Implications of Markov stability theory for
nonparametric statistics, Markov additive
fluctuations and data-driven stochastic control

Inauguraldissertation
zur Erlangung des akademischen Grades
eines Doktors der Naturwissenschaften
der Universitdt Mannheim

vorgelegt von

Lukas Trottner

aus Wiesbaden

Mannheim, 2021



Dekan: Dr. Bernd Liibcke, Universitit Mannheim

Referent: Prof. Dr. Leif Doring, Universitat Mannheim
Korreferentin:  Prof. Dr. Claudia Strauch, Aarhus University
Korreferent: Prof. Dr. Mark Podolskij, Université du Luxembourg

Tag der miindlichen Priifung: 24. September 2021



ABSTRACT

The central topic of this thesis is the influence of stability properties of continuous time Markov
processes on their nonparametric statistical analysis. In particular sup-norm adaptive invariant
density estimation under assumptions on the ergodic behavior of the process is investigated and
consequently applied to jump diffusions with Lévy-driven jump part. Furthermore, the findings
are used to demonstrate how statistical procedures for Markov processes can be implemented
for the development of efficient data-driven strategies for stochastic optimal control problems
associated to both continuous diffusion processes and Lévy processes. As one of the main
theoretical tools in this regard, we give a detailed analysis of stability properties of overshoots
associated to Markov additive processes. This allows incorporating fluctuation theory for Markov
additive processes and Lévy processes into our general statistical framework, which is essential
for the data-driven Lévy control strategy. Moreover, the overshoot analysis guides us naturally
into extending some well-known fluctuation results for Lévy processes to the more general
case of Markov additive processes and—making use of the one-to-one correspondence between
Markov additive processes and real self-similar Markov processes through the Lamperti—Kiu
transform—gives us the right tool to analyze the mixing behavior of self-similar Markov processes
sampled at first hitting times.

ZUSAMMENFASSUNG

Zentrales Thema dieser Arbeit ist der Einfluss von Stabilitatseigenschaften zeitstetiger Markov-
prozesse auf ihre nichtparametrische statistische Analyse. Insbesondere betrachten wir die
adaptive Schitzung der invarianten Verteilung beziiglich des sup-Norm Risikos unter Annahmen
an das ergodische Verhalten des Prozesses und wenden die Resultate auf Diffusionen mit Lévy-
gesteuerter Sprungkomponente an. Wir nutzen unsere Ergebnisse, um datengesteuerte statistis-
che Ansitze fiir Losungsstrategien stochastischer optimaler Kontrollprobleme sowohl fiir stetige
Diffusionen als auch fiir Lévyprozesse zu entwickeln. Als eine der fundamentalen theoretischen
Entwicklungen in dieser Hinsicht, geben wir eine detaillierte Analyse des Stabilitdtsverhaltens
von Overshoots von Markov additiven Prozessen, was uns gestattet Fluktuationstheorie fiir
Lévyprozesse und Markov additive Prozesse in unseren allgemeinen statistischen Rahmen einzu-
betten. Zudem motiviert uns die Overshoot-Analyse dazu, einige zentrale Fluktuationsresultate
flir Lévyprozesse auf den allgemeineren Fall Markov additiver Prozesse zu erweitern. Schlie3lich
erlauben es unsere Overshoot Resultate ebenso, das Mixingverhalten reeller selbstdhnlicher
Markovprozesse, die an Ersteintrittszeiten ausgewertet werden, zu analysieren. Dazu nutzen
wir die bijektive Beziehung zwischen dieser Prozessklasse mit Markov additiven Prozessen, die
durch die Lamperti—Kiu Transformation beschrieben wird.






DANKSAGUNG

Hier mochte ich die Gelegenheit nutzen, all jenen zu danken, die fachlich oder emotional dazu
beigetragen haben meine Promotionszeit zu einem Lebensabschnitt werden zu lassen, an den
ich mich immer mit Freude und sicherlich auch ein wenig Wehmut zuriickerinnern werde.

An erste Stelle mochte ich meinem Betreuer Leif Doring danken. Er hat mich in die Wis-
senschaftswelt eingefiihrt und mich mit seiner Passion fiir die Wahrscheinlichkeistheorie sowie
klugen und ertragreichen Ideen immer wieder dazu motiviert, tiefer zu graben, um so mehr aus
meinen Ansétzen herauszuholen. Gleichzeitig hat er mir das stets spiirbare Vertrauen entge-
gengebracht, eigene Pfade in der Statistik zu erkunden und mir so die Moglichkeit gegeben,
mich in vielféltige Themengebiete einzuarbeiten und in Zusammenhang zu bringen. Die Summe
dieser Einzelteile ist das Ergebnis dieser Arbeit. Unabhéngig von diesen fachlichen Punkten,
koénnen wohl die wenigsten Doktoranden von sich behaupten, schon mal einen Nachmittag im
Hochsommer gemeinsam mit ihrem Doktorvater knietief im Miill verbracht zu haben, was eine
besondere zwischenmenschliche Erfahrung war, die uns immer verbinden wird.

Genauso mochte ich meine tiefe Dankbarkeit gegentiiber Claudia Strauch ausdriicken, die
mich von der reinen Wahrscheinlichkeitstheorie in die mathematische Statistik entfiihrt hat und
dabei stets voller Hingabe und Euphorie ihr Wissen und Gespiir fiir die groReren Zusammenhange
mit mir geteilt hat. Ohne ihren Einfluss und ihre Mitarbeit wéren grof3e Teile der Dissertation in
der jetzigen Form nicht entstanden. Zudem war sie tiber das Fachliche hinaus stets eine grof3e
menschliche Stiitze fiir mich, die mir iiber frustrierende Phasen der Promotion—gerade in Zeiten
der Pandemie—hinweggeholfen hat.

In diesem Zusammenhang moéchte ich auch Séren Christensen danken, mit dessen zusét-
zlicher Unterstiitzung das letzte Kapitel der Dissertation entstanden ist und von dessen breitem
Wissen und Intuition fiir kluge Losungswege ich sehr profitiert habe. In den letzten Monaten vor
Abgabe der Dissertation konnte ich mich zudem gliicklich schédtzen wochentliche Diskussionen
mit Alex Watson {iber MAPs, Wiener-Hopf Zerlegungen und Philanthropen haben zu diirfen.

Das téagliche Biiroleben haben mir meine Freunde, Mitdoktoranden und Biirokollegen Niklas,
Philipp und Simon enorm verschonert. Auch wenn es mir nie zu meiner vollen Zufriedenheit
gelungen ist sie von den Vorziigen der Mensa-Kaltschale an heifsen Sommertagen zu iiberzeugen
und meine Produktivitdt nicht immer von ihrer Anwesenheit profitiert hat, bin ich ihnen sehr
dankbar fiir die freundschaftliche und offene Atmosphéare. Es war sehr hilfreich fiir mich, in
Anbetracht der manchmal aufkommenden mathematischen Frustrationen, zumindest Erfolge
im Biirogolf feiern zu diirfen oder die Uni zu Gunsten anderer Geniisse gemeinsam hinter sich
zu lassen. Auch André mochte ich nicht iibergehen, der zwar leider das Pech hatte, erst zu
Corona-Zeiten dazuzustof3en, mit dem ich aber seitdem sehr gerne und selbstverstéandlich mit
Abstand das Biiro teilte. Zudem méchte ich meine (ehemaligen) Mitdoktoranden bei Leif, Sam
und Philip, dankend erwédhnen, mit denen ich nicht nur iber Markovprozesse reden konnte,
sondern auch den Leistungssport Barbillard in Bath kennen- und schétzen gelernt habe. Genauso
danke ich allen Mitgliedern des Graduiertenkollegs RTG 1953: Statistical modeling of complex
systems fiir das professionelle und stimulierende wissenschaftliche Umfeld und insbesondere
Sanja Juric fiir ihr herausragendes Management aller Verwaltungsangelegenheiten, die mir in
den letzten drei Jahren begegnet sind. Besonders will ich noch Niklas hervorheben. Wir sind

iii



iv

zwar auch mathematisch durch unsere Zusammenarbeit, die entscheidend fiir das dritte Kapitel
der Dissertation war, verbunden, aber vielleicht noch bedeutender dadurch, dass wir ein Zimmer
teilten wahrend er gegen die Salmonellen auf Samos kdmpfte.

Im gleichen Sommer der Samos-Reise zur Lévy-Konferenz im ersten Jahr meiner Promotion,
hatte ich die gro3e Freude mit meinem besten Freund Anton einen grandiosen Urlaub in Vietnam
zu verbringen, der mir trotz der Nahtoderfahrungen auf den Busfahrten sehr gut tat. Ich schatze
mich gliicklich auf ihn seit dem ersten Semester in Mannheim als Freund zdhlen zu konnen.
Gleiches gilt fiir Urs, Patrick, Maxi-P., Jonas, Sven, Alex Z., Alex S., Yang, Jin, Drea und viele
andere, die meine Studienzeit als Freunde begleitet und bereichert haben.

Worte konnen hier meine Dankbarkeit gegeniiber Jovi kaum zum Ausdruck bringen, die in
den letzten Monaten auch meine schlechten Launen ertragen und mich zu jedem Zeitpunkt
unterstiitzt, motiviert und umsorgt—und manchmal bestimmt auch ein klein wenig gehasst
hat. Ohne dich wire das Leben nicht das gleiche. Auch Iwona und Zenon moéchte ich hier
meinen Dank aussprechen—nicht nur dafiir, dass sie meine handwerklichen Unzulédnglichkeiten
wahrend des Umzugs im letzten Jahr mehr als ausgeglichen haben, sondern auch dafiir, dass sie
mir durch ihre grof3ziigige und herzliche Art das Gefiihl geben bei ihnen zu Hause zu sein.

Zu guter letzt mochte ich zumindest versuchen meine unendliche Dankbarkeit gegeniiber
meiner Familie zum Ausdruck zu bringen. Mein gro8er Bruder Fabian war mir in vielen Dingen
im Leben bis heute ein Vorbild und ist mir trotz der gro3en raumlichen Distanz so wichtig wie
kaum ein anderer Mensch in meinem Leben. Meine Eltern Ute und Frank haben mich mein
gesamtes Leben zu jedem Zeitpunkt selbstlos und grof3ziigig unterstiitzt und mich nicht nur gut
erndhrt, sondern mir Werte und Liebe mitgegeben, die mich im Leben tragen. Ich weil3, dass ich
immer auf sie zdhlen kann. Thnen ist diese Arbeit gewidmet.



CONTENTS

1 Introduction 1
1.1 Outline . . . . . . . . e e e 4
1.2 Collaborative Work . . . . . . . . . . . . . e 5
2 Stability of Markov processes 7
2.1 Fundamentals . . . . . . . . . . . . . e e e 7
2.2 Some technicalresults . . . . . . . . . .. ... 17
2.3 A transition density criterion for exponential f-mixing . . . ... ... ... .. 21
3 Markovian statistics under mixing assumptions 25
3.1 Basic framework and variance analysis . . . . . . ... ... ... ... ..... 30
3.2 Uniform moment bounds and deviation inequalities . . . . . . . ... ... ... 38
3.3 Sup-norm adaptive estimation of the stationary density for general Markov processes 44
3.4 Examples . . . . . . .. e e e e e e e e 50
3.A Proofof Lemma 3.9 . . . . . . . . . .. e e 56
3.B Proofs for Section 3.4.2 . . . . ... 58
4 Stability of overshoots of Markov additive processes 63
4.1 IntroducCtion . . . . . . . . . i e e e e e e e e e 63
4.2 Markov additive processes and their fluctuation theory . . ... ... ... ... 66
4.3 Stability analysis of overshoots of MAPs . . . . . . ... ... ... ....... 70
4.4 FEquations amicales inversés for MAPS . . . . . . . ... .. 91
4.5 Application to real self-similar Markov processes . . . . . . . .. ... ... ... 99
4.A Proof of the resolvent formula . . . . . . .. ... ... ... ... ... 104
4.B Summary of results for the special case of Lévy processes . . . . . ... .. ... 108
5 Data-driven control strategies for diffusions and Lévy processes 113
5.1 Introduction . . . . . . . . . . i i i e e e e e e 113
5.2 Data-driven singular controls for diffusions on the realline . . . . ... ... .. 116
5.3 Data-driven controls for Lévy processes . . . . . . . . . . ... 129
5.4 Discussion . . . . . . ... e e e e e e e e e e e 142
5.A Proofof Lemma 5.8 . . . . . . . . ... 144
Bibliography 149
Index of Notation 161






LisT oF FIGURES

3.1

4.1

5.1

Overview of interplay between variance bound results, assumptions and stability
COMCEPLS .+« v v v vt e e et e e e e e e e e e e e e e e e e e e e e e e e e 35

Path of a compound Poisson subordinator with drift, o, and associated overshoot
process OF . . . L L e e e 71

A path controlled using a data-driven reflection strategy . . . . ... .. ... ... 127

vii






INTRODUCTION

ALONG with semimartingales, Markov processes are certainly the most studied and best under-

stood class of stochastic processes in continuous time. With their flexibility and analytical
tractability this makes them an accessible and frequently used tool for the modeling of random
phenomena in many disciplines whenever the central assumption of memorylessness is consid-
ered adequate. Quite naturally, this raises the interest in efficient statistical estimation of Markov
processes based on different observation schemes, with continuous observations on the one
hand and discrete low- and high-frequency sampling schemes on the other hand being the most
prominent in the literature. Any continuos time Markov process that is sampled at equally spaced
time intervals (low-frequency) is a discrete time Markov chain and in applications the availability
of discrete data is more realistic than a continuous record of the process. Consequently, the
majority of the statistical literature on Markov processes focusses on the discrete perspective and
therefore does not differentiate between estimation of Markov processes and Markov chains.

However, from a purely mathematical point of view it is of fundamental interest to investigate
whether the loss of information imposed by incomplete sampled data also results in a loss of
performance of statistical procedures. In fact, it has been observed in the literature on nonpara-
metric statistics for continuous diffusion processes that under suitable structural assumptions, the
invariant density—quantifying the distributional equilibrium of the process—can be estimated
at a faster rate wrt. different risk measures in any dimension compared to the classical non-
parametric rate known from i.i.d. data in discrete time [59, 106, 158]. This raises the question
whether such phenomena can also be observed for more general classes of stochastic processes.
An essential contribution in this regard was made in [39] and [34], where general criteria
on the transition densities of a Markov process were formulated that guarantee a dimension
independent parametric L? rate of convergence of nonparametric invariant density estimators.
Such independence of the dimension, however, cannot be observed for the aforementioned
case of continuous diffusion processes, for which the minimax estimator performance decreases
substantially with increasing dimension of the process, which is generally referred to as the curse
of dimensionality.

One main goal of this thesis is therefore to formulate a general framework for Markovian
statistics that inhibits the nonparametric estimation performance of continuous diffusion pro-
cesses but is applicable to a much wider range of stochastic processes, especially allowing jump
structures. As a central ingredient for this framework we work under assumptions on the ergodic
and mixing behavior of the process. Heuristically, it is clear that a fast convergence of the
stochastic process to equilibrium increases the performance of estimators based on data that
is collected with increasing time horizon. Technically, the notion of speed of convergence to
equilibrium is forged into the frame of convergence of probability measures. Let (P;);>o be the
semigroup associated to a given nice X-valued Markov process X that describes the transitional
behavior of the process. Assuming that X possesses a unique invariant distribution p—that is, the
marginal distributions of X started in u do not change over time—we may express convergence
of X to u through

d(P¢(x,+), 1) H—D:) 0, xeX,
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where d(-, -) is a suitable metric on the space of probability distributions. Popular choices for d
are the Prokhorov metric that metrizes the topology of weak convergence, the metric induced
by the total variation norm ||-||tv of signed measures or the Wasserstein distance, which is
associated to an optimal transport problem.

For Markov processes, the most prominent choice is certainly the total variation metric
drv(p,v) = ||p — v|tv (o1, alternatively, some metric induced by a generalized operator norm)
since a large branch of literature, commonly referred to as stability theory of Markov processes,
deals with establishing tractable conditions on the characteristics of X that allow finding some
rate function Z: R, — R, decreasing to 0 such that

1Pe(x, ) = plltv < V(X)E(D), t20,x€X,

where V is some penalty function allowing non-uniformity of convergence wrt. the initial
distribution of the process. These conditions are stated in terms of nice characterizing objects
of X such as its semigroup, its generator or its resolvent and it is a challenging mathematical
task to translate these general results into concrete assumptions for particular Markov models.
Among others, such precise convergence statements can be used to describe the mixing behavior
of the process, where—in general terms—the process is said to be mixing if the o-algebras
0(X;,s < t) and o(X;,s > t + h) encoding the temporal t-past and t + h-future of the process,
respectively, become asymptotically independent as h — co. For our purposes, the concrete
notion of B-mixing (or absolute regularity) will be central throughout the whole thesis thanks to
its direct association to total variation convergence.

For discrete time data it is well-known that certain mixing requirements allow to reproduce
nonparametric rates associated to i.i.d. observations, since coupling results essentially allow to
split the risk of an estimator into an i.i.d. contribution and a part that can be controlled through
the coupling error expressed in terms of the mixing coefficient. We will demonstrate how mixing
and ergodic requirements in continuous time together with an on-diagonal heat kernel estimate
of the transition semigroup—essentially controlling the speed at which the marginal distributions
of the process approach a singular Dirac-distribution as t | O—provide the right mix of long-
and short time control on the transitions of the process to obtain the minimax rates observed
for continuous diffusion processes. In particular, we focus on tight variance bounds as well as
uniform moment bounds and deviation inequalities for additive functionals of -mixing Markov
processes as the main ingredient for sup-norm adaptive estimation of the invariant density. As
a consequence, without much additional effort we are able to include jump diffusions with
Lévy-driven jump part in arbtirary dimension into our general modeling approach and obtain
novel results on sup-norm adaptive invariant density estimation of such processes.

Apart from the substantial increase in technical difficulty of proving such (adaptive) estimation
rates wrt. the sup-norm risk compared to the more popular (but certainly not more useful) L2
risk of estimators, this general approach equips us with the right tools to develop data-driven
substitutes for theoretically known solutions of stochastic optimal control problems in presence
of uncertainty on the dynamics of the underlying stochastic process. This is dealt with as
another main part of the thesis. With the exception of the recent article [50], which deals with
data-driven solutions to impulse control problems for diffusion processes, so far there are no
comparable studies of data-driven controls for continuous time Markov processes, although the
practical consequences of such results are substantial. One type of problem we deal with is a
singular ergodic control problem for continuous scalar diffusion processes, whose theoretical



solution is given by a two-sided reflection strategy. Another problem we consider is a stochastic
optimal control problem associated to a Lévy process diverging to +oco, which is formulated as an
impulse type control problem, but whose optimal solution is given by a strategy approximating
reflection at a certain boundary, thus being essentially of singular type as well.

For such singular strategies, starting with a continuous observation scheme is inherently
reasonable, since the execution of the optimal strategy requires not only continuously tracking
but also continuously controlling the process. Any practical implementation of the strategy
based on discretely observed data and finitely many interventions on any time interval must
therefore be treated as an approximation to the optimal strategy. Likewise, the performance of
an approximating discrete data-driven strategy should be evaluated relative to the performance
of our continuous data-driven controls, similarly to numerical approximations of analytic objects
or stochastic simulation algorithms.

From a technical point of view, our data-driven approximation of the optimal reflection bound-
aries of the continuous diffusion process—given data (X;)o<;<r—can be elegantly included into
our general nonparametric statistical framework since the optimal solution can be expressed in
terms of the invariant density of the diffusion and we work under natural coefficient assumptions
that ensure exponential convergence to equilibrium and a sufficient control on the small-time
transitions either through a heat-kernel bound or, alternatively, through local time arguments.
Thus, our estimator arises directly from nonparametric kernel density estimation techniques.
For this specific control problem however, an additional difficulty arises from the more natural
scenario when we are not given a data set (X;)o<;<r from the beginning but must collect data
simultaneously to estimation and application of the reflection boundaries to minimize the costs
in the ergodic problem formulation. This way, we face an exploration/exploitation type dilemma.
Controlling the process reduces the costs but at the same time we cannot collect data on the
behavior of the diffusion away from the estimated boundaries, which is essential for convergence
of our estimation procedure. Conversely, not controlling the process in favor of data collection
to improve the approximation of the optimal solution results in potentially high costs from the
lack of intervention. Consequently, these effects must be balanced. We propose a splitting into
exploration and exploitation periods separated by random hitting times of the diffusion, where
the time spent in exploration and exploitation periods on average is balanced such that the
algorithm converges at a rate, which includes an additional but unavoidable loss compared to
the optimal rate without exploration/exploitation problem due to the balancing process.

Such exploration/exploitation type problem does not occur for Lévy processes since spatial
homogeneity of the process—or equivalently, translation invariance of the semigroup—allows
the controller to recover the path of a process from the controlled path that has the same law as
the uncontrolled Lévy process. The significant challenge in this scenario comes from the fact that
the optimal reflection boundary is characterized as the maximizer of the generator functional

f(x) =Any(x), xeR,

where y is the reward function underlying the control problem and Ap is the extended generator
of the ascending ladder height process H, which is one of the central objects of Lévy fluctuation
theory. This process is a subordinator obtained from time changing the Lévy process X by inverse
local time at the supremum L. However, in general L cannot be recovered even from observations
(X:)o<t<r and H as an increasing Lévy process is not ergodic in time such that estimation of H
cannot be directly treated within our proposed general statistical framework. At this point the
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third main part of this thesis comes into play, which treats convergence analysis of overshoots of
Lévy processes—and even more generally of Markov additive processes.

Our main idea is to rewrite the generator functional f in terms of an integral wrt. the
stationary limiting distribution p of the overshoots (Oy)y>0 associated to X that are defined by

Oy =Xr, —x, x>0,

where T, = inf{t > 0 : X; > x} is the first passage time of x. This stationarity is not of temporal
but spatial nature since convergence has been observed in [24] in distribution as the level x
tends to co. Our goal is therefore to establish conditions on X that improve classical distributional
convergence of overshoots to explicit rates of convergence in total variation and the (exponential)
B-mixing property of the Markov process (O ), >0, in order to have access to the uniform moment
bounds from the general statistical framework that can provide sup-norm estimation results for
the generator functional f. Another challenge that we must address then consists of transforming
the spatial estimator into a temporal one to obtain intepretable convergence rates for given
observations (X;)o<¢<T-

As mentioned above, we consider the overshoot convergence problem more generally for
Markov additive processes (MAPs). Loosely speaking, these are Lévy processes living in a
Markovian random environment. Apart from fundamental reasons, our motivation to widen
the view to MAPs is twofold. First, there is a one-to-one relation between self similar Markov
processes—including strictly a-stable Lévy processes—and MAPs with bivariate background
Markov chain that is captured by the Lamperti—Kiu transformation. Since the overshoot process
is invariant under continuous time changes of the underlying MAP, this establishes a direct
connection between Markov additive overshoots and self-similar Markov processes sampled
at first hitting times. The B-mixing results that we establish for Markov additive overshoots
therefore translate to mixing rates for self-similar Markov processes sampled at first hitting
times that are of independent interest. Second, the assumptions that we shall impose on the
given MAP to prove our ergodicity results with general techniques obtained from stability theory
of Markov processes, are stated in terms of the ascending ladder height MAP—which in the
special case of Lévy processes is identical to H introduced above. To make these assumptions
transparent in terms of assumptions on the observable parent MAP X, we prove fluctuation
identities that generalize the by now classical équations amicales inversés for Lévy processes
obtained in Vigon [172]. This contributes significantly to the understanding of fluctuations of
MAPs and has potential applications that go beyond overshoot convergence considered in this
thesis.

1.1 OUTLINE

Chapter 2: Stability of Markov processes

We introduce the most important definitions and objects in the general theory of Markov
processes and give a condensed overview of stability theory of Markov processes to establish
the most important notions and results needed for the following chapters. Moreover, we give
a novel criterion for invariant measures in terms of a suitable form of resolvent convergence
and characterize exponential f-mixing of a Markov process by local uniform transition density
convergence at exponential speed.
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Chapter 3: Markovian statistics under mixing assumptions

In this chapter we introduce a general framework for nonparametric Markovian statistics based
on verifiable assumptions on the short-and long time transitional behavior of a given Borel
right Markov process. We demonstrate how exponential f-mixing can be considered as the
key ingredient for sup-norm adaptive invariant density estimation through the use of general
moment bounds for empirical processes associated to additive functionals of exponentially j3-
mixing Markov processes. As particular examples, we show that Lévy-driven Ornstein—Uhlenbeck
processes as well as jump diffusions with Lévy driven jump part and bounded Lipschitz coefficients
can be estimated optimally within our framework.

Chapter 4: Stability of overshoots of Markov additive processes

The asymptotic behavior of overshoots of MAPs is analyzed in detail with techniques from
general stability theory of Markov processes. Assumptions on the ascending ladder height
MAP are introduced that yield exponential and polyonmial ergodicity as well as exponential
and polynomial f-mixing of overshoots. Main ingredient for the proofs is the derivation of an
explicit formula of the overshoot resolvent that allows us to prove a necessary and sufficient
condition for the existence of an (explicit) invariant overshoot measure and to find appropriate
Lyapunov-functions for establishing the ergodicity results. By extending Vigon’s équations
amicales inversés, the conditions on the ascending ladder height MAP are expressed in terms of
the characteristics of the parent MAP and the mixing results are translated into mixing rates for
real self-similar Markov processes.

Chapter 5: Data-driven control strategies for diffusions and Lévy processes

In this chapter the data-driven solution strategies to ergodic stochastic control problems asso-
ciated to continuous diffusion processes and Lévy processes are developed, bringing together
our work from the previous chapters. As a byproduct of independent interest, a nonasymptotic
deviation inequality for Lévy processes with bounded jumps is established.

1.2 CoOLLABORATIVE WORK

The results from Section 2.3 and Chapter 3 were obtained in collaboration with Niklas Dexheimer
and Prof. Dr. Claudia Strauch from Aarhus University and are available as a preprint [67]. The
contents of Chapter 4 and partially of Sections 2.1 and 2.2 are based on joint work with Prof.
Dr. Leif Doring from University of Mannheim and can be found in the preprint [71]. Chapter
5 is the result of joint work with Prof. Dr. Soren Christensen from Kiel University and Prof. Dr.
Claudia Strauch and is also available as a preprint [51].






STABILITY OF MARKOV PROCESSES

THE theory of stability of continuous time Markov processes is the common thread running
through the different parts of the thesis. In Section 2.1 we therefore introduce the general
terminology and central results from the literature that we shall frequently fall back to in the
following chapters. We then proceed in Section 2.2 by establishing two technical results of
general character which will be important for our analysis in Chapter 4. In Section 2.3 we
investigate the influence of local uniform transition density convergence on the mixing behavior
of a Markov process. On the one hand, this is a good warm up for the remainder of the thesis
since the discussion demonstrates the power and general techniques of the Meyn and Tweedie
approach. On the other hand, the section serves as direct preparation for Chapters 3 and 5,
where the transition density convergence assumption plays a central role.

2.1 FUNDAMENTALS

2.1.1 Basic concepts

Let us start by formally introducing the most important concepts from stability theory of contin-
uous time Markov processes. Let X be a topological space and Xy be its Alexandrov one-point
compactification by some isolated state &. Denote by B(Xy) its associated Borel o-algebra. We
follow the common and convenient convention to extend any function f: X — R to Xy by
setting f(&) = 0. In the same vein, we extend measures p on (X, B(X)) to (Xg, B(Xs)) by
setting p({9}) = 0. We work with the following definition of a Markov process from the standard
textbook [31].

DEFINITION 2.1. A sextuple ((X¢)r>0, Q, F, (F)e=0, (P*)xexy, (B)e=o0) is called Markov process if
the following conditions are satisfied.

(i) for any x € Xy, (X¢)¢>0 is a stochastic process on the probability space (Q, F, P*) adapted
to the filtration F := (F;);>0;

(ii) for any B € B(Xg) and t > 0, x — P*(X; € B) is measurable;
(iii) for any x € Xy it holds that P*(Xy = x) = 1;

(iv) foranyt > 0, 6;: Q — Q is a measurable function such that for any s > 0, X;,s = X; o 6.
The family (6;);»0 is called family of shift operators of the Markov process;

(v) for any f € By(Xg), s,t > 0 and x € Xg, it holds that

EX[f(Xws)|Fe] = EX[f(X,)], P*-a.s.; (Markov property)

(vi) & is an absorbing state called cemetery state, i.e., X; = & implies X; = & forany s >t > 0.
The lifetime of the Markov process is defined by { = inf{t > 0 : X; = 9} and X is called
non-explosive if for any x € X, P*({ = o0) = 1.
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If there is no room for confusion we will usually abbreviate a Markov process by X := (X;);»0
or (X, (P¥)xex,). Let us also set X, := §. With standard measure theoretic arguments it can be
shown that the Markov property is equivalent to the apparently stronger condition that for any
0(X;,s > 0)-measurable random variable Z and t > 0, we have

EX[Z 0 6,|F;] = EX[Z], P*-as.,

and if we let P¥(-) = Ix& P*(-) u(dx) be the probability measure induced by some probability
measure 1 on (Xg, B(Xg)) we also have

EF[Z 0 0:|F] = EX[Z], PF-as.,

and Xy ~ p under P*, i.e., X is started with initial distribution 1. We let (P;);>o be the sub-Markov
transition semigroup (or transition function) of X defined on B (Xg) U B, (Xg) via

Pif(x) =E'[f(Xp);t <], t>0,x € Xy, f e Bp(Xg)UBy(Xy),

where the semigroup property P,,s = P; o P, is a consequence of the Markov property. Note that
by our convention to set f(§) = 0 for f € By (X) UB,(X), for such f we have P, f(x) = EX[ f(X¢)]
since ¢ is absorbing. For a measure p on (Xg, B(Xg)) we write uP; = fxs P:(x,-) p(dx), where
P.(x,B) = P, 15(x), (x, B) € Xg X B(Xg), is a kernel by definition of a Markov process. If for a
measure 1 on (Xg, B(Xy)) and f € L1(Xy,n) U B,(Xg) we write n(f) = fxs f(x)n(dx), then
clearly, for any f € By(Xg) U B, (Xsg)

pP(f) = u(P:f), t=0,

which also equals E* [ f(X;)] provided that f(&§) = 0 and that u is a probability measure. Finally,
let us introduce the resolvent (U)o of a Markov process X, which is a family of operators on
Bp(Xg) U BL(Xy) defined by

0 = | [ e ] = [ e MBI A 2> 0x € o f € () U (),

which for x € X and f € By(X) U B, (X) can be rewritten as

UL f(x) = L P, f(x) dt.

Similarly, to the transition function of a Markov process, if i1 is a measure on (Xg, B(Xg)), let us
define the measure uU, = Jx Uy (x,-) p(dx), where Uy (x, B) = U Tg(x) for (x, B) € Xg X B(Xy).
The A-resolvent U, can be interpreted as the operator induced by the potential of the Markov
process X Kkilled at an independent exponential time with rate 1/4, where for x € Xg, the
potential U(x, -) defined by

U(x, B) = [EX[J 1 x.e5) dt] - J PX(X, € B)dt, B e B(Xy),
0 0
is the expected sojourn time of X in B when started in x.

Building on this basic terminology let us now come to more specific classes of Markov
processes with useful properties. Arguably the most important property that we shall need is the
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strong Markov property. We say that a Markov process (X, (P*),cx,) with underlying filtration
[F is strong Markov, if for any F-stopping time T and f € By (Xs) we have

Vi € Xt EX L Xra0lFr]1 rewy = ET O T ree), Pr-as,
which is equivalent to
Vx € X EX[f(Xrs)|Fr] = ET[f(X)], P*-as,

by our conventions X, = & and the property that 4 is absorbing. Furthermore, we say that X is
quasi-left-continuous on [0, {), if for a sequence of F-stopping times (T;,),cn increasing almost
surely! to an [F-stopping time T, then it holds that

,}LHQOXTHH (T<¢} = Xr1 (T<¢)> P*-a.s..

If the above convergence holds on {T < oo} instead of {T < {}, we say that X is quasi-left-
continuous. A filtration [ is said to be right-continuous if for any t > 0

Fe=Fe = ﬂg:t+s~

e>0

Aset N C Q is called P*-negligible for the family of probability measures (P*)ycx, on the
measurable space (Q, ¥) if there exists some measurable set A € F with P*(A) = 0 forall x € Xy
such that N ¢ A. The family of filtered probability spaces (Q, F, (F¢)¢=0, P*)xex, underlying
a Markov process—often referred to as the stochastic base—is said to be complete if any P*-
negligible set is contained in Fy. Assuming completeness of the stochastic base is without loss of
generality for a given Markov process X, since by enlarging the natural stochastic base associated
to the natural o-algebra F° = (37),5¢ by a procedure called augmentation in order to obtain a
complete stochastic base, X remains (strong) Markov with respect to the augmented stochastic
base. See [31, Section 1.5] and [52, Section 2.3] for details. If the underlying filtration F is
right continuous and the stochastic base associated to [ is complete, we say that X satisfies
the usual hypotheses. With this at hand, we can now define the following classes of Markov
processes, which are central to [31].

DEFINITION 2.2. A Markov process X satisfying the usual hypotheses is called standard process if
(i) X is a locally compact Hausdorff space with countable base (LCCB);
(ii) the pathst + X, are right continuous on [0, c0) and have left limits on [0, {) almost surely.
(iii) X is strong Markov;
(iv) X is quasi-left-continuous.

If X is even quasi-left-continuous on [0, o), then we call X a Hunt process.

IWe say that a property Q holds almost surely (or P*-a.s.) for X if {X satisfies Q} € F and there exists a set
N € JF such that PX(N) = 0 for all x € Xy and N€ C {X satisfies Q}.
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Note that quasi-left-continuity on [0, co) implies existence of left limits of ¢t — X; on [0, o)
almost surely. Thus, a Hunt process has cadlag paths almost surely. We will refer to Markov
processes with almost surely cadlag paths as cadlag Markov processes. From here on, we will
always assume that X is LCCB and hence in particular Polish, i.e. separable and complete
metrizable. Standard processes have all the convenient properties that we frequently need when
working with Markov processes. However, given a particular Markov model it is not immediately
clear how to verify the strong Markov property and quasi-left-continuity. Let us therefore
introduce the following convenient class of Markov process. By Co(X) we denote the space of
R-valued continuous functions on X vanishing at infinity, with the latter property meaning that
for any € > 0 there exists a compact set K C X such that for any x € K¢ it holds that | f(x)| < €.
If we endow Co(X) with the the sup-norm ||-||c, then (Co(X), ||-||) is @ Banach space since X is
Polish. By C,(X) we denote the space of bounded, continuous R-valued functions on X.

DEFINITION 2.3. A cadlag Markov process X satisfying the usual hypotheses is called Feller
process if

() for any f € Co(X), lim,o||P;f — flleo = 0; (strong continuity)
(ii) foranyt > 0, P,Co(X) C Co(X). (Feller property)

If (ii) is satisfied for the transition semigroup of a Markov process X, we say that X has the Feller
property and (P;),»¢ is a Feller semigroup. If the semigroup of X fulfills

P:Bp(X) € Cp(X), Vt=0, 2.1)
then X is said to have the strong Feller property.

Remark 2.4. (a) Since (P;):>0 is a semigroup, it is easily shown that (i) is equivalent to con-
tinuity of t + P f for any f € Cy(X) as a mapping from R, to Cy(X), cf. [79, Corollary
1.2].

(b) In presence of the Feller property (ii), strong continuity (i) is automatically satisfied
whenever we have pointwise convergence P, f(x) — f(x) ast | O for all x € X, see e.g.
Kallenberg [100, Theorem 19.6].

(c) The notion of the strong Feller property is a bit misleading, since it does not necessarily
imply the Feller property. However, the strong Feller property implies the Cp-Feller property,
P.Cp(X) C Cp(X) for all t > 0 and one may define a Cp-Feller process as a cadlag Markov
process, whose semigroup is (i) strongly continuous on the space C,(X) equipped with the
topology of local uniform convergence and (ii) has the Cp-Feller property. Some authors
prefer this definition of a Feller process to the one above. For X = R", it was shown in [149,
Theorem 3.2, Corollary 3.3] that if x > P*({ < o) is continuous, then the transition
semigroup (P;);>o of a Feller process is strongly continuous wrt. local uniform convergence
on C,(R") and has the Cp-Feller property. Thus, a Feller process on R" with infinite lifetime
is necessarily a Cp-Feller process, but the reverse implication is not true in general.

We emphasize that the requirement of cadlag paths is not a restriction for Feller processes,
since any Markov process with Feller semigroup has a cadlag version, see [141, Theorem II1.2.7].
It is well-known, see e.g. [141, Theorem I11.3.1] and [52, Theoerem 2.4] that a Feller process
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is strong Markov and quasi-left-continuous on [0, o) with respect to its augmented natural
filtration [F. Thus, any Feller process is a Hunt process.

The last general class of Markov processes that we shall encounter in this thesis is given in the
definition below, see [152, Definition 1.8.1] for a reference. For a given measurable space (E, &),
we denote by £* = N,EF the o-algebra of universally measurable sets, where the intersection
is taken over all finite measures on (E, £) and & is the p-completion of &, i.e., the collection
of sets B C E such that there exist sets By, B, € & with the property that By € B C By and

1(Bz \ By) = 0.

DEFINITION 2.5. (i) Let a > 0. A non-negative function f € B(X)* is called a-excessive for
the semigroup (P;);>o of a Markov process X if

(@) e *P.f < fforanyt > 0;
(b) e P, f | f, pointwise as t | 0.

(ii) A Markov process X satisfying the usual hypotheses is called Borel right process if X has
right-continuous paths almost surely and if for any a-excessive function f with a > 0,
t — f(X;) is almost surely right-continuous.

While the strong Markov property is satisfied for a Borel right process (cf. [152, Theorem
1.7.4]), there is no reason for a Borel right process to be quasi-left-continuous since we do not
even assume the existence of left limits. On the other hand, any standard process is Borel right,
which follows from [31, Theorem I1.2.12]. Thus, Borel right processes can be considered as
generalizations of standard processes, with their definition being rich enough to have deep
probabilistic and potential theoretic consequences, often referred to as the general theory.

In this thesis, we shall not go down this rabbit hole but will only need the basic facts that
working with Borel right processes is the natural way if we do not want to restrict generality
or run into any measurability issues—in particular regarding measurability of hitting times
To =inf{t > 0 : X, € A} for Borel sets A € B(Xg)—one the one hand, and still have access to
the strong Markov property on the other hand. This is the reason, why the theory of stability
of continuous time Markov processes, which we introduce in the next section, is cast into the
framework of Borel right processes. Explicit examples that we will come across on our journey
will always (turn out to) be Feller processes and can thus be seamlessly integrated into the
general framework. To sum up the introduction of different classes of Markov processes, we
have the following set of inclusions:

{Feller processes} c {Hunt processes} C {standard processes} C {Borel right processes}.

