n=1

[E[f (xn,on)] = E[f (X1, V1)) =

With the Ito formula and the Kolmogorov backward PDE evaluated at (¢, £, v¢),
we obtain

ey = E[u(tn—&-l/xn—&-l/ Un+l) - u(tn/ Xn, Un)]

b1 . ox 1 N .
=/ E{u(t, e, 01) + — 3 Oy (t, Re,01) + (0 — v )uo (, 2, 01)
L 1—p? ¢ Loo? t,01) | d
+§vn(t)( —p )Uxx(t/xtvt) + 5010 oo (E, 2, 0r) | dt
tn+1

tn

1 1
= E|:<‘:7K — 2) (vn(t) — vt)ux(t, Xt, "Ut) + E(vn(t) — Z)t) (1 — pz) uxx(t, X, Ut)] dt.

Since
t t
vn(t) — Ut = —/ K(9 — vs)ds — 0'/ @dws,
1(t) n(t)

(1)

we havee, =¢,; ' + 6512) with

(. _ (ex 1\ [0t o ] ) . ]
e '_<a 2>/t" ]EK /W)K(Q vs)ds U/W)\/@dws uy(t, %, 0p) | dt,

1 oty t ot
eElz) = = (1 - pz) / - E[(— / k(0 —vg)ds — o \/vsdws>uxx(t, X, vt)] dt.
2 Jty n(t) n(t)

By Theorem 3 and Corollary 1, we have that 1, and uy, are bounded. So, Lemma 1
implies that

ty t
/ g U( K6 = v )ds w1, vt)] dt = O((A1)?)
tn n(t

and

/tntn+1 E [/;7t(t) ©(0 — vs)ds uxx (t, R4, vt)} dt = O((At)z)_
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Moreover, with the law of total expectation and the adaptedness of £, ;) and v, (;), we
have

t
|: - \FdWsux(t x (),U”(t)):| = E|:E|: ()@dwsux(t,fv(t),vﬂ(t))‘]—"W)}}

due to the martingale property of the It0 integral. Therefore, we can write

t
[ [ Vo Wets(t, 302 ] :EUM VoW (ux (t, %1, 1) —ux(t,ﬁq(t),v,i(t)))]

and obtain

(T

el — O((At)?) — (pK— v /nﬂ [/ VUsAWs 1y (t, &1, 0t) — (t,)?,?(t),vﬂ(t)))} dt.

In the same way, we have

eﬁzo«mw—gu—ﬁﬂfwlf/ VW, 1t 8 ,00) = st 2y 0 <”ﬂ”

Summarizing this preliminary part, we have obtained

en = O((AD?) + 2V + 82, (11)

&) = —(ox—7) /tn"+1 [/ VOsAWs (e (t, £1,01) — (b 2y 1), 0 W(t)))}dt' (12)
Eglz):_g(l_pz)/m [/ VAW (s (b, £, 01) = e (b 2y ), W))”dt. (13)

4.2. The Euler Scheme: Case (i)

So, it remains to analyze é,(f) and e“ﬁlz) under the regularity of Theorem 3 (i). We start

(1)

with &, . The mean value theorem and
1
[txx (£, %,0) + tyo (E, x,0)| < c<1 + v)' t>0,xeR,v>0
and give
|ux (£, 21, 01) — (8, £y (1), Oy 1))
1
< =yl [ (b, 68+ (1= £y 0,01+ (1= )01

1
+ oy — Uﬂ(t)| /0 [uxo(t, &2+ (1 — )%y (t), ot + (1- C)vr](t)”dg
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where we used

;<l+l v1,0p >0
Coi+(1—¢8ovy —v1 v 1,92 ’

