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We study a continuous time random walk, X, on 74 in an environment
of random conductances taking values in (0, c0). We assume that the law of
the conductances is ergodic with respect to space shifts. We prove a quenched
invariance principle for X under some moment conditions of the environment.
The key result on the sublinearity of the corrector is obtained by Moser’s
iteration scheme.

1. Introduction.

1.1. The model. Consider the d-dimensional Euclidean lattice, (Vy, Eg), for
d > 2. The vertex set, Vy, of this graph equals Z¢ and the edge set, E4, is given
by the set of all nonoriented nearest neighbor bonds, that is, Eg := {{x, y}:x,y €
74, |x —y|=1}.

Let (2, F) = ((0, 00)Ed, B((0, 00))®£d) be a measurable space. Assume fur-
ther that the graph (Vy, E;) is endowed with positive weights, that is, we consider
a family w = {w(e):e € E } € Q. We refer to w(e) as the conductance on an
edge, e. We will henceforth denote by [P a probability measure on (€2, F), and we
write [E to denote the expectation with respect to P. To lighten notation, for any
X,y € 74, we set

Wyxy = Wyx :=w({x,y}) V{x, y} € Eq, Wyy =0 Vix,y} ¢ Eq.
A space shiftby z € Z¢ isamap 7,: Q — Q
(D (T;0)xy = Wx47,y42 Vi{x,y} € E,.

The set {r, : x € Z%} together with the operation 7, o Ty := Ty4y defines the group
of space shifts.
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We will study the nearest-neighbor random conductance model. For any fixed
realization w, it is a reversible continuous time Markov chain, X = {X; :r > 0}, on
Z4 with generator £ acting on bounded functions f:Z? — R as

(L2f)(x) =D wxy(f(») — f(x)).

yeZd

We denote by P the law of the process starting at the vertex x € Z4. The cor-
responding expectation will be denoted by EY. Setting 11 (x) := >, c7¢ @xy and
pe(x,y) = wyy/n”(x), this random walk waits at x an exponential time with
mean 1/u®(x) and chooses its next position y with probability p®(x, y). Since
the law of the waiting times depends on the location, X is also called the variable
speed random walk (VSRW).

We denote by p®(t, x,y) :=P{[X; =y]forx,y e 7% and t > 0 the transition
densities with respect to the counting measure. As a consequence of (1), we have

e, x,y)=pCt,x +2,y+2).

ASSUMPTION 1.1. Assume that P satisfies the following conditions:

(1) PO <w(e) <oo]=1and Elw(e)] < oo forall e € Eg .
(ii) PP is ergodic with respect to translations of Z2, that is, P o T V=P for all
x € Z¢ and P[A] € {0, 1} for any A € F such that t,(A) = A for all x € 7.

1.2. Results. We are interested in the P-almost sure or quenched long range
behavior, in particular in obtaining a quenched functional central limit theorem for
the process X in the sense of the following definition.

DEFINITION 1.2. Set X := L X2, t = 0. We say that the quenched func-
tional CLT (QFCLT) or quenched invariance principle holds for X if for P-a.e.
o under Py, X ™ converges in law to a Brownian motion on R with covari-
ance matrix £2 = % - 7. That is, for every T > 0 and every bounded continuous
function F on the Skorohod space D([0, T], Rd), setting v, = E§[F (X (”))] and
Yoo = EgM[E - W] with (W, PgM) being a Brownian motion started at 0, we have
that ¥, — Voo, P-a.s.

As our main result, we establish a QFCLT for X under some additional moment
conditions on the conductances.

THEOREM 1.3.  Suppose that d > 2 and Assumption 1.1 holds. Let p,q €
(1, 00] be such that 1/p +1/q < 2/d and assume that
() E[(w(e)?] <oo and E[(1/w(e))?] < oo

for any e € E;. Then the QFCLT holds for X with a deterministic nondegenerate
covariance matrix X2,
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REMARK 1.4. If the law P of the conductances is also invariant under sym-
metries of Z¢, then the limiting covariance matrix %2 must be invariant under
symmetries as well, so X2 is of the form £? = ¢>I for some o > 0. (Here I
denotes the identity matrix.)

REMARK 1.5. Given a speed measure 7?74 — (0, 00) satisfying 7“(x) =
7%?(0) and 0 < E[7“(0)] < 00, one can also consider the process, ¥ = {Y;:t >
0} on 74 that is defined by a time change of X, thatis, ¥; := X,, for t > 0, where
a; :=inf{s > 0: A; > t} denotes the right continuous inverse of the functional

t
A; :f 7% (X,)ds, t>0.
0
Its generator is given by

Cre) =3 =2 (f(y) - F().

yeZd T (x)

Suppose that X satisfies an invariance principle, that is, the rescaled process con-
verges to a Brownian motion on R? with covariance matrix Ei. As was shown
in [2], Section 6.2, the process Y satisfies an invariance principle as well. In
this case, the covariance matrix of its limiting Brownian motion is given by
2 =E[x°0)]"!'2%.

A natural choice for the speed measure would be 7 = u®. In such a case, Y is
called constant speed random walk (CSRW). In contrast to the VSRW X whose
waiting time at any site x € Z? depends on x, the process Y waits at each site an
exponential time with mean 1.

REMARK 1.6. Note that Assumption 1.1(i) ensures the stochastic complete-
ness of the process X, that is, it does not explode in finite time almost surely.

Invariance principles for the random conductance model have been studied by
a number of different authors under various restrictions on the law of the environ-
ment. A weak FCLT, that is, where the convergence of i, to ¥« in Definition 1.2
only takes place in P-probability, has been proved already in [22] (cf. also [29])
for general ergodic environments under the first moment condition E[w (¢)] < oo.
However, it took quite some time to extend this result to P-almost sure conver-
gence in the special case of a uniformly elliptic environment with conductances
which are bounded both from above and below, that is, P[1/¢c < w(e) < c] =1 for
some ¢ > 0; see [36].

In the very special case of i.i.d. conductances, that is, when P is a product mea-
sure, it turns out that no moment conditions are required for the QFCLT; cf. [2];
see also [10, 31] for the corresponding supercritical percolation model and [8, 14,
30] for similar results. In the setting of balanced random walks in random environ-
ment, a similar type of result holds, namely the QFCLT is true for general ergodic
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environments under some moment conditions [27], whereas in the i.i.d. case no el-
lipticity is needed [11]. Finally, for a recent result on random walks under random
conductances on domains with boundary, we refer to [18].