2.1.2 Elements of stability theory for Markov processes

The ultimate goal of stability theory of Markov processes is the quantification of large time
asymptotics of the process. It is therefore natural to require the lifetime ¢ of a given Markov
process X to be infinite almost surely. This of course raises the question why we even bothered
to introduce Markov processes with potentially finite lifetime in Section 2.1. Even though not
needed for stability analysis of Markov processes and associated statistical considerations, the
concept of killed Markov processes naturally appears in Chapter 4 as part of fluctuation theory of
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Markov additive processes. The reader may therefore rest assured that the generality of Section
2.1 will prove to be valuable after all.

Suppose therefore for the remainder of the section that X is a non-explosive Borel right
Markov process on an LCCB space X. This is the probabilitstic setting underlying Meyn and
Tweedie’s stability theory for continuous time Markov processes from the 1990s [74, 127, 130,
131]. Among other important contributions, the theory extends classical recurrence concepts and
limit theorems from Markov process theory to explicit rates on the convergence to equilibrium,
which is central for nonparametric statistical techniques. As such, Meyn and Tweedie’s approach
does not only provide the continuous time extension to discrete time Markov chain stability
theory on uncountable state spaces which dates back at least to W. Doeblin in the 1930s (cf. the
collected works [69]) but is deeply rooted in this theory since many proofs work by tracing back
the statement to its discrete time analogue via an appropriate random sampling of the process.
For a comprehensive account of discrete time stability theory we refer to the classical textbook
treatments [128] and [134].

Let us now collect the most important concepts and results that are used throughout the
thesis. We say that a o-finite measure y on (X, B(X)) is an invariant measure for X, if

VB € B(X): PX(X, € B) = LC P*(X, € B) x(dx) = x(B).

Note that an invariant measure is never unique, since any scaling of the measure is again
invariant. We therefore say that an invariant measure y is essentially unique if it is unique up
to constant multiples. If y(X) = 1, we call y an invariant distribution (which is unique under
Harris recurrence, which we define below).

A o-finite measure 1 is called irreducibility measure of X, if for any Borel set B, )(B) > 0
implies U(x, B) > 0 for any x € X. Whenever such a measure exists, we say that X is y-irreducible
or simply irreducible when the specific measure does not matter. If X is irreducible, there exists a
maximal irreducibility measure i in the sense that for any irreducibility measure v of X it holds
that v < 1, see [164, Theorem 2.1]. We define B*(X) = {B € B(X) : ¥(B) > 0} and call sets in
B*(X) accessible. Note that maximal irreducibility measures are clearly non-unique. Moreover, if
X is p-irreducible and admits an invariant measure y, then y is a maximal irreducibility measure.
To see this, let p(B) > 0, then

tx(B) = Jt (L PX(X, € B))((dx)) ds = J (Jot PX(X, € B) ds) x(dx)

0 X

and by monotone convergence the right hand side converges to yU(B) = Ix U(x,B) x(dx) >0
since U(x, B) > 0 for all x € X by our choice of B. Hence, y(B) > 0 and { < y follows. The next
important concept, Harris recurrence, is an even stronger property than irreducibility. We say
that X is u-Harris recurrent if there exists a o-finite measure u on the state space s.t.

VB e B(X): u(B) >0 — PX(JM

15(X,) dt = oo) 1, VxeX, 2.2)
0

i.e., if u(B) > 0, the process almost surely spends infinitely much time in the set B. A powerful
implication of Harris recurrence is that an invariant measure of a Markov process having this
property (we call such processes positive Harris recurrent) is essentially unique, see [17, Théoreme
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2.5]. Moreover, by the remark succeding this theorem in [17], an invariant measure y of a Harris
recurrent process is a Harris measure. Thus, it is maximal Harris in the sense that it dominates
any other Harris measure, since any Harris measure is in particular an irreducibility measure
and y is a maximal irreducibility measure, as discussed above. The defining condition for Harris
recurrence is often hard to check directly, however, Kaspi and Mandelbaum [101, Theorem 1]
provide us with a simpler equivalent criterion for Borel right Markov processes: suppose that
there exists a o-finite measure v such that for any Borel set B we have the implication

V(B)>0 = P*(Tg <) =1, VxelX, (2.3)

where Tp := inf{t > 0 : X, € B} is the first hitting time of B. Then, X is Harris recurrent and a
Harris recurrence measure p is given by

(o]

u(B) = [E”[JO e "1p(X,) dt| =vU;15, B € B(X). 2.9

Let us now recall the notion of petite and small sets, with the former concept being a generalization
of the latter. We say that a non-empty set C € B(X) is petite, if there exists a sampling distribution
a on ((0, o), B(0, )) and a non-trivial measure v, on the state space such that for the sampled
kernel

(e}

Ko (x, dy) ::J P, dy) a(dt), xy €,
0+

it holds that
Kq(x,-) 2 vq(1), xe€eC.

The sampled kernel corresponds to the transition kernel of the discrete-time Markov chain
obtained from X by sampling at renewal times of an independent renewal process with increment
distribution a. An important special case is the A-resolvent kernel

Ry (x, dy) ::f Ae P (x, dy) dt = AU, (x,dy), %,y € 0,
0+

obtained for the sampling distribution a = Exp(1), A > 0. If a = §, for some A > 0, then C is
called a small set and we refer to the sampled chain X* = (Xna)nen, as the A-skeleton of X.
The importance of petite sets comes from the fact, that petite sets are small for the sampled
chain and small sets in discrete time Markov chain theory allow to construct a related Markov
chain possessing an atom via the technique of Nummelin splitting, which then makes reasoning
well-known for Markov chains on countable state spaces transferrable to the general state space
situation, see [128, Chapter 5]. We emphasize that petite sets are by no means rare. To illustrate
this point, let us introduce the class of T-processes.

DEFINITION 2.6. X is said to be a T-process, if there exists a non-trivial continuous component
T for the sampled kernel K, associated to some sampling distribution a, meaning that

(i) x — T(x, B) is lower semicontinuous for all B € B(X);

(ii) Kq(x,B) > T(x,B) for all x € X and B € B(X).
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If X is an irreducible T-process, then every compact subset of X is petite, see Theorem 5.1 in
[164]. We will discuss some examples of T-processes in Section 2.3.

Another central concept that we shall need is aperiodicity. We say that X is aperiodic, if there
exists a petite set C € B*(X) (i.e., C must be accessible) and some T > O s.t.

Vt>T,x € C: P(x,C) > 0.

Alternatively, X is called aperiodic in [128] if there exists some A > O such that the A-skeleton
X% is irreducible, i.e. there exists a o-finite measure p on (X, B(X)) such that

u(B) >0 = Vx e X: ZIPX(XHAEB)>O.

n=1

We demonstrate in Lemma 2.9 that irreducibility of a skeleton chain implies aperidocity of the
process.

We are now well-suited to discuss ergodicity of a Markov process. Let ||-||tv denote the total
variation norm on the space of signed finite measures M; (X, B(X)) on (X, B(X)), defined by

]y = |51|1p (@l v e M (X, B(X)).
gl<1

We say that X having a stationary distribution p is ergodic if

veeX: lim|lP¥(X € ) - plly = 0.

Clearly, ergodicity implies weak convergence of the marginal distributions of X to its invariant
distribution. If X is positive Harris recurrent, Theorem 6.1 in Meyn and Tweedie [130] provides
us with a necessary and sufficient criterion for ergodicity in terms of skeletons of the process:

X is ergodic & 3A > 0 s.t. X% is irreducible. (2.5)

Once we know that X is ergodic, a natural question is the rate of convergence of the marginals to
the invariant distribution. To this end, [74] investigate convergence in the so called f-norm. For
a strictly positive, measurable function f € B(X) satisfying f > 1, the f-norm on M; (X, B(X))
is given by
Ivllf == suplv(g)l, v e M(X,B(X)),
lgl<f

where the supremum is taken over all measurable functions g bounded in absolute value by f.
Note that for f = 1, the f-norm reduces to the total variation norm. We say that the Markov
process X with stationary distribution p is V-uniformly ergodic for some measurable function
V > 1 if there exist constants D, x > 0 such that

IP(x, ) = plly < DV(x)e™, x€X,t >0, (2.6)

which in particular implies that the marginal distributions of X converge to the stationary
distribution at an exponential rate in total variation. For the latter, we also refer to the process
as being exponentially or geometrically ergodic. Note that the notion V-uniform convergence is
motivated by the fact that (2.6) implies

IP 1 & ully < De™, ¢t 0,
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where for two Markov kernels P, Q their V-norm distance is defined by

IP(x,-) = Q(x,)llv
p - =
1P —Qllly i‘iﬁ V(o)

and 1 ® p is the Markov kernel defined by

J

1® u(x,B) = u(B), (x,B) € X xB(X),

see also [128, Chapter 16].

[74] give conditions in terms of drift criteria for the generator, semigroup and resolvent
kernel for V-uniform ergodicity. For our treatment of overshoots in Chapter 4, we will choose
the resolvent drift criterion for determining the convergence speed of overshoots. More precisely,
if X is irreducible and aperiodic and for some A > O there exist constants b € R, € (0,1), a
petite set C and a measurable function V; > 1 such that

RyVy < BV;(x) +blc, 2.7)

Theorem 5.2 in [74] tells us that X is R;V;-uniformly ergodic. If V is unbounded off petite sets,
that is {x € X : V3 (x) < z} is petite for any z > 0, (2.7) is equivalent to demanding that there
exists Bo € (0, 1) such that

R)Vy < BoVia(x) +b. (2.8)

To see this, for a > 1 define the petite set C(a) := {x € X : V) (x) < ab/(1 - Bo)}, then
1
ﬁoV}L +b < ﬂoVA +blc+ a(l - ,B())V;ﬂ]cc

. (2.9
< —(1+(a=1)po)Va +blc,

showing that for any choice of a > 1, (2.8) implies (2.7) with C = C(a@) and 8 = (1+ (e —1)pB0)/
a € (0, 1). The converse relation is obvious.

General drift criteria for the speed of convergence to the invariant distribution were extended
in [72] to the case of subgeometric rates. The combined conclusions of Theorem 3.2 and Theorem
4.9 in [72] read that if X is ergodic and for some A > O there exists

» a closed, petite set C and a constant b < oo,
» a function V; : X — [1, ),
» an increasing, differentiable and concave function ¢ : [1, o) — (0, 00),

such that o B
R)V)y £Vy—¢oVy+blg, (2.10)

then, provided R,V is continuous, there exists some constant ¢ > 0 such that
|IP:(x, ) — tilltv < cRAVA(X)E(¢), t>0,x € X, (2.11)

where E(t) = 1/(¢p o H(;l)(t) for Hy(t) = flt(l/(;b(s)) ds. Note that (2.7) can be recovered for
linear ¢, in which case EZ(t) = e™ for some k > 0, and hence exponential ergodicity can be
regarded as a special case of this general result.
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Alternatively to the resolvent criterion, it is much more common in the literature to construct
a Lyapunov type function for the extended generator A of X [61]. We say that a measurable
function f belongs to the domain D(.A) of the extended generator of X if there exists a measurable
function g such that the process

t

FO0) - 00 - [ gt ds, >0
0

is a P*-local martingale for any x € X, in which case we write Af := g. The notion of the
extended generator comes from the fact that it is a natural generalization of the concept of the
infinitesimal generator of a Markov process. For simplicity, suppose for the moment that X is a
Feller process. The inifinitesimal generator A: Co(X) — Co(X) is the operator with domain

D(A) = {f € Co(X) : 1ti§)l(Ptf—f)/t exists in (Co(X), ||[lw)},

defined as
Af = lim f e D(A),
tl0

Pf-f
t )

where the limit is taken in the sense of the topology on Co(X) induced by the [|-||c-norm.
Proposition 1.4 in Chapter 4 of [79] demonstrates that for any f € D(.A) the process

) - £(Xo) - L Af(x)ds, £20,

is a (true) P*-martingale and thus D(ﬁ) Cc D(A) and Af = A fforany f € D(ff).

For the purposes of stability theory, the infinitesimal generator is too restrictive since it allows
only bounded functions as test functions. For the extended generator, we have the following
equivalent condition to (2.7) for V-uniform ergodicity of ergodic processes X: if there exists
some function V € D(A) such that V > 1, a petite set C and constants ¢, b > 0 such that

AV < —=cV + b1, (2.12)

and sup, .- V(x) < oo, then X is V-uniformly ergodic [74, Theorem 5.2]. As for the resolvent drift
criterion, if V is unbounded off petite sets, (2.12) is equivalent to requiring that AV < —cV +b for
some constant ¢ > 0. This criterion will be very convenient in Chapters 3 and 5 where we deal
with exponential ergodicity of (Lévy driven) SDEs, for which Ito’s formula for semimartingales
provides nice expressions for the extended generator. For an extension of the generator drift
criterion to subexponential ergodicity, see [72, Theorem 3.4].

Studying exponential and subgeometric convergence is not only interesting in its own right,
but does have direct implications on the mixing behavior of the Markov process. For two
o-algebras § and H and a given probability measure P, introduce the -mixing coefficient

Bp(S, () = sup |Plges(C) — Plg ® P|3(C)
CeGH

> (2.13)

where P|ggg¢ is the restriction to (Q X Q, § ® H) of the image measure of P under the canonical
injection ((w) = (w, w). Noting that for A X B € § ® X, it holds that P|ggs(A X B) = P(A N B),
it is clear that the S-mixing coefficient should be interpreted as a measure of independence of
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the o-algebras. For the Markov process X with natural filtration F° = (3°),50 and a given initial
distribution n let us now define

B(n.t) = sup Pen (37,530, £>0, (2.14)
§=
where we denoted by F0 = 6(X;, s > t) the o-algebra of the future after time t. We then say that
X is B-mixing when started in n, if lim;_,., (1, t) = 0 Hence, if X is f-mixing we can roughly
state that there is an asymptotic independence between the past and the future of the Markov
process. If there even exist constants C, k > 0 such that B(n,t) < Ce™, we call X exponentially
pB-mixing.
[173, Lemma 1.4] gives

Ben (30,50, = | sup IP(B|F0) - P"(B)||.
Be

t+s

Proposition 1 in [62] therefore demonstrates that

B(n,t) = SUPJ IP* (X € ) = P"(Xas € ) lv P (X5 € dx),  £>0,
x

s>0

which in case n = p is the stationary distribution, reduces to

Bu,0) = jxnpt(x) gl p(do), ¢ 0.

Masuda [123, Lemma 3.9] uses this characterization to establish that if we have (sub)geometric
decay as in (2.11) for X and moreover

o(n) = sup cET[RVi(X,)] < oo, (2.15)

t>0

then X started in n is f-mixing at rate E(t) with

B(n,t) < 20(n)E(t), t>0.

2.2 SOME TECHNICAL RESULTS

We start with two technical contributions to stability theory of Markov processes, which will be
useful for our subsequent developments.

Identifying an invariant measure of a given Markov process is one of the fundamental
challenges from a theoretical perspective and rich in consequences for applications. Although
the definition of the invariant measure is given in terms of the transition function of the Markov
process, many explicit Markov models call for alternative characterizations of invariance in terms
of different charateristics of the process since the transition function may not be known or takes
an inconvenient analytic form. Prominent examples from the existing literature are conditions
on the infinitesimal generator A or the resolvent (Up) >0 of the process.

Suppose that X is an unkilled Feller process with LCCB state space X such that an invariant
distribution p exists. Then for any f € D(ﬁ) we have

f Af () p(dx) = lim = f (Pef () — £(x)) u(dx) = 0,
X tlo t Jx
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where we used dominated convergence and the definition of the generator for the first equality
and invariance for the second equality. Thus, an invariant distribution u necessarily satisfies

H(Af) =0, VfeDA. (2.16)

Conversely, by Kolmogorov’s backward equation %Pt f= AP, ffort>0and f € D(ﬁ), it follows
that

P f(x) = f(x) + Lt AP f(x)ds, t>0,x€ X, f e D(A).

Consequently, an application of Fubini’s theorem yields that for some probability measure u
t t
b ) =)+ | | b n(@n ds= i)+ | nipas

Hence, if p1 satisfies (2.16) then uP(f) = u(f) forall f € D(A) and t > 0. Since X is Feller the
Hille-Yosida theorem tells us that A is closed and D(A) is dense in Cy(X). This together with
0(Co(X)) = B(X) since X is Polish, shows that

uP(f) = u(f), VfeBp(X),t 20 & p(Af) =0, VfeD(A). (2.17)

This is still not a convenient characterization since apart from very few special cases, the
domain D(ﬁ) is not fully known. However, it is sufficient to require (2.16) restricted to a core
Do € D(A)—which can be determined for many explicit Markov models—to hold for invariance.
That is, (2.17) can be improved to

pP(f) = u(f), VfeByp(X),t 20 & p(Af) =0, Vfe Dy,

for a probability measure p, see e.g. [118, Theorem 3.37]. Among many other applications, this
statement is particularly convenient to derive the invariant distribution of the solution X of a
scalar Ito-SDE of the form

dX; = b(X,) dt + o(X;) dW,.

Here, appropriate conditions on the drift coefficient b and the diffusion coefficient o are needed
to guarantee stationarity and the Feller property of X, in which case G%(R) is known to be a

core of D(ﬁ) and we have
Af(x) =b(x)f'(x) + %oz(x)f"(x), x €R, f e C(R).

We will revisit this case in full detail in Chapter 5, where the explicit form of the stationary
distribution will play a central role for our statistical approach to a data-driven solution of a
singular control problem for ergodic SDEs. For the overshoot process of a MAP considered in
Chapter 4, the infinitesimal generator has an exceptionally simple form away from the boundary,
however it is difficult to determine directly a convenient core of the generator since the essence
of the process is captured in its boundary behavior. Instead of working with the generator in
this case, we will therefore opt for the resolvent instead, which we determine explicitly.

In terms of the resolvent kernel U; = R; of X, we have the following classical equivalent
characterization of an invariant measure.
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PROPOSITION 2.7. [17, Proposition 2.1] A measure p on (X, B(X)) is invariant for X if and only if

pUy = p.

This result is still not easily applicable for our specific overshoot application. We therefore
prove the following related criterion in terms of the resolvent of X, which will be used in Chapter
4 to determine the essentially unique invariant overshoot measure.

ProprosITION 2.8. Suppose that H C By(X) N B (X) such that PeH C H for any t > 0 and there
is a non-trivial measure y on (X, B(X)) and a family (a;)io of finite measures on (X, B(X))
satisfying limy o a3 (X) = O such that for any f € H

lim &3U3(f) = x (). (2.18)

Then, forany t > 0 and f € K,
xPi(f) = x(f)-

In particular; if H = Bp(X) N BL(X) (i.e. ayU; converges strongly to y as A | 0), then y is an
invariant measure of X.

Proof. Let f € H such that (2.18) holds and t > 0. We have for any A > 0 by the semigroup
property of (P;):=o

Uy (Pef) = L J: e PP, f(x) ds az ()

_ L J: e Py f (x) ds oy (dx)

elt L fo e P, f(x) ds a; (dx)
= a3 (f) —j J e P, £(x) ds az (dx) ).
X JO

Since |Ix Ié e P, f(x) ds ay(dx)| < t]|flloas(X) it therefore follows by our assumption that
a;(X) — 0 and
a Ur(f) = x(f)
as A | 0 that
li Uy(P:f) = .
lim a; 1 (Pef) = x(f)

On the other hand, our assumptions and P, f € K yield that

I}%GAUA(Ptf) = x(P:f)

and hence
xPe(f) =x(f)
follows. If H = B, (X) N B, (X), then for any B € B(X) the choice f = 15 shows that

PX(X, € B) = x(B), Vt>O0,

i.e. y is an invariant measure. [ |
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As a next step, let us give some clarifying remarks on the notion of aperiodicity of a continuous-
time Markov process that was introduced in Section 2.1. It seems to be well-known in the
literature that the existence of an irreducible skeleton chain for a Harris recurrent Markov
process implies aperiodicity, but there is no concrete statement to be found. Proposition 6.1
in [130], which [72] refers to, does not quite state that irreducibility of skeletons implies
aperiodicity, but indeed provides the right tool to prove it. For completeness we give the short
proof and make the additional simple observation that if the petite set C in the definition of
aperiodicity is a singleton set, then aperiodicity also implies the existence of an irreducible
skeleton chain, which will be useful later on.

LEMMA 2.9. Suppose that X is positive Harris recurrent, Borel right and its state space is locally com-
pact and separable. Then, if there exists some irreducible skeleton chain, X is aperiodic. Conversely,
if X is aperiodic and the defining set C is a singleton set, then any A-skeleton is irreducible.

Proof. Suppose first that there exists some irreducible A-skeleton. Then, the assumptions on the
process allow to use Proposition 6.1 from [129], which states that for any petite set C there
exists some non-trivial measure pg and and a T > O such that for all ¢t > T we have

P*(X, €-) >u(-), Vt>T,xeC, (2.19)

which implies in particular that C is even a small set. By the Markov property it thus follows for
s > 0 that

P* (Xeys € 1) = J P*(X; € dy) PY(X; € -) > J p(dy) PY(X; € -) =PH(X;€+), Vt>T,x eC.
x x

(2.20)
By Proposition 3.4 of Meyn and Tweedie [127] the state space X can be covered by countably
many petite sets (= small sets in our case), hence we may assume that (C) > 0, i.e. C €
B*(X). Note that U(x,C) > O for all x € X and non-triviality of u then yield that pU(C) =
I:x U(x,C) u(dx) > 0 and since with Fubini pU(C) = Igo PH(X, € C) dt it follows that there exists
s > 0 such that P¥(X; € C) > 0. From (2.20) it thus follows that for such s and all t > T + s and
x € C it holds that

P*(X, € C) > P*(X; € C) > 0,

which proves aperiodicity of X.
Suppose now that X is aperiodic with defining small singleton set C = {c} € B*(X) for some
¢ € X. Then, there exists T > 0 such that

PC(Xt = C) > 0, vVt > T,

and &, is an irreducibility measure. Then, for given x € X, there exist t, such that P*(X;, =¢c) > 0
and the Markov property yields for any t > T

P*(Xeest =€) = P (Xt = ¢, X, =¢) = P*(X,, = )P (X; = ¢) > 0.

Hence, for given A > 0, if we choose n € N such that nA > t, +T, it follows that P*(X,» =¢) > 0
and thus X2 is .-irreducible. [
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2.3 A TRANSITION DENSITY CRITERION FOR EXPONENTIAL ﬁ-MIXING

This section motivates the statistical setting of Section 3.1.1 in Chapter 3, where we are con-
sidering R?-valued Borel right Markov processes having a unique invariant distribution z and
possessing transition densities, i.e.,

Pi(x,dy) = pe(x,y)dy, x,y € R%,t>0,

for some B(R%)-measurable functions (p;)io0. Then, u(dy) = p(y) dy with some Lebesgue
density p and we require that for any compact set § ¢ R¢ there exists some measurable function
rs: (0,00) — R, such that

Ve>1: sup|p(x,y)—p(y)| < rs(t) with J rs(t) dt = cg < 0. (2.21)
xX,y€8 1

This condition together with a heat kernel bound on the short time behavior of the transition
densities will allow us to prove tight variance bounds on integral functionals of X, which appear
naturally in nonparametric statistical estimation for stochastic processes. This is particularly
noteworthy in dimension d = 1. In this case our alternative assumption of exponential -mixing
is without further assumptions not quite strong enough to obtain bounds that yield optimal
rates on, say, kernel invariant density estimators. The statistical setting based on the transition
density convergence (2.21) on the other hand can provide such bounds.

Our goal is now to show under which additional hypothesis on the process, (2.21) implies
the exponentially 8-mixing property in order to make the connection to the 8-mixing framework
underlying Section 3.1.2, where our main statistical tool for sup-norm estimation procedures is
developed.

As the following proposition shows, we need no more than irreducibility as well as the property
that compact sets are small together with exponential decay in (2.21) to infer exponential -
mixing of the stationary process.

ProrosITiON 2.10. Suppose that X is -irreducible with stationary distribution p and that every
compact set § ¢ R? is small. Moreover, let (2.21) be satisfied for

rg(t) = Cse ™t t>0, (2.22)
with constants Cs, ks > 0. Then, X started in p is exponentially f-mixing.

Proof. Let 8 c RY be compact such that A(S) > 0. Since R? can be covered by countably many
compact sets and the irreducibility measure 1 is o-finite, we can also assume that (8) > 0
and p(8) > 0. Letting (P;)¢>o denote the semigroup associated to X, we obtain from (2.21) and
(2.22) that, foranyx € Sand t > 0,

IPi(x,8) - u(S)| < j Ipe(, ) = p(y)] dy < Cse ™5 A(S) = Tse ™",
S

with Cs = CsA(8). Since (8) > 0, this implies in particular that there exists T(8) > 0 such
that P;(x,8) > 0 forall t > T(S) and x € 8. Since 8 is small by assumption, it follows that X
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is aperiodic. Hence, by Theorem 5.3 in [74] and the remarks thereafter, there exists (a) an
extended real-valued measurable function V > 1 such that, for some T > 0, we have

PrV(x) < AV(x) + blg (2.23)

for some 0 < A < 1, b > 0 and a small set ® € B(R?) and (b) a set Sy C {V < oo}, which is full
and absorbing—that is, p(Sy) = 1 and Pr(x, Sy) = 1 for any x € Sy—such that X restricted to
Sy is exponentially ergodic in the sense

IPe(x, ) = plltv < CV(x)e™, x €Sy, (2.24)

for some constants C,x > 0. Noting that (2.23) implies

AV < -V +

1
1-2°°
withV =V/(1-21) > 0 and A := Py —1, it follows from Theorem 14.0.1 in [128] that u(V) < oco.
The claim on exponential -mixing of the process now follows from (2.24) since

R4

Bu,0) = f 1P, ) — oy 1(d) = L 1P(x, ) — mllrv ()

< Ce‘”J V(x) p(dx)
Sy
— &'e—Kt,

for any t > 0, where finiteness of C = Cp(V) was discussed above and for the first equality we
used that Sy is full. [ |

Compactness of small sets can be inferred for a quite general class of Markov processes,
namely T-processes introduced in Section 2.1. Many processes in applied probability can be
shown to be T-processes such as price processes driven by Lévy risk and return processes [137],
certain piecewise deterministic Markov processes used for MCMC [29] or queuing networks [73].
Moreover, any open set irreducible weak Cp-Feller process is a T-process (cf. [164, Theorem 7.1]),
which is a convenient criterion whenever transition densities exist. Markov processes having the
strong Feller property are trivially T-processes, since any operator P; is a continuous component
for itself. The strength of Markov processes with the strong Feller property (or T-processes
as a generalization of these processes) comes from making possible to connect distributional
properties of the Markov process induced by the semigroup and topological properties of the
state space, thus allowing to use knowledge of the topology to infer strong stability results of
the Markov process. Classical examples of Markov processes with the strong Feller property are
Lévy processes with absolutely continuous semigroup with respect to the Lebesgue measure
[91, Theorem 2.2], diffusion processes with hypoelliptic Fisk—Stratonovich-type generator
[93, Lemma 5.1], diffusion processes on Hilbert spaces under appropriate assumptions on the
coefficients [139, Theorem 1.2], or solutions of different classes of parabolic SPDEs [55, 56, 78,
122]. More recently, the strong Feller property was discussed for switching (jump-)diffusions
[174, 176], for jump-diffusions with non-Lipschitz coefficients [175], or Markov semigroups
generated by singular SPDEs such as the KPZ equation in Hairer and Mattingly [90]. For an
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account discussing conditions for which (weak) Cp-Feller processes are even strong Feller, we
refer to Schilling and Wang [151].

Let us now infer the exponential f-mixing property for T-processes given exponential decay
in (2.21) and, as a natural mixing requirement, ergodicity of the process, i.e.,

IP:(x, ) — pllTv =20 Vx € RY.

Indeed, if X is ergodic, then dominated convergence shows that (t) — 0 ast — oo, i.e.,
stationary, ergodic processes are -mixing.

ProposITION 2.11. Let X be an ergodic T-process such that (2.21) is satisfied for rs given as in
(2.22). Then, X is positive Harris recurrent, every compact set is small and X is exponentially
B-mixing.

Proof. For the exponential f-mixing property, it suffices to check that every compact set is
small by Proposition 2.10, since ergodicity clearly implies p-irreducibility of X. We prove this
property together with positive Harris recurrence at once. To this end, for a given € > 0, choose
a compact set C ¢ R? such that 1(C) > 1 — ¢. Then, for fixed x € R¢, ergodicity guarantees
that lim,,., P*(X; € C) > 1 — ¢, and hence X is bounded in probability on average as defined
on p. 495 of [130]. Since X is an irreducible T-process, Theorem 3.2 and Theorem 4.1 of the
same paper yield Harris recurrence and petiteness of compact sets. It remains to show that
small and petite sets coincide for the given process. The reverse implication of Theorem 6.1 in
[130] guarantees that there exists an irreducible skeleton X2 = (X,)nen, for some A > 0 thanks
to ergodicity and positive Harris recurrence of X. Proposition 6.1 in [130] therefore implies
equivalence of small and petite sets, which finishes the proof. [






MARKOVIAN STATISTICS UNDER MIXING ASSUMPTIONS

THERE exist various probabilistic concepts that permit the investigation of quantitative ergodic
properties of Markov processes, providing a number of approaches to analyzing the rate
of convergence of the process to equilibrium. Such results actually present precious tools for
an adequate statistical modeling of complex systems. Markov models, especially of (jump)
diffusion-type, find numerous applications in biology, chemistry, natural resource management,
computer vision, Bayesian inference in machine learning, cloud computing and many more [8,
36, 75, 76, 81, 88, 161, 165], and ergodicity can usually be seen as some kind of minimum
requirement for the development of a fruitful statistical theory. While the probabilistic picture
of quantitative ergodic properties is now quite clear, there are still open questions regarding
the statistical implications. With this chapter, we want to contribute to closing this gap, paying
particular attention to a general Markovian multidimensional setting.

In contrast to the highly-developed statistical theory for scalar diffusion processes, there are
relatively few references for nonparametric or high-dimensional general Markov models. To not
let sampling effects obscure the statistical implications, it is natural to base the statistical analysis
in this context on a continuous observation scheme (i.e., one assumes that a complete trajectory
of the process is available). A substantial point of reference for a thorough statistical analysis of
ergodic multivariate diffusion processes is provided by the article [59] where the fundamental
question of asymptotic statistical equivalence is investigated. Apart from its principal central
statement, the work also nicely demonstrates the implications of probabilistic properties of
processes on quantitative statistical results. Specifically, heat kernel bounds and the spectral gap
inequality are used to prove tight variance bounds for integral functionals which in turn provide
fast convergence rates for the specific problem of invariant density estimation. Similar techniques
can be used for the in-depth analysis of other statistical questions such as (adaptive) estimation
of the drift vector of an ergodic diffusion (cf. [160], [159]). The results in [59, 159, 160] are
developed for diffusion processes with drift of gradient-type and unit diffusion matrix. While in
this specific case the reversibility assumption is directly verified, the condition of symmetry of
the process presents a significant constraint, in particular for solutions of SDEs with jump noise.

More recently, a Bayesian approach to drift estimation of multivariate diffusion processes
is undertaken in [133] and [87]. Whilst [87] work in a reversible setting since their approach
relies on placing a Gaussian prior on the potential B of the drift b = VB instead of tackling the
drift directly, [133] approach drift estimation for non-reversible diffusions by employing PDE
techniques to a penalized likelihood estimator. This opens up an excitingly different viewpoint
on the statistical handling of multivariate diffusion processes and in case of [133] avoids the
need for reversibility, but both approaches restrict the setting to assumed periodicity of the drift
coefficient. While this assumption (similar to reversibility) can certainly be justified for specific
applications, the approach does not yet provide an answer to the question of how to conduct a
statistical analysis of multidimensional Markov processes without strong structural constraints
on the coefficients. From a different perspective, the current preprint [12] yields the remarkable
observation that quantitatively similar statistical results as in the reversible diffusion case can
also be proven for jump diffusions with Lévy-driven jump part, without the need to rely on a
reversible or periodic setting, by focusing on assumptions on the characteristics of the process

25
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which guarantee exponential ergodicity as the driving force of the statistical approach.

Another branch of the literature that does not consider specific structural assumptions on
the process is based on the so called Castellana-Leadbetter condition or variations thereof [34,
39, 113], which imposes finiteness of the integrated uniform distance between the density of
the bivariate law of (Xo, X;) of a stationary Markov process X with stationary density p and the
product density p ® p. This assumption yields dimension independent parametric estimation
rates of the invariant density and is thus not suitable for our goal to extend the dimension
dependent minimax optimal estimation rates for continuous diffusion processes to more general
classes of multidimensional Markov processes, introduced below.

Throughout, we suppose that (X, (P*), cga) is @ non-explosive Borel right Markov process
with state space (R9, B(R?)) and semigroup (P,);so defined by

Pi(x,B) = P*(X, € B), x e R% Be B(RY).

Under regularity assumptions on the coefficients, the exemplary class of (jump) diffusion
processes that we study in detail later on belongs to the class of Feller processes and hence falls
into our general probabilistic regime. Moreover, as discussed in Section 2.1, Borel right Markov
processes are the object of stability analysis of time-continuous Markov processes pioneered
by Meyn and Tweedie in the 1990s [74, 127, 130, 132], in which the long-time behavior is
quantitatively associated with Lyapunov drift criteria. This approach is central to our probabilistic
modeling. We therefore work, as a minimal requirement for stability, in an ergodic setting for X
throughout the chapter. That is, the following assumption is in place:

(s10) The marginal laws of X are absolutely continuous, i.e., for any t > 0 and x € RY, there
exists a measurable function p;: RY x R? — R, such that

Pi(x, B) = L P, y)dy, B e B(RY,

and, moreover, X admits a unique absolutely continuous invariant probability measure g,
i.e., there exists a density p: R? — R, such that du = pdA and

PH(X, € B) = de Pe(x, B) p(dx) = de L P, () dy dx = L p(x) dx = p(B)

for any Borel set B.

We abbreviate P¥ = P, E* = E and denote u(g) = jgdp for g € L'(u) or g > 0. Note that in
(410) existence of a density p of the invariant distribution p is not an additional requirement on
X, but is guaranteed by the Radon-Nikodym theorem thanks to the definition of invariance and
the existence of densities for the transition operators.

Turning away from Lyapunov criteria for general ergodic Markov processes, the long-time
behavior of Markovian semigroups is also known to be linked to functional inequalities. The most
familiar setting is the L? framework with its equivalence between the corresponding Poincaré
inequalities and exponential decay of the Markovian semigroup. The relation between both
approaches in terms of quantifying ergodic properties of Markov processes is studied in [18].

We want to understand the interaction between the probabilistic concepts and statistical
properties. In order to obtain a clear picture and benchmark results that are not distorted by
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discretization errors, we consider a statistical framework including the standing assumption that
a continuous observation of a trajectory X” = (X;)ie[o,r] Of X is available. For the analysis of
statistical methods (e.g., for estimating the characteristics of X), variance bounds and deviation
inequalities are of central importance. Section 3.1 focuses on the analysis of the variance of
additive functionals of the form J(; f(X;) ds for the ergodic process X. We introduce sets of
general assumptions on transition and invariant density which allow to prove tight variance
bounds (cf. Propositions 3.1 and 3.6). Here, we consider an on-diagonal heat kernel bound to
regulate the short-time transitional behavior of the process and either local uniform transition
density convergence to the invariant distribution at sufficient speed for any dimension d € N or
exponential f-mixing in dimension d > 2 to obtain tight controls on the long-time transitions
of the process. The combination of heat kernel bound and local uniform transition density
convergence can be interpreted as a localized version of the Castellana-Leadbetter condition that
separates the short- and long time effects and considerably weakens the inherent assumptions on
the speed at which the law of X; approaches a singular distribution as t | 0 in higher dimensions.
We give a detailed analysis of this condition. We demonstrate how total variation convergence at
sufficient speed implies the local uniform transition density assumption and argue that in case of
u-a.s. exponential ergodicity of the process, exponential f-mixing and local uniform transition
density convergence are essentially equivalent, giving a homogeneous picture of our different
sets of assumptions.

In Section 3.2 we proceed by showing how the B-mixing property of X—which is satisfied
for a wide range of Markov processes appearing in applied and theoretical probability theory—is
reflected in uniform moment bounds on empirical processes associated to integral functionals of
X. More precisely, for countable classes § of bounded measurable functions g, we establish an

upper bound on
Jo (Xs) j ‘ ])1/ p=
T g S d‘s g :I'll > - 3

([E [ sup
g€y
(cf. Theorem 3.7) stated in terms of entropy integrals related to § and the variance of the integral
functionals. This result holds for B-mixing Borel right processes on general state spaces without
any assumptions on the existence of transition densities, i.e., Assumption (¢10) is diminished to
stationarity which further increases the applicability of our findings for future investigations.
Such moment bounds and associated uniform deviation inequalities are generally the focal point
for efficient implementation of adaptive estimation procedures, both for the L? and the sup-norm
risk. In our concrete estimation context, we use the uniform moment bounds together with the
variance bounds from Section 3.1 to establish oracle-type deviation inequalities for the sup-norm
risk of a kernel invariant density estimator that is essential for the adaptive estimation scheme
considered in Section 3.3 that we describe below. Our motivation to study sup-norm estimation
is not only rooted in the higher degree of intepretability of such statements compared to the
pointwise L? risk and the general usefulness of mathematical results obtained along the way;,
but also comes from the observation that certain problems from applied probability can only be
handled with statistical tools, when sup-norm estimation bounds of a quantitiy of interest are
available. This point is highlighted in Chapter 5, where the general framework presented in this
chapter is implemented for the development of data-driven stochastic optimal control strategies
for diffusions and Lévy processes.
Making the mixing behavior of the process a cornerstone of the statistical analysis is com-
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pletely natural when comparing to discrete time theory. For discrete observations it is well-
established by in the field of weak dependence that different sets of mixing assumptions (e.g.,
a-mixing or f-mixing) and relaxations thereof can produce variance bounds and deviation in-
equalities that hold up to analogous results from i.i.d. observations to yield sharp nonparametric
estimation results, see [63, 142] for an overview. Statistically, it is therefore fundamentally inter-
esting whether analysing a continuous time mixing Markov process based on full observations
in our framework yields better estimation rates compared to partial observations corresponding
to a weakly dependent observation sequence.