With the Minkowski inequality and Lemma 1, it holds that

. N 1/(149) L\ 14671/ 0H) L\ 1/(1+9)
(3 ) ey )
(T Ut Un(t)

for 6 € (0, 20%9 — 1), where c is in particular independent of t € [0, T|. Finally, with the
Minkowski inequality, the Burkholder-Davis-Gundy inequality, Lemma 1, and Lemma 7,
we obtain for all p > 1 that

t P 1/p
E[ n(t) VosdWs] (12 = S| + |vt_vi1(t)|)p}
: )V 1/2p
/7](t) \/idws E[(‘x,\f - 5617(1‘)' + |Ut - U”(t) I)zpi|
t p11/2p 12 2
= £, — X 2p _ 2p
E{ /w) s } (B[ — 2y E[loe = 0,0/ )

< c((t— ()Y (= ()PP
< cAt,

where ¢ is in particular independent of t € [0, T]. The Holder inequality then gives

&) = O((ar?).
For 57(12)’ we will use the integration by parts rule to get rid of the second order deriva-

tive. Otherwise, direct estimation would only lead to weak order 1/2. First, recall that, by
Lemma 5, we have

{/nt VUsdWstiyy (, xt,vt)] = tll—p /17 VUsdWsuy (t, 24, 0t) \/7 r].
Moreover, note that we also have
t o
E /7 VAWt (050, | mdB,] —0 (14)

and recall that

|:/ t \FdWsuxx(t x () W(t)):| = 0.
7(
Thus, we can write

J2) _ oy1—p* [ . R B
ey __TE o) \/@dws(ux(t,xt,vt)—ux(t,x,](t),v,?(t)))lt (15)

with IP

= [, —~—dB
Jo o tBr
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Before we analyze this expression further, it remains to show (14). Using the law of
total expectation, the adaptedness of £, ;), v, (;) and of the It6 integrals, we have

/ VOsAWsitz (t, 2,0 1
=E|E / VUsdWsuiy (¢, £, dB,|F, (t)
I /7 Ui
=E Mx(t, J?W(t),v”(t)) E / @dws / dBy .7:;7(1‘)
I () 0 V()
[ ne 1
=K ux(t,x ( ﬂ(t) ( / \/7dWs 0 dB;/ ”(t)‘|
t t
+E vsdW, 7dBr F,
/17(t) Vst /77(t) Nero ’7(”] )1

R n 1 t
ux(t,xﬂ(t),vﬁ(t))/o Z) 7 dBrE|:/;7(t) \/@dws F,

=K

B

1
E ¢ B .
|l By e JE / fdws/n(t) Vo rf"(t)H
Since
E{ N AR ]—O—E t ﬁdw/t dB,| F
win VI T | =O=B) | VN [ o P T |

due to the properties of the It0 integral, Equation (14) follows.

Using the mean value theorem in Equation (15), we obtain

N . X . 1 1
ux (t, £e,01) = wux(t, 1), 0y 1)) < (|20 = Ry [ + |0 — Uq(t)|)’ (1 ot %> ‘

Therefore,

(12— 2y )| + o — q(t)|)®t:|

tﬂ
|~(2|§C/ +1 1 |:
tTl

/\Fdws

with

ItB q71/9
el <
te[0,T] \/E

1/
sup E|(1+ —+ — < 0o,
te[0,7] 0]
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forg € [2, ?—29) and p € [0, 2f). So, the Holder inequality leads to

(o

1+6 1+6
ve] _ | (1] 1,1
E[@t ]JE (\/E 1+Ut+vn(t)
140\ 3/2
Ut Un(r)

3(1+0)/27 2/3
1 1 (1+6)/
1+ —+ <c
Ot Un(t)

with § € (0, % — 1) and c in particular independent of t € [0, T'.
With the Cauchy-Schwarz, Burkholder-Davis-Gundy, and Minkowski inequalities for
p > 1, it follows that

2/3

()]

1/3

3(1+0
=E(W0(H
\ v

1/3
E

1 t v
tEH 0 \/ZTSdWS (|XALl - )?U(t)l + ‘Ut - U,](t)|)p:|
1/2p
1 t 2p . . 1/2p
<—E||[ voaw| | E[(% - f]+ o — vy )]
t 7(t)
el [ o] @ney
< — / vsds ] t t
VORI !
c
< —((t—=n(O))")V2P((t = y(r))P)V/?P
—\/E(( n(£)P) P (¢ =n(8)P)
c
= —(t—n(t
\/E( 1(t))
With the Holder inequality, we now have
£y
A <e [M 2o
Therefore,
S| 1
.| < At2+/ —(t—n(t))dt,
len] < c(A)7te | \/E< 7(t))

and, since [0, T] > t — % € (0, c0) is Riemann-integrable, we obtain

N
en
=1

[E[f(xn,on)] — E[f (X7, V1)]| =

< cAt,

n

which concludes the proof of this part.