In the case of a general ergodic environment, it is clear that some moment con-
ditions are needed, in particular, in [6, 7] Barlow, Burdzy and Timar give an ex-
ample on 72, for which the weak FCLT holds but the QFCLT fails. In their model,
(2) is assumed for p,q € (0, 1) but E[w(e)] = co and E[1/w(e)] = oo. Recently,
in [13] Biskup proved the QFCLT for the special case d = 2 under the moment
condition (2) with p =g = 1. We believe that this is a natural optimal condition
for general ergodic environments. Nevertheless, the proof relies on arguments—
inspired by [10] for the percolation case—which only work in the very special
two-dimensional case (see below) and do not seem to be extendable to higher di-
mensions. Recently, in [33], a QFCLT has been proven for simple random walks
on percolation models on Z? with long-range correlations such as random inter-
lacements or the level set of the Gaussian free field.

Finally, let us remark that under the moment conditions (2) the result in [12]
guarantees that the random walk X has vanishing speed.

1.3. The method. The main ingredient to prove a QFCLT is to introduce har-
monic coordinates, that is, one constructs a corrector x : 2 X 74 — R4 such that

CD(([), -x) =X — X(Cl), -x)
is an £®-harmonic function, that is, for P-a.e. w and every x € 74,

LOD(w,x) = way(dD(a), y) — ®(w,x))=0.
y

This can be rephrased by saying that y is a solution of the Poisson equation

3) LOu=V*V,

where V¢ : E; — R? is the local drift given by V®(x, y) := wyy(y — x) and V*
denotes the divergence operator associated with the discrete gradient.

Moreover, the corrector x needs to be shift invariant in the sense that it satisfies
P-a.s. the following cocycle property:

x(,x+y)— x(w,x)=x(txw,y), x,yez’.

The construction of the corrector follows from a simple projection argument of the
trivial cocycle IT(w, x) = x under the first moment condition E[w(e)] < co. The
L®-harmonicity of ® implies that

M; = X; — x (o, Xy)
is a martingale under P§ for P-a.e. , and a QFCLT for the martingale part M

can be easily shown by standard arguments. We thus get a QFCLT for X once we
verify that P-almost surely the corrector is sublinear:

) im max (X(@ 00 _
n%oo|x|§n n

0.
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This control on the corrector implies that for any 7 > 0 and P-a.e. w

1 ) oo -
. ?ET - X (@, nX;")| — 0 in P{-probability
(see Proposition 2.13 below). Combined with the QFCLT for the martingale part,
this gives Theorem 1.3.
The main challenge in the proof of the QFCLT is to prove (4). Using the cocycle
property and ergodicity of the environment, it is easy to verify that the corrector is
sublinear along each line parallel to the axis:

1
lim —x(w,ne;) =0, i=1,...,d,P-as.
n—-oon

In dimension d = 2, this and the fact that y solves the Poisson equation (3) suf-
fices for (4) to hold; cf. [10] and [13]. In higher dimensions d > 3, heat kernel
estimates for the transition density (cf. [5, 21, 32]) have been used so far in the
proofs of the quenched functional CLT; cf. [2, 8, 10, 14, 30, 31, 36]. This method
is very performing, provided one has a good control on the geometry of the “bad”
configurations which are the connected components of very low or very high con-
ductances. This is the case in the i.i.d. setting and would probably work under
good mixing properties, but this is not likely to be the case in a general ergodic
environment.

An alternative proof would be to get L? (IP) estimates of the corrector for p >
d and use ergodic theory for cocycle established in [16]. However, so far these
estimates have only been derived for nicely mixing elliptic environments [26].

Motivated by the method of [24, 25], where diffusions in divergence form in
a random environment are considered, we present in this paper a control of the
corrector using the Moser iteration. Moser’s iteration is based on two main ideas:
the Sobolev inequality (cf. Proposition 3.5 below) which allows to control the £”-
norm with » =r(d) =d/(d — 2) > 1 in terms of the Dirichlet form, and a control
of the Dirichlet form of the solution of the Poisson equation (3) (see Lemma 3.8
below). In the uniformly elliptic case, this is rather standard. In our case where
the conductances are unbounded from above and below, we need to work with a
dimension dependent weighted Sobolev inequality, which we obtain from Holder’s
inequality. That is, we replace the coefficient r (d) by

d—d/p
(d—2)+d/q

(cf. Remark 3.6 below). For the Moser iteration, we need r(d, p, g) > 1, of course,
which is equivalent to 1/p + 1/g < 2/d appearing in (2).

Although we do not quite recover Biskup’s optimal result in d = 2, we believe
that our method is very efficient for the following reasons: First, we present a
proof in higher dimensions which does not rely on heat kernel estimates. Second,
our method is very robust and can be extended to both the random graph setting

rd,p,.q) =
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(cf. [33]), provided some a priori isoperimetric inequality, and also for the time-
dynamic conductance models; cf. [1].

Recently, in [4], Ba and Mathieu have established a QFCLT for diffusions in
R? with a locally integrable periodic potential. Their approach is also based on a
Sobolev-type inequality, where the sublinearity of the corrector is only obtained
along the path of the process.

Let us remark that our result applies to a random conductance model given by

a)xy=exp(¢(x)+¢(y)), {x,y} € Eq,

where for d > 3, {¢(x):x € Z%} is the discrete massless Gaussian free field;
cf. [17]. In this case, the moment condition (2) holds for any p, g € (0, c0), of
course.

Finally, in [3], we will apply the adaptations of the Moser iteration technique
in this work to derive both elliptic and parabolic Harnack inequalities under the
assumptions of Theorem 1.3, which can be used to derive a quenched local limit
theorem.

The paper is organized as follows: In Section 2, we prove our main result, where
we first recall the construction of the corrector. Then we prove the sublinearity of
the corrector (4) and complete the proof of the QFCLT. In order to obtain (4), we
first show that in a space-averaged £!-norm the rescaled corrector vanishes in the
limit. We then need the Moser iteration technique, which provides us with a control
on the maximum norm in terms of any averaged £”-norm. This estimate is proven
in a more general context in Section 3. Finally, the Appendix contains a collection
of some elementary estimates needed in the proofs.

Throughout the paper, we write ¢ to denote a positive constant which may
change on each appearance. Constants denoted C; will be the same through each
argument.