Indeed, in presence of the additional analytic tool provided by the heat-kernel bound, we
establish in Section 3.3 that the stationary density of exponentially 8-mixing Markov processes
can be estimated in any dimension at optimal rates both wrt. sup-norm risk and pointwise
L? risk—where optimality is understood relative to the benchmark minimax rates known for
continuous reversible diffusion processes that are faster than the nonparametric rate for well-
behaved discretely sampled data. We go even further by showing that in dimension d > 3—where
the optimal bandwidth choice depends on the typically unknown degree of Holder smoothness
B— a Lepski type adaptive bandwidth selection scheme proposed in [85] for i.i.d. data fitted
to our needs provides optimal estimation rates up to iterated log-factors (see also [115] for an
adaptive scheme for anisotropic sup-norm estimation for i.i.d. observations). More precisely, our
main result Theorem 3.11 shows that given a kernel estimator pj r for the unknown invariant
density p with bandwidth choice

log® T/VT, d=1,
h =h(T) ~ {logT /T4, d=2,
(log T/T)Y(2h+d=2) = g > 3,

we have for any p > 1 and a bounded open domain D,

y O(+/logT/T), d=1,

p

E|sup[Bir(x) - ()| € {O(logTVT),  d=2,
b O((log T/T)72), d > 3.

If for d > 3 we replace the smoothness-dependent bandwidth choice h(T) by the adaptive
selector hy = hI(,k) introduced in (3.34) and the order of the kernel is sufficiently large, then for
log i) T denoting the k-th iterated logarithm,

log ) T log T) w2 )

[E[iléDp P51+ (x) - p(X)I] € O(( -

where k € N can, in principle, be chosen arbitrarily large—which however decreases the size of
the set of candidate bandwidths for the adaptive selection procedure given a finite oberservation
horizon. We emphasize that the logarithmic gap could be avoided if constants appearing in
the uniform deviation inequality from Section 3.2 were explicitely calculated. This, however,
requires exact knowledge of the ergodic and short time behavior of the process, contradicting a
truly adaptive nature of the approach.

Such sup-norm adaptive multivariate estimation results are completely new and complement
adaptive L? estimation procedures considered in [54] for discrete time mixing chains based
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on model selection and in [12] for Lévy driven jump-diffusions. We emphasize that [54] also
consider estimation of continuous time mixing processes in terms of their sampled skeletons.
However, our improved adaptive estimation rates in presence of heat kernel bounds demonstrate
that such approach can be considerably improved by not taking a Markov chain viewpoint
under partial observations but by exploiting continuous time probabilistic structures under full
observations.

As a concrete example, we investigate multidimensional SDEs with Lévy-driven jump part,
i.e., Markov processes associated to the solution of

dx, = b(X,) dt + o(X,) AW, + y(X,~) dZ;, Xo =x € RY, (3.1)

where W is d-dimensional Brownian motion and Z is a pure jump Lévy process independent of W.
In Section 3.4.1, we investigate Lévy driven Ornstein-Uhlenbeck processes as the basic class of
Lévy driven jump diffusions with unbounded drift coefficient. In presence of non-trivial Gaussian
part and very mild moment assumptions on the Lévy measure, we infer optimal sup-norm and
pointwise L? invariant density estimation results in any dimension. In this case, an adaptive
estimation procedure is not necessary, since the invariant density is a smooth function. In
Section 3.4.2 we allow for more flexible dispersion and jump coefficients o, y with the price to
be paid being boundedness of the drift b. By considering solutions X to (3.1) under appropriate
assumptions on the coefficients b, o, y and the jump measure associated to Z we can apply our
general statistical results to invariant density estimation for X, thus establishing new results on
sup-norm adaptive invariant density estimation for such general jump processes.

In the sequel, we concentrate on guiding the reader through our framework and the accom-
panied mathematical results.

Basic notation. A set B € B(RY) is called p-full if u(B) = 1. We say that the Borel right
Markov process X is u-a.s. V-ergodic at speed E if, for some p-full set A,

IP:(x, ") — plltv < CV(x)E(t), t>0,x €A, (3.2)

where V: RY — [0, oo] with V1, (x) < co and, for a signed measure v, ||v|ty = sup s <1V ()l
denotes its total variation norm. If (3.2) holds with Z(t) = (1 +t)™* for some a > 0, we say that
X is p-a.s. V-polynomially ergodic of degree a. If Z(t) = e ™ for some k > 0, then X is called
p-a.s. exponentially ergodic. When A = R? and V(x) < oo for any x € R%, we just say that X is
ergodic at speed E (resp., polynomially ergodic and exponentially ergodic).

For any multi-index a € N and x € R, set |a| = Z?zl a; and x% = ]_[f:1 x*. For [|B]
denoting the largest integer strictly smaller than S, introduce the Holder class on an open
domain D c R?

(@) (x) — F@
Hp(B,L) = {f e Clfl(p,R): max sup 7 = FE W) < L,sup|f(x)| < L}, (3.3)
la|=[lB] x,yeD,x#y |X - yI""U"JJ xeD
where f(@ = %. Recall that a kernel function K : R — R is said to be of order £ € N

1 = 7d
if, for any a € N? with |a| < €, x — x%K(x) is integrable and, moreover, IIRd K(x)dx = 1,

JRd K(x)x*dx =0, fora € N |a| € {1,...,¢}.
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3.1 BASIC FRAMEWORK AND VARIANCE ANALYSIS

This first section focuses on the analysis of the variance of integral functionals of the form
L; f(Xs) ds for the ergodic process X = (X;)o<s<: under different sets of general assumptions on
X that will carry us through the rest of the chapter. Such variance bounds are indispensable
tools for statistical applications since (as we will see in Section 3.2) the variance of integral
functionals naturally appears in associated deviation inequalities and related moment bounds
and thus requires tight estimates.

3.1.1 Variance analysis under assumptions on transition and invariant density

Recall the definition of Assumption (s10) from the introduction and let us say that a set B € B(RY)
is p-full if u(B) = 1. We start by working under the following set of additional assumptions:

(A1) In case d = 1, there exists a non-negative, measurable function a: (0, 1] — R, such that,
forany t € (0, 1],

1
sup pi(x,y) < a(t) and J a(t)dt = ¢ < oo,
x,y€R 0+
and, in case d > 2, there exists c; > 0 such that the following on-diagonal heat kernel

estimate holds true:

Ve e (0,1]: sup pe(x,y) < cat™9/2. 3.4
x,yeRd

(s12) There exists a p-full set A such that for any compact set § ¢ R, there exists a non-negative,
measurable function rg: (0, c0) — R, such that

Ve>1: sup |p(x,y)—p(y)| < rs(t) with J rs(t) dt =: cg < 0. (3.5)
XE€SNA,YES 1

An essential aspect of the statistical analysis of stochastic processes is the influence of the di-
mension of the underlying process. It is known that certain phenomena (as compared, e.g.,
to estimation based on i.i.d. observations) occur in the one-dimensional case. However, these
phenomena can usually only be detected by means of specific techniques that take advantage of
the unique probabilistic characteristics of scalar processes such as local time for one-dimensional
diffusion processes. A “standardized” statistical framework which covers all dimensions with
similar conditions cannot capture these phenomena. Our assumptions may therefore be under-
stood as an attempt to find general conditions that make no reference to dimension or process
specific phenomena, yet yield variance bounds which are tight enough to allow proving optimal
convergence rates for nonparametric procedures.

In this regard, they should be compared to the Castellana-Leadbetter condition [39] requiring
that

j sup |p(x)pe(x, ) — p(X)p(y)]dt < oo, 3.6
(0,00) x,yeRd

and which allows L? estimation of the invariant density via a kernel estimator at parametric (or
superoptimal [33]) rate 1/T in any dimension d > 1. Since (¢11) implies that p is bounded, (s12)
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can be understood as a localized, unweighted alternative to (3.6) away from O, which captures
the mixing behavior of the process as we discuss below. Our assumption (/1) corresponds to
the integral part of (3.6) close to 0 and guarantees that the distribution of X, is not too close to
a singular distribution. However, in dimension d > 2 this assumption is much milder than (3.6)
since heat-kernel bounds on the transition density are quite common for many multdimensional
Markov processes such as strong solutions of (jump) SDEs. On the other hand, (3.6) is too strong
for such Markov processes, since, e.g., the minimax optimal L? rate for multivariate diffusions
processes is known to be worse than 1/T and hence the variance bound implied by (3.6) cannot
be achieved.

Also note that the transition density bounds formulated in (s11) are exceptionally weak
compared to related literature dealing with statistical estimation of jump processes. E.g., [12]
construct their assumptions on the coefficients and the jump measure of a d-dimensional Lévy-
driven jump diffusion to guarantee a heat kernel-type estimate of the form

pe(x,y) S t_d/zeﬁlw + ‘ , x,yeRyte(0,T],
Ve + ly = x|||d+e
for the estimation horizon T > 0, where a € (0, 2) is the self-similarity index of a strictly a-stable
Lévy process whose Lévy measure is assumed to dominate the Lévy measure governing the jumps
of the SDE. Clearly, this condition is stronger than what we require and is fitted to the concrete
probabilistic setting. The reason for this specific choice becomes apparent from Corollary 3.16 in
Section 3.4.2, but our approach reveals that (s41) is sufficient to obtain tight variance bounds in
a general multivariate setting. Let us now give the variance bounds implied in our framework.

ProPOSITION 3.1. Suppose that (s11) and (s12) are satisfied, and let f be a bounded function with
compact support 8 fulfilling A(8) < 1. Then, there exists a constant C > 0, such that, for any T > O,

T 1, d=1,
Var(j £ dt) < C(1Ves) TIFIPAS) (SR A(S)), with a(x) = | T Tog(L/m), d =2,
0 x%_%, d >3,

(3.7)

where the variance is taken with respect to P.

Proof. Without loss of generality, let T > 1 be fixed. Then, using the Markov property and the
invariance of p, for any 6 € [0, 1],

T T 2
Var(jo f(Xs)dS) - [E[(L (F(X,) —rEf<Xo>>ds) ]

T u
2[EU j (F(Xo) — EF(X0)) (f (Xuos) — Ef(Xo)) ds du]
0 0

rT pu
= 2] | (B0 £ ()] - (EF(60)*) ds du
rT pu

m £ (W) Pacs (x, ) dypa () — j £(0) n(dx) j FW)pw) dy] ds du
Jo Jo Rdxd
T

=2f [ J J fG) f W) (pu-s(x,y) — p(y)) dy p(dx) ds du
0 JA JRC

JO J
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= 2(9(0,8) +3(6,1) +3(1,T)),
with (substituting v = u —s)

b
I(a,b) = J (T - v) fRd JAf(X)f(y)(pu(x, y) — p(y) p(dx) dydv, O<a<b<T.

It follows from the assumption on the convergence of the transition density in (3.5) that

T
ILT) < f (T-v) sup |po(oy) - p(y)|dv ﬂ () F(y) p(dx) dy
1 X€SNA,y€8 RdxRd
<

T
TIFISAS)H(S) L rs(v)dv < csTIFIZAS)H(S).

It remains to consider the first parts of the integral. We now restrict to dimension d > 3; the
remaining cases are handled with analogous arguments. Note first that

8
10,0 < TR [ || pwp@odya = TisZuss @)

On the other hand, the heat kernel bound (3.4) gives for any x, y € RY,

1 1
J pu(x,y)dv < ¢y J v 42qy = céSl_d/z,
s s

where ¢} = 2/(d - 2)c. Letting § = (A(S))?/? and exploiting that A(8) < 1, it follows

1 2
6.1 < IR [ || ptcwu@dyay < grifRa©Ge)E.
|

Remark 3.2 (comparison to spectral gap approach). Let f be a bounded function with compact
support 8 of Lebesgue measure A(8) < 1, and denote by f, = f — f f du its centered version.
Assuming stationarity and symmetry of the process X, the proof of Proposition 1 in [59] starts
from the representation

T T T
Var(jo £(X) ds) _ zL (T - wELf.(Xo) f:(X)] du < 2T L (P £y du

Fix D € (0,T]. Heat kernel bounds of the form (3.4) yield an upper bound on the integral from
0 to D, in dimension d = 1 specified as

04

D‘%). (3.9)

D
L (o, Pafe)du < p(SA(S) f||§o(2D +2 2

For controlling the remaining part of the integral, [59] use the spectral gap inequality,

dw > 0 s.t.

Ptf - ‘[ fd].l < e_tw||f||L2(p). (3.10)

L2(p)
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Consequently, one obtains

T T T
—uw 1 —
[ Gamyw < [ Ui IPufllizg du < 115, | o™ du < e Pu)If.
D D

? (3.11)
In order to derive variance bounds of order TA(S8)u(8), one needs to balance the upper bounds
(3.9) and (3.11) by choosing D in a suitable way. Precisely, for D := —w~!log(A(S)) V 1, (3.9)
and (3.11) then imply that

! 3-a
Var(jo f(Xs)ds) < p(S)A(S)(log(A(S))+(1og(A(8)))T+1)||f||§o-

Note that the uniform control of the supremum in (3.5) immediately allows to derive bounds of
the required order. Consequently, it is not necessary to balance both error estimates carefully
and to introduce a bound of integration depending on the support. Such an approach, however,
is crucial for utilizing the exponential decay in (3.10).

To get an impression of the usefulness of the above result, let us discuss the relation of
the local uniform transition density convergence assumption (s42) to more general and often
conveniently verifiable stability conditions on X. In [166], conditions on the characteristic
function cp;‘(t(/l) = EX[exp(i(X;, A)] of X, and the Fourier transform {Fu}(1) = I[R{d el ™) 11(dx)
were formulated in the scalar setting d = 1 that imply finiteness of the integral part away from 0
in the Castellana—Leadbetter condition (3.6). A straightforward adaption to our multivariate
localized setting yields the following result, with the proof being omitted.

LEMMA 3.3. Suppose that X is V-polynomially ergodic of degree y1 > q/(q — 1) for some locally
bounded function V and q > 1. If there exists yo > qd and a locally bounded function V such that

(VD |og (1) —{Fp}W)| < V() (1+0)7, t21,x,1 R,
(V2) oy DIV {FuyW)| s T+[AD7?, x,AeRELe>1,
then (s12) is satisfied with A = R%, rs(t) ~ sup, s V(x)(1 + )71 for compacts 8.

Note that (/2) implies that the Fourier transforms of P,(x, -) and p are integrable and hence
the Fourier inversion theorem guarantees that continuous bounded transition and invariant
densities exist. Moreover, as remarked in [166], (V1) is fulfilled whenever X is V-polynomially
ergodic with rate y; > 1.

Condition (1/2) is quite natural in a statistical estimation context since it essentially encodes
a certain amount of smoothness of the transition and stationary density. However, the following
simple observation demonstrates that the additional growth conditions on the characteristic
function are not needed in presence of sufficiently fast total variation convergence.

LEMMA 3.4. Suppose that ||p1]|c < oo and that X is p-a.s. V-ergodic at speed E such that V1, is
locally bounded and Jgo E(t) < oo. Then, (s12) holds with

rs(t) = 2C||p1lle sup V(x)E(t—-1), t> 1.

xeSNA
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Proof. By the semigroup property of (P;);>o and invariance of u we have for any t > 1 and
y € R? and p-a.e. x € RY,

P =1 < | piCalpes () - p(o)] ds

< ||p1||ooj pes(x,2) = p(2)] dz
Rd

= 2||p1lleol|Pe-1 (x, -) — pllTv < 2||p1llCV(X)E(t — 1),

where the equality follows from Scheffé’s theorem, see [163, Lemma 2.1]. Thus for any compact
set 8 and rs(t) = 2C||p1llcolleo) SUPyesnp V() E(t — 1) it follows that

f sup  |pe(x,y) — p(y)|dt < J rs(t)dt < sup V(x) | E(t) < oo,
1 xeSNAyes 1 XESNA 0
by local boundedness of V1, and the convergence assumption on E, which yields (s12). [

Concerning the specific set of assumptions (s10)—(12), it is established with this result in
Section 3.4.1 that they are satisfied, e.g., for a large class of multivariate Lévy-driven Ornstein—
Uhlenbeck processess.

Recall that the stationary Markov process X is said to be -mixing if

B0 = | 170 = )y () — 0.

If there exist constants k, ¢, > O such that B(t) < c.e™ for any t > 0, then X is said to be
exponentially f-mixing, which is always the case for p-a.s. V-exponentially ergodic Markov
processes provided 11(V) < oo. Here, u(V) < oo is not a restriction since V and x > 0 can always
be chosen such that (V) < oo, which follows from a straightforward extension of [134, Theorem
6.14.(iii)] to the continuous time case. By the same theorem, the converse is also true, i.e., if X
is exponentially f-mixing, then X is u-a.s. V-exponentially ergodic. See also [46, Lemma 8.9]
for these statements. Exponential S-mixing is formulated as assumption (s1/3) in the next section
and will be one of the pillars of our statistical analysis for the sup-norm risk. It is therefore
critical for us to understand the exact relationship between exponential f-mixing and (<12).
To this end, as a partial converse to Lemma 3.4, we explored in Section 3.1.1 under which
additional (quite natural) conditions, (¢#/2) implies the exponential f-mixing property of X. Our
main findings, taking account of Lemma 3.4, Section 3.1.1 and the developments in Section
3.1.2, are summarized in Figure 3.1.

A clear picture is drawn, demonstrating that local uniform transition density convergence
at exponential speed is intimately connected with exponential -mixing of the process—both
concepts having exponential ergodicity as the driving force behind them in most concrete
applications. Both conditions (s12) and (1) gain substantial additional statistical power via the
smoothing assumption (11), which allows obtaining tight variance bounds that yield superior
estimation properties under continuous observations compared to incomplete information via
sampling procedures, as will be demonstrated in Section 3.3. Moreover, the slightly more specific
localized Castellana-Leadbetter condition provides the advantage of optimal estimation also
in the scalar case d = 1 and wrt. the L? risk under less restrictive assumptions on the speed
of convergence of the process (polynomial is sufficient) in any dimension, which justifies us
studying this concept separately from exponential 8-mixing.
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X fulf. (s12) w. Variance bound
rs(t) = Cge™™st (3.7) holds
X is an
ergodic
llplleo < o0

T-process,
A=R?

X is exp. Variance bound
B-mixing (3.12) holds

Figure 3.1: Overview of interplay between variance bound results, assumptions and stability
concepts

(A1),d > 2

3.1.2 Variance analysis under exponential 3-mixing

In this subsection, we specify our study to multidimensional stochastic processes by restricting
the analysis to dimension d > 2. While we further assume that the on-diagonal heat kernel
bound on the transition density (3.4) from (s11) still holds, we drop the transition density rate
assumption (¢12) and instead impose exponential f-mixing of X. Note that this is implied by
(s12) under suitable technical conditions on X (see Figure 3.1 and Propositions 2.10 and 2.11 in
Section 2.3).

(dB) The process X started in the invariant measure p is exponentially -mixing, i.e., there
exist constants c,, k > 0, such that

J”Pr(x, ) =) lrvp(dx) < ™, t>0.

Let us emphasize that in presence of the heat kernel bound (¢11), Lemma 3.5 below shows
that Assumption (¢10) is strengthened to the existence of a bounded invariant density since
the transition density of any skeleton chain is uniformly bounded for fixed t > 0. That is, the
following assumption is in place.

(s10+) Assumption (10) holds and the invariant density has a bounded version p, i.e., || p||co < 0.

LEMmMA 3.5. Assume that X has an invariant distribution pu and that there is some A > 0 such that
the transition density pa exists and sup,. ,ega Pa(x,y) < c for some constant ¢ > 0. Then, p admits
a bounded density.

Proof. Let B € B(RY) such that A(B) = 0. Then, it holds that

u(B) = | | patrv) dymian =0,
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which yields the existence of a Lebesgue density p of u by the Radon-Nikodym theorem. Now,
let B € B(R?) such that A(B) > 0. Arguing as above and using boundedness of p,, we get

J, p(0) A(dv)
————— <.c
A(B)

Now the Lebesgue differentiation theorem yields ess sup p < ¢, and defining
pp(x) = p(x)Ljoc) (p(x)), x € RY,
we have p = p, almost everywhere and p; < c. [

The next result gives a tight variance bound on the integral IoT f(X¢) dt under B-mixing.
Its effectiveness for sup-norm estimation of general Markov processes will be demonstrated in
Section 3.3. Note in particular that, using boundedness of p under (s10) and (s41), the same
rate can be obtained under (s12) from Proposition 3.1. Recall the definition of i4: (0,e) — R,
in (3.7).

PROPOSITION 3.6. Grant assumptions (s11) and (413), and let f be a bounded function with compact
support 8 fulfilling A(8) < 1. Then, for any d > 2, there exists a constant C > 0 not depending on
f such that, for any T > 0,

T
Var(JO f(Xe) dt) < CTIFIZNPNA (8)13 (A(8)). (3.12)

Proof. Let 0 < 8 <1 < D. Analogously to the proof of Proposition 3.1, one can compute that

Var(JT f(X¢) dt)
0

T
- zf (T - v) H £ ) (P, ) — p(y)) 1(dx) dy du
0 [Rdxd

<oz ([ [ mwwn@oaas [ [[ eixn -pwnpaaa)

= 2T || fI|% (Js + Ip + Ir),

where Js = foa Usz pu(x,y)u(dx)dydv, Jp = Lf Hsz pu(x,y)u(dx) dy dv and

T
= [ ] ) - n©) nieo .
D Js
As before (see (3.8)) and under our additional assumption that p is bounded, it holds
Js < u(8)8 < |lplloA(8)8. (3.13)

Furthermore, exploiting the mixing property of X,

T T
Ck _y
Ir < J JIIPU(x, )= u)|lrvp(dx) dv < CKJ e™dv < ~e Pl (T).  (3.14)
D D
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By assumption (1), p,(x,y) < cov~4/2, for 0 < t < 1. Hence, we have p1/2(x,y) < p24/2 = Cp
which implies

pe(x,y) = J Pe-1/2(x,2)p1/2(2,y) dz < ¢p,

forall t > 1/2. Since 6§ < 1 < D, it follows

D 1 1
I pu(x,y)dv < cy J v 42 dy + cpD1(1,00)(D) < ca,D( J v 42 dy + D110 (D))
é ] 8

for csp = ca +cp. For d > 3, this implies

b 1
J pv(x: y) dv < C5,D( J U_d/2 dv + D]-(l,oo) (D))
6 8
< C6,D((d/2 -1 4 Dl(l,w)(p)) (3.15)
< cg’D(al‘d/z + Dl(l,m)(D)),

where c(’s’D = 2cs p. Letting § = A(8)%4 D= (1V —% log(A(8))) AT, (3.15) and A(S) < 1 imply

D
L Po(x,y) dv < 5 (AS)Y4 4 21og(A(8) ™)) < ¢ (AS)YH + rdrrA(8)2/7
< ey pA(8)P T, for ey = ¢ (1 + rmy)s

where we have used the well-known inequality log(x) < nx'/", x,n > 0. Using Fubini’s theorem,
this directly implies

D
Ip = J; JJSZ PU(X: y)ll(dx) dydv < Cé:Dp(S))L(S)Z/d < Cé”D“,D”oo)\(S)Z/dH (3.16)
for d > 3. Noting that our choice of § and D implies by (3.13) and (3.14) that
Ts < lplloA(8)¥H1  and Ty < XA(8)2 < XA(8)2/4*,
K K

(3.12) follows for any d > 3 by combining these estimates with (3.16). The case d = 2 is treated
by similar arguments. [

Notation. Throughout the sequel, we denote by Z the class of non-explosive, exponentially
B-mixing Borel right Markov processes X such that assumptions (s10) and (s11) hold (and hence
(410+) is in place, i.e., the invariant density p is bounded). Moreover, in dimension d = 1 we
assume that (¢12) is in place with a rate function rg which is monotone wrt the compact sets 8
in the sense that

8§1C 8 = ¢g, = J rs, (t)dt < J rs, (t)dt = cs, < co. (3.17)
1 1

Alternatively, if we do not want to restrict to exponentially f-mixing processes, consider the
class of processes ® consisting of d-dimensional non-explosive Borel right processes such that
(10)-(A2) hold, where again the constants cg appearing in (s42) satisfy (3.17). Note that if Qis
the restriction of ® containing the class of processes X satisfying the assumptions of Proposition
2.10 or Proposition 2.11, then © C %.
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3.2 UNIFORM MOMENT BOUNDS AND DEVIATION INEQUALITIES

Uniform moment bounds for integral functionals of X are the subject of this section. These are
intimately connected with Bernstein-type tail inequalities, which due to their crucial importance
for many probabilistic and statistical applications—such as the derivation of limit theorems or
upper bound statements for nonparametric estimation procedures—have been excessively studied
in the literature (see Section 1.1 of [82] for an overview). Both a Lyapunov function method
and a functional inequalities approach can be used for deriving results on the concentration
behavior of additive functionals of X. [40] establish non-asymptotic deviation bounds for

P(} Jotf(Xs) ds - f Fau 2 r), feri(u),

using different moment assumptions for f and regularity conditions for u, “regularity” referring
to the condition that py may satisfy various functional inequalities (F-Sobolev, generalized
Poincaré, etc.). In a symmetric Markovian setting and assuming a spectral gap, [116] uses
Kato’s perturbation theory for proving Bernstein-type concentration inequalities for empirical
means of the form Ié f(X;)ds, the upper bound depending on the asymptotic variance of
f. Amongst other methods, [82] exploit both a Lyapunov function method and a functional
inequalities approach for extending Lezaud’s result to inequalities for possibly unbounded f.
Going beyond the symmetric case, Lyapunov-type conditions can also be used for verifying
exponential mixing properties, paving the way to generalizing concentration results based on
independent observations to the dependent case. For corresponding results for discrete random
(Markov) sequences under different mixing or ergodicity assumptions, we refer to [1, 2, 23, 53,
64, 114, 126, 145]

3.2.1 General framework

Our main focus in this subsection is on deriving corresponding uniform moment inequalities
of empirical processes and (in Section 3.3) proving their efficiency in a concrete statistical
application, using merely the previously introduced assumptions (in particular, the -mixing
property), and without introducing any additional conditions on the process. We emphasize that
for this section no assumption on the existence of transition or invariant densities is needed, but
that we only work within an ergodic f-mixing framework. Moreover, the results are established
for B-mixing Markov processes with arbitrary topological state space X, not necessarily equal to
R<, and general mixing rate. That is, we suppose in this section that

B(t) = ant(x, ) = llry p(dx) < (),

for some rate function Z(t) decreasing to 0 as t — 0.
We aim to prove moment bounds for suprema of the form

1 t
sup |G (@) = Gells, for Gi(g) = —j ¢(X,) ds,
g€s \/E 0

where the supremum is taken over entire (possibly infinite-dimensional) function classes § C
Bp(X) of p-centered measurable bounded functions on X. Such results are indispensable tools,
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e.g., for the analysis of nonparametric adaptive estimation procedures and for applications in
statistical learning theory. Similarly to [20] and [68], we apply the generic chaining device for
the derivation of our result. The basic strategy of the proof is splitting the integral into blocks
of length m,, construct an independent Berbee coupling based on the -mixing property as
described in Viennet [170], and then use the classical Bernstein inequality for i.i.d. random
variables for the coupled integral blocks to drive the chaining procedure from [68]. The use
of Berbee’s coupling lemma is a well-established method for studying empirical processes of
discrete B-mixing sequences, see [143, Chapter 8], and has recently been employed in [12]
for establishing L? oracle bounds for an adaptive estimator of the invariant density of a class
of exponentially -mixing Lévy driven SDEs. Our final moment bound on the supremum of
the process G; is stated in terms of entropy integrals of the indexing function class §. In many
applications, the corresponding assumption is straightforward to verify. For any given € > 0,
denote by N(e¢, G, d) the covering number of G, i.e., the smallest number of balls of d-radius ¢
needed to cover §. Furthermore, given f,g € G, let d(f, g) = ||f — gll and

g (f.8) = ot (f —g), where o7 (f) = Var(% Lt f(X;) ds).

THEOREM 3.7. Suppose that X is f-mixing with rate function Z(t). Let G be a countable class of
bounded real-valued functions with p(g) = 0 and let m, € (0,t/4]. Then, there exist T € [m;, 2m,]
and constants C1,Cy > 0 such that, forany 1 < p < oo,

1/p s 00 _ o)
(E[neaz]) ™ <& L logN(u, 9, 22d.) du+C2JO Viog N(w, , de) du
(3.18)

2m ~ ~ 1 -
+4sup (2 gllotap + llglle S VB + 5 llglle VEE(m) 7).
ge \ Vt 2

for positive constants c1, ¢y defined in (3.21).

Proof. We start by splitting the process (X;)o<s<: With Borel state space X into 2n, parts of length
m¢, where t = 2n;m¢, n, € N, m; € R,. More precisely, for j € {1,...,n.}, define the processes

XM= (XseraG-nm 2i-nm]s - X0 = (X)sel2j-1m,2jm -

Since X is a stationary Markov process, the f-mixing assumption is equivalent to
260 2 [ 1P ) = il (@) = E[IPCI50) = Plloy g | = E[IPCIS) = Pl |

for any s, t > 0, see Proposition 1 in [62]. Here, (F; = 0(X;,s < t))r>0 denotes the natural
filtration of X, (F; = 0(X;, s > t)),>0 the filtration of the future of X and, for a signed measure u
and a sub-o-algebra A on a measure space (Q, J), ||]|lTv|4 denotes the total variation norm of

u restricted to A. As demonstrated in [173, Lemma 1.4],

E[IPCIF) = Pl | = BT T,

where for two sub-o-algebras A, B C § and a probability measure P on (Q, §), the classical
B-mixing coefficient B (A, B) is given by

B(A,B) = sup |Plags(C) - Pla® P|5(C)|.
CeA®B
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Here, P| 495 is the restriction to (Q X Q, A ® B) of the image measure of [P under the canonical
injection ((w) = (w, ). Clearly, if A; C Ay, we have (A1, B) < B(Az, B). Observe that X/>!,

a mapping from Q to X [2(-Dme,2j-Dme] js hoth F (2j-1)m,-measurable and &"2( i 1)m[—measurable.
It now follows from the above dlscussmn for j,k € {1,...,n:}, j <k, that

B, X1 = Bo(XM), o(X*N)) < B(F2j-1)me> Fa(ko1)m,)
< E((2(k=j) = 1)m) < E((k = j)m,).

In the same way, we obtain (X72, X*?) < E((k — j)m,). Arguing as in the proof of Proposition
5.1 of [170], we can then construct a process (X;)o<s<¢ by Berbee’s coupling method, such that
fork=1,2,

k()

1. X XJk forall j e {1,...,n.},

2. P(X'k £ XKy < B(m,) forall j € {1,...,n},
3. XYk, ... X"k are independent,

where XK is defined analogously to X/* for j € {1,...,n;} and k = 1, 2. In order to ease the
notation, define for j € {1,...,n;}

(2j-1)m, 2jm;

g(x)ds, L(x7?) ::j ¢(X,) ds,

(2j-Dm;

LX) = J

2(j-1ym,

and, analogously, define Ig()/(\j’k) fork=1,2,j€{1,...,n}. Fix p > 1. Then,

elio])”

1/p 1/p
< [E|sup|— I gy d || +|E[sup|— J (3(x:) — g(%)) ds|
g€§ Ve 8€$
1/p
= ( sup Zz @[ ) ( ZZU (x7%) = 1, () ])
8€s k 1 =1
(3.19)
The classical Bernstein inequality implies for u > 0 that
m
1 & N 2ntVar(f g2(X;)ds|u -
P ‘—ng(xl’k)’ >J 0 ) J mellloou | 2e7Y,
Vi & t Vi
which in combination with 2n,/t = 1/m, yields
1 u?
P(‘—Zlg(xl’k)‘ > u) < 2exp|— — ., u>0, (3.20)
Ve = 2(Var(‘/+n_t fo ‘g(X;)ds) + %Hg”oou)
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see Theorem 2.10 and Corollary 2.11 in [35]. Consequently, denoting
T = 2eV/COoge 1112 & = 2(2e) 7121/ (20) \[rrel /6 (3.21)

Lemma A.2 in [68] gives, for k € {1, 2},

e Up —
1 Siky P 1 t _
([E ’@J;Ig(X] )( ) ||g||o<>\fc:1p+\/Var(\/E | 8 ds)czﬁ, (3.22)

where we used again 2n;/t = 1/m,. In addition, Theorem 3.5 in [68] implies that there exist
positive constants C1, Cy such that

( ZI (ka)‘

sup |—
g€§

51 « me 52 *
) < - L log N(u, G, Wd"") du + > L Vlog N(u, S, dg m,) du
1 p e
‘_ Ig()?j’k)‘ )
Vi

Here, we bounded the y,-functionals appearing in the original statement of the theorem by the
corresponding entropy integrals. Note further that the last term on the rhs of (3.19) is upper
bounded by

g€s$

+2 sup([E

(3.23)

2 n 1/p
1 : =i p 4n m . —~ 1
E|sup|—= 31 3 (1009 ~ 9 - Lz || < T sup gl (P (0 2 K34)) 17
Ve i = Ve

g€s$ g€y

< 2sup ||glleo VEE(m,) V.

g€
(3.29)
Plugging the upper bounds (3.22), (3.23) and (3.24) into (3.19) yields
([E sup |G;(g)|? ) <C J logN(u, S, %dm) du + C, f Vlog N(u, G, dg m,) du
g€§ 0 (325)

+450p (Ellglltip + lgllom @B + 5 e VEE(m) 7).
g€y \/E

For general m, € (0, f‘] let n = LZLJ where | x| denotes the largest integer smaller or equal to

__1 t2m[

x > 1. Then, for m; = o T

we have m; < m,, and from n; > and m, < 4, we get

2 b

_ t tm,
my=— <
2n; t—2m;

< 2mt.

Since n; € N, (3.25) holds with T = m; € [m,, 2m;] and m, being replaced by m,, and combining
this with the computations above yields

([E

sup |G (g)[°

s’c“lj logN(u,S,%dm)du+C~2J VlogN(u, G, dg ) du
g€g§ 0 t 0
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T - ~ 1 =
+4sup (- llgllntip + lgllo eavp + 5 gl VEE(D) )

g€g§ \/E
<C J log N(u, S, %dw) du + Ezj ViogN(u, §, dg ) du
0 0

2m ~ ~ 1 -
+4sup (T Nlglltip + glle. Cavp + 5 lglloVea(m) ),
geg \ Vi 2

which completes the proof. [

Consider p = 1 and the specific choice of m; = k™! logt in case of exponential 8-mixing rate
E(t) = ¢, exp(—«t). Then, the above result implies that

® o *® logt
E[IGils] < | TogN(w, 9, *Ldw) du+ |  IogN(, G, o) du+sup (= llglhe + gl -
0 Vi 0 \/Z

g€y
(3.26)
If we considered the related discrete time problem of finding uniform moment bounds for additive
functionals # 2ir—o0 & (Xi) of a Markov chain (X;)nen, and assumed exponential ergodicity of
the chain, using the state of the art Bernstein inequality given in [1, Theorem 6] (see also [114])
for the generic chaining procedure would yield an analogous result with an asymptotic version
of the variance norm. In particular, the log-scaling of the sup-norm is also present in the discrete
time case as a consequence of exponential ergodicity, whereas in the i.i.d. case this factor would
disappear. Our direct coupling approach therefore yields optimal uniform moment bounds and
makes the contribution of the mixing term transparent, which also naturally paves the way for
studying nonparametric implications of sub-exponential mixing rates for sup-norm estimation
problems in continuous time in future work.
To get a first taste of the consequences of Theorem 3.7 consider the trivial situation where
G is a singleton set to study rates for the LP-version of von Neumann’s ergodic theorem! for
continuous time ergodic Markov processes which states that for g € LP(u),

1 T
—J ¢(X)ds — p(g), inLP(P).
T 0 t—o0

Note that indeed, B-mixing implies strong mixing and hence ergodicity of X.

CoROLLARY 3.8. Suppose that X is exponentially f-mixing. Then, there exists a constant C > 0
such that, for any T > 0, 1 < p < oo and any bounded, measurable function g,

1" 1
Ly ae-wee)], < otk
|7 || sxoa-nwl], , = colelorz

If X is polynomially mixing of degree a > 1, i.e., E(t) < t™% then for any p > 1 and T > 4(@*+p)/«

we have
1

i [ s ac-u)),,,, < alor™ 5.
T Jo e

1Not referring to the LP-statement as Birkhoff’s ergodic theorem is not without reason, see [177].
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Proof. In case of exponential f-mixing we obtain, similarly to the proof of Proposition 3.6, for
anyt > 0,

1 t t Ce
el = pvar | 00 cs) < 20l [P b (o) ds < 20l

Choosing mr = VT and plugging this into (3.18) therefore yields the assertion for the exponential
mixing case. For the a-polynomial case we obtain the assertion similarly by the minimizing
choice my = TP/(®*P) where T > 4(®*P)/% guarantees that m; < T/4 and the assumption a > 1
is needed for uniform boundedness of ||g||é) ,int. [

3.2.2 Deviation inequalities for suprema of empirical Markov processes

Theorem 3.7 provides a foundation for the derivation of deviation inequalities, as they are
needed, for example, for bounding the sup-norm risk of estimators and for the convergence
analysis of adaptive estimation procedures. We will focus on the question of invariant density
estimation for Borel right Markov processes, introduced and discussed in Section 3.1. Recall the
definition of X and @ at the end of that section. Given the observation (X;)o<;<7, a natural kernel
estimator for the invariant density p on a domain D of a Markov process X € X U @ is given by

T

prr(x) = %J Kn(x - X;)ds, xeRY  where Kp(-) = h9K(-/h), h>0, (3.27)
0

for some smooth, Lipschitz continuous kernel function K: RY — R with compact support
[-1/2,1/2]4. The knowledge of the invariant density is not only a question of its own interest,
but is also needed, among other things, for the implementation of drift estimation procedures
or data-driven methods of stochastic control. Furthermore, this specific estimation problem
can be regarded as an acid test for the quality of the statistical analysis: It is known that the
invariant density of (possibly multidimensional) diffusion processes can be estimated with a
faster convergence rate than is feasible in the classical discrete i.i.d. or weak dependency context.
However, these superior convergence rates can only be verified with sufficiently tight estimates
in the proof of the upper bound, more precisely, for the stochastic error part. Indeed, denoting
Hnr(x) := phr(x) — E[prr(x)], we have the decomposition

prr(x) = p(x) = Hyr (x) + (p * Kn — p) (). (3.28)

While the bias part is bounded using standard arguments, tight upper bounds on (the supremum
of) the stochastic error require specific probabilistic tools. For bounding E[sup,.p, |Hpr(x)[?],
we want to apply Theorem 3.7 to the function class

§ = {K((x=)/h) : x € DNQ"},  where K((x—-)/h) = K((x=-)/h)—p(K((x~=-)/h)), (3.29)

for some kernel function K with Lipschitz constant L wrt to the sup-norm ||+ ||, and the bandwidth
h chosen in (0, 1). The following uniform deviation result is central for this purpose. The proof is
given in Appendix 3.A along with useful bounds on the entropy integrals for processes from the
class £ U @. Recall that if X € Z, then by definition, X is exponentially f-mixing, i.e., f-mixing
with rate function E(t) = c,e™ for some constants c,, k > 0.
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LEMMA 3.9. Suppose that X € ® U Z and additionally assume in case X € @ that X is f-mixing
with strictly decreasing rate function Z(t). Then, for any ur > 1 such that =1(T™) € o(T) and
T2 < h = hy € o(1), there exists a constant ¢* > 0 such that for large enough T

- ~ ur +logT __ u
P11 = EPhrlly ) > (T B g 1) + T hpg () Vur v log(h™D) ))

Thd

In particular, when X € I, for any y > 0 and ur € [1,y log T] there exists a constant c, > 0 such
that for large enough T

—ur

P([|Br = BBl ) 2 ey Yhr(ur) ) < e,

where

2
Yir(u) = ”(I‘T’i ~34pg (k) vu v log (R (3.30)

3.3 SUP-NORM ADAPTIVE ESTIMATION OF THE STATIONARY DENSITY FOR GENERAL
MARKOV PROCESSES

In this section, we demonstrate the effectiveness of our previous results and probabilistic tools in
a concrete statistical application. We already introduced the general form of the kernel invariant
density estimator in (3.27). In order to quantify the speed of convergence, we will now analyse
its convergence behavior under standard Holder smoothness assumptions, i.e., we focus on the
problem of estimating the invariant density p on a domain D of a Markov process X € ZU @
with p|p € Hp(B, L) (as introduced in (3.3)). For stating our statistical results, we define

log T _
1/NT, d=1, VT d=1,
ogT
Dy p(T) = JIO%T, d=2, and Wyp(T) = %’ d=2, (3.31)
B
e dss (40)7 4

Throughout, K denotes a ||-||-Lipschitz kernel of order ¢ and with Lipschitz constant L that is
supported on [-1/2,1/2]¢.