4.3. The Euler Scheme: Case (ii)

Starting from Equation (11) and using now the bounds of Corollary 1 for uyy, txy,
Uyxx, and Uyyy, the assertion follows from a direct application of the mean value theorem
to (12) and (13), together with the Lemmata 1 and 7.
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4.4. Semi-Trapezoidal Rule: Expanding the Error

We look again at the telescoping sum of local errors

N
E[f (xn, on)] = E[f (X, Vr)]| = | 3 Elu(tn, xn,0n) — utu—1, Xu—1,05-1)]|.
n=1
Recall that
t t t
X = Xy (t) +/ asds +/ bsdBs +/ csdWs
n(t) n(t) n(t)
with

ox 1

o= (‘Z‘ - 2) S(t=n(t)oyar.

With the Ito formula and the Kolmogorov backward PDE evaluated at (¢, £¢, v¢),
we have

en =Eu(ty1, Xn11,0nr1) — ttn, Xun,0n)]
tn+1
= ; E[Lit(t, Xt, Ut) + atux(t, Xt, Ut) + K(9 — vt)uv(t, X, Ut)
1o o o R 1 5 R
+3 (bt + Ct)uxx(t/ R, 0) + cr0\/Viuxo (t, X, 01) + SUt0 Uyy(t, K¢, 0p) | dt

_ /t:”“ EK; - ;) <v,7(t> (OO —00) + (0~ 0) - vt> et %1, 01)
2 <(1 — oy + (f:f - ;)210 —y(t)20%o — (1— pz)vt> a1, )
+ (;‘ - 2) (= n(0)0P0nto 1, 5, vt)} dt

= [ E[(2 - 3) (360w~ 20+ 50 = )R~ 1) Yt 1,00
+3 ((1 oy~ + (2 1) 10 n(t))za%t) st 5,00
+ <; - ;) %(t — () Postux(t, J?t,vt)} dt.

Using again

t t
- = — 0 — vs)ds — VUsdWs,
V() — Ot /;7(t)K( vs)ds — o " vsdWs

we obtain
1) + 8(2) + 6(3)

en = €y n n
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t t
/’] x(vs — vy)ds — U/UU) \/idws-,) ux(t, X4, vt)} dt,
5o [ : ‘
(1-p )/t E (-/ k(0 — v5)ds — o )\/adws> uxx(t,ft,vt)}dt

n(t) n(t

IN202 s
+ (FZ{ - 2) %/t (- (8 Elo (4, 21, 0))dt,

(t))E[Utuxv(t, Xt, Ut)]dt.

)
=%

I
VRS
-
SR

|
NI =
~_
|
"\w
=
=

|

=

Since vy, (t, x,v) < ¢(1 + v) by Theorem 3, we have
e =0((At)?)

using Lemma 1. Moreover, since uy and uyy are bounded by Theorem 3 and Corollary 1 (i),
we obtain similar to the calculations for the Euler scheme that

t t
eV = o((A1)?) — l(pK _ E) / o ]E[ VOsdWsti (t, £, vt)] dt
2 27 J, n(t)

t, t
4;) = O((At)?) — g(l —pz)/t - ]E[ " VUsAWstiyy (t, £, vt)}dt

and
en =0((A1)?2) + eV + 82, (16)
with
N(l) _ 1 o tn+1 t N N
ey’ = —§< K’ — E) /tn E{a ” Vs AWs (1 (£, R¢, v¢) — ux(t, x”(t),v,?(t)))} dt,
(17)
N(z) _ (o 2 trt1 t R R
&y = —5(1 —p ) /tn E{U ” VUsdWs (uxx(t, R, 0¢) — (8, xﬂ(t),vﬂ(t)))}dt.
(18)

4.5. Semi-Trapezoidal Rule: Case (i)

Since Lemma 8 gives #; € D* and

DP & = /1= 02 /0,110 (r),
we can proceed here in the same way as for the Euler scheme by using the Lemmata 9 and 11.