2. Quenched invariance principle.

2.1. Harmonic embedding and the corrector. In this subsection, we first prove
the existence of a corrector to the process X such that M; = X; — x(w, X;) is a
martingale under Pg for P-a.e. . In a second step, we show an invariance principle
for the martingale part.

DEFINITION 2.1. A measurable function, also called random field, ¥ : Q x
74 — R satisfies the cocycle property if for P-a.e. w, it holds that
U(tyw,y —x) =¥(w,y) — VY(w, x) forallx,yeZd.

We denote by L2 the set of functions W:Q x Z¢ — R satisfying the cocycle

cov

property such that

||‘1’||ig(w = IE[ > wo U (o, x)} < 00.

xeZ4
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It can easily be checked that L2 is a Hilbert space.

cov

LEMMA 2.2. Consider a V € L2,. Then:

@) for P-a.e. w, ¥(w,0) =0and ¥(t,w, —x) = -V (w, x) forall x € 74,
(i) If xg,Xx1,...,Xn € 74 then

(5) D W(ry_ 0, x5 —xi1) = V(®, x,) — V(w, X0).
i=1

PROOF. (i) follows immediately from the definition. (ii) Since W satisfies the
cocycle property, W (zy, ,w,x; —xi—1) = ¥V(®, x;) — ¥(w,x;—1) and (5). U

Recall that = (0, 0o)©. We say a function ¢: Q — R is local if it only de-
pends on the value of w at a finite number of edges. We associate to ¢ a (horizontal)
gradient D¢y : Q x Z? — R defined by

D¢ (w, x) = ¢ (1y0) — ¢ (w), xeZ¢

Obviously, if the function ¢ is bounded, D¢ is an element of L? Following [31],

cov:
we introduce an orthogonal decomposition of the space L2, . Set

L}y=cl{D¢ |¢:Q— Rlocal}  in L]

cov?

being the subspace of “potential” random fields and let L2

sol
complement of Lgot in L2, called “solenoidal” random fields.

be the orthogonal

In order to define the corrector, we introduce the “position field” IT: Q x Z¢ —
R? with I(w, x) = x. We write IT j for the jth coordinate of II. Since IT; (w, y —
x)=I;(w,y) —Ij(w, x), I1; satisfies the cocycle property. Moreover,

©) 11151, =2 sl | = 2Blon., ] < co.
X
where e; denotes the jth coordinate unit vector. Hence, M/ e L2,,. So, we can
define x; € Lgot and ®; € Lgol by the property
2 2
Hj=x;j+®j €Ly ® Ly
This gives a definition of the corrector x = (x1,..., x4): 2 X 74 — R4 Note that

conventions about the sign of the corrector diffe—compare [36] and [13]. We set
(7) M, =d(w, Xi) =X — x (o, X;).

The following proposition summarizes the properties of x, ® and M; see, for
example, [2, 8] or [13] for detailed proofs.
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PROPOSITION 2.3. Assume that P satisfies the Assumption 1.1. Then, for
P-a.e. w,
B)  LODx) =) wry(P(@,y) — P(w,x)) =0, ®(w,0) =0.
yeZd

In other words, for P-a.e. w and for every v € R, M and v- M are Pg-martingales.
The covariance process of the latter is given by

t
(v- M), = /0 3 (rx, 0)ox (v - B (rx, @, X)) ds.

Moreover, provided that E[1/w(e)] < oo for all e € E4, it holds that x(-,x) €
L'(P) with E[x (w, x)] = Oforall x € 74,

Based on the above construction, we now show that an invariance principle
holds for M. This is standard and follows from the ergodicity of the environment
and the process of the “environment as seen from the particle.” We shall proceed
asin [2] and [31].

Recall that by the irreducibility of the random walk the ergodicity of the shift
operator transfers to the process of the “environment seen from the particle” which
is crucial in the proof of the invariance principle for the martingale part. The “en-
vironment seen from the particle” is defined as the process {tx,w:t > 0}, taking
values in the environment space €2, whose generator is given by

Lo @)=Y wo:(d(x0) = ¢ (@)
xezd
and the transition semigroup is given by

Pip@) =Y. p°(t.0.)p(tw),  t>0.

xezd

LEMMA 2.4. Suppose that Assumption 1.1 holds. Then the measure P is sta-
tionary, reversible and ergodic for the environment process {Tx,w};>0.

PROOF. By the invariance of IP with respect to space shifts, we have that

E[Lp] = Y (E[(tx@)—x0¢ 0 Tx] — E[wor])

xezd
= Y (Elwo,—x¢] — Elwox¢]) =0.
xezd
Thus, P is an Ainvariant measure for {tx,®}. To prove that [P is also ergodic, let now
A e F with P;14 =14. Then, forall w € Q2 and all t > 0,

0=1ac@)(PrL) @) = Y Lac(@)p®(t, 0, )14 (tx).

xeZd
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In particular, 1 ¢ (w) p®(t, 0, x)1 s (tyw) =0 for all w € 2, all > 0 and every x €
Z4 . But from Assumption 1.1 we can deduce that the random walk X is irreducible
in the sense that for every x € Z¢

]P’“a):suppw(t, 0,x) > 0}] —1.

t>0
Hence, for every x € 74
Tac(w) - 1a(tew) =0 for P-a.e. w.

Thus, there exists a set N with P[N] = 0 such that the set A \ N is invariant
under t,. Since P is ergodic with respect to 7, we conclude that A is P-trivial and
the claim follows. [J

PROPOSITION 2.5. Suppose Assumption 1.1 holds and assume that
E[l/w(e)] < oo for any e € E4. Further, let Mt(n) = %an,, t > 0. Then, for P-
a.e. w, the sequence of processes {M ™} converges in law in the Skorohod topology
to a Brownian motion with a nondegenerate covariance matrix £* given by

2121 :E[ Z a)oxCDi(a),x)CDj(co,x)].

xeZd

PROOF. The proof is based on the martingale convergence theorem by Hel-
land (see Theorem 5.1(a) in [28]); see [2] or [31] for details. The argument is
based on the fact that the quadratic variation of M ™ converges, for which the er-
godicity of the environment process in Lemma 2.4 is needed. Finally, we refer to
Proposition 4.1 in [13] for a proof that £? is nondegenerate. [