3.3.1 General framework

Depending on the concrete application, one might be interested in quantifying the accuracy of
estimators in terms of different risk measures. Our findings from Section 3.1 immediately imply
an upper bound on the classical mean squared error at some fixed point x € R<.

COROLLARY 3.10. Suppose that X € £U®. For x € R? such that there exists an open neighbourhood
D c RY of x such that p|p € Hp(B, L), B € (0, € + 1], it holds for the kernel estimator

—1/)” d<?2, B,
- otstum. e~ {53570
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Proof. Fix x such that there exists an open neighbourhood D of x such that p|p € Hp(S, L). The
usual bias-variance decomposition gives

E| (B () - p(0))°] = (9 Ki(x) = p(x))? + Var (B (). (3.32)

For the bias term, since ||| < ¢, there exists a universal constant M > 0 such that

< MH?, (3.33)

w7 [ K(552) e - pe) dy

[(p* K — p)(x)| =

see Proposition 1.2 in [163] for the case d = 1 and the analogous estimator for discrete observa-
tions, which can be extended to the general multivariate case under continuous observations
without much effort. Moreover, for any dimension d and X € X U @, it follows from (3.47) that
for any h € (0, 1)

1 (T -
Var(? [ mte-x0 dt) < TYIKIZ o llotp2(h).

The claim follows by plugging the specific choice of h into (3.33) and (3.47) and using (3.32). =

We now turn our focus to the technically significantly more involved problem of sup-norm
adaptive invariant density estimation for processes from the class £ having Holder continuous
invariant densities. We demonstrate that optimal estimation rates in any dimension are achieved
by the kernel estimator for a suitable bandwidth choice. While in dimension d = 1, 2 the optimal
bandwidth has the remarkable property of being independent of the (typically unknown) order
B of Holder smoothness, this is not the case in higher dimensions d > 3. In order to remove f3
from the bandwidth choice, we need to find a data-driven substitute for the upper bound on
the bias in the balancing process. Heuristically, this is the idea behind the Lepski-type selection
procedure suggested now:

1. Specify the discrete set of candidate bandwidths

log ) T(log T
T

)5 ﬁ
Hr = %;k) =qh = r]_l : 1 e Np, r]_l > ( ) , 1> 1 arbitrary,

for arbitrarily chosen k € N, and denote by hp, the smallest element in the grid #r. Here,
log ;) T denotes the k-th iterated logarithm, iteratively specified by log ) T = loglog_q) T
and log o, T =T, which is well-defined for T large enough.

2. Define ET = i’{;k) by letting

e = max{h & %+ Bt - Bortll(p) < Bt lli-0(&, ) Vg < h, g € %T},

(3.34)
where

log ;) T (log T)?
Thd

log k) T log(h™1)

o(h,T) = T

, he%#r. (3.35)

log(h™!) + z,bd(hd)\/
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Letting ||-||z~(p) denote the restriction of the sup-norm to a domain D ¢ RY, we obtain the
following result.

THEOREM 3.11. Suppose that X € %. Let D ¢ RY be open and bounded. Suppose that p|p €
Hp(B, L)y withp e (1, +1] ford=1and B € (2,£ + 1] ford > 2. Then, forany p > 1,

e log? T/T, d=1,
(fE[Ilﬁh,T - plli’m(m]) € O(Wap(T)), ifh=h(T)~ {logT/TV4, d=2,
(logT/T)Y/(2P+d=2) = g > 3.

For the adaptive bandwidth scheme, let hr = E;k) be selected according to (3.34) for some k € N.
Then, if p|p € Hp(B,L) with B € (2, € + 1], we have in any dimension d > 3,

log ) TlogT)ﬁ) (3.36)

[E[HEET,T - pHL""(D)] € O(( T

Proof. Fix p > 1, and recall the decomposition (3.28). By the assumption on the order of the
kernel K, the bias term p * Kj, — p is bounded by B(h) := Mh? for some universal constant M > 0
as in the pointwise case (see (3.33)), while the upper bound on the stochastic error Hy r relies
on a suitable specification on the upper bound in (3.50). For d > 3, set h = h(T) = (logT/
T)1/(28+d=2) and m; = plog T/« such that

2(B-1)

l,bd(hd) c O(T—ﬂ/(2ﬂ+d—2)) and mr _ (logT)W.

1
VT Thd ~\'T

\NT

Upon noting that 8 > 2 implies 2( — 1) > B, it follows from (3.50) that

([E [ sup |Hp,r(x) |P] )1/p € O((k’%T)ﬁ/(zmd_Z)). (3.37)

x€D

Since h? = (logT/T)P/(2P+d=2) (3.28), (3.33) and (3.37) finally give E[||pyr — pllpm(D)]l/p €
O(Wap(T)) ford > 3. For d = 1 and d = 2, the assertion follows by analogous arguments.

We now proceed with the proof of the convergence rate of the adaptive scheme for d > 3.
For the variance, we obtain from (3.50) that, for mr = 2log, T(log T)?/k and whenever
h < e2Ldiam(D)/||K||, there exists some constant ¢ > 0 such that

ﬂEI:”Eh,T - [E.’D\h,T”ioo(D)] =k < @20_2(}1’ T):

sup |Hy,r (x)|?
x€D
where 02(-, ) is defined according to (3.35). Define h, by the balance equation

1
h, = max {h € ¥r : B(h) < Z‘VO.8Mo(h, T)}, where M := ||p||~(p)-

1
5\ @52
This definition implies that B(h,) =~ V0.8 Mo(h,, T)/4 and, since #r > h, > (M)d 2,

2P log i) T logT

B
log i) T log T\ 2#+d-2
P T :

and o(hp,T) = ( T
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To justify this, define ho := (log ) T logT/ T)1/(28+d=2) 'For large enough T, we have the estimate
log(log ) T logT) < (logT)/2 and hence

log 1) T(logT)? ) i 1081 Tlog(h(‘)l)
T 08(ha") + palh) .

g
log(y T logT 1 logx) T log T \ 27+4-2
>\ 5oa e —pa(hl) = _ clph

for £ = \/2(2[3 +d — 2)M?. Additionally, we get, since 8 > 2,

o(ho,T) =

log ) T (log T)? ~
o(ho, T) = ”Thd log(hy") + a(hd)

0

log i T log(hgl) N (log(k) TlogT ) e
T B T '

In particular, it holds that hy < h,, which is clear if £ < }‘VO.8M, and else follows by the fact
that, forany 0 < A < 1,

B(Ahg) = APB(ho) < APLo(ho, T) < APLa(Aho,T).
Lastly, we show h, < hg by proving hiﬁ +d_zh(_)(zﬁ -2 ¢ O(1). Indeed, by the definition of h,,

P < hd262(hy, T)

2
o[ log« T(logT)® log ) T logT
< hd2 ) - ot 4 ()| — = .

(log ) T)*(log T)®
< h
< 3

log (i) T'logT
T

2

_ d _
o+ hi Py (hY)

and thus it holds that

T(logT)*
(g)h
T

lo
P2y (2pd=2) (k) SO L ri2p2(nd) € 0(2),

thanks to h, > (logy, T (log T)5/T)1/(d+2)

Case 1: We first consider the case where ET > h,. To shorten notation, denote M =

|Phpin,7 |l (p)- Then, exploiting the definition of iTT according to (3.34) and the bias and
variance bounds,

[E[llﬁgT,T = Pll=) - l{ﬁrzhp}n{ﬁg.zjvt}]
< E| (185, 1 = Brpr =0 + 1Byt = BByl + BUip) )1 s oz ony |

< V1.2Mo(h,,T) + Co(hy, T) + %VO.SMo(hp, T) € O(a(h,,T)).
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Similarly,

[E[HﬁgT,T = Pliz=(p) - l{ﬁTzhp}m{JVbLzM}]

< Z [E[(Hﬁh”]‘ — Epnrlli=(p) + B(h)) ) 1{;TT:h}m{J\7[>1.2M}
heHrh=h,

< log T(Co(hy, T) + B(1))yP(M > 1.2M).

Now, for any T large enough,

P(|j\7[ -M| > O~2”P”L°"(D)) = P(|1Phinr I (0) = PNl ()| > 0.2M)

< B ([t = Pl oy > 0200l

< P[P = EBrasatll o 5y > 0-20l1(0) = Blhanin)) 38)
< P[Pt = EBrasatllye 0y > 0- Ll (o))

< P(||5hmin,T - [Eﬁhmin,T |L°°(D) > Yhmin,T(log T))

<77

where, for the function Y3, r(-) defined according to (3.30), the last inequality follows from
Lemma 3.9 and the last but one inequality holds since there exists some constant C such that

2 6=2d __d_ 6-3d 2-d
Yy, 7 (10gT) < CT™ 72 ((log T) @2 (log ) T)™#2 + (logT) @2 (logy, T) _z<d+2>)
< 0.2]lpllz=(p),
for T sufficiently large. Thus, we can conclude that E [HEET,T = pllz=(p) - g th}] € O(a(hy,T)).

Case 2: For the case hr < h,, note first that the previous bias and variance bounds together
with (3.38) imply that

[E[HEET,T =Pl - 1{ET<hp}n{JTm<o.8M}]

< > |l — Bl + BO) 1 Ly oitcos]
he%r:h<h,

< 10g T(Co(hmin, T) + B(h,))yP(M < 0.8M) = 0(c(h,, T)).

On the other hand,

[E[llﬁgﬂ — Pl - 1{ET<hp}m{o.8msJVt}]

< > E[(IBhr — Epurllie o) + BO)) - 1 Ly osneeiy]
he%r:h<h,

5 ~ 119
< Z \/[E[”Ph,T - [EPh,T“LDo(D)]\/[E[l{ﬁTzhp}m{O.ngﬁ[}] + B(hp)

he%r:h<h,
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< > Coh T)\/P({ET > hp} N {0.8M < JVc}) +0(0(hy, T)).
he%r:h<h,

Pick any h € #r such that h < h, and denote h* := min{g € %r : g > h} = nh. It is then shown
as in the proof of Theorem 2 in [85] that the verification of the fact that the first sum on the rhs
of the last display is of order O(o(h,, T)) boils down to proving that

1/2

> oot Y P([Bier - Barlle iy > VOBMo(e,T))| € Olalhy,T)).

he%r:h<h, g€Hr:g<h

Following again the lines of [85], we obtain

—~ - - —~ 1
P(”,Dh’f,T _pg’T”L‘X’(D) > V0.8M0(g, T)) < P(”p}ﬁ,T - IE'Dth’T”L‘X’(D) > Z V0.8M0(h+,T))

. _ 1
+ P(||pg,T - [Epg,T||Lm(D) > Z\/O.SMG(g, T)).

Let y > 1. Clearly, by definition of (g, T), there exists T(y) > 0 such that, for any T > T(y) and
any g < h,, g € %r, we have

-1 2 -1
IVOBNo(s,T) 2 ¢ Yy (y log(g ™) = ¢ WEE Dy g [VIOBLET),

Tgd

where ¢, is the constant appearing in Lemma 3.9. Thus, using Lemma 3.9, we obtain for
T > T(y) that

—~ - 1 ~ .
P(”pg,T - IE[pg,T]”Loo(D) > Z VO.SMO'(g, T)) <e ylog(g™) :g)’ — [y(g)

and hence
> um(||5h+; ~ Batlly ) > VO8N, T)) < > (4(8) +4(h") < 24, () logT.
g€Hr:g<h g€Hr:g<h

Thus, choosing y large enough demonstrates that

1/2
>0 ot Y B([Bier - Berlle ) > YO-8Mo(s,T))
her:h<h, geHr:g<h
< > o(hT)\2, (W) 1ogT < 2} (10g )20 (hain, T) € O((hy, T)),
he¥r:h<h,
as desired. u

The convergence rates introduced in (3.31) clearly reflect the fact that the invariant density
of stochastic processes can be estimated faster than in the classical context of nonparametric
density estimation based on i.i.d. observations. While this is well-known for ergodic continuous
diffusion processes (see [59, 158]), we will show in the following section that the result is
fulfilled for a much larger class of stochastic processes. The additional log-factor occurring in the
definition of Wy g(-) represents the common price to be paid when switching from the pointwise
error control (described by ®,44(-)) to bounding the sup-norm risk.
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Remark 3.12.  (a) The conditions on the Holder index f stated in Theorem 3.11 are due to

(b)

3.4

two different reasons: On the one hand, in dimension d < 2, we chose a bandwidth not
depending on 3 which still achieves the optimal balance between bias and stochastic error.
By choosing a bandwidth dependent on S (as in Corollary 3.10), restrictions on 8 could
be avoided. However, for the implementation of estimators it is advantageous to be able to
choose a bandwidth independent of the typically unknown smoothness . On the other
hand, in dimension d > 3, the assumption on f3 is an unavoidable effect. The coupling error
leaves us no other choice but to select the interval block length my in the decomposition
of (3.27) of order log T, which forces > 2 to balance out bias and stochastic sensitivity
of the estimator. We emphasize that this is not an artifact of our proof strategy since the
additional log-factor also appears in the optimal Bernstein inequalities for geometrically
ergodic Markov chains in [1, 114]. The restriction on 8 can therefore be considered as a
price that must be paid for the generality of our exponential f-mixing assumption.

The logarithmic gap (of arbitrary iterative order k) between the adaptive rate (see (3.36))
and the optimal rate W34 in dimension d > 3 (see (3.31)) is not a consequence of
suboptimality of arguments used in the proof. Rather, it is a deliberate choice motivated
by our desire to introduce a truly adaptive selection procedure that does not rely on the
specification of obscure constants. To be more precise, a key step in the proof of the upper
bound for the adaptive approach requires quantifying the concentration of the estimator
pn.r around the variance proxy o(h, T) from (3.35), which is handled with the deviation
inequality from Lemma 3.9 involving the term Y, 7(y log T) (see (3.30)). If we remove the
factor log ) T in the variance proxy o(h, T), we obtain

) -1
“"Ti Lrog(n ) + z/m(hd)\/% = Yar(ylogT).

In this case, an exact quantification of the constant ¢, from Lemma 3.9 is mandatory,

which would then be included as an additional factor in the specification of ET in (3.34).
Together with an adjustment of the candidate bandwidths %, this would allow us to close
the logarithmic gap and hence obtain optimal rates for the adaptive procedure.

However, ¢, is of the form y X C(D, L, k, ¢, c2)—where we recall that c,, k determine the
mixing coefficient and c; is a constant appearing in the heat kernel bound from Assumption
(s11)—and therefore can only be bounded with explicit knowledge/assumptions on the
process. We avoid this fundamental problem in our procedure to not shift the problem
from unknown exact smoothness to unknown exact ergodic and small time behavior, with
the price to be paid being a logarithmic loss. In this regard, our approach differs from
the bandwidth selection procedure for the L? risk in [12], which relies on the choice of
a “sufficiently large” constant k that cannot be exactly specified or efficiently chosen in a
data-driven way.

ExaAMPLES

Our previous results rely on the very general conditions (¢/0) and (s11) as well as assumptions
related to the speed of convergence to the invariant distribution, (s12) and (s1/3). For statistical
purposes, however, it is essential to derive results under conditions on the coefficients of the



3.4. Examples 51

underlying process as easily verifiable as possible. For this reason, this section is devoted
to investigating specific classes of jump diffusion processes and explicit conditions on their
underlying characteristics such that the above assumptions are satisfied and hence statistical
conclusions can be drawn from our general theory.

3.4.1 Lévy-driven Ornstein—Uhlenbeck processes

As a first example we discuss estimation rates of d-dimensional Lévy-driven Ornstein—Uhlenbeck
processes as representatives of Lévy-driven jump diffusions with unbounded drift coefficient by
establishing assumptions on the characteristics of the Lévy process that guarantee X € X U @.
Let Z be a d-dimensional Lévy process with generating triplet (a, Q, v), where a € R, Q € R9*d
is a symmetric positive semidefinite matrix and v is a measure on R¢ satisfying v({0}) = 0 and
fRd(l A |Ix]|?) v(dx) < oo such that E°[exp(i{Z1,0))] = exp(1(0)) with

$(0) = ia,0) - £(Q0,0) +J

(e“""’> —1-1(x,0)15(0,) (X)) v(dx), 6eRY,
R4\ {0}

where B(0,1) = {x € R? : ||x|| < 1}. Then, given some matrix B € R4

Ornstein—Uhlenbeck process X is a solution to the SDE

, a Lévy driven

dXt = —BXt dt + dZt,

given by

t
X = e_tBXO +J e_(t_s)B dz,, t=>0.
0

We suppose that the real parts of all eigenvalues of B are positive, implying that e 8 — 044 as
t — oo, and assume the following moment condition
J‘ log||z|| v(dg) < co. (3.39)
llz]]>2

Then, X is a Markov process on R? with invariant distribution i such that
{Fu}(u) = exp (Loo lp(e_SBTu) ds), ueRY,
and @y (u) = exp (i(x, e By + Lt lp(e_SBTu) ds), u,xeRyt>0,
see [148, Theorem 3.1, Theorem 4.1]. Let us now introduce the following conditions.

(61) rank(Q) =d;

(62) f{||x||>1}||x||p v(dx) < oo for some p > 0.
©3) [ o1y G0gllxID v(dx) < oo for some a > 2;

These assumptions are borrowed from [125], [123] and [103], where (sub-)exponential ergod-
icity and exponential f-mixing of OU-processes are investigated. (01) guarantees the strong
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Feller property of X and the existence of a C;°-density for P;(x, -), x € R4 ([125, Theorem 3.1]).
Similar arguments to the ones in [125, Theorem 3.2] also show that under (01), g admits a
Gg"-density p. (02) and (©3) are moment assumptions on Z, where (03) in absence of (02)
corresponds to an extremely heavy tailed distribution and represents a minor strengthening of
the necessary and sufficient criterion (3.39) for stationarity of X.

Based on the results from [103, 123, 125] together with our investigations in Sections 3.1
and 3.3, we can obtain the following result.

THEOREM 3.13. Suppose that (01) holds. Then, in any dimension d € N, (s11) holds with

sup p(x,y) <72 te(0,1]. (3.40)
x,y€Rd

If additionally,
(1) (62) holds for some p > 0O, then foranyd > 1, X €e 2N O;
(i) (©3) holds, then ford =1, X € @.

Let d > 1 in scenario (i) and d = 1 in scenario (ii). Then, for arbitrary 8 > 0 we obtain for any
x € RY that

1 d
[E[(ﬁh,T(X) - p(X))Z] € O(®F4(T)), ifh=h(T)~ {;—1;(2ﬁ+d—2> d . ;

and for any bounded, open domain D ¢ R? and p > 1 that in scenario (i)

y log? T /T, d=1,

—_ p .

[E[Ilph,T - plliw(m] € O(¥4p(T)), ifh=h(T) ~ logT/T"/4, d=2,
(log T/T)Y/(2+d=2) g > 3,

Remark 3.14. (i) Since we can choose 8 > 0 arbitrarily large, we make the remarkable
observation that in the scenarios described above, for any € > 0 we can obtain the almost
superoptimal rates T~(1*) and (log T/T)/(2(1+9) in any dimension d > 3 for the pointwise
L? and sup-norm risk, respectively. Moreover, in any dimension, an adaptive choice of the
bandwidth is not necessary.

(i) We emphasize that this result demonstrates that even under much less stringent assump-
tions (logarithmic moments and unbounded drift) compared to the class of processes
studied in the next section, there are examples of Lévy driven jump diffusions for which
optimal estimation results are feasible. It is therefore an interesting question for future
research to determine more general coefficient assumptions based on a linear growth
condition on the drift that yield optimal estimation properties.

Proof of Theorem 3.13. Let us first verify that under (©1) the heat kernel bound (/1) holds.
Arguing as in the proof of Theorem 3.2 of Masuda [125], we see that Fu and ¢} _are integrable
for any x € R and t > 0 and hence we can obtain the invariant density p and the transition
density p; of X via inverse Fourier transformation through

p) = g | MBI AL e RY,

(2m)
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and

P, y) = j e GE () dA, xyeRYE> 0,
R

(2m)d
Again, as in the proof of Theorem 3.2 in [125], it follows that under (©1),

t
|05, (1)] < exp ( - %AT(L e 5BQe8" ds)A), x,AeR > 0. (3.41)

Thus, using the characterization of the multivariate normal distribution, we obtain

t

(2711-)d fRd exp ( - %AT ( L e*BQe8" ds))t) da

t

= ﬁ ( det ( Jo e*BQe8" ds))_1/2.

pe(x,y) <

Observing that

t

]tiﬂ)l td/z(det ( J‘O e_sBQe_sBT ds))—l/Z _ (det (]tiﬂ)l % J‘Of e_sBQe—sBT ds))—l/z

= det(Q)/? < o,

where finiteness is a consequence of invertibility of Q by (01), it follows that for any d > 1,
there exists a constant ¢ > O such that

sup pt(xa y) < Ct_d/zy te (O> 1]'
x,yeRd

Thus indeed, for any dimension d € N, (¢/1) holds. Next, in scenario (i), [125, Theorem 4.3]
gives the exponential S-mixing property and the proof of Theorem 2.6 in [123] along with [123,
Proposition 3.8] yields V-exponential ergodicity with V(x) ~ (1 + ||x||?). This together with
(3.40) entails that in scenario (i), we have X € XN @. Finally, X € @ in scenario (ii) follows from
the considerations above and Lemma 3.4 due to the fact that the combination of (01) and the
logarithmic moment condition imply that every compact set is small and hence petite since X is
strong Feller and by [99, Theorem 3.1] ergodic (see Proposition 2.11) and hence (©3) implies
V-polynomial ergodicity of degree @ — 1 > 1 with V(x) = C(log|x|)* in dimension d = 1 by [103,
Corollary 1]. The statements on the estimation rates are now an immediate consequence of
Corollary 3.10 and Theorem 3.11 and the fact that p € €} has arbitrary Holder smoothness. =

3.4.2 Non-reversible Lévy-driven jump diffusion processes

The goal of this section is to show that solutions of the d-dimensional SDE, d € N,

t t t
Xt:XO+J b(X;) ds+J o(XS)dWS+J J y(Xs-)z N(ds, dz) (3.42)
0 0 0 JRd

satisfy assumptions (10), (¢11) and (1) which then allows using Theorem 3.11 to bound
the sup-norm risk of the kernel invariant density estimator. Here, 6: R — R%4 y: R? —
R4 p: RY — RY, W denotes an R?-valued Brownian motion, N is a Poisson random measure
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on [0, o) x R?\{0} with intensity measure u(ds,dz) = ds ® v(dz), and N denotes the com-
pensated Poisson random measure. Moreover, v is a Lévy measure and we assume that N, W
and X, are independent. Note that, if z — y(x)z is in L' (R?\{B1},v) for all x € RY, (3.42) is
equivalent to

t t
X =Xo+ J‘ b*(X,) ds + J o(X;) dw;
0

0 (3.43)

' JO J‘||Z||S1 y(Xs)zN(ds, dz) + JO J|z|>1 y(X:-)zN(ds, dz),

with b*(x) = b(x) — f”z”>1 y(x)zv(dz) and B; = {z € RY : ||z]| < 1}. We assume the following.

(1) The functions b, y, o are globally Lipschitz continuous, b and y are bounded, and, for l3x4
denoting the d X d-identity matrix, there exists a constant ¢ > 1 such that

C_lﬂdxd < 00" < clgd,
where the ordering is in the sense of Loewner for positive semi-definite matrices.

(§2) v is absolutely continuous wrt. the Lebesgue measure and, for an « € (0, 2),
(x,2) P Iy (x)z]| v (2)

is bounded and measurable, where, by abuse of notation, we denoted the density of v also
by v. Furthermore, if a = 1,

J y(x)zv(dz) =0, foranyO<r <R < oo, x € R
r<lly(x)zlI<R

(33) There exist ¢q,cy > 0 and ng > 0 such that

(x,b(x)) < —ci|lx|l, Vx:|x||>c2, and J llz]12e™ My (dz) < .
IRd

In [12], the authors also investigate L? invariant density estimation for jump diffusions and
use a similar approach for formulating requirements on the diffusion coefficients which imply
their respective heat kernel bound and mixture assumptions. The conditions however are more
restrictive and, in particular, the case of continuous diffusions cannot be handled within their
framework since it requires supp(v) = R and det(y(x)) > ¢ for some constant ¢ > 0 and all
x € R4, In [13], the authors improve the L? rate for dimension d = 1 from [12] to the parametric
rate 1/T by imposing an additional smoothness restriction on the jump measure. Our main
contribution in this section is to show that under the less stringent assumptions above, optimal
convergence rates can be achieved not only wrt. the L? risk but even wrt. sup-norm risk in any
dimension.

Note that (§1) and ($3) directly imply y(x)z € LY(RI\{B1},v), so (3.42) and (3.43) are
equivalent. The subsequent lemma shows that, under the given assumptions, there exists a
pathwise unique strong solution for (3.42) and that the conditions of Corollary 1.5 of [47] hold,
implying the heat kernel bound (3.44). All proofs can be found in Appendix 3.B.



3.4. Examples 55

LEMMA 3.15. Let ($1)-($3) hold. Then, (3.42) admits a cadlag, non-explosive, pathwise unique,
strong solution possessing the strong Markov property, and the assumptions (H*) and (H*) of [47]
hold.

Let X be the unique solution of (3.42) described in Lemma 3.15.

CoRrOLLARY 3.16. Let ($1)-(33) hold. Then, transition densities (p;):>o exist and there are
constants C, A > 1 such that the solution X of (3.42) satisfies the following heat kernel estimate for
alx,ye RL,0<t <1,

CH (2 exp(~Allx — yl|*/t) + (inf,epa eSS inf, cpa ko (x, 2))e(||x = yl| +£1/%)747%)

(3.44)
< pe(x,y) < C(E 2 exp(=Ilx - yl*/ (A0)) + lIcelloot (llx =yl + £1/2) 747,

where kg (x, 2) = ||y (x)2||9*%v(2). In particular;, assumption (s11) is satisfied.

Now our goal is to show that the solution X of (3.42) fulfills the fundamental assumption
(/10+) and exponential ergodicity along with the mixing property (sif3). First, observe that
(§1) implies that b € C,(R?%; RY) and 0,y € Cp(R?; R¥4) and hence Theorem 6.7.4 in [14]
guarantees that the unique cadlag Markov process X solving (3.42) is Feller and therefore Borel
right. Further, Corollary 3.16 in particular implies the existence of bounded transition densities
and thus, by Lemma 3.5, it suffices to show the existence of an invariant distribution. This will be
done as a byproduct while proving exponential ergodicity and the exponential mixing property
(d1B). For this, we will employ results of Masuda [123] which are again based on the theory of
stability of continuous-time Markov processes of Meyn and Tweedie [132]. These lead us to the
following proposition.

ProrosITION 3.17. Grant assumptions ($1)—-($3). Then, an invariant distribution exists, X is V-
exponentially ergodic with locally bounded V and the process X started in the invariant distribution
u is exponentially B-mixing.

Gathering the results of Corollary 3.16 and Proposition 3.17 and employing Lemma 3.4 now
yields that (s10)—(s12) and () are fulfilled for the solution X of (3.42), i.e., X € N O. In
particular, the results from Section 3.3 can be applied.

THEOREM 3.18. Let D c RY be open and bounded and assume (§1)-(§3). If plp € Hp(B, L) with
Be1,f+1]ford=1andp € (2,¢+1] ford > 2, then, the sup-norm risk of the kernel estimator
defined in (3.27) is of order

, O(+/log T/T), d=1, log® T/VT, d=1,
[E[Ilﬁh,T_plli’ww)] € 10(logT/NT), d =2, ifh~{logT/T"4, d=2,
O((log T/T)P/(2B+d=2)) " g > 3, (logT/T)~V/(2+d-2) " g > 3,

forany p > 1. If hr = E;k) is chosen adaptively according to (3.34) for some k € N, then for any
d>3,
logy T logT)ﬂ/(zﬂ“Ld‘z))

e[l - ol  of (225
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Moreover, for any x € RY such that p|p € Hp(B, L) for some B € (0, £ + 1] and a neighborhood D
of x, we have the pointwise L? risk estimate

o(1/1), d=1,
R ) (1/T) _ T, d<2,y<B,
[E[(Ph,T(x) - p(x)) ] € 10(logT/T), d=2, ifh~ T-1/(264d-2) 4> 3
O(T~2/2P+d=2)) g > 3, T

3.A Proor orF LEMMA 3.9

For the proof of the bounds on the stochastic error, we start with the following preparatory
lemma that provides bounds of the covering numbers of the function class G introduced in (3.29)
with respect to the norms appearing in Theorem 3.7. By a slight abuse of notation, we do not
distinguish notationally between the sup-norm on R¢ and the function space B, (R?).

LEMMA 3.19. Let D ¢ R? be a bounded set and, given some Lipschitz continuous kernel K with
Lipschitz constant L and compact support [—1/2,1/2]¢, define the function class G according to
(3.29). Then, for any € > 0,

4Ldiam(D) )d

N(e G M) < (——

and if moreover X € £ U @, then there exists a constant A > 0 such that, for any € > 0 and t > 0,

2Ldiam (D) A plloh? Lpa (k%) )d

&

NS, Il < (
Proof. For x € R?, we obtain by Lipschitz continuity of K that

Bg,(K((x—")/h),e) = {K((y—")/h) : y € RY, |[K((x = )/h) =K ((y — ) /h)|, < €}
> {K((y-)/h) 1y € RY [Ix — yllo < h/(20)}.

(3.45)

Let Q D D be a cube of side length diam(D) < oo and choose for

e (|2

points x1, . .., xg € Q such that {Bg_ (x;, €h/(2L)) : i = 1,...7} covers Q and therefore D. From
(3.45), it follows that {Bdoo (K((x; —)/h),e) :i=1,.. .ﬁ} is an external covering of G. The
external covering number Ney (¢, G, do) is thus bounded by (2Ldiam(D)/(gh))?. Hence,

i d
N(e, S, deo) < Next(£/2, 9, dw) < (M) _
eh
Similarly, for N
G={K(x--)/h) : x € DNQ%}, (3.46)
we obtain - d
N(e, G, dw) < (LIH(D)) _
eh
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The variance term is bounded by means of Propositions 3.1 and 3.6, respectively. In case d = 1
for X € Z or any dimension for X € @, boundedness of p, Proposition 3.1 and (3.17) yield that,
for h € (0, 1) and some constant C independent of A(supp(K((x —-)/h))) = h¢,

T (x-X
Var(Jo K(x h t)dt) < C(1V e)TIIKIIZllpllwh® Wi (R,

where D is a compact set containing D +[—1/2, 1/2]9. Hence, for any dimension d and X € ZU®,
we obtain together with Proposition 3.6 that there exists some global constant A independent
of h such that forany h € (0,1),t >0and g € G,

1 t
Var(— X,) ds) < AllgllAlIplleh®d 2 (hY), (3.47)
(37 ], 500 85) < alliotoragn)
and hence
gl < VAllpllwh®pa(h)lg]leo- (3.48)

Consequently, with the first part of the proof we obtain

N(e, S, Ille.) = N(&, G, 1 le.0) < N(e(VAllplloh®ha(B)) ™, G, [I-lleo)
- (2Ldiam(D)\/AIIPIImhd‘lll)d(hd))d

£

Proof of Lemma 3.9. Let X € ® U . We start with bounding E[sup,..p, |Hx7r(x)|P]. Let mr €
(0,T/4] and T € [mr,2mr] as in Theorem 3.7. Using (3.48) and SUP; .5 IIf — gllo < 2||K]|o

for G defined in (3.46), we obtain

sup [|f - gller < VAlplleo Sup_llf—glloohdlbd(hd) < 2y/A|pllwllK llcch®pa(h?) =: V(R),
f.8€9 f.8€9
(3.49)

such that N(w, G, || - lg,z) = 1 foru > V(h). Consequently, using the estimate JOC Vlog(M/u) du <

4C+/log(M/C) provided log(M/C) > 2, see e.g. p. 592 of Giné and Nickl [85], and the covering
number bound from Lemma 3.19, it follows for h < e"2Ldiam(D)/||K|| that

- o — V(h) Ldiam(D)V(h)
[, VIoENG 5 e du= | og w5 doydu < | \/d o et )¢

< 2\/(h)\/d 10g(Lc|1|i;|—r|n(}l?)).

Moreover, since supy ,es|lf — gllo < 4||K||w, it follows that N(u, §,dw) = 1 for all u > 4{|K||
and hence we obtain by the covering number bound with respect to the sup-norm from Lemma
3.19 and elementary calculations

Ldiam(D) ))

N 41K o
log N(w, G, 214 ) du = 27 log N(1, S, doy) d ssﬁde(1 1

0
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Denseness of Q% in R%, continuity of x + Hpr(x) and Theorem 3.7 thus imply for h <
e 2Ldiam(D)/||K||co

([E[sup |Hh,T<x)|P])1/p =

xeD

1/p
E| sup |Hh,T(x>|P])

xeDbnQd

1 ~ my Ldiam(D))) ~ (Ldiam(D)) (3.50)
< 8C1 LA K oo 1 + log| a2 V) 1 28,V (h)+ |d log| —amt2)
(3611t S 2 ()\/ T

m — —
+ 16\/—;||K||ooc1p +2V(h)ca/p + 4||K||oo\/f3(mT)l/p),

for V(h) introduced in (3.49). Now, let p = ur > 1 be such that =1 (T7%7) € o(T). Then, for T
large enough, (3.50), h > T~2 and h € o(1) imply for the choice my = E~!(T74r) that

El[|pnr - Enrl o) )

log T ur
< c“T( ;fl ZEH(TT) + T pg(h) Viog(hT) + %a-w-uf) + T 3 (h) i + R4

log T ur
< (OgTZ”TE-%T—“T) +T~54pg (1) (Viog(h ) + irr) |

where the value of the constant ¢ changes from line to line. Hence Markov’s inequality implies
that there exists some constant ¢* > 0 such that

- - Lfur +1logT __ _ _1 _
B (17~ Bl > ¢ gt ) + 1) r VTog | < e
(3.51)
Suppose now that X € . Then, X is exponentially B-mixing, i.e., Z(t) = c,e™™, where without

loss of generality we may assume that ¢, > 1. Then, forany y > Oand 1 < ur < ylogT, it
follows from £~} (T747) < urlog T /x and (3.51) that there exists some constant ¢y > 0 such that

~ _ ur(logT)? 1 ~
P{|[pn.r ~ [Eph,T“Lm(D) = Cy TTT + T 2hg(h)Vur v log(h 1) || < e™.

3.B PROOFS FOR SECTION 3.4.2

Proof of Lemma 3.15. We will employ Theorem 6.2.9 and Exercise 6.4.7 of [14] to show the
first assertion. So first we must verify that condition (C1) on page 365 of [14] holds. Since (§1)
holds, we only have to show that there exists a constant K; > 0 such that, for all x,y € R,

d
Z (01,j(x) = 00 (y))* + JRd ly ()2 =y (0)z]I* v(dz) < Killx = ylI?,

i,j=1
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where o; j(x) denotes the components of o(x) € R for any x € R?. (1) implies that there
exists a finite constant L;; > O for any i, j € {1,...,d}, such that o;;: R? — R is Lipschitz
continuous with Lipschitz constant L; j > 0 and hence we have for x, y € R4

kaxm 0ij()* < 2d | max L7 lx -yl

.....

i,j=1

Furthermore, we have for x, y € R? by the Lipschitz continuity of y
[ v = yalPvide) < =yl | lalPv(o),

where we denote the Lipschitz constant of y by L,. By (§3), de ||lz||? v(dz) is finite and hence
(C1) holds. To verify the growth condition (C2) on page 366 of [14], we have to show that there
exists a constant K5 such that, for all x € R,

JRd lly (x0)z11* v(dz) < Ka(1+Ix]|?).

Since y is Lipschitz continuous by (1), there exists a constant K > 0 such that the linear growth
condition ||y (x)|| < K(1 + ||x||) holds for all x € R¢, and thus we have, for x € R¢,

j wuvwvm@szﬁu+uﬂ%j|mﬁww»
Rd Rd

Again by (§3), [ Izl »(dz) is finite and hence (C2) holds for K3 = 2K? [, ||z]|* »(dz). Since
Assumption 6.2.8 in [14] is trivially fulfilled, the first assertion follows by Theorem 6.2.9 and
Exercise 6.4.7 of [14].

We proceed by showing the second assertion. Equation (1.21) of [47] is in the setting of (3.42)
equivalent to k4 (X, 2) = ||y (x)z]|9*%(2) > 0 for all x € R? and almost every z € R%. Since v is
a density, this assumption is fulfilled.