4.6. Semi-Trapezoidal Rule: Case (ii)

Starting from (16), the assertion of this case follows from a direct application of the
mean value theorem to (17) and (18) using the regularity results from Corollary 1, together
with the Lemmata 1 and 11.

5. Proof of Theorem 2
Now, we derive the error expansion under the regularity of Theorem 4 with g = 4, i.e.,
we have u € C;Ol (R xR ;R).
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5.1. Euler Scheme: Preliminaries
By the Lemmata 1, 4, and 7, we have that

sup Elv¢|P + sup E|%]P < oo
te[0,T] te[0,T]

and
E|v; — vs|P + E|#; — £|P < c- |t —s|P/?, s,t €1[0,T],

for all p > 1. Using the Burkholder-Davis-Gundy, Holder, and Minkowski inequalities, we
also have
sup E|X;|F < o0
te[0,T]
and
E|X; — Xs|P <c-|t—s|P/?,  ste]0,T],
for all p > 1. We will use this in the following at several places without explicitly mention-
ing it.
Recall that we obtained

- 1 t t
6}(11) = /tn * E[(T — 2) <— /W)K(G —vg)ds —O/W) \/ITSdW5>ux(t,92t,vt)} dt, (19)

@), [ 1_p2<— L xo-vds—c [ ) A ]
ey .—/tn ]E[ 7 /r](t)K(G vs)ds U/W)\/Edws Uyx(t, 2¢,04) | dt, (20)

in Section 4.1.
If higher derivatives of u are available, then we can analyze

t
]E[/ \/idwsux(t,a?t,vt)]
n(t)
and

't
E[ " VUsdWstiyy (£, %4, vt)}
7

via another application of Itd’s lemma. So, let k : [0, T] x R x [0,0) — R be a C'*-function
that fulfills the backward PDE (7). In particular, the partial derivatives of u up to order two
are such functions. 1td’s formula and the Kolmogorov backward PDE (7) now give

k(t, %0, 01) = k(n(£), 2,0, 0y 1)

t 1 12
+ /(t) (PK - )kx(s, %s,05) + Qkxx(s, fs,vs)] (0y(s) — 05 )ds
n
t

c 2 2
t
+ )kx(s, £s,05)4/1 — pzv”(s)st + /(t) ko (s, £s,05)0\/0sdWs.
Ui

n(t

If kx and k;, have polynomial growth, then an application of the It0 isometry and the
martingale property of the It6 integral yield
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t ot
E ¢ =E 4
[ /7 o VAWKl vt)} [ [7 o) VW k(ry(t),x,](t),vﬂ(t))}

Tt t
_/17(f) VUsdWs /'7(f) K(s, %5, vs) (v (s) — Us)ds}

ot t
—HE/ vdeS/ ky(s, £5,05)4/1 — p2%v dBS]
|y VI J W= 0500

[ rt t
E dW. k ¢ W.
+E| /}7 Vi, /ﬂ kol s, 05) ]

+E

t oy
=E {/ ﬁdws/ /S K(s, %s,v5)x(vy — G)duds}
n(t) n(t) Jn(s)
t t S
—cE [/ VusdWs / K(s, %s,05) / \/ﬂdwuds}
1(t) n(t) 1(s)
t
+cE {/ vsko (s, Zs, vs)ds} ,
n(t)

where

1 1—p?
]C(S/J?S/Us) = <FZ{ - 2>kx(5/fs/vs) + %kxx(srfs/vs)

If ky and kyy have polynomial growth, then an application of Holder’s inequality and
the Ito isometry yield