2.2. Sublinearity of the corrector. To start with, let us denote by B(x,r)
a closed ball with respect to the graph distance with center x € Z¢ and radius r. To
lighten notation, we write B(r) = B(0,r) and ¥ (w, x) = %X(a),x). The car-
dinality of A C Z¢ is denoted by |A|. Further, for a nonempty, finite A C Z¢, we
define a locally space-averaged norm on functions f:Z¢ — R by

1 1/p
1fllpa = <—Z\f(x)!”> . pell,oo).
Al A

The key ingredient in the proof of Theorem 1.3 is the sublinearity of the corrector
which we formalize as:

PROPOSITION 2.6. Let d > 2 and suppose that Assumption 1.1 and the mo-
ment condition (2) hold. Then, forany L>1and j =1, ...,d,

) lim max [x!(@.x)|=0, Pas.

n—>00 xeB(Ln)
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The proof is based on both ergodic theory and purely analytic tools. Using the
spatial ergodic theorem, we show in a first step that the corrector x " averaged
over cubes with side length of order n vanishes P-a.s. when n tends to infinity. In a
second step, we show by means of the £'-Poincaré inequality on Z¢ that y ™ also
converges to zero in the | - || p(,)-norm. The final step uses the maximum inequal-
ity, which we establish in the next section, to bound from above the maximum of
x™ in B(n) by llx ™Iy -

We start with some immediate consequences from the ergodic theorem. To sim-
plify notation, let us define the following measures 1 and v® on Z¢:

,u‘”(x):Za)xy and v¥’(x) = Z—

X~y x~y @.

LEMMA 2.7. Suppose E[(w(e))?] < oo and E[(1/w(e))?] < oo for some
p.q €1, 00). Then, for P-a.e. w,

lim | .. ”p By =E[1? O] and m ”vw”Z,B(n) =E[v*(0)7].

n—oo

Further, if E[1/w(e)] < oo then we have for every j =1,...,d,

1
10) lim —— > [x;(@,y) — xj(@ 0] <ELp*O)]"Ix;1,
=0 |B)| | S
X~y

PROOF. The first two assertions are an immediate consequence of the spatial
ergodic theorem. For instance, we have

. 1
i 1615 s = Jim s ;()(u’x‘“(0>)”=1€[uw<o>ﬂ].
X n

To prove the last assertion, notice first that by the Cauchy—Schwarz inequality we
have forevery j =1, ...,d,

2
B[ Yl 0]] <D O] Yool | =EL ] IR,,

0~x 0~x

Due to the fact that E[1/w(e)] < oo for all e € E4 and x; € LCOV the right-hand
side of the equation above is finite. Moreover, by the cocycle property it holds that
Xj(w,y) — xj(w,x) = xj(txw,y — x). Thus, a further application of the spatial
ergodic theorem yields

3 |XJ<rxw,y—x>|sE[Zm-(w,x)q

x,yeB(n) 0~x
x~y

lim ——
n=eo [B(n)|

<EL O] lx)l . - 0



1876 S. ANDRES, J.-D. DEUSCHEL AND M. SLOWIK

LEMMA 2.8. Suppose Assumption 1.1 holds and assume that E[1/w(e)] <
00. Let C be any cube in R4 of the form C = ]_[id:l[ai, bilwitha; <b;,i=1,...,d
and set C(n) :=nC N 74. Then, forany j =1, ...,d and P-a.e. w,

1
a ik T =0
= ecm)

PROOF. We will restrict the proof to the case where C is of the form C =
]_[fl:l[O, L;l with L; > 0,i =1,...,d. For general C, the statement follows by
similar arguments. We will proceed as in [36], pages 229-230. Let us denote
by C/(n) :=[T/_[0,nL;1 x {0}/, j =1,...,d. When x = (x1,...,xq) € ZC,
we write x = (y,xg) with y = (x1,...,xg-1) € 7Z4-1 and we identify 741
with Z4-1 x {0} C 74 . Then, by Lemma 2.2, we have for P-a.e. w and for any
j=1,....,d,

1
2 @)

xeC4(n)

1 xg—1
= nd Z (X}n)(w,y)+ Z X](-n)(fy-i—keda),ed)
yeCd=1(n) k=0
0<xg<nLg4

[nLg]+1 1
T 2 A

yeCd=1(n)
1 [nLg] — x4
tog Y (o, ea).
xeCd(n)
(Here [-] denotes the integer part.) Since E[|y;(w, x)|] < oo for all x € 74, an

application of the spatial ergodic theorem (see Theorem 3 in [15]) gives that P-a.s.
and in L' (P)

1 Lg]—
lim v Z [nd]Tdej(rxw,ed)ch(Ld—Ud)dUE[Xj(wved)]=0-

xeC4(n)

The claim follows now by induction. Indeed, in each step we use the spatial ergodic
theorem with respect to the subgroup of space shifts to obtain that the limit

. 1 (nLa—k] — Xa—k
nll>ngo nd—k Z n
xeCd=k(n)
exists P-a.s. and in L' (P) for every k =0,...,d — 1. Further, E[F;] = 0 and by
construction it is clear that Fy o 7., = Fy, P-a.s. for every k. Hence,

1
lim — > x"(w.x) = F(w),

d
n—>oo
= ecm

1§ (o, eqi) =t Fr(w),
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also exists P-a.s. and in L!(P) and is invariant under 7,,. By symmetry in the
above calculation, F is also invariant under t,,, i =1, ..., d. Therefore, by using
ergodicity we have that F =0. [

PROPOSITION 2.9. Suppose Assumption 1.1 holds and assume that
E[l/w(e)] < oco. Then, for anyj =1,...,d and P-a.e. w,

(12) lim — Z %" (@, x)] =0.

n—oo pn
xeB(n)

PROOF. The following proof is based on an argument similar to the one given
in [31]. For any k € N, consider a partition of the cube [—1, l]d into k9 cubes
Ci=Cix,i=1,..., k9, with side length 1/k. For n > 2k, set C;(n) = C; x(n) :=
nCi N 74, By construction, B(n) = B(0, n) is contained in the union of the cubes
C;(n). Denoting by z; € Z¢ the lattice point approximation of the barycenter of
C;(n), we further have that B; (n) = B(z;,2n/k) D C; x(n).