For assumption (H?) of [47] to hold, we only need to show that there exists a € (0, 1) such
that the function a(x) := o(x)o " (x) is B-Holder continuous. However this follows directly from
the Lipschitz continuity and the boundedness of ¢ imposed in (§1), as can be seen in the proof
of Lemma 1 of [12]. Now we note that assumption (H*) of [47] follows by ($2). [ ]

Proof of Corollary 3.16. Since ($1) and (J3) imply that b* is bounded, arguing as in the proof
of Lemma 1 of [12] and using Lemma 3.15 entails that b* belongs to the Kato class K, for
d > 2. For the definition of K5, see (2.28) in [47]. Existence of transition densities and the heat
kernel estimate now follow directly from Corollary 1.5 of [47] and Lemma 3.15 for d > 2 and
as described in Lemma 1 of [12], the same conclusions may be drawn for dimension d = 1 by
adapting the arguments in [47]. Now note that (3.44),t < 1 and « € (0, 2) imply

pe(x,y) < C(E™ 2 exp(=lx = ylI*/(A0)) + lIalleot ([lx = yll +£/2) 7%

where the value of C changes from line to line. This completes the proof. [
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Proof of Proposition 3.17. To verify the assertion, we show that the solution of (3.42) X satisfies

the assumptions of Theorem 2.2 (ii) of [123] which are Assumption 1, 2(a)’ and 3* of [123]

and [124], respectively. Assumption 1 follows directly from (§1). Now, define b};(x) := b*(x) —

f y(x)zv(dz) = b(x) — f y(x)zv(dz), and let the diffusion process Y* = (Y*);>o be
u<|lz[ <1 llzll>u t

given by

t t
Vi =x+ J b, (x)(Y;") ds + J o(Yy') dws.
0 0

For Assumption 2(a)’ to be fulfilled, we first have to show that, for any u € (0, 1), there exists
A > 0 such that P, (Yy € B) > O for any x € R and any nonempty open set B ¢ R?. Since
Y is a continuous diffusion process with bounded and Lipschitz coeffcients b}, o and a = oo’
is uniformly elliptic, it follows from classical results, see e.g. [153, Theorem A], that for any
x € R4 and t > 0, the transition function P*(x, -) of Y* has a transition density with full support
and hence any A-skeleton of Y is open set irreducible, showing that Assumtpion 2(a)’ is in place.
It remains to show that Assumption 3* of [123] is satisfied which is, that there exists a function
V € Q*, where

Q" = {f: RY - R, : f € @2 f(x) = o as ||x|| — oo, and there exists a locally bounded,

measurable function f, such that J flx+y(x)z)v(dz) < f(x), Vx € Rd},

llz]1>1

such that there are constants c1, ca > 0, for which the Lyapunov drift criterion
AV < —c1V + ¢y (3.52)
holds, where A denotes the extended generator of X acting on Q* by
Af(x) =(Vf(x),b"(x)) + 3 (V2 f(x)o(x)a” (x))+
de Fx+y(x)2) = £(0) = Va1 (VF(x), y(x)2)p(dz), x €R% fe Q.
Now, for n € (0, noc, 1 A 1), where ¢y = |lyll, let V" be a positive and increasing function

in C2(R%, R) such that V" = eIl for all ||x|| > ¢y, where ¢, > 0. Then, it holds fori # j €
{1,...,d} and ||x|| > cv,

0.V (x) = ekl XL
llx|I”
s - (3.53)
XiX; XiX; BT
a.z‘V”(x) - UZeUIIXII_ _ penllxll + e x| 7165,
Y [lx||? [lx]I® Y

where §;; denotes the Kronecker delta. Furthermore, since V' € C%(R%;R), fori,je {1,...,d}
the functions V7, 9;V", aiZjV” are bounded by a constant cp > O for ||x|| < ¢y and hence

J‘ VT(x +y(x)z) v(dz) < J (enP =l 4 ) v(dz)
llz]|>1 llz]|>1

< el J el (dz) + cpr(R?\ By),
lz1>1
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implying that Vg € Q*foralln < rc’—;’ This last condition is satisfied by our choice of n. To
conclude the proof, the only thing left to show is that there exists 0 < n < 'Z—f such that (3.52)

holds for V. Note that, by the mean value theorem, the definition of b* and the Cauchy-Schwarz
inequality, we have for any f € Q*

Af(x)
= (Vf(x),b(x)) + 5 tr(V*f(x)o(x)a" (x)) + JRd flx+y(x)z) = f(x) = (Vf(x),y(x)z)v(dz)
< (VF(x),b(x)) + 3 tr(V2f(x)o(x)a” (x))

+ J sup [[Vf(x+ty(x)z) — VLX) |llly (x)z|lv(dz)
R4 te[0,1]

< Acf(x) + Aaf (),

where, for H2f(x) denoting the Hessian of f evaluated at x,
Acf(x) = (Vf(x),b(x)) + 3 (V2 f(x)a(x)0 (x)),

Aaf )= | sup 1M (x4 () ] v(do).

We start by investigating the jump part. By (3.53) and the fact that the operator norm can be
bounded by the Frobenius norm || - ||r, we get for ||x|| > ¢y

d 2\ 2
XiX; XX B
||H2V’7(x)|| < ||H2e””x”||F = (Z (nzenllxllw _ nenIIXIIW + r]e””x”||x|| 15ij) )
i,j=1
1

d x2x2  x%x2 2 1

— _ 2

< ZUennxn( Z(’?z g+ T Zsij)) < 2%2\dnen ™l (n? + 21jx)2) "

ij=1

Since we can choose cy to be large, we can without loss of generality assume ¢y > \/in‘l and,
additionally, V7 € G2 implies that there exists a real-valued function cy(n) > 0 on (0, o) such
that ||H2V"(x)|| < cu(n) for all ||x|| < cy. Thus, we have |[H2V7(x)|| < 4Vdn2e"™I + ¢y (n),
x € R%, and we can conclude

AqV(x) < 4c§\/5172 JRd SE(l)I)l] e+t ozl 220 (dz) + cren(n) JRd 2|12 (dz)
telo,

< P4 [ e el (d) + o) [ aIPv(ds) = canne )+ oz,
R4 R4
(3.54)

where cq1, ca2(n) are positive and finite because of (§3) and n < noc, 1. Now we turn our

attention to the continuous part. From now on, without loss of generality, we assume that ¢y > ¢;
in (3). Then, for ||x|| > cy > n~!, we have by (§1), (§3) and (3.53)

X7 lell 4o~ 1 Il X7
= + e x| 70 — pel——
[lx]]

d
€2
AV(x) < —cqnellll 4 €2 ‘ 21l
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< el (—c1 N %n),

and since V7 € C%(RY; R), there exists a real-valued function c. () on (0, o) such that AV (x) <
cc.(n) for all ||x|| < cy. Hence, we have

3cad 3cad
AV (x) < nel (—01 + CTzﬂ) +cc(n) + e = pell (—01 + CTzﬂ) +cca(n),  (3.55)

where we used that n < 1, by assumption. Combining (3.54) and (3.55) yields

3C2d

AV (x) < nelll (—01 + TI( + Cd,l)) +cq2(n) +cc1(n).

a
3cad+2¢q,1

Choosing n* =1 A noc;l A implies
AV (x) < ==Lel b ez (n) + car(n”),

and thus (3.52) holds for VT e Q*. Now, Theorem 2.2 (ii) and Proposition 3.8 of [123] show
the required assertion. ]



STABILITY OF OVERSHOOTS OF MARKOV ADDITIVE PROCESSES

N this chapter we prove precise stability results for overshoots of Markov additive processes,
MAPs in the following, with finite modulating space. Our approach is based on the Markovian
nature of overshoots of MAPs whose mixing and ergodic properties are investigated in terms of
the characteristics of the MAP. On our way we extend fluctuation theory of MAPs, contributing
among others to the understanding of the Wiener-Hopf factorization for MAPs by generalizing
Vigon’s équations amicales inversés known for Lévy processes. Using the Lamperti transformation
the results can be applied to self-similar Markov processes. Among many possible applications,
we study the mixing behavior of stable processes sampled at first hitting times as a concrete
example.

4.1 INTRODUCTION

4.1.1 Background and motivation

Overshoots of a Lévy process &, defined by
OXZETX_X) x>0,

on {Ty < oo}, where T, := inf{t > 0 : & > x}, are classical objects in the study of Lévy processes.
Their asymptotic analysis is essentially rooted in renewal theory for random walks and has
gained a lot of interest in the past two decades starting with the observation in [24] that classical
limit theorems for the residual time chain of renewal processes have a natural analogue in
weak convergence of overshoots of subordinators to a non-trivial limiting distribution. Besides
applications and extensions in ruin theory for insurance risk processes driven by Lévy processes
(see [89, 105, 136]), this observation was used to explain the entrance behavior of positive
self-similar Markov processes (pssMps) at the origin. Using the Lamperti transformation for
transient pssMps one can show that a pssMp can be started from the origin if and only if the
overshoots of the underlying Lévy process converge weakly as the overshoot level x diverges to
+o0o (see [28, 44]). This was generalized in [66] to the question of how to start real self-similar
Markov processes (rssMps) from the origin. Methods for rssMps are similar to those for pssMps
replacing the Lévy processes & in the Lamperti transformation by Markov additive processes
(&, J) with finite modulating space {—1, 1}. The corresponding transformation is usually called
Lamperti-Kiu transform. MAPs (€, J) are also called Markov modulated Lévy processes, due to
the ordinator € behaving as a Lévy process in between jumps of a modulating chain J, with the
Lévy triplet of € being determined by the current state of J. The limiting behavior of overshoots
of MAPs, defined by

(Ox,dx) = (STX - X, JTX), x>0,

on {Ty < oo}, where T := inf{t > 0 : & > x}, then plays the same role for the entrance law at 0
of rssMps, as do overshoots of Lévy processes for pssMps.

The aim of this chapter is to explore in detail mixing and ergodicity of overshoots of MAPs.
We study the convergence in total variation norm, including conditions for polynomial and
exponential rates of convergence. Based on fluctuation theory of MAPs developed in [66] we
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will use the Meyn and Tweedie approach to stability of continuous time Markov processes (see
for instance [127, 130, 132, 164]) to demonstrate that overshoot convergence can be much
more finely analyzed once we take the perspective on overshoots as a Markov process, where the
subsequent spatial levels that are passed by the ordinator € serve as time index for the overshoot
process (O,dJ) = (O, J¢)e>0. This idea is inspired by the observation that for the overshoot
process of a Lévy subordinator o, inverse local time at 0 is given by o itself [26]. For this special
case, this opens the door to powerful results of excursion theory for general Markov processes
and allows, among others, to derive explicit formulas for the invariant measure and resolvent
of the overshoot process of a Lévy subordinator in terms of its triplet [32, 83]. We generalize
these findings to the MAP situation and consequently make use of the analytical tractability
of overshoots to analyze their ergodic behavior. For the particular case of Lévy processes, the
results can be interpreted as a natural continuous time generalization of results on ergodicity
and exponential convergence of the residual time chain belonging to a renewal process, which
can be found in the standard references on stability of discrete time Markov chains, Meyn and
Tweedie [128] and Nummelin [134]. Extensions of renewal theory for random walks to discrete
time MAPs (often called Markov random walks) were treated in [6, 43, 97, 102, 111] among
others.

Our fine analysis of overshoot stability of MAPs is not only inspired by a theoretical desire to
understand their asymptotics, but also by a practical need to develop statistical and numerical
procedures to get hold of the ascending ladder height process (H*, J") of a given MAP (&, J). This
process is one of the cornerstones of fluctuation theory of MAPs and is theoretically accessible
by means of the Wiener-Hopf factorization. However, its explicit analytical characteristics are
in general unknown, with a notable exception being the factorization of the MAP associated
to an a-stable Lévy process via the Lamperti—Kiu transform, which was found in [108]. Due to
its intimate connection with the running supremum of the MAP, observing (&, J) at first hitting
times offers all information needed to determine (H*, J*) in numerical or statistical procedures.
For a recent account of fluctuation theory of Markov random walks we refer to [7].

The results of this chapter have applications in optimal control problems based on MAPs, see
e.g. the recent article [49] for the more particular case of a Lévy driven impulse control problem.
There, the generator of the ascending ladder height process is decisive for determining optimal
threshold boundaries of a desired reflection strategy. Thus, under uncertainty concerning the
underlying Lévy process, efficient statistical estimation of the ascending ladder height process is
needed. This problem will be addressed in detail in Chapter 5.

Moreover, parametric estimation becomes feasible for the Lévy system of MAPs—which
encodes the jumps of a MAP in analogy to the Lévy measure of a Lévy process—with explicit
overshoot distributions based on the MAP observed at first hitting times (T, )nen, for some step
size A > 0. Such observation scheme can be described as stochastic low frequency scheme as
opposed to deterministic low and high frequency schemes usually encountered in parametric
inference of stochastic processes (see [22] for an overview in the context of Lévy processes)
or the stochastic high-frequency scheme analyzed in [144] for Lévy processes. Furthermore,
nonparametric statistical estimation procedures for the ascending ladder height characteristics
can be developed based on our observation that under some natural conditions, the overshoot
process is exponentially f-mixing. As demonstrated in Chapter 3, this property can serve as a
central building block to nonparametric statistical analysis of non-reversible ergodic Markov
processes. Hence, our results indicate how to include MAPs (which are non-ergodic) in an ergodic
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statistical setting by considering the space-time transform introduced in form of overshoots.

Due to recent applications of MAPs we also expect applications of our mixing estimates in
other fields of probability theory such as planar maps (see for instance [27]). We highlight this
point by making use of the the Lamperti—Kiu transform to translate the mixing behavior of MAPs
into mixing bounds for self-similar Markov processes sampled at first hitting times. Further
applications to nonparametric statistical estimation for MAPs, Lévy processes and equivalently
self-similar Markov processes will be subject to future research.

4.1.2 Overview and main result

We start in Section 4.2 with formally introducing Markov additive processes and summarizing
some results belonging to their fluctuation theory as given in [66]. We then proceed in Section
4.3 with the stability analysis of MAP overshoots, starting with the rigorous description of their
Markovian nature and then studying important concepts from the theory of stability for Markov
processes such as Harris recurrence, invariant measures and petite sets, which were introduced
in Chapter 2. With this setup we come to our primary goal, the ergodicity analysis of overshoots.
Our main results in this respect, taking also account of the developments in Section 4.4 described
below, can be informally summarized as follows.

THEOREM. Suppose that the MAP (&, J) is upward regular; J is irreducible and the ascending ladder
height MAP (H*,J*) has a finite first moment. Under mild assumptions on the Lévy system of
(&,7), (O, J;)r>0 converges in total variation to a unique stationary distribution, which encodes
the characteristics of the ascending ladder height MAP. If moreover the jump measures associated to
the MAP’s Lévy system possess a common (exponential) moment, then the convergence takes place
at (exponential) polynomial speed and overshoots are (exponentially) polynomially f-mixing.

This will be made precise in a sequence of theorems in Section 4.3. In Theorem 4.19 we
establish conditions on either the creeping probabilities of the subordinators associated to the
ascending ladder height MAP or its Lévy system that guarantee total variation convergence of
overshoots. Theorem 4.22 and Theorem 4.25 build on this result, giving exponential/polynomial
ergodicity and the exponential/polynomial 8-mixing property, respectively.

Section 4.4 is devoted to finding conditions on the Lévy system of the parent MAP, which
imply the required assumptions on (H*, J*) for the ergodic results of the previous section, thus
enhancing significantly our understanding of asymptotics of MAP overshoots. The tool we
develop for this purpose is an extension of Vigon‘s équations amicales inversés for Lévy processes
given in [172] to MAPs. These equations analytically relate the Lévy systems of (&,J) and
(H*,J"), which makes inference of distributional properties of the ascending ladder height
process based on the characteristics of the parent MAP possible.

In Section 4.5 we apply our B-mixing result for MAPs to real self-similar Markov processes
sampled at first hitting times by exploiting the Lamperti—Kiu transform, which bridges these two
classes of processes. As an even more specific application, we then consider the mixing behavior
of a-stable Lévy processes and ergodicity of overshoots of the associated Lamperti-stable MAP.

Finally, for the convenience of the reader who is only interested in our results for Lévy
processes and to provide an accessible source of reference for this case, we have devoted
Appendix 4.B to a short summary of the main implications of our findings for overshoots of Lévy
processes. This part can be studied independently of the rest of the chapter since we also briefly
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recall the main concepts needed from the theory of Lévy processes. Reading Chapter 3 and
Appendix 4.B is therefore sufficient if the reader wants to move on directly to Chapter 5, which
synthesizes our general statistical 8-mixing framework with our contributions to stability theory
of overshoots.

4.2 MARKOV ADDITIVE PROCESSES AND THEIR FLUCTUATION THEORY

We start with introducing Markov additive processes with finite modulating space. For the
general theory of Markov additive processes the reader may consult the landmark papers of
Cinlar [41, 42], a good start for the particular case of finite modulating space is [15, Chapter
XI1], and a focus on fluctuation theory is given in [66]. Let ® = {1,...,n} be a finite set and
(R x @)y be the Alexandrov one-point compactification of R x ® with some isolated state
9 = (o0, w). As usual, we extend a function f € B(R X ©) to a function in B((R X ©)g) by
setting f(&) = 0, which will make notation more convenient. A (killed) Markov additive process
(MAP) (&,J) with finite modulating space © is defined as a Feller process with state space
R x © and cemetery state 9, having a possibly finite lifetime { and underlying stochastic base
(Q,F,F = (F)e>o0, (Px’i)(x,i)e(RX@) ,) and which moreover has the characteristic property that
given s, t > 0, (x,i) € R x @ and f € Bp((R X ©)) it holds that

[Ex’i [f(§t+s - ft; Jt+5)1] {t<C} |~r7'~t] = [EO’Jt [f(fs: Js)] 1 {t<l}> Px’i‘a-s-

In other words, conditionally on {J; = i} and no killing before time t > 0, the pair (£ —
&:, Jiss)s>0 is independent of the past and has the same distribution as (£, J;)s>0 under P%,
which is an equivalent definition for MAPs with finite modulating space often encountered in
the literature such as [66]. A straightforward consequence of this property is conditional spatial
homogeneity of the process, i.e.

EX[f(& D] = EX[f(§+x,J)]

holds for any measurable f on the Skorokhod space D(R x ©) of cadlag functions mapping from
R, = [0, ) to R x ® equipped with its Borel o-algebra (here and for the rest of the chapter
we implicitly assume that (€, J) has exclusively cadlag paths, which can be easily achieved by
either constructing the process as the canonical coordinate process on the Skorokhod space or
by a reduction of the probability space and the facts that, by definition, Feller processes have
cadlag paths almost surely and & is complete). Moreover, (J;),;>0 is a continuous time Markov
chain, whose transition function is independent of the initial distribution of &£. Conditional
independence of increments and spatial homogeneity of the ordinator € already teases an
intimate relation of MAPs and Lévy processes. In fact, any MAP can be decomposed into an
independent sequence of Lévy processes, whose characteristic triplet depends on the current
state of the modulating Markov chain J.

More precisely, we suppose that the measurable space (Q, ¥) is rich enough to support a
probability measure P such that P*! = P(:|£q = x, Jo = i), i.e. the probabilities underlying the
Markov process (£, J) are given as regular conditional probabilites of P. Then, Proposition 2 in
[66] (see also [95, Proposition 2.5] or [42, Theorem 2.23]) gives the following characterization
of a MAP, showing that in between jumps of J, & behaves as a Lévy process with characteristic
triplet determined by the current state of J and every jump of J potentially triggers an additional
jump of €.
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PrROPOSITION 4.1. A process (€, J) is an unkilled MAP if and only if there exist sequences of
o (killed) Lévy processes (€™)neny, i.i.d. under P for fixed i € ©,
* real random variables (A?j)neN, i.i.d. under P for fixed and distinct i, j € ©,

independent of J and of each other under P, such that if g, is the n-th jump time of J, then under
P*i, & can be written almost surely as

0.i
x+E7, t € [0,01),
n,J,
t = On— B t_;n; te [Un, o'n+1): t< C:
§=1 b0 A, +EE
ft = 090, t Z {;

where the lifetime { is the first time one of the appearing Lévy processes is killed:
{ =inf {t > 0:3n € Ny, 0, <t such that E™on is killed at time t — on}.

In this chapter, we will only deal with MAPs (£, J) with infinite lifetime, i.e. { = co, PXi-a.s. for
all (x,1) € R x ©. However, killing is relevant for fluctuation theory of MAPs as described below.
Let us define (§®);cq as Lévy processes with characteristic triplets (a;, b;, IT;) that have the same
law as (§%%);co and (A; ;) jee as random variables sharing the same law as the corresponding
(Al.l,j)i,jG@, with A;; := 0 for all i € ®. Moreover, let F; ; be the law of A; ;. Then, (&, J) can be

uniquely characterized by the Lévy—Khintchine exponents ¥;(6) = log [E[exp(i@’;’gi))],i € 0,
the transition rate matrix Q = (q;)ijee of J and the Fourier transforms of A;; denoted by
G;j(0) = E[exp(iA;;)], i, j € ©. For convenience we assume A; ; = 0 whenever q; ; = 0, which
is without loss of generality because Proposition 4.1 shows that these transitional jumps never
occur. If we now define the characteristic matrix exponent

¥(0) = diag(¥1(0), ..., ¥a(0)) +Q © G(0),
as an analogue to the Lévy-Khintchine exponent of a Lévy process, then
EO [eieff; J, = j] = (e”’(e))ij, i,j€®0¢cR.

Here, G(0) = (G;j(0))ijco and © denotes the Hadamard product, i.e. pointwise multiplication
of matrices of the same dimension. Note that since A; ; = 0 we have G;;(6) = 1 for all i € ® and
hence (Q © G(0));; = —q; ;- Let us also define the family of potential measures (U; j); jee given
by

Uij(dx) = fEO’i” 1 (greanaimgp de | = J P¥(& € dv, ]y =j)d, x€R,ijeo,
0 0

i.e., U; j(A) measures the time &€ spends in A when started in i, while the modulator J is in state
j. Another important concept in the theory of (general state space) Markov additive processes is
the existence of a Lévy system, see Cinlar [41], which generalizes the notion of a Lévy measure
and becomes explicit for MAPs with finite modulating space thanks to the path decomposition
given in Proposition 4.1. We say that (I, A), where II is a kernel on (®, B(R x ©)) satisfying

(i, {(0,i)}) = 0, JR (1A yl?) (G, dy x {i}) < o, i€ O,
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and A is an increasing continuous additive functional of (&, J) such that for any f € B, (xR x0)
and (x,i) e R x 0,

t
[EO,I[Zf(JS_, A&, Jo) T (ag 40 or Js_ﬁs}] = [EOJUO A JR @H(Js,dx, dy) f(Js, x, y)], 4.1
X

s<t

is a Lévy system for (&, J). Using Proposition 4.1 and results on expectations of functionals of
Poisson random measures, see e.g. Theorem 2.7 in [109], one can demonstrate that A, =t A {
and

(i, dy X {j}) = V(= I1:(dy) + T(ixjyqi,iF;j(dy), 1,7 €O,
and thus for any i € 0,

n

t
Eo,l[Zf(Js—, Ass; Js)ﬂ{Afsio Osz—¢Js}:| = Z ([EO’I[J J \{ }f(k, X, k)“{J5=k} Hk(dX) dS]
0 JR\{O

s<t k=1

+ ) akE” [ Lt IR F ke, %, DV ge=ky Fr,j(dx) ds])

%k
_ ; L POI(J, = k) ds (JR\{O} £k, x, ) T (dx)

+qu,,j £k, %, 1) Fij(dv)).
7k R
(4.2)

Since A is simply the uniform motion, we will also refer to just IT as the Lévy system for the
remainder of this chapter. As remarked in [110], this can be generalized to the following identity
for any predictable process (Z;);>0o and g € B, (@ X R X R X ©):

EO [ Z Z:8(Js-, §s-, &5, J5) Viag 20 or Js,;us}]

s<t
n t

(E [ dszrom | om0 gtk exi) (43)
£ 0 R\ (0}

+ Z qk,j[EO’i [ jt ds Z,1 {Js=k} J[R{ Fk,j(dx) g(k, &, & +x, ])])

ik 0

Let us now dive into fluctuation theory of MAPs, which in the form suited to our needs
was developed in [66]. An essential tool for our upcoming analysis of the overshoots is the
ascending ladder MAP (H}', J;)¢>0, which is defined as follows (see the appendix of [66] for more
details). Let (Lt(i))t >0 be a version of local time at the point (0, i) for the strong Markov process
(& — &, Jo)e>0, Where &, = sup,, &s. Define then L, == )7, Lfi), which is a continuous additive
functional of (ét — &, Ji)t>0, increasing almost surely on the set of times when £ attains a new
maximum.

With this at hand we define the ladder height process (H*, J*) by the time change

+ +\ _ (EL[—I,JLt—l), OSt<Loo,
(Ht,Jt) - { 9 = (oo)w)’ t> Loo,
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where L;! := inf{s > 0 : Ly > t} is the right-continuous inverse of L. It can be shown that
(H*,J") is a Markov additive subordinator with lifetime L., i.e. a Markov additive process such
that the ordinator H* has increasing paths almost surely before killing. Moreover, (L;1)o</<co
almost surely equals the ordered set of times, when & reaches a maximum and hence the closure
of the range of H* up to its lifetime is identical to that of the supremum process é almost surely.
Denote by H*(!) the Lévy subordinators appearing in the decomposition of (H*, J*) in the spirit
of Proposition 4.1. The respective drifts and Lévy measures are denoted by dlfr and H;L, the
intensity matrix of J* by Q* = (qu)i, jee and the killing rates of H>W by 1, i.e., when ff > 0,
the lifetime ¢ of H*( is exponentially distributed with mean 1/ T and otherwise, for {7 = 0,
¢! = co almost surely. Note that the MAP subordinator (H*, J*) is then uniquely characterized
by its Laplace exponent, given as follows:

@*(0) = diag(®;(0),...,P:(6)) — QT ©G*(6), 6=>0, (4.9

where @ is the Laplace exponent of H*% and G*(0) = (G;(Q))i,je@ = ([E[exp(—QA;“j)])i,je@.
It then holds that

E% [ exp(-0H;); J; = j| = (e7®" () t20,020,ij€6@.

i,j°
Let us also denote the family of potential measures of (H*,J*) by (U: j)i, jc@-

In analogy to the case for Lévy processes we also need the ascending ladder height process of
the dual of the MAP (&, J), i.e. a MAP which has the same law as the time reversed MAP (&, J).
As remarked in [66] the construction of the dual MAP is slightly more elaborate compared to the
Lévy case, where the dual process is simply the negative of the original Lévy process, because we
have to take care of time reversion of the ordinator J. Suppose that J is irreducible-and hence
ergodic thanks to its finite state space—and denote its invariant distribution by o = (7(i));ceo.
Moreover, let

qij= %Qj,i; ,jeo,

which are the intensities of the time reversed modulating Markov chain J and let Q= (Qij)ijeo-

Now let (ﬁi)x,i)(x’i)eRX@ be a family of probability measures such that (£, J) has characteristic
matrix exponent given by

9(6) = (B[ exp(i6£1); J1 = j]); jeo = diag(®1(=6),...,Pa(-0) +QO G(-0)T, 6 €R.

Then indeed, under P%" := 2y 7 (i)P%, it holds that the time reversed process (& (t=s)— —
&t, J(t-s)-)o<s<¢ is equal in law to (&, Js)s <, under @0’", see Lemma 21 in [66]. Let A,; := diag(sr)
and denote the matrix Laplace exponent of the ascending ladder height process of the dual
process of (€,J), (H™,J~) by @~ and also the objects belonging to its Lévy system in the obvious
way.! The key result for fluctuation theory of MAPs is the (spatial) Wiener-Hopf factorization
given in Theorem 26 of [66], which states that up to pre-multiplication by a positive diagonal
matrix corresponding to the scaling of local time at the supremum,

~¥(0) = A D (i0) TA, DT (=i6) = AW (-0)TAL,¥T(0), O €eR, (4.5)

LA word of caution at this point: @~ is not the matrix exponent of the dual of the ascending ladder height MAP
(H*,J%). To not confuse the reader we will therefore withhold the temptation to denote the ascending ladder height
process of the dual of (§,J) by (HT,J%).
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and thus gives a factorization of the characteristic matrix exponent ¥ of (£, J) in terms of the
characteristic exponents ¥* and W~ of the ascending ladder height processes of (&, J) and its
dual, respectively. This identity is the key for understanding the interplay between the parent
MAP £ and the ladder height processes, which we will further explore in Section 4.4.

4.3 STABILITY ANALYSIS OF OVERSHOOTS OF MAPs

In this section, we assume that the lifetime { of (€, J) is equal to co on all of Q. For t > 0 define
the ordinator's & first hitting time T; of the set (t, o) by

T :==inf{s > 0 : & > t}.

Note that by right-continuous paths of the process and right-continuity of the filtration (F;);>0
underlying (&, J) this is a stopping time for the MAP. Set also

£ = sup &.

0<t<oo

We now define the process (O, J¢)>0 by

(ST: —t, JT[), ift < %oo,

t>0,
9, ift > &,

(Ot, 3t) = {

i.e. if the level t is smaller than the supremum of the process over its entire lifetime, then O;
corresponds to the overshoot of € over t and J; is equal to the state of the modulator at first
passage of t, whereas for t > &, the process is sent to the cemetery state 9. An essential
observation for our analysis is that (O, J;)¢>0 is indistinguishable with respect to the family
of probability measures (P*')(y;)e(r,xe), from the process (Of, J;)¢>0 corresponding to the

ascending ladder MAP (H*, J*), and hence is given by

(H£+ —6J5), it < HE,

_ t>0,
9, ift > HY,

(05,3 = {

where (T )¢>0 is the first passage process of H*, which by increasing paths of H* is equal to its
right-continuous inverse. Indistinguishability of the processes follows immediately from the fact
that on [0, L), the range of the increasing process (L;!),>o almost surely equals the set of times
when & reaches a maximum. Using this relationship, (4.3) and arguing as in the classical proof
for the law of the undershoot/overshoot distribution for Lévy processes (see [109, Theorem
5.6]), we obtain the following formula for the marginal distribution of the overshoot process

PY(O, € dy, §; = j) = P*(0}, € dy, J; = j)

:J H}'(u+dy)Ui+j(t—x—du)
[0,t=x) ’

+ZQZ,J~J

F;j(u+dy) U (t—x—du), i,je®,x€[0,t),y>0,
k#] [O,t—x) ’ ’

(4.6)
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and

ESf(O, d0)] = f(x —t,i), x€[t,),i€®,y>0, 4.7)

provided that P%{(T, 5 = 0) = 1. Assumption (s40) introduced below will ensure this property.
Equation (4.7) describes the characteristic behavior of the overshoot process away from 0 in
the sense that if O;(w) =y > 0 we have O;(w) =y — (s —t) for s € [t,t + y], i.e. the origin is
approached at unit speed. This characteristic path structure of the overshoot process is visualized
in Figure 4.1 for the case of a compound Poisson subordinator o with positive drift, and is the
reason why for such Lévy subordinators the overshoot process is also known as sawtooth process,
cf. Chapter I1.3 in [32]. We will therefore also refer to it as the sawtooth structure for MAP

overshoots.
O, t /

|
1
(0F = 017 = )20 07, = Aorg
:
1

o1y - Slag-mmmmm (0s)s>0

ore - = t3 ¢ - ./45 5
3 B

I :
10 i_
\ :Otzf_ AO'T;;
Oro— =ty ¢---- :
2 :
10 _ N
\ ,Oll— AO’7}¢;
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o o o o o
Ttl th Tz; Tt4 s, Of

Figure 4.1: Path of a compound Poisson subordinator with drift, o, and associated overshoot
process O°

Let §; := J7, for t > 0 and define the filtration G := (G;);>0. The following technical results
hold.

LEMMA 4.2. G is right-continuous.
Proof. First note that Jr, = I, with

Fre = {A € F: AN{T, <s} € F, forall s > 0}
since the latter can be shown to be equal to

{Aeﬂ’:Aﬂ{Tt§s}€3"5+fora11520}
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which in turn equals 7, thanks to right-continuity of F. Letting A € Gy = (e 1,/ We obtain
by right-continuity of ¢t + T; that for any s > 0

Am{Tt<s}:UAm{TH%<S}€95,

neN

since any set in the right-hand union belongs to , thanks to J7,_ m = Frym+- I follows that
A € Fry = J1, = G, which proves right-continuity of G. [ |

COROLLARY 4.3. For any 0 <'s < oo the running supremum £ isa stopping time with respect to G.
In particular, the lifetime £, of (O, J;)r>0 is a G-stopping time.

Proof. Lets € [0,00]. Foranyt > 0
(& <ty ={T;>s}eTp, =G,
which implies {£ < t} € G, and since G, = G; by Lemma 4.2 we conclude {§, <t} €G,. m

We now show that under a technical assumption, the overshoot process given by the quintuple
(Q,F,G, (O dt)e>0, (Px’i)(x,i)e(&)(@)g) determines a Feller process and therefore also a Borel
right process. The technical assumption under which we will be working throughout the rest of
the chapter without further mention, is the following.

(s10) The MAP (&, J) is upward regular, i.e. for any i € @ it holds that P%(Ty = 0) = 1.

By definition, (&, J) is upward regular if, independently of the starting point of the modulator
J, & started from O immediately hits the upper half line. By the path decomposition given in
Proposition 4.1, this is the case if and only if the underlying Lévy processes € are regular
upward for any i € ©. Upward regularity for Lévy processes is completely understood, see the
full characterization given in Theorem 6.5 of [109], and hence upward regularity of the MAP
can be characterized by properties of its underlying Lévy processes. Moreover, by the general
theory on local times of Markov processes, see e.g. Chapter 4 in Bertoin [25] or the landmark
paper Blumenthal and Getoor [30], it follows that upward regularity implies that for each i € ©,
the local time L® of (£ — &,J) at (0, i) is almost surely continuous and hence L = 2y L® is
almost surely continuous as well. Hence, the right-continuous inverse (L;!);»0, corresponding
to the set of times when a new maximum of £ is reached, is strictly increasing on [0, L,) almost
surely and it follows that H* is strictly increasing up to its lifetime. This property is essential for
(O, J) being a Feller process, as the proof of the following proposition shows.

PROPOSITION 4.4. (O, J) is a cadlag Feller process with lifetime €.

Proof. Cadlag paths of the process are a direct consequence of cadlag paths of (£, J) and the fact
that t — T is right-continuous on [0, c0) and increasing on [0, §«). Let now f € By ((R4 X ©)g)
and (x, i) € (R} X ®)g. Recalling that &, is a G-stopping time and using Ty4s = Tt + Tt © O, On
{T, < o}, where (8,);s0 are the transition opertors of (£, J), it follows that P¥-a.s.
[Ex’i [f(ot+s; 3t+s)|9t] = [Ex’i [f(éTt+s - (t + S)’ JT[+S) °© eTt |EFTt] 1 {t<§w} + f('g)ﬂ {tzéoo}
= ESln [ f (&, — (¢ +5),J7,,,) |1 RS Co) P
= ES 0 [ f(&r, =5, J0) |1 gy + F T nz s
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= E%% [ £(0,,35)].

Here, we used the strong Markov property of (€, J) for the second and spatial homogeneity of &
for the third equality. This proves the Markov property of (O, J). Moreover, for x > 0 and i € ®
we have P*{(Ty = 0) = 1 and by upward regularity of & we also have P%{(Ty = 0) = 1. Thus,
P%{(0o, do) = (x,i) for any (x, i) € (R, X ®)g, i.e. the process is a normal Markov process and
its lifetime is given by &, by construction. Let (P;);so be its sub-Markov transition semigroup,
ie.

Pef(x, 1) =B [f(Or, 30); t < €],  (x,0) € (Ry X @)y, f € Bp((Ry X B)g).

Let us check the Feller property. Let f € Cy(R,Xx®). Since © is finite and recalling our convention
that f(9) = 0, it suffices to show for fixed i € ® thatx +— P, f(x,i) = ES[ (O, J;)] is continuous
to prove that (x, i) — EX{[f(O;, J;)] is continuous. If x > t this is obvious. For x < t let firsty T x.
By right-continuity of t — (O, J;), continuity and boundedness of f, dominated convergence
and conditional spatial homogeneity of (£, J), it follows that

lim E“ (O, d0)] = lim E%[F(Or—ys Je—y)] = E¥ [ £ (O, Je—x)] = EX[£(Or, 80)],

showing left-continuity of x +— EX{[f(O,, J;)]. To show right-continuity, note that for y | x
it holds that T;” | increases to inf{s > 0 : HY >t —x} on {TZ, < oo} and since H" is strictly
increasing up to its lifetime by upward regularity of &, it follows that the latter hitting time is
almost surely equal to T, .. Since (H*, J*) as a Feller process is quasi-left-continuous, it therefore
follows that on {T}*, < co},

lim (H+ JE ) = (H+ J* ) P%as.

ylx Tt+—y, Tt+—y Tt+—x’ Tt+—x

By indistinguishability of (O*, ") and (0O, J) we therefore obtain
lﬁf} EY[£(0:, 0] = lylﬂl ES[fF(OFy, 3] = B [F(OL,, 301 = E¥'[£(O, 3],

proving also right-continuity of (x, i) +— P.f(x, ). Since moreover @ is compact and for fixed
i€0,

lim P.f(x,i) = lim f(x—t,i) =0

X—00 X—00

thanks to f € Co(R; X @), we conclude that P;Cy(R; X ®) C Co(R, X @). Finally, for fixed
(x,1) € Ry x © (again applying to upward regularity in case x = 0) it follows from T; — 0 a.s. as
t | 0 and dominated convergence, that P, f(x,i) — Pof(x,i) = f(x,i). This is enough to show
that (P;);>0 is a Feller semigroup, as discussed in Appendix 2.

It remains to check right-continuity and completeness of G. Right-continuity was shown
in Lemma 4.2. Moreover, it can be easily seen that the P*!-augmentation of Jr, is equal to J7,
itself, since [ is P*-augmented already, see also p.36 of [31]. This finishes the proof. [ ]

Having established the Markovian nature of the overshoot process, we now proceed by
investigating its stability properties and long-time behavior. We must therefore restrict to the
case, when the overshoot process is almost surely unkilled, which is the case if and only if
SUP(<sco &5 = 00, POl-as. for all i € @. As for Lévy processes, there is a dichotomy concerning
the long-time behavior of the ordinator &€, namely that exactly one of the following cases can
occur:
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(@) for any (x,i) € R x @, limsup,_,, & = oo, P*-almost surely, and in this case either
liminf; o & = —oco or lim; . & = 00, P¥!-a.s.;

(b) for any (x,i) € R X O, lim,_,« & = —c0, P*i-almost surely.

When J is irreducible and the MAP’s ordinator possesses an exponential moment, which of these
cases occurs for a given MAP is determined by a Perron-Frobenius type eigenvalue of the MAP’s
Laplace exponent, see Asmussen [15, Proposition XII1.2.10]. We will therefore henceforth work
under the following additional assumption, which guarantees that (O, J) is an unkilled Borel
right Markov process and therefore gives us access to the theory of stability for Markov processes
from Chapter 2.

(1) For any (x, i) € (R x @) it PX!-almost surely holds lim sup,_,, & = .
Let us give the following definition.

DEFINITION 4.5. Let A = (a; j)i j=1,..» € R™" be a matrix with a; ; > 0 for any i # j. We say that
A is irreducible, if for any i # j there exists (a;,,, )k=0,..,m—1 for some m € Nwith iy =i,i, = j
such that HZ‘;OI i, > 0. An irreducible matrix A = (a;, i)i,j=1,...n such that diag(A) = diag(A)
and a; ; € {a;;, 0} for any i # j is said to be a minimal irreducible version of an irreducible matrix
A, if any matrix obtained from A by setting some off-diagonal element to O is not irreducible
anymore.