S

t t
E PALY K(s, %s, —0)duds| = O((At)°/?),
{ ;7<zf>\/a S/nm /17(5) (5, 2o, 0e)x (0 = 6)du S} ((a8)

and so it follows

t

t
E AWsk(t, £, =0cE
[nmm skt A vt)] 7 M(t)

—cE t K ! VU dW ) Vo dWyd
7 Y 4 W
|:/17(t) (S xs DS)'/rl(t> vu ! '/;7(5) vu “ S:|

vsky (s, Xs, vs)ds]

Since we have
t t s
E [/ K(s, %s,0vs) / Vo, dW,y, / \/vuquds}
1(t) 7(t) 7(s)

ot t
:E[/ K(s,ﬁs,vs)E[/ JoadW, / JomdW,
n(t) n(t) 1(s)

/t K(s, £ )(/S de)zd
S,Xs,0 0 1 S|,
n(t) Yy Y

again, by the properties of the It6 integral, we finally obtain by Holder’s inequality and the
Burkholder-Davis-Gundy inequality that

e

=E

t t S
E K (s, £s,vs AW, AW, ds| = O((AH)?).
[/ﬂ(f) (5% U)/ﬂ(t)ﬁ /n(sﬁ/? S} (887

Thus, we can conclude that

t

E[ t \/adwsk(t,aet,vt)] _a]E[/ vskv(s,aes,vs)ds} +0((At)?), (21)
n(t) 1

()

for k = uy and k = u,y, if the derivatives up to order four of u have polynomial growth.
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5.2. Euler Scheme: Conclusion

Setting now k = uy in Equation (21), we have from (19) that

. _(pex_1 /*"“ /t A _
ey = ((7 2) . q(t)]E[ux(t,xt,vt)K(G vs)]dsdt

the1 it
—0? (pK — 1) / . E[vstixo (s, £s, vs)|dsdt + O((At)3).
o 2) Jtn Iy

Replacing now the function k by uy, in Equation (21), we arrive from (20) at

1 tn+1 t n
D . 7(17)2) /t /ﬂ(t)E[uxx(t,xt,vt)K(G—vs)}dsdt

2 t, t
-2 (1-¢%) /t " /W)E[vsuxxv(s,ﬁs,vs)]dsdt+O((At)3).

Summarizing, we have shown that

t, t
e, = <1 - pK> / o E [/ k(0 — vs)uy(t, &, v¢) + azvsum(s, ﬁs,vs)ds} dt
2 v tn 7(t)

_ 92 t, t

— M / " E |:/ k(0 — vs)uxx(t, 2, 01) + O’ZUSuxxy(S, J’eS/US)dS:| dt
2 tn n(t)

+0(()%)

and

N-1 ] t
E[f(xy,vn)] — E[f (X, Vi)] = 2/t ' B H(s, 1 55, 81,05, 00)dsdt +O((A1?)
n=0 v n

where
. s 1 K R R
H(s, t, s, R, 05, 0¢) = (2 — F:T) (K(G —0s)ux(t, &1, 01) + 0% 0sxo (5, xs,vs))
(1-p?)

- ? (K(G - vs)“xx(tr xt, vt) + U2US”XXU(Sr Xs, Us))-

An application of the mean value theorem, the polynomial growth of the derivatives
of u, the Minkowski inequality, the Holder inequality, and the Lemmata 1, 6 yields for
S, t € [ty, ty41] that

E[H (s, t, £s, £, 0s,01)] = B[H (tn, tn, Xs,, Xb,, Vi, Vi, )] + O((A1)Y4).