Consider a function u : Z? — R. Then, by means of the £'-Poincaré inequality
on Z¢ (see [23]), we have that

1B:()
3 |u<x)|s<1+|c‘_(n)|) S (w0 — o] + |Bi o)l
xX€B;(n) ! x€B;(n)

|Bi(n)|
<G (141280 % ) — w0+ Bl
G/ yeBm
X~y
where up = |B|™! Y repi(x) and Cp € (0,00). Mind that the ratio |B;(n)|/
|C;i(n)| is bounded from above by a constant independent of k. Moreover, any
edge {x, y} with x, y € B(2n) is contained in at most 24 different balls B;(n).
Thus, by summing over i we obtain

(Y }u(x)r<c— > Ju@ —um|+ D [Bim|luciml-

xeB(n) x,yeB(2n) 1<i<kd
X~y
Let us now apply (13) to x"’(w,x) with j = 1,....d. Then, in view of (11)
and (10), we obtain that for P-a.a. w

1
lim sup — Z ]XJ(-")(a), x)|

n—00 xeB(n)

¢ 1 n
< ELO1 Il + 2 kd limsup =g 3 X" (@, x)

1<i<kd xeCj k(n)

c 1/2
< B O] )l 2,

and since k is arbitrary, the claim follows. [J
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REMARK 2.10. Under the assumption that E[(1/w (€))P/@=P)] < 00, one can
prove by arguments similar to the ones given in the proof of Lemma 2.8 that
||X(”)|| p.B(n) < O (cf. also [36]). Combined with the so-called sublinearity on
average of the corrector, proven in Proposition 4.15 in [13] (cf. also [10]), this also
allows to deduce (12), but under stronger conditions on the inverse moments.

REMARK 2.11. Note that on Z? the £P-Poincaré inequality for p > d also
holds. As it was shown in [19], Théoréme 4.1 (mind the typo in the statement),
the ¢7-Poincaré inequality implies a version of the Gagliardo—Nirenberg inequal-
ity. By using this inequality instead of the £!'-Poincaré inequality in the proof of
Proposition 2.9, one can show the following estimate:

1 c/ 1 » /p
max —|Xj(w,x)|§;<n—d > xj(w, y —x)| >

X€B(m)n xeB(2n)
()
Zxi
n / Ci(n)

x~y

c

+ 2 a
1<i<kd

Thus, provided that E[|x (w, x)|P] < oo for p > d—which can be established in

certain well mixing situations [26]—the sublinearity of the corrector is immediate

(cf. [16]).

The next proposition will be proven in a more general context in Section 3
below.

PROPOSITION 2.12. Let p,q € [1, 00) be such that 1/p 4+ 1/q <?2/d. Then,
for every a > 0, there exist y' > 0 and k' > 0 and ¢ = c(p, q, d) < 0o such that
y/

(n) (n)
(14) - max [y @, 0 < eV 1], pen v lg.n)" 125" @91, gom)

forj=1,...,d.

PROOF. It is obvious that Z¢ satisfies the properties of the general graphs con-
sidered in Section 3. Then the assertion for Xj(-") follows directly from Corollary 3.9
with 0 = 1, 0’ = 1/2 and n replaced by 2n. Note that, in view of (8) and (7), the

function V;" appearing in Corollary 3.9 is given VJ?“(x, y)= %a)xy (yj—xj). O

Proposition 2.6 is now immediate from Proposition 2.12 with the choice o =1,
Proposition 2.9 and Lemma 2.7.
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2.3. Proof of Theorem 1.3. In order to conclude the proof of the invariance
principle, it remains to show an almost sure uniform control of the corrector,
which is a direct consequence from the sublinearity of corrector established in
Section 2.2.

PROPOSITION 2.13. Let T > 0. For P-a.e. w,

1
(15) sup —|x(w,nX")| — 0 in P&-probability.

OSZ‘STn n—o0

PROOF. We proceed as in [24, 25]. Recall that x D (w, x) = r]—lx(a),x). Fix
T >0, L >1 and denote by Tr , the exit time of X ™) from the cube C =
[—L, L]?. By Proposition 2.6, we have

lim  sup |X(”)(a),nXt("))|=O, P-a.s.

=0 0<t<Ty

Hence, we can choose ng € N such that supy-, 7, Ix ™ (o, nX,("))| < 1 for all
n > ng. Then, for such n we have

Pg’[ sup |X,(")| > L] =P6”[TL,,, <T, sup |M,(n)| >L— 1]

0<t<T 0<t<TL

< Pf)”[ sup |Mt(")} >L— 1].
0<t<T

Since M™ converges weakly to a Brownian motion, we have by Doob’s maximal
inequality that there exists ¢ < oo such that

c

li p® M7 >L-1|< .
e P sup = L 1)

Thus, for any § > 0, we have

limsupr)‘)[ sup |x ™ (w,nX™)| = 8]

n—oo OEZET
< limsup(P‘(‘))[ sup |x™(w,nx)| = 8] +Pf)‘)[ sup | x| > L])
n— 00 0<t<Tp » 0<t<T
c

< .
~L—-1

Since L > 1 is arbitrary, the claim follows. [J

Theorem 1.3 now follows from Propositions 2.5 and 2.13.
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3. Moser iteration on general weighted graphs. Let us consider an infinite,
connected, locally finite graph G = (V, E) with vertex set V and edge set E. We
will write x ~ y if {x, y} € E. A path of length n between x and y in G is a
sequence {x;:i =0, ..., n} with the property that xo = x, x, = y and x; ~ x;1.
Let d be the natural graph distance on G, that is, d(x, y) is the minimal length of
a path between x and y. We denote by B(x,r) the closed ball with center x and
radius r, thatis, B(x,r) :={y eV |d(x,y) <r}.

The graph is endowed with the counting measure, that is, the measure of A C V
is simply the number |A| of elements in A. For functions f: A — R, where either
ACVorACE,the ’-norm || flgr Ay Will be taken with respect to the counting

measure. The corresponding scalar products in £2(V) and ¢?(E) are denoted by
(- de2qvy and (-, -) 2y, respectively.
For a given set B C V, we define the relative internal boundary of A C B by

dpA:={x € A3y € B\ As.th. {x,y} € E}

and we simply write d A instead of dy A.