If we visualize a matrix A as in the definition above as a directed graph with vertices
V = {1,...,n} representing the on-diagonal elements of A and edges E = {(i,j) : a;j >
0} representing the non-zero off-diagonal elements of A, irreducibility of A is equivalent to
connectedness of the graph of A. The graph of a minimal irreducible version A of an irreducible
matrix A is therefore a minimal connected subgraph of the graph of Awith V =V and E C E. Also
note that a continuous time Markov chain is irreducible if and only if its Q-matrix is irreducible.

As a minimal requirement for stability we need to ensure irreducibility of the Markov process
(0, J). We therefore introduce the following assumption.

(s12) The modulator J* of the ascending ladder MAP is irreducible, i.e., Q* is an irreducible
matrix.

For general MAPs irreducibility of J does not necessarily entail irreducibility of J*, with the
latter property implying that € can reach a maximum in any phase of J. E.g., if one of the Lévy
components £ is a negative subordinator and A ji <0 foranyje ®,J*"is not irreducible since
& never reaches a new maximum when its phase is i. However, the following result shows that
irreducibility of J* is given for a wide range of MAPs with irreducible modulator J. To give
one particular example covered by Proposition 4.6 below, suppose that for any j € ® the Lévy
component &) is neither a negative subordinator nor spectrally negative with bounded variation,
or, when this fails for some j € © this is compensated for by some unbounded transitional jump
of & when J switches to j. Then, J* is irreducible whenever J is irreducible and Assumption
(1) is in place. We emphasize that upward regularity (s10) is not needed for the statement of
Proposition 4.6. Recall that for any measure v on (R, B(R)), the support supp(v) is defined as
the set of points x € R such that for any open neighborhood U, of x it holds v(Uy) > 0.

PROPOSITION 4.6. Suppose that J is irreducible and (s11) holds.
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(1) Introduce the following conditions for j € ©:
(#(j)) €Y is of unbounded variation or supp(IT;) N (0, ) # @;
(J(j)) there exists k # j such that supp(qx,jFx,;) is unbounded from above.
Let A1 = {j € ©: (%(j)) or (3(j)) holds} and
={j € ®\ A; : Tk € A s.t. supp(q,jFx,j) N (0, 00) # @}.
Then, J* is irreducible if Ay U Ay = ©.
(ii) Let Q be a minimal irreducible version of Q. If
{(i,j) € @\ {(i,i) : i € ®} : q;; > O}
c {(i,j) € ®*\ {(i,i) : i € ®} : (%(})) holds or supp(q; ;Fi;) N (0, ) # @},
then J* is irreducible.

Proof. (i) Fixi,j € ® with i # j. We have to show that P%(t*(j) < o) > 0, where
4(j) ;= inf{t > 0 : J = j}. Recall that (0,,)nen denote the jump times of the modulating
chain J. Let n € N such that P%!(J, = j) > 0, which exists by irreducibility of J. Let
G, = sup{0 < s < t : & = &} be the last time before t > 0 at which £ attains its
supremum. By construction of local time at the supremum L, the range of (L;!);»o almost

surely equals the set of times, when £ reaches a maximum. Thus, we have
P(t*(j) < ) 2 P*(Go,,, 2 0n, Jg, = J) “.8)
2 maX{PO’i(fon 2 éan—, Jo, = ])’ Po’i(Goml > op, Jo, = J)} .

Suppose first that (%¢(j)) holds. By the path decomposition of (&, J) from Proposition 4.1,
we obtain

Po’i(GanH > Op, Jon = ])

= P ({J, = } N {3t € (0,001 = 00) : §tvo, — o, = oy — §0,})
:[EOI[[I:[)O](Ete(O 0'1) §t>x)|x éa _fgn;JUn:j]
> [EOI[POJ(SCH/Z 2 )|, =Eon o B j] 7
_ [Eol[(J —2q; ;25 P(EY) > x) dt) B, 5 Jo, = J']

0 xzfan_gﬁn
> 0.

To argue that the last inequality holds, note that since (#(j)) was assumed, Theorem 24.7
in [147] yields that for any ¢t > 0, supp([P’(St € -)) is not bounded from above. Thus,
P(fto) > x) > 0 for any x € R and hence

>0, P%as

x:fal _fal

(Jo ~2q; ;25 P(EY) > x) dt)

Combining this with P%{(J,, = j) > 0 by our choice of n € N, the inequality follows.
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Suppose now that (J(j)) holds, i.e., supp(Fy ;) is unbounded from above for some k # j
s.t. qkj > 0. Let m € N such that P*(J,, _, =k, Js, = j) > 0, which exists by irreducibility
of J and q;; > 0. Then, again by Proposition 4.1,

Pm@%ZE%J%m:D:}:P%PMMZXHM%W%MJJ%4=khm=ﬂ>Q
k#j

where the inequality follows from

P(Ak,j > x)| >0, P%.as.,

xzéom—_fam—
thanks to assumed unboundedness of the support of Fy ;. We therefore conclude with
(4.8) that P%(t*(j) < o) > 0 for j € A;. Suppose now that j € A,, i.e., there exists
k € Ay s.t. supp(qx,jFk,j) N (0, o) # @. Then, by Lemma 4.32, qu > 0 and since k € Aq, it

follows from above that P%!(t*(k) < o) > 0. Combining these observations yields again
PO%i(t*(j) < 00) > 0. Thus, the assumption A; U Ay = ® implies P%(7*(j) < o) > 0 for
any j # i, as desired.

(i) Let (i, j) € ® with i # j s.t. ¢;; > 0. Suppose first that (%(;)) holds. Then, qu > 0 holds
if we can show that P%(G,, > 01,J5, = j) > 0. This is an immediate consequence of
(4.9) with n = 1 since g;; = ¢;; > 0 implies P*(J,, = j) = —q;/qi; > 0. Suppose now
that supp(q; jF;;) N (0, 0) # @. Then, again by Lemma 4.32, qu > 0 as well. Thus, the
assumption yields

{(i,)) € @\ {(i,i) : 1 € ®} : @i ; > 0} C {(i, ) € ©* \ {(i,i) : i € ®} : g; > O},

and irreducibility of Q* follows from irreducibility of Q.
|

Assume for the rest of this section that (s12) is satisfied and denote by &r* = (x*(1), ..., % (n))
the invariant distribution of J*. Moreover, for a measure n on R,, denote by 77(x) = n((x, o)),
x > 0, the tail measure of n. Our main goal is to understand the asymptotic behavior of over-
shoots. As a natural extension of the well-known limiting distributional behavior of overshoots
of Lévy processes, cf. [24], it is shown in Theorem 28 of [66] that under assumptions (/1) and
(412) the overshoot process converges weakly to the limiting distribution

7 (1) 80(d) + 10,000 () (2* (DT () + Y 7 (L FL(v)) dy),

_ 1
p(dy, {i}) = EOT [T
J#

[H]

(y,i) € R, x O, if and only if E®™ [H]] < 0.2 The Feller property of the overshoot process
guarantees that in this case p is also an invariant measure. We will show that deleting the scaling
factor E%* [H] ~1 yields the essentially unique invariant measure of the overshoot process and

2Here we made a correction to [66], since in the authors’ statement the limiting distribution of the parents
modulator J, 7, appears instead of &r*. As argued before, irreducibility of J does not necessarily imply irreducibility
of J* and even when J* is irreducible, st and ;™ are not the same, see [110, Proposition 2.19]. Our analysis will
show however that stationarity of the ascending ladder height’s modulator and its stationary distribution are decisive
for tight overshoots.
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hence a stationary distribution coinciding with p exists iff overshoots are tight. Moreover, we
will dig deeper into the mode of convergence, establishing conditions ensuring convergence in
the total variation norm and exponential or polynomial speed of convergence, which also gives
new results for the special case of Lévy process overshoots.

An analytical tool of central importance to us is the resolvent of the overshoot process.
Let (P,):>0 be the transition function of (9, J) defined by P, f(x,i) = EX[f(O, J;)] for any
f e Bp(Ry x0) UBL(R, x©®) and (Uy)as0 be the associated resolvent given by

Uz f(x, 1) = J e MP,f(x, 1) dt,

0
for any A > 0. Our proof for the explicit formula of the resolvent is close in spirit to the proof
for the overshoot process of a Lévy subordinator in Blumenthal [32], which in turn is a special
case of a general result by Ito for Markov processes possessing a local time at a specific point of
the state space, see [94, Theorem 2.5.5]. The detailed proof is quite long and can be found in
Appendix 4.A.

THEOREM 4.7. For any f € B, (R; X ®) U Bp(R; X ©) and x € R, it holds that

(UafCe D))y o= (Quf D))y, +e @ (W) (f, 1), (4.10)
where
PY(f, ) = (d:f(o, i)+ L Quf (6, ) TIF(dx) + > g7 E[Qaf(A], )]
J#i i=1,...,n
and

Qif(x,i) = Jxe_“f(x —t,i)dt, (x,i) e R, XO.
0

The resolvent formula has far reaching consequences for understanding the behavior of
the MAP at first passage. A first neat observation is the strong Feller property of the resolvent
operator, which implies that (O, J) is a T-process.

CoROLLARY 4.8. For any A > 0 the resolvent U, has the strong Feller property. In particular the
overshoot process (O, J) is a T-process.

Proof. Let A > 0 and let f € B,(R, X ®). Since we can write Q; f(x, i) = e™* Jg eMf(t, 1) dt, it
follows that (x, i) — Q; f(x, 1) is continuous and hence (x, i) — U, f(x, i) is clearly continuous.
Moreover, U; f is bounded and thus, U B, (R, X ®) C Cy(R, X @) follows, i.e. U, has the strong
Feller property. Hence, the resolvent kernel R; := AU, is a continuous component for itself,
implying that (O, J) is a T-process. [

We will also use the resolvent formula combined with Proposition 2.8 to determine an
invariant measure for the overshoot process. To show its essential uniqueness, we need to
establish Harris recurrence first, which is taken care of in the following proposition.

PROPOSITION 4.9. The overshoot process (O, J) is Harris recurrent.
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Proof. Letj € © be arbitrarily chosen and let v := §o®3§;. Fix (x, i) € R.x® and let B € B(R,x®)
such that v(B) > 0, i.e. {0} X {j} € B. Since J* is irreducible and t +— T, is continuous and
increases to oo as t — oo, it follows that P*{(t*(j) < o) > 0, where t*(j) := inf{t > 0 : J} = j}
is the first hitting time of {j} of J*. Let Ty = inf{t > 0 : (O, J;) € A} be the first hitting time of
aset A € R, x ® by (O, J) and denote by T} the first hitting time of (O*, J"). By the sawtooth
structure of O we have TE’O}X Gy =% P*J-a.s.. Since t*(j) < T/ it therefore follows by the

{03x{j}
strong Markov property of (O*, J*) that
PP (Tp < 00) 2 P*(Tjopx(j) < 00) = P (Tfg, ) < )
ilmOh .35 .
=E" [P FO0 (T sy < °°)“{t+(j)<°°}]
=P (t*(j) < ) > 0,

where we used for the last equality that 3;:(].) =jand O:;(j) < oo almost surely. It now follows
from Proposition 2.1 in [130] that (O, J) is irreducible with irreducibility measure

R (dy) = jR Ru (x, dy) v(dx) = R1 (0, ), dy), y € R, x O
+X0O

Moreover, (O, J) is a T-process by Corollary 4.8. Hence, if we can argue that the process is
non-evanescent, i.e. that there exists a compact set K such that (O, J) returns to K at arbitrarily
large times, it will follow from Theorem 3.2 in [130] that (O, J) is Harris recurrent. But non-
evanescence is a direct consequence of the sawtooth structure of the overshoot process, since for
the compact set K := {0} X ® we have for any (x,i) e R, x®andt >0

PYL(inf{s > t : (O5,d5) € {0} X O} < 00) = EX [P (T(g)ye < 0)] =1,

where we used that T{g}xe = U, PYJ-a.s. for any (y, j) € Ry x® and O, < oo almost surely. Hence,
(9, J) is non-evanescent and the assertion follows. [

As a consequence of irreducibility implied by Harris recurrence and (O, J) being a T-process,
we obtain that every compact set is petite, which will be useful for our proof of exponential
convergence of the overshoot process later on.

COROLLARY 4.10. Every compact set is petite for the overshoot process.

Proof. This is an immediate consequence of Theorem 5.1 in [164] since (O, J) is a Harris
recurrent T-process under the given assumptions and Harris recurrence implies irreducibility. =

Let us now determine the essential unique invariant measure of (O, J) and also derive a
necessary and sufficient condition for the existence of a unique stationary distribution, which is
the same condition needed for weak convergence of overshoots.

THEOREM 4.11. The overshoot process (O, J) has an essentially unique invariant measure given by

X(dy, (i) = 7 (D So(dy) + 10,0 (W) (7" (DT (0) + ) (DL F (W) dy,  (0,1) € R, x O,
j#i
(4.11)
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In particular, a stationary distribution for (O, J) exists if and only if
n .
E&™"[H{] = Z () E%[H{] < oo.
i=1
Proof. Define a(A) := &t - ®* (1) and

n
@ = ) T D) Sopxi,
i=1

then lim; o diag(®7(4), ..., @y (A)) = Onx, implies that a; (R, x ®) — 0 as A | 0. Moreover,
since sr* is the stationary distribution of J* and G*(0) = [,,, we have

lima® - (@70 G*(1) = 7" Q" = Oy

Recall from Chapter 2 the notation a;U,(dx) = IR+X® U, (y, dx) ay(dy). Plugging into the
resolvent formula from Theorem 4.7 yields for any f € Bp(R; X ®) N B, (R, X ©) that

. — . + + .
lim a5 () = lﬁgz; @ (MULF(O, i)

=lima(d) - (Uf(0,0)5,..n
- 11%1 at (dl?”f(O, i) + L Qaf(y, i) I (dy) + Z q; ;Qaf(y, ) F;(dy)

J#I i=1,...n
(4.12)

By monotone convergence and an integration by parts it follows that for any measure v on R,

o0 roo ry
tm | @ufw v = || w-eidea

roo Y
= J f(t,i)dtv(dy)
o Jo

= | v(yf(y,i)dy,

JO

where ¥(y) = v(y, o). Thus, we obtain from (4.12) that

lim Uz (f) =a" - (d?f(O, i) + L fly, DI (y) dy + Z q; if (v, F{;(y) dy)
J# i=1,...n
=Y 2t (dmo, 0+ | reolwar Y | rwofw dy)
i=1 0 #i 0
= Z(n*(i) (d?f(O, i) + L Fly, DTT () dy) + > (), L Fw, DF(y) dy)

i=1 j#i
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= J f(y,2) x(dy x dz),
R+x®

where for the second to last equality we used that

S Yl [t Dt e = 3 g0 | R a
i=1

J# j=1 i#j

= Z 2, G ) LOO £, DFF(y) dy.

i=1 j#i
From Proposition 2.8 it now follows that y is indeed an invariant measure for (9, J). By
irreducibility of J*, (O, J) is a Harris recurrent Feller process according to Propositions 4.4 and

4.9 and hence Theorem 2.5 in [17] yields that y is essentially unique.
Finally, using the Laplace exponent of (H*, J*) we obtain

.....

- diag((d;’ + Jm I} (x) dx))ie@ +Q* o (JOOO I_*_'ZJ'(X) dx). L

0

and hence - -
E%[Hf] =df + Jo ITF (x) dx + Z q;; L F{j(x)dx, i€B®,
j#i
which shows that
x(Ry x ©) = E*™ [Hf].

Thus, y can be normalized to an invariant distribution if and only if E®"" [H]] < oo. ]

Remark 4.12. The finite mean condition for the ascending ladder height process is exactly the
same condition, which is necessary and sufficient for stationary overshoots of MAPs in the sense
of weak convergence. As shown in Theorem 35 of [66] as an extension of Theorem 8 in [70] for
Lévy processes, this condition is equivalent to E%[|£1|] < co and either lim;_,, & = oo, P%\-a.s.,
or limsup,_,., & = — liminf,_,. & = oo, P%-a.s., together with

JO" x 2t (i, [x, 00) X ©)

X oo n . dx< 0o, (4_13)
e 1+ o [7 XL T (—e0, —2] x ©) dz dy

for some k > 0.

Our discussion of the interplay between Harris recurrence and invariant measures for Markov
process in Appendix 2 now also yields that y is a maximal Harris meaure.

COROLLARY 4.13. The invariant measure y given in (4.11) is a maximal Harris measure.

Remark 4.14. This could have also been shown directly by an alternative proof of Proposition 4.9
based on Kaspi and Mandelbaum’s characterization of Harris recurrence in terms of almost sure
finiteness of first hitting times (2.3) and the characteristic property (4.2) of the Lévy system
belonging to (H*, J¥).
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Having established the existence of a unique invariant distribution, we now proceed to
investigate ergodicity of overshoots. To this end, we need to find criteria ensuring the existence
of an irreducible skeleton chain. One of these criteria will be a strictly positive creeping probability
of the MAP and we lift a sufficient criterion for this to happen from the well-known Lévy process
situation.

LEMMA 4.15. Suppose that df > 0 for some i € ©. Then, for any t > 0 we have
PO (&r, = t,Jr, =) > 0.

Proof. Let o7 be the first jump time of J*. If ¢/, = 0, then under PO H* is a Lévy subordinator
with positive drift and therefore has positive creeping probability by Theorem 5.9 in [109],
implying the claim. Suppose now —q;, > 0. Then, using the representation from Proposition 4.1
we have

P% (0, =0,d; = i) = P*(O] =0,3] = 1)

0,i +,0,i _ +,0,1 +
> P (HTW =6, T < 01)
t

= J P(H+’(i) =t, Tt+’(i) < y) [P’O’i(oi' e dy)
0

T[+,(i>

0 t

where we used independence of H™% and J* for the third equality. Since again by Theorem 5.9

in [109], d > 0O gives that P(H;;F(ii)) =t)>O0forallt > 0 and

1 +s(i) — +!(i) — +:(i) —
P =1 <4) =o{o) =0)

it follows that there is z > 0 such that P(H;;,((?) =, <y) > 0 forall y > z and hence, from

above it follows that

eqzin(H+’(i) =t, Tt+’(i) < y) dy > 0.

PO, = 0,9, = 1) > _qzij 70

z

Remark 4.16. The irreducibility assumption (¢12) is not required for this statement.

Let us now state properties of the ascending ladder height process that imply existence of an
irreducible skeleton of (O, J).

ProposITION 4.17. If
@ di’r > 0 for some i € @, then (O, J) is aperiodic and any A-skeleton is irreducible.

(i) for some j € @ it holds Al(0,) < ITf|(0,00), then any A-skeleton (04, 3%) is A, ® §;-irreducible.
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(iii) for some j € © there exists an interval (a,b) C R, such that A|(qp) < H;|(a,b) and for any

i € © and x > 0 it holds that U:j([O, x)) > 0, then for any A € (0, (a+b)/2), the A-skeleton
(0%,3%) is A+(- N (a, (a +b)/2)) ® §j-irreducible.

(iv) for some (j, k) € ® with k # j it holds A|(0,c0) < F,’{’jl(o’m) and q;;]. > 0, then any A-skeleton

(02,94 is A, ®68 j-irreducible.

() for some (j, k) € © with k # j it holds qk > 0, there exists an interval (a,b) C R, such

Proof.

@

(i)

(iii)

that Al (qp) < F; |(a p) and for any i € © and x > 0 it holds that U+k([0 x)) > 0, then for
any A € (0, (a + b)/2) the A-skeleton (0%, %) is A+ (- N (a, (a + b)/2)) ® §-irreducible.

The singleton set C = {0} X {i} is trivially small (just choose v, = P;((0,i),-) for a = &;
and some t > 0.). Further, C € B*(R, X @) since Corollary 4.13 tells us that the invariant
measure  is an irreducibility measure for (O, J) and thanks to d; > 0, we have x(C) > 0.
Lemma 4.15 gives that

PO ((O,d;) € C) =P (0, =0, =1) >0

for all t > 0, which implies that (O, J) is aperiodic with defining singleton set C = {0} x {i},
which by Lemma 2.9 also implies that any A-skeleton is irreducible.

Let B = By X By € B(R, x ©) such that A, ® §;(B) > 0. Without loss of generality we may
assume that O ¢ B1. Since J* is irreducible it holds P%{(J} = j) > 0 for any t > 0 and
i € © and hence by monotone convergence,

lim Ul-+j([0,x)) = J PO (JF = j)dt > 0,
X—00 > 0
which yields that there exists x > 0 such that Ul.+j( [0,x)) > 0forall x > x and i € ®. For
given x > 0 let t > x + x. Then, by the overshoot formula and Fubini it follows that for any
i € ® we have

PO eBLg e > [ | Iy U e-x-dy)

017 I ’ (4.14)

:J H+(Bl+t—x y)U (dy).
[0,t—x)

Since by translation invariance of the Lebesgue measure it holds A(B; + z) > O for any
z 2> 0 and Af(0,00) < H;l(o’m) by assumption, it follows that for any y € [0, t — x) we have
H;’(Bl +t—x—y) > 0. By our choice of ¢ it also holds that U:j([O, t—x)) > 0, thus (4.14)
yields that P*{(O, € By, J; € By) > 0. Hence, given A > 0, choosing n, € N large enough
such that n, A > x +X, it follows that Px’i(((‘)nxA, dn.a) € B) > 0 for any i € ©, which shows
that any A-skeleton is A, ® §;-irreducible.

Choose B = By X By € B(R, x ©) such that A(- N (a, (a+b)/2)) ® §;(B) > 0. Again we
may assume that O ¢ B;. Let (x,i) € Ry x® and t € (x,x+ (b—a)/2). Since for any z > 0
it holds that

(Bi1+2)Nn(a,b)=(B1N(a—2,b—2)) +z2
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it follows for z € (0, (b — a)/2) by translation invariance of the Lebesgue measure that
A((B1+2)N(a,b)) =A(B1N(a—2,b—2)) > A(B1N(a,(a+b)/2)) > 0.

By our choice of t € (x,x+(b—a)/2) itholdsthat0 < t—x—y < (b—a)/2forally € (0, t—x)
and therefore A((B1 +t — x —y) N (a, b)) > 0, which by our assumption A|(qp) < H}'l(a’b)
implies that H}“ (B1+t—x—y) > 0. Since U:j( [0,t —x)) > 0 by assumption it now follows
from (4.14) that P*{((O,, J;) € B) > 0. Hence, given A € (0, (b—a)/2), if we choose k € N
such that kA € (x,x + (b — a)/2) it follows that P*!((Oxa, dxa) € B) > 0 and therefore
pa P%{((Oka, dka) € B) > 0. Since (x, i) € R, x ® was chosen arbitrarily we conclude
that the A-skeleton is irreducible with irreducibility measure A.(- N (a, (a +b)/2)) ® &;.

Parts (iv) and (v) can be demonstrated exactly as parts (ii) and (iii) when instead of (4.14) we
use that for B = B; X By € B(R, X ®) with j € By, (x,i) € R, X ® and t > x it holds

Pri(0, € By, g € By) > g, L F B+ x =) U,
0,t—x

Remark 4.18. The condition in part (iii) and (v) that Ul.+j( [0,x)) > Oforalli # jis non-redundant
in general. If, e.g., Fl.+j([0, x)) = 0 for some i # j, then Ul.+j([0, x)) =0.

These conditions in combination with Harris recurrence now allow us to determine when
(0, 3) is ergodic.

THEOREM 4.19. Suppose that E&™ [H]] < co. Then, under any of the conditions of Proposition
4.17, it holds that (O, J) is ergodic, i.e.

V(x,i) € R, X O : tlirgollpx’i((ot, do) € ) —pllv =0,

where for (x,i) € R, X 0,

1

p(dy, {i}) = o g

7 (7 01 80(d) + T 0 ) (" DT} @) + 37 ()} Fi(w)) ),
1

j#i
(4.15)
is the stationary distribution of (O, J).

Proof. As a consequence of Proposition 4.4, Proposition 4.9 and Theorem 4.11, it follows that
under any of the conditions of Proposition 4.17, (O, J) is a positive Harris recurrent Borel right
Markov process with unique stationary distribution given in (4.15) such that some A-skeleton is
irreducible. Thus, Theorem 6.1 in [130] yields the assertion. ]

A direct implication of ergodicity is that a continuous time version of the von Neumann-—
Birkhoff ergodic theorem holds, see the discussion in [146].

COROLLARY 4.20. Given the assumptions from Theorem 4.19, it holds for any f € LP(R; X ©, )
and (x,i) € R, x © that

1 (T .
Tlim T J f(O, dp)dt = u(f), P "-as. andin LP(P*).
—00 0
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Once we have derived an analogue of Vigon’s équations amicales inversés in Section 4.4,
we will be able to express conditions on the Lévy system IT of (&, J) that guarantee one of the
conditions on the Lévy system IT* of (H*, J*) required for ergodicity. For the moment we content
ourselves with studying the drifts d;" of the subordinators associated to the ascending ladder
height process.

LEmMMA 4.21. If J is irreducible, then for any i € © and an appropriate scaling of local time, the
diffusion parameter b; of € is given by

b? = 2d}d;.
Proof. Leti € ©. Considering the diagonal of ¥, the spatial Wiener—Hopf factorization (4.5)

yields for every 6 € R

b2 ‘
ia;0 — 5162 + J (e‘ex —1—-10xT_117(x)) Mi(dx) + i
R

= (q;. — 47 —id; 6+ I (e —1) n;(dx)) . (qzi — 7 +id70 + j
0

(€% — 1) n;(dx))
0
+Z k) - a;. Gy (~0)G},(6).

() kl k,i
Since 1
|91|lgloo 5 J (e 0x _ 1 —iox1 [-1,1](x)) Hi(dx) =0
and
e — 1) ITH (dx) = lim —J e — 1) IT; (dx
Jim o[ ey <o, tim o [ e - -
and moreover |Glz’i(—9)GZ’i(9)| < 1, comparing coefficients yields bi2 = 2dfd:. [

Thus, b; > 0 if and only if df A d7 > 0 and therefore Theorem 4.19 shows that for any
MAP with tight overshoots and some Lévy component &? with non-zero diffusion component,
convergence to the stationary overshoot distribution takes place in total variation.

As a next step we show that under appropriate moment conditions on the Lévy processes
and transitional jumps underlying the ascending ladder height MAP, overshoots converge with
polynomial rate and in case of existence of exponential moments even exponentially fast. Thus,
the speed of convergence is reflected in the tail behavior of the jump measures associated to the
Lévy system IT*, with light tails giving exponential decay and moderately heavy tails resulting
in polynomial decay. For the proof we yet again make use of the resolvent formula (4.10) to
find Lyapunov functions needed for the resolvent drift criteria (2.8) and (2.10).

THEOREM 4.22. Suppose that one of the conditions of Proposition 4.17 is satisfied.

(i) Suppose there exists A > 0 such that the exponential A-moment exists for all H>® i € ©, and
for all Alftj, i # j, such that q:.t i #0. Then, for the choice V; (x,1) = exp(Ax), (x,i) € R, X O,
(0, 9) is RV -uniformly ergodic, i.e.

sup [EX'[f(Or, 80)] = H(H] < CRVa(x, D)™, (x,0) € Ry X O,
[fI<RAVA
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for some universal constants C,k > 0. Moreover for any § € (0, 1), it holds that
IPX((0,30 € ) — iy < C(ORVa (x, D™/, (x,) €Ryx O, (4.16)
for some constant C(68) > 0.
(i) Suppose that for some A > 1 the A-moment exists for all H+9, i € ©, and for all Al.’:j, i#j,
such that qu # 0. Then, there exists C > 0 such that
IPYH((O, 3r) € ) — plltv < CRAVA(x, DETH, (x,1) € Ry X O,
where V; (x, i) = e™1 [0,1)(x) + xM [1,00) ().
Proof. (i) For a matrix A € R™", let ||A||c = MmaX=1,. n Z;le |a;;| be its matrix norm induced

by the sup-norm. Let Q; be the operator from the statement of Theorem 4.7. Then,

X
1
AQiVi(x, 1) = AJ e MV (x —t,1)de = E(e“ —e™), (x,i) e Ry xO.
0

Since by Taylor expansion there exists a > 0 such that e® — e™* < ax for any x € (0, 1)
and IT are Lévy subordinator measures, it follows that

1
J AQaV(x, i) ITF (dx) < oo.
0

Moreover, by assumption H™ (! has an exponential A-moment, which according to Theorem
3.6 of [109] is equivalent to Iloo exp(Ax) ITF (dx) < oo, implying that

I AQaVa(x, 1) T (dx) < o0
1

as well and thus

J AQaVy(x,1) IT (dx) < o
0

for all i € ®. Since additionally [E[exp(/lAlfrj)] < oo for any i, j € ® such thati # j and
qi+j > 0, it follows that if we define

b= AI®* () Z(d: + L QuVa(x, i) T (dx) + ) q:er[QAvmgj,j)])
i=1 j#i

n

1 0 q+
+ -1 E + A -1 + E L) +
< ||¢) (/1) ”oo L (Adl + E JO (e X _ e x) Hi (dX) + Z- ?[E[exp (AAL,))])’
we have b < 0. Using (4.10) it therefore follows for any i € © that

1 1
RV (x, 1) = AUAV; (x, ©) < E(e“ —e™™)+b < FVa (x,0)+b, (x,i)eR,x0, (4.17)

which shows that (2.8) holds for By = 1/2 and b < o as above. Under the given as-
sumptions, (O, J) is Harris recurrent and there exists an irreducible skeleton chain by



86

(i)

CHAPTER 4. STABILITY OF OVERSHOOTS OF MARKOV ADDITIVE PROCESSES

Proposition 4.9 and Proposition 4.17, hence (O, J) is irreducible and aperiodic. Moreover,
V) is unbounded off petite sets since V), is increasing and continuous and hence for any
z > 0, the set {(x,i) € Ry X O : V)(x,i) < z} is compact and hence petite, according
to Corollary 4.10. Thus, (2.8) being satisfied for our choice of V;, Theorem 5.2 in [74]
implies that (O, J) is R;V;-uniformly ergodic.

To establish the more explicit rate of convergence for the total variation norm in (4.16),
note that (4.17) combined with (2.9) shows that for the petite set C(¢) = {V) < 2b/e},
€€ (0,1) and ¢(2) = (1 — €)z/2 we have

1+
RaVa(x, i) < TEVA(X, D) +blge) =Valx,i) = oVy(x,i) +blc), (x,i) € Ry X0,

and thus, the claim follows easily from (2.11).

Since V (x, i) = Vi (x, i) for x € [0, 1), i € ©, it follows from above that
1
J AQaVi(x, 1) ITF (dx) < oo.
0

Moreover, for x > 1 we have 1Q;V (x,1) < x* and thus by our moment assumptions on
H*® and At
l’]

f AQuV (x, ) T (dx) < 0, E[AQuVA (AL, )] < oo.
1
This shows that
b= Al10* ()l Z(d: + fo QT (x, ) T (d) + qu[E[QAVa(AZj,J')]) <.

=1 J#
Observe now that integrating by parts twice yields that forx > 1 andi € O,
X
AQAVA (X; i) <V (X, i) - .)CA_1 + e_’b‘ (67L + J (/1 _ 1)eltt/1—2 dt)
1
and for x € [0, 1),

AQAV;L(X, i) < e,

Thus, for all (x,i) € R, X ®, we have
X
AQaVA(x,1) < Va(x,0) — (Vi (x, i) T +e™ (eA +J (A —1)ett2 dt) +e! M g.17(x)
1
and hence by the resolvent formula and the definiton of b,

RV (x, 0) < Vi (x, 1) — (Va(x, 1)) T +e ™ ('E+ el + f (A = 1)ettt2 dt) +e 011 (%).
1

(4.18)
Let x* > 1 be large enough such that for all x > x*

- x 1
Pa(x) = e (b +et+ J (A —1)erh2 dt) < Exl‘l.
1
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By the same arguments as in the previous part, the compact set C := [0, x*]| X ® is petite
and it follows from (4.18) that

RaVy < V) — oV, +¢lg, (4.19)

A-1 Z1-1/A

where ¢ := e’ + max,c[o] Pa(x) < 0 and ¢p(z) = % , 2 > 1, is concave, differen-
tiable and increasing. Hence, (2.10) is satisfied. The assertion now follows from (2.11)
upon noting that

‘ A
Hy (1) = L (1/¢(s)) ds = 241" = 1),  Hy'(e) = (1 + i) ,

and therefore the rate of convergence =Z(t) defined in Appendix 2 is given by

E(t) =1/(¢ o Hy')(1) = 2(1 + i) ’ < 2020)A 1A,

Remark 4.23. Let us emphasize that the parameter A in the exponential A-moment assumption
from part (i) is only reflected in a multiplicative constant and hence negligible for the speed of
convergence. This is particularly nice for statistical considerations, where exact control over the
speed of convergence is decisive for making a minimax approach over entire classes of MAPs
feasible. Moreover, our analysis of the mixing behavior of self-similar Markov processes later on
profits immensly from this exact rate in terms of expliciteness, since the Lamperti—Kiu transform
turns the exponential rate into a polynomial one. On the other hand, if the MAP components
only have some finite A-moment, then the maximal size of A is highly relevant for the polynomial
speed of convergence.

Finally, we will establish polynomial -mixing of stationary overshoots provided that the
process converges at polynomial rate and make use of Masuda’s criterion for exponential -
mixing given exponential ergodicity of a Markov process stated in (2.15) to establish exponential
B-mixing of overshoots for any initial distribution with exponential moments. To this end, we
need one more technical result, which is the natural generalization of a result well known for
renewal functions of Lévy subordinators to the MAP situation.

LEMMA 4.24. For any x,y > O and i, j € © it holds
UZJ(X +y) - Ul-fj(x) < U}L’j(y).

Proof. Let (6]);>0 be the family of transition operators for the Markov process (H*, J*). Then,
with a change of variables and an application of the strong Markov property it follows

T;+y09;;+T;
f Lo =iy dt

+
0 t+Ty

. [ Tx+y .
Ui (x +y) = Uf(x) = E¥ J I (y=jy dt| = E

Y

. r Ty ) oo+ Tisy
_ [Eo’l JO H{J::j} dt o 9;;] — [EO,l |:IEHT;'?JT;' [ JO 1]{_]::]'} dt‘]

<E%|U5 )| <UL w.
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Here, we used for the first inequality, that by spatial homogeneity of a MAP, {T¢,,, Pk} d

(T2 POk} for any z > 0 and combinded this observation with the fact that z +— T; is

increasing and that H., > x by definition. The second inequality follows from U;;(y) < U} ;(y)
thanks to increasing paths of H. |

Recall the definition of the f-mixing coefficient from (2.14).
THEOREM 4.25. Suppose that one of the conditions of Proposition 4.17 is satisfied.

(i) Suppose that the exponential moment assumption from Theorem 4.22.(i) is satisfied and let
n be a probability measure on (R, X ©, B(R, X ©)) such that n(-, ®) has an exponential
A-moment. Then, (O, J) started in 1) is exponentially -mixing with the B-mixing coefficient

B(n, -) satisfying
B(n,t) < 20(n, A, 8)e /(240

for
o(n, 1) = €(5) supj ReVi (y, 2) PO, € dy, J; € dz) < oo,
R,:x06

t>0
for some constant C(8) > 0 and V) (x, i) = exp(Ax), (x,i) € R, X ©.

(ii)) Suppose that the A-moment assumption from Theorem 4.22.(ii) is satisfied for some A > 2.
Then, (O, J;)¢>0 started in its invariant distribution is -mixing with rate

B(u,t) st274, t>0.

Proof. (i) By Theorem 4.22, for any 6 € (0, 1) there exists C(8) > 0 s.t.
P50, € ) = pllty < C(E)RVa(x, )e ™/ (x,i) € R, x O.

Hence, the assertion will follow from Lemma 3.9 in Masuda [123] if we can establish that
o(n,A,8) < oco. To this end, observe that by the explicit form of the A-resolvent U, of the
overshoot process and with the constants a, b appearing in the proof of Theorem 4.22 we have

j RaVa(y, 1) PO, € dy, 7 € du)
R, x0©

<p+ ) %j (€M — &™) PY(0, € dy, 3 = ) n(dx, {i})

n 17 > .
s (5 B0, € dy, d = J) n(dx, {i})

r rl

y P (0, € dy, 3, = j)n(dx, {i}))
Jr, Jo

n 1 r (* 0 . a
<b+ Z (— el P*'(0, € dy, J; = j) n(dx, {i}) + E)

2 Jr, J1
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Hence, to prove the assertion it suffices to show that for any (i, j) € 82,

sup [ [P0, € du, 3, = e (1) < o
+J1

t>0

With the sawtooth structure, the overshoot formula and multiple uses of Fubini’s theorem we
obtain for fixed t > 0,

J J M PYi(0, € dy, 4, = j) n(dx, {i})
L d1

t o) %)
sj j eAyPO’i(of_xedy,af:jm(dx,{i}nj M0 (d, {i})
0J1 t

< L n(dx, {i}) (L U7 ;(dy) L I (t — x — y +du) e™

[ unta [T R e-x-yra eh‘) # [ e nax @)

k#j 0

= J;) n(dx, {i}) (JO U:j(dy) L IT (du) o (uty+x—0)

+ Z ar ; J U7 (dy) L Fy i (du) e“'“y”—f)) + L e™ n(dx, {i})

k#j

:J et H*(du)J n(dx, {i}) e™ L_ VI Ut (dy)

+qu1J e Fy ;(du) L n(dx, {i}) e™ L VO (dy)

k#j
Ax .
+ J;) e n(dx, {i})

From Lemma 4.24 we know that fort > x and i, j € ©
U ((x,t]) = U () = Uf(x) < Z Ut (t-x)

and thus

t—x
J e/l(y—t)U;—j(dy) SJ Ay- t)U+ (dy) J J A(x t) dx U+ (dy)
0
t
:AJ ! OUL((0V x, t]) dx = e MU} (t)+AJ U (e ) dx
< U0 +Aj M0t (¢ x) dx

< e MUt (D) + 2 f e MU (2) da.
, . ,
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Theorem 28 in [66] tells us that U;Fj(z) ~ EO [Hf]‘lzyﬁ(j) as z — oo and since Uj+j(z) is
moreover non-negative and increasing, we conclude that

t
supj e’l(y_t)UZj(dy) < co.

t>0 JO
Plugging in now yields
S“pf J M PY(0, € dy, 3, = J) n(dx, {i})
t>0 JR, J1

o0 o ‘
< | ermra [ e s [ gy
0

t>0 JO

1
[e) [ t
+Zq;’j L ™ Fy (du) L e™ n(dx, {i}) Supj eV Ut (dy)

k#j t>0 JO

+ J e n(dx, ®)
0

< 00,

where finiteness is a consequence of the above discussion and our assumptions that H I’(i), n(-, )
and Af ; for i # j with q ;#0 all have an exponential A-moment. This finishes the proof.