Note here that u € C; o 7(R X Ry ;R) implies that sy and uyy are well-defined, have
polynomial growth, and are continuous.
Thus, for an equidistant discretization ty = kT/N,k=0,..., N, we have

Af N-1
EU('XN’ UN)] - E[f(XT/ VT)] = ? Z E[H(tn’ tn/ th’ th’ ‘/tn’ Wn)]At + O((At)5/4)
n=0
Since
N-1 T
Z E[H(tn/ tﬂ/ th/th/ ‘/tn/ ‘/tn)}At — /0 ]E[H(t/ t/ Xt/ Xt/ ‘/t/ ‘/t)]dt
n=0

for At — 0, this concludes the proof of Theorem 2 (i).
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5.3. Semi-Trapezoidal Scheme: Preliminaries
By the Lemmata 1, 8, and 11, we have that

sup Elv¢|P + sup E|%]P < oo
te[0,T] te[0,T]

and
E|v; — vs|P + E|#; — £|P < c- |t —s|P/?, s,t €1[0,T],

for all p > 1. Using the Burkholder-Davis-Gundy, Holder, and Minkowski inequalities, we

also have
sup E|X;|F < o0
te[0,T]
and
E|X; — Xs|P <c-|t—s|P/?,  ste]0,T],
forallp > 1.

We will use this in the following at several places without explicitly mentioning it.
We will now take also a closer look at the error of the semi-trapezoidal discretization
foru e Cpol (R x R4;R). Recall that

1 ES] 1 t t
esll) ::(‘Z{ — 2) /tn B EL ( /77(f) k(v — vs)ds —U/ \/TTSdWS) ux(t,yﬁt,vt)},

(2) L tn+] 1 _ 2 . t - o

ef _/t E[Zu p)( /W)K(e v,)ds /ﬂt\ﬁdws)uxx(t 2,01)
1\?%0?

+ (pK — 2) %(t — q(t))zvsuxx(t, xt, "Ut)‘| dt,

1 2 b1
o= (= 1) T [ Bl = 0t 20

We can again use the It0 formula and the Kolmogorov backward PDE (7) evaluated at
(s, %s,vs) and obtain for a C12-function k, which fulfills the PDE (7), that

k(t, aet, vt) — k(tn, 2,01,

kt(s £s, Vs ds+/ ky(s, %s,vs)dvs +/ kq(s, %5, vs)d%s

Jty

"‘5/1; kxx(srfs/vs)d +/ kxv S xs/Us x U / kvv S xs/Us < >s

t 1
= (ﬂs — (pK — )vs)kx(s, %s,05)ds + f/ bf + cg - (1- pz)vs)kxx(s, Rs,05)ds
o 2 2 J,

tn

t ot ot
+/t Cso'\/akxv(slfs/vs)ds+/t bskx(S/xAs;Us)st+/t Cskx(slfs/vs)dws

t
+ /1‘ U\/@’Q} (5/ Xs, Z)s)dvvs

(22)
with
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Analogous calculations as for the Euler scheme yield that

ot t
E [/( : VordWek(t, %4, vt)] =cE [/( )kaU(T, £r,00)dT| 4+ O((AH)?) (23)
Jy(t Jy(t

for k = uy and k = uy, under the assumption u € Ciol,T(R x R4 ;R).

5.4. Semi-Trapezoidal Rule: Calculations for e,(zl), e,(ZZ), and e,<1 )

Rewriting the terms of e,(ql) using (23) for the last term gives

(1)_ %_1 E/tn-ﬁ—l -/t B .
o= <0’ 2)2 tn E_W(t)x(vt 0s)ds ux(t, £, vp) | dt

ty
<p,c B 1)(7/ +1 E{ VUsdWsuy (t, xt,vt)}dt
tn n(t)

o 2)2
tn ot t
—_<pK_1)1/ +1[[*3/ K(/ x(0 — vy du+c7/ \/vuqu>dsux(t xt,vt)}dt
o 2)2 n(t) s

_ ( _ ) /t / E[vstixo (s, £, 0s)|dsdt + O((A1)%),

Applying, again, (23) with s instead of #(t) as the lower bound of the integral to the
second summand of the first term, using the polynomial growth of the derivatives of u and

Holder’s inequality, we also have

/t:ﬁl E th(t) K(/St k(0 — vy )du + a/st \/ﬂdwu>ds ux(t, ﬁt,vt)} dt = O((At)?)

and so

FON ( - ) /t”“/ E[vsttro (s, £, vs)]dsdt + O((At)).