ASSUMPTION 3.1. For some d > 2, the graph G satisfies the following con-
ditions:

(1) volume regularity of order d, that is, there exists Creg € (0, 00) such that

(16) Croa?? < |B(x,7)| < Cregr?  VxeV,r>1.

reg
(ii) relative isoperimetric inequality, that is, there exists Ciiso € (0, 00) such

that forall x e V andr > 1

|aB(x,r)A| . Criso

a7 [Al = r

1
YA C B(x,r) s.th. |A| < §|B(x, r)|.

REMARK 3.2. The Euclidean lattice, (Zd , Eg), satisfies Assumption 3.1.

REMARK 3.3. The following Sobolev inequality (Sgll) holds, that is,

NN
(18) (Z|u<x>| ) <Cs, 3 JuGo) —uy)|

xeV {x,y}eE

for all functions u : V — R with finite support.

This can be seen as follows. First, suppose that the graph (V, E) satisfies con-
dition (ii) in Assumption 3.1. Then, by means of a discrete version of the co-area
formula, the classical £!'-Poincaré inequality can be easily established; see, for
example, [34], Lemma 3.3.3. Second, provided that the counting measure also sat-
isfies the doubling property and balls in V have a regular volume growth, which
are both ensured by the condition (i) in Assumption 3.1, the £'-Poincaré inequality
implies the usual isoperimetric inequality; see, for example, [20], Proposition 2.9.
But, the latter is equivalent to the Sobolev inequality (S Lli), [20], Proposition 2.3.
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REMARK 3.4. It is well known [9, 32] that on random graphs, for example,
on supercritical percolation clusters, the inequality (17) holds only on large sets.
However, one can expect that for some 6 € (0, 1) and xg € V the following relative
O-isoperimetric inequality holds: There exists Rg = Rg(xg) < oo such that for all
R > Rg (17) holds for every B(x,r) C B(xo, R) with r > R?. Nevertheless, as it
was communicated to us by M. Barlow, for functions u with suppu C B(xp, R)
one can establish a Sobolev-type ineqality (18) provided that d is replaced by the
d'=d/y with y €[0,1 —6) and Cs, is replaced by Cisl_V. Let us stress that
since suppu C B(xp, R), we obtain even in this situation that

1 ar@\ @D
(B 2 o)
0 X€B(xg,R)
SCSIU?()CR;RN Z |u(x) —u(y)|.
0 x,y€B(x0,R)
{x,y}eE

In the particular case of supercritical percolation clusters on Z, a stronger isoperi-
metric inequality has been proven in [32]. More precisely, on the intersection of
the cluster and a box with side length n an isoperimetric inequality with dimension
d'(n) > d is obtained, from which also such a type of Sobolev inequality follows.

Assume that the graph, G, is endowed with positive weights, that is, we con-
sider a family w = {w(e) :e € E} € (0, o0)E . To lighten notation, we set w(x, y) =
w(y,x) :=w({x, y}) forall {x,y} € E and w(x, y) :=0 for all {x, y} ¢ E. Letus
further define measures ©® and v on V by

1
ne(x) = Z w(x,y) and v¥(x):= Z

x~y xNyw(x’y)

For each nonoriented edge e € E, we specify out of its two endpoints one as its
initial vertex e~ and the other one as its terminal vertex e*. Nothing of what will
follow depends on the particular choice. Given a weighted graph (V, E, w), we
define the discrete Laplacian, L*, acting on bounded functions f:V — R by

(L2 f)x) =Y 0@, N(fO) = () ==V @V )x),
x~y
where the operators V and V* are defined by Vf:E — Rand V*F:V — R
Vi) :=f(e")—fle) and V*Fx):= Y F(— Y F(e)

for f:V — R and F: E — R. Mind that V* is the adjoint of V, that is, for all
fet?(V)and F € (2(E), itholds (V f, F) gy = (f. V*F) 2(y. We define the
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products f - F and F - f between a function, f, defined on the vertex set and a
function, F, defined on the edge set in the following way:

(f-F)e):=f(e)F(e) and (F - f)(e):= f(e")F(e).
Then the discrete analog of the product rule can be written as
(19) V(fe) =& -VH+ Vg f).

In contrast to the continuum setting, a discrete version of the chain rule cannot
be established. However, by means of the estimate (40), |V f*| for f > 0 can be
bounded from above by

(20) L v < VA 4 V| VaeR
1V |a|

On the other hand, the estimate (42) implies the following lower bound:
21) AV = |V H V-7 Va1
The Dirichlet form or energy associated to L is defined by
ENS) = EL .
For a given function n: B C V — R, we denote by 57‘7"2 (u) the Dirichlet form where
o (e) is replaced by %(nz(e_) + nz(e+))a)(e) for e € E. Mind that
7‘7‘)2(u) =(Vu, (772 . a))Vu)ez(E).

Finally, for any nonempty, finite A C V and p € [1, 00), we introduce space-
averaged £”-norms on functions f: A — R by the usual formula

(22)

1 1/p
1l i= <W Slrep)
X€A
1 1/p
1l A = <W 3 M‘”(X)If(X)|”> _
xeA

3.1. Sobolev inequality. The main objective in this subsection is to establish
a weighted version of Sobolev inequality (Sg) which is the key that allows us to
use Moser’s iteration technique. Starting point for our further considerations is the
Sobolev inequality (S ;) on the unweighted graph (V, E) in Remark 3.3

(23) lwll gas@-n vy < Cs, [IVullp g
for any function u on V with finite support. Our task is to establish a corresponding

version on a weighted graph. For this purpose, define for g > 1

(24) p=pd,q) izm-
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Notice that p(d, ¢) is monotone increasing in ¢ and converges as g tends to infinity
tod/(d — 2). Moreover, p(d,d/2) = 1.

PROPOSITION 3.5 (Sobolev inequality). Suppose that the graph, G = (V, E),
satisfies Assumption 3.1 and let B C V be finite and connected. Consider a non-
negative function n with

suppn C B, 0<n<l and n=0 on dB.

Then, for any q € [1, 00), there exists Cs = Cs(d, q) < oo such that for any
u:V—>R,
@25) 3], 5 < CsIBIX v, (ng(u) IVl gy 0 )
0,B = |B| (2(E) 1,B,u®
Ifd > 3, (25) also holds for g = oc.

REMARK 3.6. By Holder’s inequality with 1/p + 1/p. =1 and p € (1, o],
we have

CTOR P 17 oy i [T P

Thus, in view of (25), we obtain that

), g o
06 |7, 5.,

g(l)
1
R W A

where r =r(d, p.q) :=p(d.q)/p«=(d —d/p)/(d =2+ d/q).