(ii) By stationarity, it holds that

B = |

R, x0

1Pe((x, 2), ) = mllrv p(dx x dz) = ZJ 1Pe((x, 1), ) = prllry p(do, {i}).
i=1 ¥R+

Since the (A — 1)th moments of HIr ‘D for all i € ® and Alf']. for all i, j € © such that g7 i * 0 exist,
it follows from Theorem 4.22.(ii) that

plr.0 <67 Y | Raaliate ) (e (),
i=1 +

and hence, to prove the assertion it is enough to show that the integrals on the right-hand side
are finite. From the drift inequality (4.19) established in the proof of Theorem 4.22.(ii) we
obtain that for any i € 0,

(o]

j sza_lva_l(x,au(dx,{i})sjle<l—1>’(u<dx,i>+€u<c>+j 1 p(dx, {i)).
R,x0 0 1

Since by our moment assumptions

me“ u(d, {i}) = —
1

T L X1 (7[+(i)1:[:f(x) + 3 a( j)qziﬁ}r’i(x)) dx,

JES

iy [t PPN (4.20)
< I]E()”T+—[I-II'](7T (l) ‘L X Hi (dX)‘l‘;ﬂ' (J)qj,i Jl X Fj,i(dx))
< 0

5

the assertion follows.



4.4. Equations amicales inversés for MAPs 91

Remark 4.26. Asin (4.20), it is easily established that when the jump measures associated to
IT* have exponential decay, (-, ®) possesses an exponential moment and hence for part (i), the
stationary overshoot process is exponentially f-mixing as well.

As a direct corollary we obtain the exponential resp. polynomial -mixing behavior of MAPs
sampled at first hitting times provided that creeping is possible or the Lévy system has some
minor regularity and moreover the respective moment conditions on the MAP are satisfied. Let

Ke = o((&r,Jr,) s <t), Ke=o((Ern,Jr),s2t), 20

be the o-algebras generated by the MAP sampled at first hitting times up to level t and from
level t onwards, respectively.

COROLLARY 4.27. Suppose that the assumptions of Theorem 4.22.(i) are satisfied and let ) be a
probability measure on (R, X ®, B(R, X ©)) such that n(-, ®) has an exponential A-moment. Then,
forany § € (0, 1),

sup Bpn (K, S_CHS) < 20(n, A, 8)e2 50,

t>0
where o(n, A, 8) > 0 is the constant from Theorem 4.25. If instead the assumptions from 4.22.(ii)
are satisfied with A > 2, then

sup Ppx (%t: g_<t+s) < SZ_A, s> 0.

t>0

4.4 EQUATIONS AMICALES INVERSES FOR MAPs

With the help of the spatial Wiener—Hopf factorization for MAPs we can generalize Vigon’s
équation amicale inversé for Lévy processes to a characterization of the Lévy system of the
ascending ladder height MAP in terms of the Lévy system of the parent MAP and the potential
measures of the ascending ladder height process of the dual MAP. This is crucial for our results
since this relation will allow to impose conditions on the parent MAP instead of the ascending
ladder height MAP that imply the overshoot convergence results from the previous section. To
this end, we first need to recall some concepts from distribution theory and introduce more
notation.

Let S(R) be the Schwartz space of rapidly decreasing smooth functions on R and consider
its dual space 8’(R), the space of tempered distributions. For u € 8’(R) the k-th derivative
p® e 8’(R) is defined by

(19, ¢) = DXp,¢W), b e8(R),keN.
If p is induced by a function ¥ € B(R) via

¢y = jR PO dx, ¢ € S(R),

we just write u = 1, provided that the above integrals are well defined. Similarly, if iz is a measure
on (R, B(R)) such that J ¢ du is well-defined for any ¢ € S(R), we identify the distribution
induced by ¢ — J ¢ dp with p.
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For a Lévy measure v integrating x — |x| on [—1, 1], let I'v be the tempered distribution
defined via

(Lv, §) = ij(x) g0 v(dx), b eSR),

and for a general Lévy measure v let I'?v be the tempered distribution defined via

(L%, ) = ij(x) — $(0) = & (0)x 11 (1) v(dx), b € S(R).

Recall that for a tempered distribution p € 8’(R) the Fourier transform %y is defined by

@9 = (0.50) = (| X pr0dx). ¢ es@),

R

and that the Fourier transform is a bijective, continuous mapping on 8’(R). If § is the Dirac
delta distribution and letting 1, (x) = x2, x € R, it is immediate that

F6=id, F' =-i-id, F6"' =i

Hence, for a Lévy subordinator with characteristic Fourier exponent k , Lévy measure v, drift
d > 0 and killing rate g > 0 we obtain

(F(-q8—d8 +1Iv), ) :J

R

( —q+ido+ JR (e — 1) V(dx))d)(@) do = JR x(0)$(6) do,

and therefore it holds that
F k= —q6 —d§’ +Tv.

Thus, if A* denotes the infinitesimal generator of the subordinator’s dual, then
A f=(F )« f, feS(R).

Similarly, we get for the characteristic exponent ¥ of a Lévy process with generating triplet
(a, 0%, v) and killing rate q that

1
Fly=_—qg§-—ad' + 5025" + .
We start with a simple lemma. Let
o0(A) = sup{Re(A) : A eigenvalue of A},

be the spectral bound of a quadratic complex matrix A.

LEMMA 4.28. For any (non-trivial) MAP with characteristic matrix exponent ¥ and 6 € R, it holds
that o(¥(60)) < 0 and for any A > 0, Al, — ¥W(0) is invertible.

Proof. Let A > 0 be arbitrary and e; be an independent exponential time with mean 1/ and
define forx e R, i,j € O,

. eA o0 .
MU j(dx) = [EO’IH T (g, edx,g=j) dt] = J P& € dx,J; = j,t < e;)dt
0 0
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= j e_ltpo’i(ft (S dx, Jt = ]) dt,
0

ie. AUi, j is the (finite) occupation measure of the MAP started in (0, i), while the modulator J is
in state j, killed at an independent exponential time. Clearly,

{WUU}(Q) = (J ot (¥(0)-Al) dt)
0

i,j

where for a matrix valued function f: R — R™", such that f;; is integrable, IR f(t)yde =
(JR fi,j(t) dt); j=1,...n. Hence, if we let U = (AUi’j)i’jeg, it follows that

{F'u}0) = Jm e ¥ O=Ah) g,
0
Noting that

T
(Al, — ®(0)) J el (FO=20) qp = [, — I (F(O)=Ah) (4.21)
0
and that the left-hand side converges to

(Al = ¥(6)) - {F'U}(6),
as T — oo, it follows that the matrix exponential el (¥ (®)~4) must converge as well as T — co.
E.g. from Theorem 4.12 of [21], this can only be the case if o(¥(6) — Al,,) < 0. But since
A > 0 was chosen arbitrarily, it follows that for any A > 0, actually o(¥(6) — Al,) < 0, implying
o(¥(0)) < 0. Again by Theorem 4.12 of [21], this implies that

lim " ¥©®-4) — @ .

T—o00

Thus, (4.21) yields that Al,, — ¥(0) is invertible with inverse
(Al, =¥ (0) " = {F'U}O). (4.22)
]

Remark 4.29. This result generalizes part of Theorem 1 in [96] in the sense that, if we let
Y(z) = (E%[exp(2£1); J1 = j])ijeo for z € C whenever it is defined, z + det(Y(z) — Al,) has
no zeros on the imaginary axis, without having to assume anything on the jump structure of
(&, J) or irreducibility of J.

Let us assume for the rest of this section that
(43) the modulator J of the MAP (&, J) is irreducible, i.e. Q is an irreducible matrix.

THEOREM 4.30 (Equations amicales inversés for MAPs). For an appropriate scaling of local time
at the supremum it holds for any i,j € ©, i # j and x > O that

(o) k (o)
17 (dx) = L iy + dx) U7 (dy) + Y %qk,i L Fii(y + do) Uy (dy), (4.23)

k#i
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+ o+ _ @ - . - @ : ” : .
q; ;jF;;(dx) = () Jo I;(y + dx) U;;(dy) + ; (D) qk,j Jo Fij(y+dx) U (dy). (4.24)
and
(0 = [ Moy = @0 Ul + Y g | By -t U ) (4.25)
0 ki 0
w0 ([ . e ,
qi,jFi,j(dx) = m( . H](_y —dx) Uj,i(dy) + Z qj,k o F],k(_y - dx) Uk,i(dy))- (4.26)
Py

Remark 4.31. If we let IT(dx) := (II(i, dx X {j}))ij=1,...n, I"(dx) = (IT*(i,dx X {j}))ij=1,...n
and U*(dx) = (U:j(dx))i, i=1,...n (with the analogous definitions for the ascending ladder height
process of the dual MAP), then we may compactly express the équations amicales inversés (up
to premultiplication of some diagonal matrix corresponding to the scaling of local time at the
supremum) for x > O as

() = | 85107 () a1y + ),

(@) = | 8 [y - 0 U (@) o

(R4, B(R,), Vi,j)-

Proof of Theorem 4.30. Analogously to Vigon’s [172] idea, we use inverse Fourier transforma-
tions of the quantities involved in the spatial Wiener—Hopf factorization for MAPs to prove the
desired equalitites. To this end, recall from (4.5) that for an appropriate scaling of local time at
the supremum, it holds that

w(0) = -0'P(-0)TA P (), 6eR. (4.27)

Rearranging yields for any A > 0,
-1\ T
v (0) = —A,;l((lp—(—e) - )LI]n) ) Ax(¥(0) + W (0)), 0€R, (4.28)

where invertibility of ¥~ (—6) — Al, is shown in Lemma 4.28. By the form of the characteristic
matrix exponent of a MAP it follows by taking inverse Fourier transformation of the distribution
induced by the left-hand side that

F W = V3 ((gf; = T8 — 8 + TIT) + 1117 F7 .
Note that by (4.22)

=Gy

i,j?

(A4 -9 (=)

where for an independent exponentially distributed random variable e; with mean 1/ we
define

-1
i.j

~ o~ . €L
AUI_’](dx) = [EO,l I:J\ ﬂ{-H:de,J:’:j} dt:l) x € R.
0
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With this observation, our previous discussion of inverse Fourier transforms of Lévy character-
istic exponents and the property that if we regard two tempered distributions whose Fourier
transforms are induced by some measurable functions, the Fourier transform of the convolution
of those distributions becomes the tempered distribution induced by the product of the functions,
it follows that the inverse Fourier transformation of the distribution induced by the right-hand
side of (4.28) may be written as

-5 (a2 (¥ (- - “n)_l)TA’f (¥ +297))

L,j

=370 (), b))

_7(j)
~x(i)

a(k ) ~_
+ Z qk,ij,j + Aq-}:,jFl:,j) * AUk’i.

(IFZI‘I FATTE - (a;+Ad})8 + 3028 + (g, + A(q, - Tj))s) AT

it

Observe that the restriction of ]Pl'[;r and I'%IJ; to the space D, of smooth functions on R with
compact support in (0, co) is equal to the distributions induced by H;.' and IT; on this space, see
also Propriété 3.9 in [172]. Restricting to (0, co) and equating both sides therefore yields the
equality of distributions on D7,

7(j)

1]{l_J}H +ﬂ{l¢1}q1]F+ = ()

(1 + AIT) # +Z @ qk]Fk]qu]F,jJ) MUy, (4.29)
k#j

Here, we used that for a measure g on R such that the distribution pu * Aﬁ]z »» is well-defined it
holds that

A Ari-
(k Uk,i)|(o,oo) = (V|(o,oo) * Uk,i)|(0,oo)’
since Aﬁlz ; has support R_, see also Propriété 3.8 in [172]. Denote
Uy (dx) = ﬁE‘(’,k[J 1 (bt edv,ar=i) dt], x € R,
> 0 t Mt
and let ¢ € By ((0, 0)) be non-negative with support supp(¢) C (a,b), where 0 < a < b < oo,

Utilizing the strong Markov property and conditional spatial homogeneity of (H™, J~) we can
calculate as follows:

00 _ 0 s
J, e T = [ | gm0

< @m” J $(z — HY) T (d2)1 (o dt]
0 J(a+H} b+HY)

<lole | E9[[ |ty me
(a,00) (T}, )

+

++ ’J
LT B e [ B TP | TS
(a,00) (0,T70)
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0,
<lple | BR[| 1 d|ms)
(a,00) 0,1,

< lplleTT} ((a, 00)) > Up (b - a)
k=1

< o0,
and similarly, fgo P(2) I0; * 5;i(dz) < oo. Thus, using monotone convergence for the cor-
responding integrals wrt. the positive and negative part of a function ¢ € D,, we have
(1‘[+ Ui Py — (1‘[+ * U, ¢) and (IT; * AU Iy ¢y — (I * U, ,¢) as A | 0. Consequently,
AH;’ AU ; — OandII; *AU . — IO *U ;onD} aS/l 1 0. Similarly, we obtamF+ AUkl — F+ *U‘

as A | 0. Thus lettlng A l O in (4 29) 1mphes that restricted to D, we have

x(j)

Vo T+ Vaendi iy = 5

~_ (k)
I Uj,i+Z ()qk]FkJ*Ukl
The relations (4.23) and (4.24) follow upon noting that by a monotone class argument o-finite
measures with support on (0, co) are uniquely characterized by their action on D, and observing
that U;j(dy) = Ui_,j(_ dy) for y > 0. Relations (4.25) and (4.26) are proved similarly by taking
inverse Fourier transforms on both sides of of

- -1 + -1\ " T -a-1
¥ =-A; ((‘P (=) — Aly) ) (P(-)" +A0,¥ A A, A >0,
which is a rearranged version of (4.27). [ |

Without loss of generality, for the remainder of this section we fix a scaling of local time
at the supremum such that (4.5) is satisfied and hence the formulas given in Theorem 4.30
hold without further multiplicative constants. As a first consequence of the équations amicales
inversés, we obtain a characterization of Q* in terms of the transitional jumps of (&, J), which
we made use of in Proposition 4.6.

LEMMA 4.32. Suppose that for i,j € ® with i # j, we have supp(q; ;F; ;) N (0,00) # @. Then,
q;; > 0.

Proof. By assumption, there exists € > 0 such that ql-,jl?,-, j(2) > 0 forall z € (0, €). Note also that
U ([0, £)) > 0 by increasing and right-continuous paths of (H*, J*) under P%!. Plugging (0, o)
into (4.24) therefore yields

£

q; 2 L qi,jFj(z) U (dz) > L qi,jFj(z) U, (dz) > 0.

Another simple consequence is the following.

LEMMA 4.33. If for some j € ©, €9 has infinite jump activity on R, i.e. IT;(R) = oo, then U
does not have an atom at 0 for all i # j.
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Proof. Suppose that there exists i # j s.t. U;i( {0}) = a > 0. Then, again plugging (0, co) into
(4.24), implies
n(J)
b mal—[j(ﬂ%) = o,
which is impossible. u

We can also use the équations amicales inversés to express our assumptions from Section 4.3
on the ascending ladder height process (H*, J*) needed for ergodicity. That is, we can verify the
conditions on the smoothness of the Lévy system required in Proposition 4.17 and the moment
assumptions on the underlying Lévy processes and the transitional jumps required in Theorem
4.22 for exponential or polynomial ergodicity of overshoots, in terms of related conditions on
the parent MAP (&, J).

LEMMA 4.34. (i) If there existsi € ® and 0 < a < b < oo such that A|(qp) < IIi| (), then also
Al(ap) < IO |(a,)-

(i) If there exists i,j € ® withi # jand 0 < a < b < oo such that A|(qp) < qijFijl(ap), then
also Al(qp) < qF .F,+j|(a,b).

Lj" i,

(iii) For fixed i € ©, E[exp(AH1+D)] < oo if

J e I1;(dx) + Z ki J e Fri(dx) < oo. (4.30)
1 1

k#i
(iv) For fixed i, j € O such that q;.rl. #0and A > 0, [E[exp(AA;“l.)] < o0 if (4.30) holds.

) Iflimio & =0 a.s., thenfor A > 0andi € ©, [E[(H1+’(i))}‘] <ooif

(o]

* A A
x™ TT; (dx) + E ’ij x" Fri(dx) < oo,
L qk k

ki 1

. . A .
and for i, j € © such that qu #0, [E[(A:j) ] <ooif

J x* IT;(dx) + qu’jj x* Fi j(dx) < oo.
1 1

k#i

Proof.

(i) Let B C (a,b) be a Borel set s.t. A(B) > 0. We may assume that sup B < b and hence
B+z C (a,b) for all z € (0,b — sup B). By translation invariance of the Lebesgue measure,
we have A(B + z) > 0 and therefore by assumption IT;(B + z) > O for all z € (0, b — sup B).
From (4.23) it follows

b—sup B

IT' (B) > Lm U;;(d2) Ti(B +2) > JO Uy;(dz) ILi(B + 2)

and since U; ([0, b —sup B)) > 0 by increasing and right-continuous paths of H™, it follows
IT7(B) > 0, implying A|(q,p) < I |(ap)-
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(ii) This is immediate from (4.24) in Theorem 4.30 and the same arguments as in part (i).

(iii) Since J is irreducible, it follows from the proof of the Wiener-Hopf factorization in Theorem
26 of [66] that @~ is invertible and hence, for any i, j € ® we have

L e M U7 (dy) = (cp-(A)-l)iJ

Thus, with Fubini and (4.23)

re“ I} (dx)
1
:;0 L eﬂxni(y+dx)U;i(dy)+Zﬂ(k)qklj J eAkal(y+dx)Ukl(dy)
_ roO 0O Ax Ay e Ay
Jo L+ye I; (dx) U7 ;(dy) + Z ()%J L+ye Fri(dx) e™VU (dy),
< > Axl-[ (dX)‘[ _AyUu(dy)'i'Z lej e/le l(dx)‘[ ;LyUk (dy)
J1
-[ e“Hi(dx><<I>‘<A>‘1)--+Z@qkiJwe*"Fkxdx)(dfu)‘l) ;
) P ECE

which is finite given the assumption.
(iv) Analogously to (iii).

(v) Under the assumption lim;_,, & = o a.s., the ascending ladder height process (H~,J™)
of the dual of (&, J) is killed a.s. and hence foranyi,j € @®, U isa finite measure. Thus,
again by (4.23), (4.24) and a change of variables,

| e <@ [ x R (R | X (o) <o

and

afy [ x @ < U@ TR et + 3 S v ®a) [ xR0

(i) y

< 00.

Remark 4.35. (i) Conditions (4.30) are sufficient but not necessary conditions for exponential
moments of the components of the Lévy system IT*, since U is trivial for some k # i

whenever J* is not irreducible under ([P’O )ice- It is however true that if E[exp(1H; " (l))]
oo, we must necessarily have fl e I1;(dx) < oo and if [E[exp(/lAlfj)] < oo, it must hold

o . . . — o e
Jl e™F; j(dx) < oo, since the on-diagonal potential measures U;, are non-trivial.
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(ii) We restrict to the case lim;,o, §; = oo a.s. in (v). The oscillatory case lim sup,_,, & =
—liminf, , & = oo a.s. is more difficult to handle since in this case (H*, J*) is unkilled
under the dual measures P% and we have no control over U~ solely in terms of the
characteristics of (&, J). In [66] the authors establish the necessary and sufficient integral
criterion given in (4.13) for finiteness of the first moment of HY in the oscillatory regime by
taking a detour via random walk theory, building on the strategy for the related problem
for Lévy processes in [70]. Taking into account Theorem 1 of [48], such an ansatz, even
though out of scope of this chapter, is a possible strategy to tackle the problem at hand in
our case as well.

4.5 APPLICATION TO REAL SELF-SIMILAR MARKOV PROCESSES

In this section we show how to apply our results on the exponential mixing behavior of Markov
additive processes sampled at first hitting times to the class of a-self-similar Markov processes
and in particular strictly a-stable Lévy processes. Even in the case of a-stable processes the
application is non-trivial since such Lévy processes do not satisfy the fundamental assumption of
finite mean of the associated ascending ladder height Lévy process, since in fact the ascending
ladder height process is an «a-stable subordinator with a € (0, 1) and thus does not have a finite
first moment. Because of non-ergodicity of the associated overshoots, we can therefore not
expect a strong mixing behavior of the stable process sampled at first hitting times. However,
making use of the Lamperti—Kiu transform for real self-similar Markov processes, we can give
bounds on the B-mixing coefficient of the o-algebras generated by the past and the future of
a-self-similar process sampled at first hitting times given appropriate properties of the associated
MAP. By considering the Lamperti-stable MAP and its explicit characterization found in [45],
we are thus able to bound the -mixing coefficient of the above o-algebras for transient a-stable
processes. To this end, let us first recall the precise definitions of real a-self-similar Markov
processes and «-stable Lévy processes and give a brief overview on the Lamperti—Kiu transform
and its implications.

We say that a real-valued Feller process (Q, G, (S¢)c>0, (Zt)e>0, (P¥)xer) is an a-self-similar
Markov process, if it satisfies the scaling property that for any ¢ > 0,

(2,p%} £ {(cZewr),. 0 P¥), xE€R. (4.31)

t>0’

An (unkilled) Lévy process X = (X;)>o with associated family of probability measures (P*),cr
is a strictly a-stable Lévy process (or simply stable Lévy process for short if there is no room for
confusion) for a € (0, 2] if it satisfies (4.31). The case a = 2 boils down to Brownian motion,
which we exclude from here-on. Since Lévy processes are Feller, a-stable Lévy processes are
therefore particular representatives of a-self-similar Markov processes.

Taking the perspective commonly encountered in the literature to parametrize the stable
process through its index of self-similarity o and the positivity parameter p := P°(X; > 0), the
Lévy measure IT of X is absolutely continuous with density x satisfying

m(x) = c+x_(“+1)1](o,m) (x) + c_|x|_(“+1)1](_oo,o) (x), x€R,

where )
sin(ap)

N
e =T(a+1) ST e =r(a+1)iRTed=P)
T Ja
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The Lévy-Khintchine exponent ¥ is given by
Y(6) =c|6]%(1 —iB tan Z*sgn(0)), 0 €R,

where 8 = (c; —c-)/(cs + c-) and our specific parametrization forces ¢ = cos(ma(p — 1/2)). For
all of the above statements we refer to Kyprianou [108].

We now come to the one-to-one correspondence between self-similar Markov processes on R
and Markov additive processes on R x {—1, 1} expressed through the Lamperti—Kiu transform,
which is investigated in [104] and [45] for the real valued setting, and, more generally for
arbitrary state spaces, in [5]. If we let Z be an a-self-similar Markov process on R absorbed
at 0 with lifetime 7o = inf{t > 0 : X, = 0} and define P*' = P for (x,i) € R x {-1,1} and
P~>® = PO then the process (£, J) defined by

£ =1log|Z,(y| and J = sgn(Z(), ift < [[°1Z,]7 ds,
(St) Jt) = '9 = (—OO, w): lft 2 IgO|ZS|_a ds:

where t — 7(t) is the time change given by the right-continuous inverse
S
t(t) == inf{s > 0 : J |Z,| ™% du > t},
0
of the continuous additive functional (A;);>0 of Z, given by

tATo
Ay = J |Zs™%ds, t=>0,
0

and w is some isolated state, then ((&,J), (P*)xe(rx{-1,1}),) is @ MAP on R x {-1,1} with
lifetime { = g°|ZS|“’ ds and underlying filtration (¥; = SGr())i>0. Moreover, we have the
following trichotomy characterizing the long-time behavior of the MAPs ordinator in terms of
the hitting properties of Z at 0 (one can indeed verify that self-similarity of Z guarantees that
these are the only possible cases):

(@) if P*(tp < o) =0 for any x # 0, then lim;_,, & = oo almost surely;
(b) if P*(tg < 00,Zy,— = 0) =1 for any x # 0, then lim;_,, & = —oco almost surely;

(© if P(t9 < o,Z,— # 0) =1 for any x # 0, then the MAP is almost surely killed and its
lifetime { is exponentially distributed with a rate not depending on its initial distribution.

Conversely, for a given MAP (&, J) with lifetime ,

t>0,

= o)
Zt Jo(t)e L {t<J§ eaés ds} g -

where )

a(t)zinf{sZO:J

e du > t}, t >0,
0

defines an a-self-similar Markov process absorbed in 0 with lifetime 7o = L){ e%s ds. This is
however not the direction we are interested in and we refer the reader to the relevant literature
cited above for details. Note also that in case of Z being strictly positive almost surely up
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to its lifetime, the Lamperti—Kiu transform boils down to the Lamperti transform for positive
self-similar Markov processes and the associated MAP can be projected onto a killed Lévy process.

With the help of the Lamperti—Kiu transform we obtain the following result on the f-mixing
coefficient of the o-algebras generated by a-self-similar Markov processes sampled at past and
future hitting times. While the Lamperti-stable MAP is exponentially -mixing under the given
assumptions, the B-mixing coefficient for the a-self similar Markov process sampled at first
hitting times shows non-homogeneous decay with almost square root rate as a result of the
logarithm present in the Lamperti-Kiu transform.

PrROPOSITION 4.36. Suppose that Z is a-self-similar such that P*(ty < o0) = 0 for all x # 0 and
moreover its associated Lamperti-Kiu MAP satisfies the assumptions from Theorem 4.22.(1). If n is
some distribution on (R, B(R)) without atom at 0 such that

J il (dx) < oo,
R

for some A > 0, then for any § € (0, 1) there exists a constant C(A,n,8) > 0 such that for any
t > 1 we have

t+s\~-1/(2+9)
) , s>0,

B (N, Fi) = € ) (32
where we denoted

NtZG(ZTSZ,SSt), ﬂ[ZU(ZTSZ,SZt).

Proof. First, observe that Z not hitting 0 almost surely when started away from the origin implies
that the time change (t(t)):>0 is strictly increasing and continuous almost surely. Thus, the
overshoot process of (log|Z;|, sgn(Z;)):>o is indistinguishable from the overshoot process of the
associated Lamperti-MAP (&, J). Moreover, the mapping

¢: Rx{-1,1} »> R\ {0}, (x,i) > ie",

is a homeomorphism and Z; = ¢(log|Z;|,sgn(Z;)) forallt > O on the set A = {w € Q : Z;(w) #
0 for all t > 0}, which is of P¥-measure 1 for any distribution z on (R, B(R)) not having an
atom at 0. It follows for any t > 1 with the notation from Corollary 4.27 that there exists some
PH-nullset N/ such that

Ne VN = ((&r,,Jr,),s <logt) V N} = Kiog(r) V NI,

and
Ne V N} = ((€r,,Jr,),s > logt) V N = Kiog(r) V NF,

where for two c-algebras A, B we write A V B = 6(A U B). Here we used the definition of the
Lamperti—Kiu transform and the fact that for any t > 1 we have Ttlz| = Tiog¢- Since moreover
P = P"°? and by assumption

j e“noqb(dx,dn:] eil"g'Z'n(dz):j 12" n(dz) < oo,
Rx{-1,1} R\ {0} R\{0}

it follows from Corollary 4.27 and the assumptions on the Lamperti-MAP (£, J) that for any
6 € (0, 1) there exists C(A,n,8) > 0 such that foranyt > 1 and s > 0

:BP” (Nt: jTIHS) = :BPU°¢ (:Klogt’ g_<log(t+s)) < C(A: m, 6)e—(log(t+s)—logt)/(2+6)
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t -1/(2+6)
— C(A,m, 5)(?) ,

as claimed. Note here that the nullsets N} and N/, from above have no influence on the f-mixing
coefficient by its definition. [ ]

Consider now a scalar a-stable process (X°),o absorbed upon hitting of the origin, i.e. for
To = inf{s > 0 : X; = 0},
Xto =X Tjor(t), t2>0.

We show that X© satisfies the assumptions from Proposition 4.36 that yield 3-mixing of overshoots
of the corresponding MAP (&, J) obtained through the Lamperti-Kiu transform, which we
henceforth will refer to as the Lamperti-stable MAP.

Since the assumptions are couched in form of the ascending ladder height process (H*, J*),
one direct approach would be to make use of the deep factorization of X° given in [108], where
the MAP exponents @ and @~ of the ascending ladder height processes of (&, J) and its dual
were explicitly calculated. However, for the sake of exposition, we go another route by making use
of the results based on Vigon’s équations amicales inversés from Section 4.4 to infer the needed
properties of (H*, J*) from those of (€, J). The characteristics of the latter were calculated in
Theorem 10 and Corollary 11 of Chaumont et al. [45], giving 0.1 = 0, i.e. the underlying Lévy
processes have no Gaussian component,

[l.1(dx) =e*n(x(e*-1))dx, xe€eR,
ae*

Fi1:1 (dx) = m dx,

x€eR,

and
q+1,71 =

SH

If we assume that X does not have one-sided jumps, then c. > 0 and hence J is irreducible.
Since I1.; has a strictly positive Lebesgue density on (0, o) it follows by Lemma 4.34 that
Al(0,00) < TI7;](0,00) @s well. Further, we have for A > 0

J\ e/'{x 58 (dX) — C+J e(/1+1)X(ex _ 1)—(0{+1) dX,
1 1

and hence -
J e’ I1; (dx) < c0o = 1 € (0, ).
1

Similarly, we obtain
J e™ IT_1(dx) < 0 & 1 € (0, ),
1

and hence [E[exp(}tfgil))] < 0 iff A € (0, o). Moreover,

J e Foq(dx) = aJ e (1 4 )@ 4y < 00 &= 1 € (0, a).
R R

Again by Lemma 4.34 we conclude that HI“

whenever A € (0, ).

1 and AY, ., all possess an exponential A-moment
+1,¥
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Recall now that X does not hit 0 if and only if « € (0, 1) and hence the ordinator & of the
Lamperti-stable MAP satisfies lim sup,_,, & = oo almost surely if and only if a € (0, 1). Since our
asymptotic approach on overshoots of MAPs requires this property, we will restrict to this case and
can therefore identify X = X° almost surely. All that remains to show for exponential -mixing
of the Lamperti-stable MAP is now upward regularity and irreducibility of J*. Irreducibility
of J* is a direct consequence of Proposition 4.6 since J is irreducible and the support of I1, is
unbounded. To verify upward regularity, we observe that by Theorem 1 in Kuznetsov and Pardo
[1071, €Y killed at an independent exponential time with rate c_/a belongs to the class of
hypergeometric Lévy processes with parameters (1 — a(1 — p),ap, (1 —a)(1 - p),a(1 — p)). The
ascending ladder height process H of such a hypergeometric Lévy process is a 3-subordinator
with parameters (a(1 — p), a(1 — p), 1 — ap), whose Lévy measure is given by
1-ap
I'(ap)
Clearly, IT5((0, 1)) = oo and hence H is not compound Poisson, which shows that the associated
hypergeometric Lévy process is upward regular. Since killing has no influence on upward
regularity, this now shows that £ is indeed upward regular. Upward regularity of £~V can be
argued analogously once we observe that £~ killed at rate c,/a is the hypergeometric process
obtained from killing the dual process X of X upon entering (—co, 0]. Hence, with the ergodic
analysis of overshoots from Section 4.3 and Proposition 4.36, we have proved the following.

My (dx) = (1 — )P 2e=(I+a(1-20))x g5 x 5 Q.

ProprosITION 4.37. Let a € (0, 1) and X be strictly a-stable. Then the overshoot process of the
Lamperti-stable MAP associated to X is R;V,-uniformly ergodic and for any starting distribution u
such that u(-,{-1,1}) has an exponential A-moment for some A € (0, @), the overshoot process
is exponentially B-mixing. Moreover, for any distribution n on (R, B(R)) without atom at 0 such
that for some A € (0, a),

j ixl? n(dx) < oo,
R

there exists a constant C(A,n,8) > 0 for any 6 € (0, 1) such that for any t > 1 we have
— t+s\~1/(2+8)
Ber (N, Nesws) < C(A,m, 5)(7) , 5>0,

where we denoted _
N; = O'(XTSX,S < t), N; = O'(XTSX,S > t).

COROLLARY 4.38. Let a € (0, 1) and X be strictly a-stable. Then, for any x > 0 and § € (0,1)
there exists a constant C(x, §) sich that for any t > 1,

— t+x+5)\"1/(2+6)
Bro (Ne, News) < Clx,8)(————)
t+x

Proof. Fix x > 0 and choose some A € (0, a). By spatial homogeneity of X we have

{(XTt;ix,t > 0),P’(} d {(XTtX +xt > 0),PO}

and therefore, using Proposition 4.37

, §>0

5

— — t+x+s\~1/(2+5)
Bro (Nes Nis) = B (Not, Newwrs) < O, §)(——)

where C(x) = C(A, 8y, §). [
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4.A PROOF OF THE RESOLVENT FORMULA

Proof of Theorem 4.7. Note first that by assumed irreducibility of J*, it follows as a consequence
of the Perron-Frobenius theorem that ®*(A) is invertible for any A > 0, see Corollary 2.4 in
Stephenson [157] or Remark 2.2 in Ivanovs et al. [96], and hence the statement of the theorem
makes formally sense. Fix (x,i) € R, X ©. Let 7 := inf{t > 0 : O, = 0}, which is clearly finite
and a stopping time for (O, J;) since the process is Feller by Proposition 4.4. By the sawtooth
structure of (O, J), see also Figure 4.1 for an illustration, we have 1o = x and (O, J;) = (x —¢t, 1)
for t € [0, x], PXi-a.s.. Together with the strong Markov property of (O, J), we therefore obtain
for f € Bp(R, X ©)
Unf (x, 1) = Quf (x, 1) + €U £(0, ).

Hence, we only need to calculate U, f(0, 7).

We start with the case that the Lévy measures IT7, i € © are finite and then proceed by an
approximation argument to the general case. Our assumption of upward regularity of (£, J)
then forces dF > 0O for all i € ©, that is the processes H*W are compound Poisson processes
with drift. Denote for i € ® by Y random variables independent of (&,J) corresponding

to the jumps of H*) whose distribution is given by IT7(dx)/I17 (R4). Moreover, denote by

o =inf{t > 0 : JF # J;} the first jump time of J* and by t = inf{t > 0 : AH:’O’JO > 0} the first

jump time of the Lévy process driving the ascending ladder height process before the first phase
transition. Then, from Proposition 4.1 and indistinguishability of (0", J*) and (O, J) we can
infer that under P!, it holds that T := inf{t > 0 : A(O, J;) # 0} = H;r(’&i)_ =df (o A7) almost
surely (consult again Figure 4.1 for an illustration).

) T T+1g007 0

Urf(0,1) = [Eo’l[J +J +J e MO, d)dt| = I + Iy + 13, (4.32)
0 T T+1900T

where (0;);»0 denotes the transition operator of (O, J). Since under P%, d Exp(ITF(R,)) is

independent of o g Exp(—q;,) by Proposition 4.1, it follows that T S Exp((TT{ (R}) — ¢f,)/d})
and hence

_ H;—(R+) - qzi )
A+ (R - g,

+

GA+TF(R,) - q,

I = [EOJUOT e £(0, 1) dt] - f(0, i)%(l — E%[e"M]) = £(0, i)%(l

= f(0,1)

For the second integral, we use that P%{(J} = j) = —qzj /q; ;> independence of o, J3 and Y® in

combination with Proposition 4.1 and the strong Markov property to obtain
. . TO
f = B[ e [ T (00 deo oo
0

. To
_ goifereonar| J e (0,30 e |
0
= E%[e (v, i); T < o] + [Eo’i[e_AdTGQA(AZ’Jl;: J5); o<t

— [EO,i[e—/ld:'T; T < O'] [Eo’i[QA(Y(i), l)] + [EO,i[e—Ad;'U; o< T] [EO,i[QA(Ahl J+)]

i Yo
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H:(R"') ® N+ +
- TR _qzij Qu (v, 1) T} (dw) /1T (R)
_q;-i 1]
* TR =0, 20 - & [ wseara
s, Qaf(y,l)H+(dy)+qu]J Q1w J) Fy(d)

J#L
With the same arguments as above we also obtain

I3 = %[ TE| Jm e (00, 3) de|r |

To

= B[ e TEOnr | JW e (0,30 de |

To

= E%[e727; ¢ < o] [Eo’i[[Ey’i[e_“OﬂEy’i[J e M f(0, d,)dt 0 Oy,

9“)] ” —ym]
1 e

L]

+ E%i[edro 0<T]Z lJEOL[EyJ[—AToEy][I e F(O,, 3) dt © O,

J# qll

H+( +) 0,i [ —AY®
RGN Er A [«
1 0,i l-j
1 - + - +
- S g e of VI + 3 a0 D[ et a)

Plugging into (4.32), using Gl?;.()t) = Igo exp(—Ay) Fl?”j(dy) and rearranging now yields

Unf (0, ) d+A+j (1-e™) I (dy) ~ g1;) ~ 3 a,GH (MU0, )

J#L

=4t (0, l>+j Qaf(y,l)ﬂ+(dy)+2quf Quf (y, i) F(dy).

J#FL

By (4.4) the left hand side is equal to
Unf (0, (@A) — ) = > @ ,GHNGF(O, ) = (@A) - (Waf(0, )Ly ),
j#i

and hence we conclude that

WF O, Ly =B D) (dFFOO, z)+J Quf (DT () + ) L ElQuAaT, 1)
(4.33)

which proves the assertion in case that (H*, J*) is a compound Poisson Markov additive subor-
dinator. For the general case, suppose that (€, J) is an upward regular MAP and let for € > 0,
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(‘H*, J*) be the ascending ladder height process corresponding to the ordinator constructed
from the Lévy subordinators ¢H*(® defined by

) = (dl-++£)t+ZAH:’(i)ﬂ(s,oo)(AH:’(i))’ t>0,

s<t

i.e. tH* is obtained from H*() by deleting jumps smaller than ¢ and adding an additional
drift £. This ensures that “H*( is a compound Poisson subordinator with drift d + & and
Lévy measure H:r’g =IT¥ (- N (g, 0)) and hence we may apply (4.33) for the A resolvent of the
overshoot process

(Of, 0} )ez0 = (EH;::,s -t J;::,S)tzO:

where T,” := inf{s > 0 : ¥H} > t}, t > 0. We first observe that for any ¢t > 0 we obtain from
Proposition 4.1
sup|*H; — H| < et + Z AHJ T (ant <)

s<t s<t

and since ;.. AH converges we obtain by dominated convergence that almost surely

sup|H —Hf| -» 0, ase|O0

s<t
i.e. “H* converges to H* uniformly on compact sets almost surely as ¢ | 0. Let Z be the set of
P-measure 1 on which ‘H* and (H™*, J*) have cadlag paths and on which the above convergence
holds. Let w € E. Then ‘H*(w), H (w) € D(R,), the space of cadlag functions mapping from
R, to R,, which we endow with Skorokhods J;-topology. Since ‘HT (w) converges uniformly
on compact time sets to H (w), Proposition VI.1.17 in [98] tells us that ‘H(w) also converges
with respect to the metric inducing the Skorokhod topology to H (w). For t > 0 let

Si: D(R;) — [0,00], a>inf{s >0: |a(s)| = tor|a(s—)| > t}.