Adding eﬁls) yields

( ) + e,(f) — O((At)3) - <€f — 1) /”+1 / [ty (F, R¢, 01)0r — Uxp (S, Rs, Vs ) Vs ]dsdt.
tn tn

However, 1td’s formula gives for sufficiently smooth k : [0, T] x R x [0,00) — R that

k(t, £, 0¢) — k(s, £s,0s)
t t t

:/ kt(r,fr,vr)dr—b—/ kv(r,fr,vr)dvr+/ ky (7, %r, vr)dR, (24)
S

1 /¢ R
+§/ kxx(r/xrzvr) +/ kxv 7’ xr/Ur x U / kvv 7’ xrzvr < >r
s

with
dv; = K(9 — Z)t)dt + (T\/ZTtth, dxy = a;dt + bidBy + c;dWy,
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where
k1 1
e (@ - 2) (”w) Tt )@~ o)+ 5 ‘”’7(”))’
be:= /1= 0%\ /Oy0),
c pr 1 l(t_ (1)) ot
: s 2)2V T :
and

d(®); = (B4 cHdt,  d(&,0) = ocp/ordt,  d(v); = P vydt.

Since u € C?)Ol’T(R x Ry;R), we can apply this to k(t, x,v) = uyy(t, x,v)v and taking
expectations gives then

Eluxo(t, £¢, 01)0r — Uxo (S, £s,v5)vs] = O(|t — s]).
So, we end up with
el 4ol = o((ar)?).

Looking at eff), the last term is already of third order:

ty t !
E LU IR s e
" 2 n(®) n(t)
oK 20'2 2 2
+(0- —_ 2) g(t—n(t)) 'Usuxx(trxt/vt) dt

t t t
— +1I[E{l(l —pz)(—/ k(60 —vs)ds — o \/Uides>uxx(t,32t,Ut)} dt
2 n(t) )

n(t

+O((At)?).
Since
by (23), it follows

(2)

ey = —

tust t 1
(l—pz)/t . E{/(t)K(G—vs)dsuxx(t,a?t,vt) dt
n U ]

t, t
(1 —PZ)UZ/t " /(t)E[vsuxxv(s,fs,vs)]dsdt+O((At)3).
n n

1
2
1
2

5.5. Semi-Trapezoidal Scheme: Conclusion

Summarizing, we have shown that

t

(1-p) i o o (e g ;
e, = — 2 _/t E /(t)K(g_vs)“xx(f,xt,Ut)+¢7 Ustixxo (8, X5, 0s)ds | dt + O((At)”)
n Ul

and

N-1 tppr ot
E[f(xn,vn)] — E[f (X, Vi)] = z/t B H(s, 1 55, 81,05, 00)dsdt +O((A1?)
n= n n
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where

(1—p?)

H(S/ £ 925/ xAtI Us, Ut) = - 2

(K(9 - Us)“xx(tr £t Ut) + 0'2vsuxxv(5/ Xs, Us)) .

An application of the mean value theorem, the polynomial growth of the derivatives
of u, the Minkowski inequality, the Holder inequality, and the Lemmata 1, 10 yields for
S,t € [ty, b1 that

E[H(S/ t/ xAS/ x\f/ vS/ vt)] = E[H(tnr t}’l/ Xi‘n/th/ ‘/fn/ ‘/fn)] + O((At)1/4)

In particular, for an equidistant discretization ty = kT/N,k =0,..., N, we have

At N-1
E[f(.XN, UN)] - E[f(XT’ VT)] = 7 Z E H(tn, t”’ th/ th’ th’ th)At + O((At)5/4)
n=0
and the convergence
N-1 T
Z EH(ti’l/ t?‘l/ th/ th/ ‘/tn/ ‘/tn)At — / ]EH(t/ t/ Xt/ Xt/ I/lf/ Vt)dt
n=0 0

for At — 0 concludes the proof of Theorem 2 (ii).
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