)

PROOF. First of all notice that V(nu) =n - Vu + Vn - u due to (19). This
implies that

27) E° (nu) < 2E7, (u) + 20Vl i) * 1 “ll¢18y-

Hence, it suffices to prove that for any function v: V — R with suppv C B
E()

28 2 BId |,

@8) I92],.5 = SBE 01, 5~

But, an application of (23) to the function |v|* with @ =2p(gq, d)(d — 1)/d yields

29) 01 gara-v vy = Cs [VIVI g1
<2Cs, max{1, &} [v[*~" - Vvl] 1 gy

where we used (20) in the last step. By using the Cauchy—Schwarz inequality, we
find

_ 1/2
(30) Ilwe=t- vl /

&) < 1BI'"2E0) 2P|
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where we used that £E°(|v]) < £¥(v). If ¢ = 1, then o = 1 and (28) follows imme-
diately from (29) and (30) after normalizing the norms. In the case ¢ > 1, Holder’s
inequality with 1/g 4+ 1/g« =1 and g € (1, oo] yields

[P Dwel = e ), vl 5
But, due to the definition of p(q, d), we have that ad/(d — 1) =2g.(a¢ — 1) = 2p.
Thus, combining the last estimate with (29) and (30) and solving for V2 0,B>
(28) is immediate. [

3.2. Maximum inequality for Poisson equations. In this section, our main ob-
jective is to establish a maximum inequality for the solution of a particular Poisson
equation where the right-hand side is in divergence form. More precisely, denote
by u the solution of

3D L%u=V*V® on B C V finite,
where V®: E — R is given by
(32) V@ (e):=w(e)Vf(e)

for some function f:V — R.

THEOREM 3.7. Forany xg € V and n > 1 let B(n) = B(xg, n). Suppose that
LPu = V*V® on B(n). Assume that the function f in (32) satisfies |V f(e)| < 1/n
forall e € E. Then, for any p, q € (1, co] with

1 1 2
(33) —+-<-=

p q d
there exists y € (0, 1],k =« (d, p,q) € (1,00) and C1 = C1(d) < oo such that for
all1/)2 <o’ <o <1

LV Al By IV llg, By \*
34 max |u(x)| <C; P, g, ) ull? ’
( ) xeB(o’ n)} ( )| < (G _ 0/)2 ” ”2p*,B(an)

where p = p(q, d) is given by (24).
As a first step, we establish the following lemma.

LEMMA 3.8. Let B be a connected, finite subset of V and n be a nonnegative
function with suppn C B, bounded by 1 and n =0 on 0B. Suppose that LYu =
V*V® on B. Then there exists Co < 0o such that for all o > 1

Enu®) ot
n < C v 200 2a ©
B - 2(20[ _ 1)2 I 77||z (E)||M||2a,3,u

4

o
(35) +C2ﬁ||Vf||mE)||u||§g })BH
’ 20—1
o
+C2 20 — 1 ” (VmV /) HZW(E)”M”(QOHI),B,M‘“’
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where u® denotes the function u® = |u|% - signu.

PROOF. Since u solves the Poisson equation £L%u = V*V ¢, (22) implies
<V('72’7‘2a_1)’ C"V“)ZZ(E) = (7721220(—1’ _EwL‘)/zZ(V) = _<V(’72ﬁ2a_1)’ Vw>z2(E)~
Hence,
2 yj2e-l

(n ) wv”)ﬂ(E)

(36)
= Ha)(Vu)(Vnz) : |”|2a_1”51(5) + HV(”zﬁza_l)Vw ||el(E)~
As an immediate consequence of (41), we get

~20—1 2a —1

(37) <;72 Vil , a)Vu)Zz(E) > 75;;)2 (i®).

The constant ¢ € (0, 0o) appearing in the computations below is independent of .
Consider the first term on the right-hand side of (36). Since (43) is applicable after
a suitable symmetrization, we find

lo(Vi)(V?) - 1ulP ™ g1y < (Vi) (VR?) - 1ul* [ g1
- c
< ceEn (@) + IVl g [l 1] 1),

where we used Young’s inequality |ab| < %(8(12 + b?/¢). On the other hand, by
(19) the second term on the right-hand side of (36) reads

”772 ) (Vﬁza_l)Vszl(E) +| Vw(vﬂz) : |M|20‘_1 ||zl(E)'
Since 7 is bounded by 1,

[Vevn? . fupe! Loty < 219D O ooy |||M|za_1uw”€1(3)'

By applying (40) and again Young’s inequality, we find
In? - (Vv lerey <l nul*~" - o(Va®)(V f) lerce)
~ c _
< ngr(;)z(ua) + g ||Vf||%oo(E) H |u|2(0l l)ﬂw“el(B).

Hence, by combining the estimates above and solving for E;‘)z (%), we obtain

o2\ ELE)
1—ce <a+b
20 — 1 | B|

2
¢ «a 2 2 2 2(a-1
a =~ 5 (Voo iy |71 o+ 1V F ooy [l .5e0)
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F1G. 1. Ilustration of both the balls B(oxn) and B(oy1n) and the corresponding cut-off func-
tion ny.

and

a2

20— 1

b=c ||(V’7)(Vf)||z°°(E)”|“|2a71“1,B,Mw~

By choosing ¢ = (2o — 1)/2ca?, the assertion follows. [

PROOF OF THEOREM 3.7. For fixed 1/2 <o’ <o < 1, consider a sequence
{B(oyn)} of balls with radius oxn centered at some xg, where

O =0/+2_k(0 —o') and 7 =2_k_l(a -0, k=0,1,....

Mind that oy = o%4+1 + T and og = o. Note that for any p, g € (1, co) the condi-
tion in (33) implies that p > p, = p/(p — 1). Hence, by setting oy = (,o/p*)k, we
have that oy > 1 for every k > 1.

Let i be a cut-off function with suppni C B(oxn) having the property that
Nk =1 on B(ox4+1n), nx =0 on dB(oxn) and ni decays linearly on B(oxn) \
B(ok41n). In particular, this choice of n; implies that [V (e)| < 1/txn forall e €
E. By applying the Sobolev inequality (25) to u“ and using Holder’s inequality,
we obtain

~ 2
” (nudk) ” 0,B(oyn)

E@ (%
’7/% (u%r) ||/'Lw ||p,B(‘7k”) ||ﬁ2“" H

2/d
= CS|B(O’kl’Z)| / va||q,3(dkn)(|B(o_kn)| (Tkl’l)z

P B(Ukn)) :
On the other hand, by means of Jensen’s inequality we obtain from (35) that
E5 (u)

2
Mk w Ok 20 vk
TR 30y EN ,
|B(O_kn)| || ||p,B(O'k}’l) .L.kn 20([(]7*,3(0'[{11)
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o
combining these two estimates and using that a1 px = o p, we find

22k

1/(204) ”
ﬁ““ ||p B(n) HV ||q B(n)) ”u”Zakp*,B(okn)

where v = 1if ullagp,. Boem = 1 and ye = 1= - if [ull2g;p, By < 1. By

||”||2ak+lp*,3(6k+1n) = (C

for some ¢ < oco. By iterating the inequality above and using the fact that

1/(2oy py)
Lmax [u()| = |[Bown)| " Nl .. b = Nl .. 5o

we get

1N . By IV g By \ /)
max |u(x)| <C P 49, ) ull? ’
xeB(o’ n){ ( )| l_[( (o _0/)2 I ||2p,B(on)

where 0 <y =[[72, % < 1 and C; < oo is a constant independent of k, since

Y il ok/ay < oo. Finally, choosing k = % Yoo 1/ak < oo, the claim is immedi-
ate. [

COROLLARY 3.9. Suppose u satisfies the assumptions of Theorem 3.7. Then,
for all a € (0,00) and for any 1/2 < o’ < o < 1, there exists C3 < 00, y' =
v (y,a,p)and k' =«k'(k,y, a, p) < 0o such that

IVl oo IV llg o \©
38 max c P & )
( ) xeB(o' )|M(x)| — 3( (o — O./)Z ” ”01 B(on)*

PROOF. In view of (34), for any o > 2p the statement (38) is an immediate
consequence of Jensen’s inequality. It remains to consider the case o € (0, 2p).
But from (34) we have forany 1/2 <o’ <o <1

LV Ay, sy IVl B\, y
69 max (o] < Co I LIS SRI0 ) gy
The remaining part of the proof follows the arguments in [35], Theorem 2.2.3. In
the sequel, let 1/2 < ¢’ < o < 1 be arbitrary but fixed and set oy =0 — 27 %(0 —
o) for any k € Ny. Now, by Holder’s inequality, we have for any « € (0, 2p)

||M||2p B(oyn) = = “u“a B(O'kn)”u”oo B(oxn)’

where 6 = «/2p. Hence, in view of (39) and the volume regularity which implies
that |B(on)|/|B(c'n)| < CZ 24 it holds that

reg

2xk 144 y—v0
ltllog, Bop_ymy < 2  TNulZ g om 141K By

where we introduced J = c(1 V |1l ,, gy IV g, B(n)/ (0 — o)?)* to lighten no-
tation. By iteration, we get

x -1, o)k —0)i
ltll o, oy < 22 Dhm0®FDG =y 8 (g 76 Koo @ =r Oy =)
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Since y (1 —0) € (0, 1), as i tends to infinity, this yields

2 6/(1—y+yb
< 226/(I=y+y0) y1/(1— y+y0)” ”y /(A=y+y0)

max }M(x)’ o,B(on)

x€B(o’n)

and (38) is immediate. []

APPENDIX: TECHNICAL ESTIMATES

In this section, we provide proofs of some technical estimates needed in the
proof of the Moser iteration. In a sense, some of them may be seen as a replacement
for a discrete chain rule. Some extra care is required since the solution of the
Poisson equation may be negative.

LEMMA A.1. Fora e R, we write a* := |a|* - signa for any o € R\ {0}.
(i) Foralla,b e R and any o, B # 0,

(40) a* — b*| < <1 v ‘%DW —bPl(jal*P + |b|*F).
(i) Foralla,b e R and any o > 1/2,
2
41 ~a_5a2<‘ (a2l jprely
(41) (@ —b%)" < || —b)a )

In particular, if a, b € Ry then (41) holds for all « ¢ {0, 1/2}.
(iii) Foralla,b eR and any o, > 0,

(42) (lal* + b*)|aP — GOt — pr P,
(iv) Foralla,b e R and any o > 1/2,
(43) (la®*~ 4 b1 |a — b| < 4]a® — B*|(la|” + b]%).

PROOF. (i) First of all assume thata, b > 0 or a, b < 0. Then, for all o, 8 #£ 0,
|a] o
Pl dt‘ < ‘—
b1 B
Since ¢ > t*~# for t > 0 is monotone decreasing if « — 8 < 0 and monotone
increasing if « — B > 0, the maximum is attained at one of the boundary points. In
particular, max;e¢[|s|,|a|] 198 <)a|®=P 4 |b|*~F. On the other hand, fora > 0, b <
Oora <0,b >0, it holds that |a* — b%| = |a|* + |b|%. Hence,

la* — b%| < (la? + |b1P)(ja|* P + |p|*7F) = |a? — bP|(ja|* P + |b|*7F).
(i1) Notice that for all a, b € R and for any o > 0,

@ —b*)? </|t|“ 1dt>.

la* — b%| = |lal* — b*| = |

max %~ ﬂ)]a 155\.
te[|bl,lal]
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Hence, for any @ > 1/2, an application of the Cauchy—Schwarz inequality yields

a 2 a a 2 5
(a/ |t|0‘_1dt> 5012/ dt/ 22 dr = ——(a — by (@' — 521,
b b b 2 1

o —

(iii) Let us first assume thata > 0,b <0 ora <0, b > 0. Then, for all &, 8 > 0,
(lal® +161*)|@? — BP| = (lal® 4 1b1*)(lal? + |b|P)
=2(lal*™? 4 1b1*F) — (la* — |b|*)(lal? — |b|P).

One sees easily that the last term is positive as long as «, 8 > 0. It remains to
consider the case when a, b > 0 or a, b < 0. Since the assertion is trivial, if a =0,
we assume that a # 0 and set z = b/a > 0. Then the left-hand side of (42) reads
(1 4+ z%)|1 — z#|. Provided that o > 0, by distinguishing two cases, z € [0, 1) or
z > 1, we obtain

(T2 = 2P| =21 = 2**P| = [1 = 2*|(1 + 2F) < 2|1 = **7].

This completes the proof.
(iv) The assertion follows immediately from (40) and (42). [
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