Since ¢H (w) and H (w) are strictly increasing it follows that T,"(w) = S;(*H*(w)) and T;' (w) =
S:(H*(w)). Moreover, the set {t > 0 : S;(H' (w)) # Se+(H (w))} is empty by strictly increasing
paths of Hf(w). Hence, we obtain from Proposition 2.11 and the proof of part c) of Proposition
VI.2.12 in [98] that

T (w) = S:(‘HY (w)) = S(H (w)) = T} (w), aselO0, (4.34)
and that for t ¢ A(w) = {t > 0: AH,(w) > 0 and H}, (w) =t} we have
SH;:,E(w) - H;ft+ (w), aselO. (4.35)

But from the sawtooth structure of the paths of O it is easy to see that A(w) = {t > 0 : AO] (w) >
0}, which is countable (alternatively, see Lemma VI.2.10.(d) in [98] for the same conclusion),
hence non-convergence of €0/ (w) to Of (w) only takes place on a set of Lebesgue measure 0.
Furthermore, from (4.34) it follows that J; (w) converges to J; (w) as € | 0 except possibly on
the set

AN(w)={t>0: J;;, (w) # J;f;,_(w)}
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{t>0: AJ;S:(w) #0, AH}':(w) >0}U{t>0: AJ;fr(w) # 0, AH;:(w) =0}
t A (w) U A ().

For t € Aj(w) we have that in case H. + (w) <t < H;+(w) it holds that T, (w) = T;'(w) for

s € [Hrr—(w),t]. Right-continuity of R TH ) and s J¥(w) therefore imply that for
such t we also have Y/ (w) — J/(w) as € | 0. Further, since t — H; (w) is continuous in
TM (w) if AH;; (w) = 0, it follows from strictly increasing paths that for s,t € Aj(w) we have

T (w) # T (w). Hence, t > T (w) is injective on A} (w). Since
THw)(Ay(w)) = {t >0 : AJf (w) # 0, AH (w) =0} C {t > 0 : AJ] (w) # 0},

and the set on the right-hand side is countable thanks to J*(w) being cadlag, it follows that
A} (w) is countable as well. The above discussion therefore yields that the set of times t > 0 for
which J]‘fm (w) does not converge to J; (w) is given by

A (w) ={t>0: AJ;:(w) #0, H;ft+_(w) =t< H£+(w)} U A (w)
c {t>0:A0{(w) >0} UA)(w),

which is countable and therefore has Lebesgue measure 0 as well. It follows that for any w € E
we have for f € C,(R,; X ®) by dominated convergence

r

lim (0} (w),£d7 (w)) dt

(A(@)UA"(@))* €l0

- f(OF (w), I (w)) dt

(A(w)UA" ()¢

lim L FOF (), G (w)) de

<

<

OO

=| f(Of(w),d](w))dt.

JO

Consequently, if we denote by U the A-resolvent for (F9*,£g"), the set E having P-measure 1
implies that for any f € G, (R, X ®)

(Uaf(0,1))i=1,.
J 11mJ FEOH (@), 9 (w)) de I]J’Ol(dw))

_11m J J FEOH (), 97 (w))dtIP’Ol(dw))
= hm(u £(0,1))i=1,

~lim () (<d++e>f<o l)+j Quf e DT (do) + Y af ElQaf (o, 1)

J#I

— @' (4700 + [ Quptn (@ + Y al L@@ )

J#i
=Y (),
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where we used dominated convergence for the second and (4.33) for the fourth equality. It
remains to extend this result to any f € B, (R, X ®) U B, (R, x ). To this end, let

M= {f € Bp(Ry X ©) : (Uaf(0,1))i=1,..n = Y(D)}.

Clearly, M is a vector space over R, by linearity of the Lebesgue integral and since C, (R, X ©) C
M, the constant function Tgr,xe is contained in M. Moreover, dominated convergence shows
that M is closed under convergence of an increasing family of functions f,, converging to some
f € Bp(R, x ®). Hence, M is a monotone vector space and since C, (R, X @) is closed under
multiplication and contained in M, the functional Monotone Class Theorem A.0.6 from [152]
implies that all bounded o(C,(R; X ©))-measurable functions are contained in M. But since
R, X @ is a locally compact metric space with countable base, C, (R, x®) generates B(R,x®) and
hence M = By(R, x ©) follows. For general f € B, (R, x @©) let f, == fl(re[o,n]} € Bp(Ry X )
and apply monotone convergence to deduce that (4.33) also holds for f € B, (R, X ©). This
finishes the proof. ]

4.B SUMMARY OF RESULTS FOR THE SPECIAL CASE OF LEVY PROCESSES

This section is devoted to giving a (very) brief summary of Lévy processes and their overshoots
that contains the main contributions of this chapter for the particular case of Lévy processes
but can be read independently without any prior knowledge on MAPs. Moreover, this section
prepares the reader for the developments in Chapter 5 by sketching how our convergence and
mixing results on overshoots will be useful for developing data-driven ergodic control strategies
for Lévy processes.

As seen before, talking about overshoots quite naturally guides us into fluctuation theory of
Lévy processes, which is based on a rigorous treatment of excursions of Lévy processes from its
extrema. For an extensive textbook treatment of fluctuation theory, we refer to [109] with basic
properties of overshoots being discussed in Chapter 5. A general account on Lévy processes is
given in the monographs [25] and [147].

We consider a Lévy process X with underlying natural filtration F = (J;);>0 augmented
in the usual way, which is equipped with a family of probability measures (P¥),cr such that
(X, F, (P*),cr) is @ Markov process. Thus, X has cadlag paths, almost surely starts in x under
P*, has stationary and independent increments under P° and its semigroup (P;);s¢ is given by

Pi(x,B) =P*(X, € B) =P°(X, +x € B), x € R,B e B(R).

From the last equality, it follows that X is spatially homogeneous, i.e. {X + x, P°} d {X, P*}, and
one easily derives that X is a Feller process, that is P,Cy(R) c Cyo(R) for any ¢t > 0 and for any
f eCo(R), P.f — fstrongly ast — O.

While the Fellerian nature of Lévy processes is still fairly general from a Markovian perspective,
it is the spatial homogeneity which gives rise to a quite unique and powerful theory. The
fundamental starting point to the analysis of Lévy processes is the Lévy—Khintchine formula,
which identifies the characteristic function of the marginals of the process and hence uniquely
describes the complete process in terms of a characteristic triplet (a, o,11), where a € R, 0 > 0
and IT is a measure on R (called Lévy measure) having no atom at O and being such that
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JR 1Ax?II(dx) < co. The Lévy-Khintchine formula then states that E®[exp(i8X;)] = exp(t¥(0)),
0 € R, t > 0, with the characteristic exponent ¥ satisfying

. %0 i0x ;
w(0) = iab — — + | (€% =1 -i0xT[_1,17(x)) II(dx).
R

On the level of processes, the Lévy—Khintchine representation can be translated into a partition
of the process into a linear Brownian motion (at+0B;);>o and an independent pure jump process
characterized by I1, which itself decomposes into an independent compound Poisson process
and a zero mean L? martingale with infinitely many jumps bounded by 1 on any finite time
. (S8 . 7 . . . .
interval. If L x II(dx) < oo, it follows from the Lévy-Khintchine representation that the first
moment of X; is finite for any t > 0 and E°[X;] = tn with

n=E"[X] :‘”J x I1(dx)
R\[-1,1]

determining the long-time behaviour of X in the sense that
D n>0 = lime X, = 00, PC-as.;
() n <0 = limy_e0 X; = —00, Pl-a.s.;
(iii) =0 = limsup,_,, X; = — liminf,_, X; = o, P%-a.s..

and X
lim = =p, PCas..

t—oo t

With this basic preparation on the characteristics of Lévy processes, let us now come to their
fluctuation theory, with a certain emphasis on the so called Wiener—Hopf factorization. This
commands a discussion of the ascending ladder height process, which will be central to our
analysis of data-driven solutions to ergodic control problems associated to Lévy processes in
Chapter 5. This process is derived from the local time at the supremum L = (L;);>q, which is a
stochastic process measuring the time that X spends at its running supremum X, = SUpPg << Xs,
t > 0. Its construction is based on the observation that Y = (X, — X;);s0, which can be interpreted
as the process obtained from reflecting X at its supremum, is a strong Markov process and hence
one can define L as the local time at O for Y, which means that L is an additive functional of
Y which almost surely increases on the closure of {t > 0 : ¥; = 0} = {t > 0 : X, = X;}. In
case that X is upward regular, i.e., for Ty := inf{t > 0 : X, > 0} we have P°(Ty = 0) = 1,
L can be constructed as a process with almost surely continuous paths, which entails that its
right-continuous inverse L;! = inf{s > 0 : L, > t}, t > 0, is almost surely strictly increasing. In
this case, the ascending ladder height process H = (H;);>0, defined by

XLfl, ifOSl’<Loo
Ht = t A
00, ift > Leo,

is a killed subordinator, strictly increasing up to its lifetime L, i.e., H is equal in law to a
strictly increasing Lévy process, which is sent to the cemetery state co after an independent
exponentially distributed random time with expectation F°[L]. If lim sup,_,, X; = oo, which
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as seen before is guaranteed if E°[|X;|] < oo and n = E°[X;] > 0, it follows that L., = co almost
surely and hence H is unkilled. Moreover, when n > 0, which is the setting that we will be
working with in Chapter 5, it holds that 0 < E°[H;] < o as well, which can be deduced from
(4.37) below. It is important to note that L is only characterized uniquely up to a multiplicative
constant and hence the definition of H depends on the chosen scaling of local time. For our
purposes, it will be convenient to choose a scaling of local time such that E° [LIl] =1 and hence,
by Wald’s equality, E°[H;] = E° [Xl][EO[Lfl] =E°[Xq].

When upward regularity does not hold, (L;!);»o will not be strictly increasing and con-
sequently, the ascending ladder height process H is a (possibly killed) compound Poisson
subordinator. In any scenario, the Laplace exponent ®y(A), given by

(DH(/'L) =q +dHA +J (]. - e_Ax) HH(dX), A > 0,
0

satisfies E°[exp(—AH;)] = exp(—t®y (1)) and we refer to dy as the drift and ITy as the Lévy
measure of H.

In the same vein, we can construct the ascending ladder height process H-= (ﬁt)tzo for the
dual Lévy process X = —-X, which corresponds to time changing X by the right continuous inverse
of local time L at the infimum of X. Therefore, H is referred to as the descending ladder height
process. If we denote by @ the Laplace exponent of H, then the Wiener-Hopf factorization
tells us that X is fully characterized by means of the ascending and descending ladder height
processes since the Lévy—Khintchine exponent of X can be expressed as a factorization of the
Laplace exponents of H and H,

Y(0) = —cPy(-i0)Dy(10), 6 € R, (4.36)

where the constant ¢ depends on the scaling of local time at the supremum and infimum. Among
others, this factorization allows to express the characteristics of H in terms of the characteristics
of X and H. A particularly useful identity for understanding the ascending ladder height Lévy
measure, usually referred to as Vigon’s équation amicale inversé, was demonstrated in [172]
and generalized in Theorem 4.30 for MAPs:

My (dx) = L M(y +dx) Uy(dy), x> 0. (4.37)

Here, ﬁH(dx) = [EO[IO00 1 (A, edx} dt], x > 0, denotes the potential measure of H and without loss
of generality, the constant c in (4.36) is set to unity.

While the theoretical solution strategy of the Lévy driven impulse control problem from
Chapter 4 will be driven by the generator functional f = Ayy with Ay denoting the generator of
the ascending ladder height process H, the data-driven reflection strategy that we shall develop
makes use of the link between H and overshoots O = (O;);>o of X to find an estimator fT, from
which the optimal reflection boundary will be approximated by a greedy strategy. Let us first
discuss classical properties of overshoots and then make the transition to the results from the
main part of this chapter, which will be fundamental for the approximation properties of the
statistical procedure.

Let t > O be a given level and consider the overshoot O, over t, given by

OtZXTt_t

on {T; < oo}, where T; := inf{s > 0 : X; > t}. Let us assume from here on that
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(£20) X is upward regular, i.e.,
Po(inf{t >0:X, >0} =0) =1,
and moreover 0 < E°[X;] =i n < .

is in place, which in particular implies T; < co almost surely, 0 < E°[H;] < o and that H is an
unkilled, strictly increasing subordinator. The fundamental link between O and H now stems
from the observation that, due to its construction, the range of H almost surely coincides with
the range of the running supremum process (X,);o0. As a consequence, the overshoot process
OF associated to H is indistinguishable from the overshoot process © associated to X. Hence, if
we want to estimate the characteristics of H (which cannot be observed based on a sample of
X due to a lack of explicitness of the local time L), one could hope for utilizing the overshoot
link to get hold of H based on observations of X, provided that O has some kind of regularity
structures. Indeed, making use of the compensation formula (cf. [109, Theorem 4.4]), it can be
shown that the law of O, = O is given by

P*(0r € dy) = 8x—c(dy) T [0, (t) + L | My (u+dy) Up(t —x —du)T(xe0) (t), y >0,
0,t—x

(see [109, Theorem 5.6]) and resorting to classical renewal arguments it can be deduced from
this formula that (cf. [109, Theorem 5.7])

w 1
P*(0, € dy) — m(dHSO(dy) + 1 (0,000 (WE((y,00)) dy) = p(dy), y=0. (4.38)

As discussed before, similar results can be obtained for overshoots associated to MAPs, as a
natural regime switching generalization of Lévy processes. By considering a MAP with a trivial
underlying Markov chain, we obtain a Lévy process by projection and hence results on overshoots
of MAPs have direct analogues for overshoots of Lévy processes and thus, our results from this
chapter can be directly translated to the Lévy case. Let

(21) either, dy > 0, or there exists (a, b) C (0, c0) such that A|(qp) < g(ap)-

Then Theorem 4.19 shows that under assumptions (£0) and (£1), weak convergence in (4.38)
can be improved to total variation convergence—or said differently to ergodicity of the Markov
process O.

ProPOSITION 4.39 (Theorem 4.19, Lemma 4.34 and Theorem 7.11 in [109]). Given (£1), it
holds that, for any x > O,

PX(O, € ) tij) . (4.39)
Moreover, (£1) is fulfilled if one of the following conditions hold:
(1) 3(a,b) C R, s.t. Al(ap) < O|(ap);
(i) X has bounded variation with Lévy—Khintchine exponent
w(0) =180 + f (e!% — 1) r1(dx),
R

and 8 > 0;
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(iii) X has a Gaussian component;

(iv) X has positive jumps, unbounded variation, no Gaussian component and its Lévy measure I1
satisfies

dx < oo.

Jl xT1((x, o))
o[ jyl M((-1, —u)) du dy

Remark 4.40. The mutually exclusive conditions (ii)-(iv) are necessary and sufficient criteria for
dy > 0, which implies total variation convergence.

To establish exponential rates of convergence in (4.39) under the natural assumption that
Hj possesses an exponential moment, a Lyapunov-type drift criterion given in [74, Theorem
5.2] is combined with an explicit calculation of the resolvent kernel

Ra(x,-) = J AeMPX (0, € ) dt,
0

in Theorem 4.7. Building on exponential ergodicity it is then shown that under
(22) thereis A > 0 such that E°[exp(1H;)] < oo,

O is exponentially f-mixing for any initial distribution possessing an exponential moment, which
in particular includes the stationary distribution p.

PrOPOSITION 4.41 (Theorem 4.22, Theorem 4.25 and Lemma 4.34/Théoreme 6.2.3 in [171]).
Grant (£1) and (£2). Then, convergence in (4.39) takes place at exponential rate. More precisely,
for any 6 € (0, 1) there exists a constant c¢(§) > 0 such that

IP*(0: € ) = hllyy < c(®)Riexp(2)(x)e™ /o, ¢ > 0.

Moreover; if i is some distribution on (R,, B(R,)) such that n(exp(A-)) < oo, then, if X is started
in n, O is exponentially B-mixing with rate

Ben (t) < 20(n, A, 8)e™/ (2,
where

e(n, 1, 8) = c(8) sup E"[Ry exp(A-)(Op)] < co.

t>0

Finally, (£2) is satisfied if and only if

J e T1(dx) < .
1



DATA-DRIVEN CONTROL STRATEGIES FOR DIFFUSIONS AND LEVY
PROCESSES

FROM a purely mathematical point of view, the field of statistics of stochastic processes is
very appealing as it lives from the combination of different techniques and findings from
diverse mathematical areas, in particular statistics, probability theory or functional analysis. The
fundamental motivation of this branch of statistics, however, results from concrete applications.
Thus, besides mathematical elegance and completeness, the developments and results in this
area should always be tested in terms of their applicability.

An important area in which stochastic processes (especially of diffusion-type) are used by
default to account for random impacts is stochastic control theory. Whereas the theory itself is
very well developed and offers concrete decision strategies for a variety of problems, these are
usually based on the assumption that the decision maker has full knowledge of the dynamics of
the underlying random process. In [50], the authors already presented an approach to overcome
this constraint by means of nonparametric estimation methods and proposed a fully data-driven
approach to solving a concrete impulse control problem. In this chapter, we are expanding
the view and approaching the problem from a general perspective. Basic components for the
data-based solution of a large class of stochastic control problems are

» the control of the sup-norm risk for the estimation of certain (functionals of) characteristics
of the random process, in particular

» the derivation of upper bounds on the convergence rate.

In Section 5.1.1, we describe the nature of the control problems and how they naturally lead
to associated nonparametric estimation problems. Based on this, in Section 5.1.2, we briefly
formulate our general statistical modelling framework.

5.1 INTRODUCTION

5.1.1 The motivating control problems

The stochastic control problems we consider in this chapter are—under the assumption that the
decision maker has access to the underlying dynamics—classical, and variants are well-studied.
They have in common that a decision maker controls a continuous-time process X on the real
line, but the controls do not change continuously over time, but are of a singular type. More
precisely, it turns out that the optimal strategies call for reflecting the underlying process at
certain boundaries. These optimal boundaries can be found (semi-) explicitly as optimizers of
certain (deterministic) auxiliary functions, based on the dynamics of the underlying uncontrolled
process. In this chapter, we consider the more realistic situation that the decision maker has
to estimate the underlying dynamics while controlling the process. The main key for such a
statistical treatment is that, for an underlying ergodic scalar diffusion X, the corresponding
auxiliary function can be described explicitly in terms of the invariant density, as detailed in
Section 5.2. For estimating the optimizer in this case, the sup-norm risk of invariant density

113
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estimators has to be studied. In Section 5.3, we then turn our attention to a control problem
for underlying Lévy processes. In this case, the auxiliary function is identified as a generator
functional Agy of the ascending ladder height process H belonging to a Lévy process X, which
we encountered in Chapter 4. Again, a sup-norm estimation procedure for such functionals has
to be found.

A data-driven solution method for the control problems therefore naturally leads to the
challenging statistical problem of setting set up a framework such that the seemingly different
issues of sup-norm estimation of the invariant density of an ergodic diffusion on the real axis
and sup-norm estimation of ladder height generator functionals Ayy for a Lévy process X can
be integrated into.

5.1.2 Nonparametric analysis: Controlling the sup-norm risk of Markovian functionals

The identification of an appropriate technical framework is a crucial issue for the statistical
analysis of stochastic processes. Specific model choices such as scalar diffusion processes or
multivariate reversible processes with continuous trajectories permit the application of particular
technical tools (e.g., associated to diffusion local time or to the symmetry of the semigroup), but
generally do not provide any information about the robustness of the used statistical methods
beyond the chosen framework. In contrast, exponential S-mixing of general continuous-time
Markov processes X = (X;);>0 has been identified in Chapter 3 as a criterion which, on the one
hand, is strong enough to serve as a central building block of a robust statistical analysis while,
on the other hand, providing sufficient generality to allow to include an exhaustive list of Markov
processes in the framework. Statistical properties of such processes can thus be studied based on
fairly general results rooted in stability theory of Markov processes. Our technical main result in
this regard was Theorem 3.7, which gives nonasymptotic bounds on the moments of suprema
of empricial processes associated to Markovian integral functionals. More precisely, if X is a
stationary non-explosive Borel right process with invariant distribution p having the exponential
B-mixing property, i.e., there exist constants «, ¢, > 0 such that

B(t) = ant(x, ) = ey 1) < cee™, £ 30, 5.1)

and § is a countable class of bounded real-valued functions g satisfying u(g) = 0, then if we
define

1 T
6rl9) = = L g(X)dt, T>0,ges,

and let m; € (0, t/4], there exist T € [m;, 2m;] and universal constants C1, Co, ¢1, ¢y > 0 such
that, for any 1 < p < oo,

([E

where

sup |G (g)[”

1/p o 0o
<C J log N(u, g, Z—\T/"fdoo) du+Cy J \/log N(u, 9,dgr) du
g€$ 0 t 0

(5.2)

2m 1 _
+4sup (T2 ligllwcrp + ligllo.ecavp + 5 llglloocicVee™ ),
g€§ ‘/E 2

2 1 !
(0 =var( = | r-pma), T g
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is the semidistance associated to the variance of the integral functionals wrt. P¥. As demonstrated
in Chapter 3, this result covers a wide range of potential applications. For example, it can be
used to find optimal upper bounds (regarding the sup-norm risk over bounded domains) for
nonparametric estimation of the invariant density for R¢-valued Markov processes with transition
densities (cf. Sections 3.3 and 3.4.) Recall that such results are derived from Theorem 3.7 by
bounding the (pseudo-) norms and thus the associated entropy integrals for the function class §
related to the chosen estimation procedure. For d., this can be achieved by using the analytical
properties of G, while bounds on the pseudo-metric dg . are based on suitable bounds for the
variance of integral functionals of X. As shown in Section 3.1.2, for d > 2 this is taken care of
using the exponential -mixing property of X once we assume that, additionally, an on-diagonal
heat kernel estimate is in place for the densities (p;);>o of the Markov semigroup, i.e., there
exists some constant C > 0 such that

vVt € (0,1]: sup pe(x,y) < Cct4/?,

x,yeRd

Application in the scalar setting

In Section 3.1.1 we introduced a related condition on local uniform convergence, which is
satisfied whenever the process has bounded transition densities and is exponentially ergodic.
Together with heat-kernel bounds on the short time transitional behavior of the process, this
allowed us to prove optimal convergence rates for sup-norm estimation of the invariant density
in any dimension. In the following two types of scalar estimation problems will be of central
importance: one which fits perfectly into the above frame, and another, which must be tackled
differently because the ergodic process under consideration does not necessarily have transition
densities and even when this is the case they are not bounded in general.

In Section 5.2.1, we study kernel invariant density estimation (for scalar ergodic diffusions)
which requires a careful balancing of bias and stochastic error of the estimator (in case of
pointwise risk, the well-known bias—variance tradeoff) by choosing an appropriate bandwidth
h. In dimension d = 1, the exponential S-mixing property is not quite sufficient per se, but
exponential ergodicity with locally bounded penalty function together with (a relaxation of) the
on-diagonal heat kernel estimate of the semigroup guarantee variance bounds that are tight
enough for proving optimal upper bounds on the convergence rates. Both of these properties
hold under classical coefficient assumptions that we will impose on the diffusion process. This
is of considerable independent interest since, in contrast to the local time arguments usually
employed for the statistical analysis of scalar diffusions, the techniques generalize without
much effort to the multivariate diffusion case. Our framework therefore arguably closes the gap
between the relatively distinct approaches to statistical estimation of scalar and multivariate
diffusions (see, e.g., [60] vs. [59] or [57, 58] vs. [159, 160]). Moreover, it potentially extends
results obtained exclusively for symmetric diffusions to the general case since it is not reliant
on functional inequalities, which are not well-suited to the non-reversible setup, see also the
discussion in Chapter 3.

Suppose that we can find an unbiased estimator of the characteristic we are interested in. In
this situation, a fine analysis of the variance of Markovian integral functionals is not necessarily
needed. This is, e.g., the case if we can express the quantity of interest as an integral wrt. the
stationary distribution of some stationary Markov process X, since then the continuous-time
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mean estimator r
1
— X;) dt
F| e

is unbiased. If X is moreover B-mixing, we can make use of Theorem 3.7 based on purely
analytical arguments. This will become clear in Section 5.3.1, where we are investigating
sup-norm estimation of generator functionals Ayy of the ascending ladder height process H
belonging to a Lévy process X via an unbiased mean estimator based on overshoots of X. The
thereby established sup-norm bounds will be of central importance for the procedure in Section
5.3.2.

5.1.3 Overview

In Section 5.2 we develop a data-driven strategy for a singular control problem associated to a
scalar diffusion process. The construction and error anaylsis is given in Section 5.2.2 based on a
minimax optimal estimation procedure for the stationary density under exponential ergodicity
assumptions, which is carried out in Section 5.2.1. In Section 5.3 a data driven strategy for
an impulse control problem with an underlying Lévy process is constructed. The statistical
foundations for the estimation strategy of Section 5.3.2 is presented in Section 5.3.1.

5.2 DATA-DRIVEN SINGULAR CONTROLS FOR DIFFUSIONS ON THE REAL LINE

We now introduce the singular control problem for underlying scalar diffusion processes, given
as a solution of the Ito-type SDE

dX[ = b(Xt) dt + O'(Xt) th, (5.3)

b,o: R — R some measurable functions and (W;);>o a standard Brownian motion on a proba-
bility space (Q, &, P,). One motivation for considering such problems comes from investigating
optimal dividend distributions [10, 16, 38]. Another stream of literature deals with determining
a policy that optimizes the expected cumulative present value of the harvesting [9, 92, 112]. In
particular for the latter application, it is natural to study an ergodic formulation, as it reflects
the idea of considering sustainable harvesting guidelines, which we will also use here.

Assume that for some constants v, v € (0, o), o is continuously differentiable with bounded
derivative (thus globally Lipschitz) and satisfies v < |o(x)| < ¥ for all x € R. For fixed constants
A,y >0and € > 1, define the set £ = X(C, A, y, 0) as

b(x)
o2 (x)
Note that a linear growth condition for Lipschitz drift b is always satisfied, but the class X specifies
a global magnitude of this maximal growth in terms of the constant €. Moreover, given ¢ as
above and any b € X, an immediate consequence is that there exists a strong solution X of
the SDE (5.3) for given initial value X, independent of W. If we let P} = Pp(-|Xo = x), then
(X, (P})xer) defines a non-explosive Feller Markov process [150, Theorem 19.9] and thus in
particular a Borel right process. Moreover, X has a unique stationary distribution u = u; having
invariant density

%= {b € Lip(R) : [b(x)| < (1 + |x]), V|x| > A: sgn(x) < —y}.

JX 2b(y)

. 22() dy), x e R, (5.4)

mm=muw:a{qga4



5.2. Data-driven singular controls for diffusions on the real line 117

with normalizing constant Cp, = IR 0’2;(11) exp(ﬂ; igg; dy) du. This follows from [84, §18,
Lemma 3], but can also readily be deduced from the generator characterization of stationary
distributions given in Section 2.2, see also [4, Section 3.2]. In the following, we will abbreviate
[P’Z b = P, and, if there is no room for confusion, also just write [P instead. For any b € %, 6%py, is
continuously differentiable and there exists a constant p* > 0 (depending only on €, A, y, v, v)
such that

sup  max{||pplle, [I(6°pp)’lleo} < p* (5.5)

beX(C,A,y,0)

Furthermore, for any fixed bounded set D C R, there exists some p, > 0 (depending again only
on X) such that

Vx € D, inf > Dy 5.6
X beZ(l(E,lA,y,cr) Py (X) p (56

The controls used to formulate the problem are of the form Z = (U, D;);>o for non-decreasing,
right-continuous and adapted processes U and D. Here, U; and D, denote the cumulative upwards
and downwards controls, resp. These processes can be decomposed into singular and jump part
as

Uo=Uf+ Y (Us=Us), Di=Di+ Y (Ds=D;),

0<s<t 0<s<t

where U¢ and D¢ are continuous. In the following, we will mostly deal with a special class of
controls for which the jump part is absent (with a possible exception at t = 0): U and D are
associated to the local times at certain fixed points &, 6.

We denote the set of all controls by A and, for each Z € A, we define the controlled process
X7 as the solution to

dx? = b(Xx?)dt + o(X?)dW, + dU, - dDy,

where we work under the assumption that b € %, implying in particular that the uncontrolled
process X = X° has a stationary distribution p = p.
The problem to be studied is now to determine the minimal value and the minimizer of

1/ (T
lim sup T (J c(x?)ds + q,Ur + q4Dr |, (5.7)
0

T—o0

where ¢ is a continuous, nonnegative function with

supJ c(x)pp(x)dx < o0
bex

modelling the running costs and q,, qq4 are positive constants describing the (proportional) costs
associated with applying a control. We can interpret our goal as keeping X close to the target
state 0, say, and therefore assume that ¢ has a minimum in 0. The goal in the sequel is to find a
data-driven strategy for problem (5.7) when the drift b of the underlying process is unknown.
While parts of the following analysis are similar to the one in [50], it here turns out to be
essential to control the sup-norm risk of estimators of the characteristics (precisely, the invariant
density p;) of X solving (5.3).
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5.2.1 Estimating the stationary density of ergodic diffusion processes

We first show how the underlying statistical problem for the uncontrolled process can be inte-
grated into our general framework recalled in Section 5.1.2. For a large class of ergodic scalar
diffusion processes X solving (5.3) it is known that, given continuous observations (X;)o<¢<7, the
invariant density can be estimated with a parametric rate of convergence. For an overview, we
refer to Sections 1.3.2 and 4.2 in [106]. It is however not straightforward to extend bounds on
the pointwise or L? risk to the sup-norm bounds required for our application. A corresponding
result is given in Corollary 13 in [3] whose proof, however, is deeply rooted in continuous
martingale techniques. We show how this behaviour can also be deduced from mixing properties
of the diffusion.

Given some fixed domain D C R, constants 3,9, 0,y > 0,L > 0 and a measurable function
V > 1, introduce the set Z5(8) = Zp(B,L, 9, 0, %)

Zp(B) = {b €Z: |IPe(x,) = myllry < @V(x)e™ with iy (V) < x and py € Hp (B, L)}- (5.8)

Note that for diffusions X with drift b € Z,(B) it holds that X is exponentially ergodic, i.e., the
total variation distance between the marginal laws of X and the invariant distribution decreases
exponentially fast in time, and X is exponentially 8-mixing with mixing coefficient 8(t) < gye™,
which is independent of b. As demonstrated in Proposition 5.2 below, exponential ergodicity and
the exponential -mixing property are satisfied for any X such that the coefficients b € X and
o are globally Lipschitz. Apart from the assumption on the Holder continuity of pp, restricting
the class X to Z should therefore be understood as a technical device to obtain uniform control
on the coefficients in the exponential f-mixing bound, which is needed for the upper bound
in the minimax sense provided in Theorem 5.3. Let us briefly demonstrate that our coefficient
assumptions guarantee that X fits into the setting of Chapter 3 by verifying that X is exponentially
pB-mixing and that assumptions (¢11) and (s12) are satisfied. To this end, let us first remark that
in our model, every point x € R is reachable in finite time almost surely (cf. [106, Proposition
1.15]), i.e., for any initial distribution n, P7(t, < o) = 1, where 1, = inf{t > 0 : X, = x}. Thus,
it is clear that X is Harris recurrent wrt. the Lebesgue measure A.

LEMMA 5.1. Suppose that b € . Then, X possesses transition densities (p;)¢>o such that p.(x,y) > 0
for any x,y € R? and there exists some constant ¢ > 0 such that for any t € (0, 1], we have

sup pe(x,y) < ct™/*

x,yeR
In particular, (1) holds.

Proof. Let f(x) = Jg 1/0(y)dy, x € R. Our assumptions on ¢ guarantee that f is strictly
monotone and finite at any fixed point x € R and thus has a continuous, strictly monotone
inverse f~1. Moreover, since o € G}, f € C3(R) and thus Itd’s formula yields that X, = f(X,),
t > 0, is a strong solution to the SDE

_ 1 ~
dX, = (E - —0’) o FUX)dt+dW,, t> 0.
o 2
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By the linear growth condition on b, boundedness of ¢” and uniform ellipticity of c—which also
implies that | f~1(x)| < |x|/v—it follows for the drift b = (b/o — 0’/2) o f~! of the SDE that

b()| s 1+ (0] s 1+ Ix,

that is, b satisfies a linear growth condition. Since additionally the SDE corresponding to X
has unit diffusion coefficient, Theorem 3.1 and Theorem 3.2 in [140] yield that X possesses
transition densities (p;)¢>o such that p,(x,y) > 0 for any x,y € R and

sup p(x,y) < ct™V2, te(0,1],
x,yeR

for some constant ¢ > 0. Consequently, the assertion follows from the representation p;(x, y) =
ﬁﬁt( f(x), f(y)), x,y € R, and boundedness of 1/c by uniform ellipticity. [

Next, we turn to exponential ergodicty/mixing of the diffusion process when the drift
condition from X is satisfied. This is a classical result obtained in [167] in any dimension, which
was refined in [169] and [121, 168] to polynomial and subexponential ergodicity, resp., by a
relaxation of the drift condition. For the sake of completeness we give a full and more compact
proof embedded into the general Meyn and Tweedie theory for stability of Markov processes
presented in Chapter 2.

PROPOSITION 5.2. Suppose that b € X. Then, X is exponentially ergodic, i.e., there exist constants
0,9 > 0 such that
IP(x,-) = pllty < V(x)e™, t>0,x€eR, (5.9)

where V > 1 is a C2-function, which is equal to exp(y|x|) for |x| > A. Moreover, X is exponentially
B-mixing and (12) holds true with

rs(t) = ollp1lleo SupV(x)e ?¢ D £ > 1. (5.10)
x€e8

Proof. Denote by A the extended generator of X with domain D(A). By Itd’s formula, C2(R) c
D(A) and for any f € C%(R),

Af:bf’+102f": i(a2pf')'. (5.11)
2 2p

Let V > 1 be a function as in the statement of the proposition. Using the definition of X, it follows
for |x| > A that

b 252
AV (x) = po?(x)V(x) (sgn(x) 02((’;)) + g) < —%V(x).
Thus, V satisfies the Lyapunov-type inequality
YzDZ
AV(x) < —TV(x) +¢, xeR, (5.12)

where ¢ = sup,.c;_a.a1 (Ib()V’(x)] + 3]0 (x)V” (x)]) < co. Since X is irreducible by existence of
a stationary distribution and also a T-process by open set irreducibility implied by Lemma 5.1
it follows from [164, Theorem 5.1]that any compact set is petite and, hence, V is unbounded
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off petite sets. Moreover, for any A > 0, the skeleton chain X2 = (Xna)nen, is irreducible, which
follows again from p;(x,y) > O for allt > 0 and x,y € R by Lemma 5.1, implying that any
skeleton is A-irreducible. Existence of an irreducible skeleton chain and Harris recurrence give
aperiodicity of X as defined in [74] and, hence, we conclude from [74, Theorem 5.2] that (5.12)
indeed implies exponential ergodicity in the sense of (5.9). This also gives that the stationary
process X is exponentially f-mixing (recall from Chapter 3 that V can always be chosen such
that this is implied by exponential ergodicity, or alternatively, use Proposition 2.11) and (s12)
with the representation (5.10) follows from Lemma 3.4. ]

With the above results, it follows from Theorem 3.11 that for fixed b € Z the invariant density
pp can be estimated with parametric rate 1/VT wrt. sup-norm risk || f||o, = || £l 1 (p) on bounded,
open sets D since we have access to the optimal variance bounds from Proposition 3.1. In the
following, we aim to obtain the related uniform result over the whole class Z(j + 1). To this
end, it is advantageous to estimate the variance of the kernel estimator with the help of a local
time technique taken from [60].

THEOREM 5.3 (concentration of invariant density estimators). Fix some open and bounded set
D C R, assume that b € Zp(p + 1), for some B > 0, and let Q be a Lipschitz-continuous kernel
function of order || B + 1| with support [—1/2,1/2]. Define the estimator

T —
pr(x) = ;j \/T(x—)gu) du, xe€D. (5.13)
VT (logT)2 Jo (logT)
Then, for any p > 1,
= 1/p o
sup (Ef[II3r - pol2]) € O(y'EE). (5.14)
bexp (B+1)

Proof. Fix p € [1,00) and b € Z(B + 1), and denote h = hy := (logT)?/VT, my := plogT/$,
Er=E,ppb=p

o= {o(57) - £[el*52)] v epnal

Hr(x) = r(x) ~ E[pr(x)] = %GT(Q(’%) ~Ele(* ‘hXO)]).

Given any b € %p(f + 1), Proposition 5.2 shows that the associated diffusion process solving
(5.3) is exponentially f-mixing. Thus, we may apply Theorem 3.7 for bounding

1/p
([E[Sup IHT(x)I"]) = ([E
xeD

Let T be as in Theorem 3.7, and denote by Ly (y) the local time of X at the point y € R up to
time T > 0, fulfilling in particular E[Lr(y)] = Tp(y)o?(y). Using the occupation times formula

1/p
sup |H—[IT(x)|pD . (5.15)

xeDNQ
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and Minkowski’s integral inequality, one obtains

[ o) [ 52 -

2
= h? [E[(JR Q(u)(M —1p(x — hv)) dv) ]

0%(x — hv)
o (x - 2 16

i sup VArllelx—hv)
vesupp(Q) o (x - hl})
< W*v™%Cot sup p(x —hv),
vesupp(Q)

where the last estimate follows from Proposition 5.1 in [60] and Cy > 0 is a constant depending
only on the class X. Thus,

sup dg(f,g) = sup \/Var(i Jr(f - 2)(X;) ds) <hD, forD := v 2y/Cop*,
vVt Jo

f.8€5 f.8€9

such that N(e, 9,dg) = 1 for ¢ > hD. Similarly, for any g € G,

1 JT Var(L(x)) | o 2 1112
Var| — | g(Xu) du) < sup ————[Igll}5 ) < DL llgllz
(\/? 0 xesupp(g) 1:04(x)p(x) 2w 2w

and hence

N Sl ller) < N(eyp D™ G- llz)- (5.17)

Under the given assumptions on K, G is a countable class of real-valued functions fulfilling the
entropy bound

N(&, G, Iz () = (R/€)%,

for some constants A € (e?, ), v > 0 and any probability measure Q, cf. Proposition 3.6.12 in
[86]. With (5.17) it follows that

N(e, S, o) < ( AD )

\p*e

Consequently, as in the proof of Theorem 3.11, we obtain for h < e™2A/+/p* that

Jw\/logN(e, G,dg,r)de < JhD vlog( AD )de < 4Dh Ulog( A ),
0 0 Vps€ h/p«

and Lemma 3.19 implies that

- - 8my Ldiam(D)
L logN(e, S, Wdoo) de < WHQ“""(l +log (W))
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Thus, Theorem 3.7 gives that (5.15) is upper-bounded by

1 mr Ldiam(D) ( A )
B s 1+ (g ey oos{ -
16 o
' «/T;T”Q”""Clp+2hDC2‘/5+4||Qlloo9x‘/fe PT)EO(‘/M%T),

where the last implication follows from the choice of h = hy and my. The conditions on the order
of the kernel function Q and the fact that g > 0 further imply that, for any x € D,

[E[Br(0] - p(x)] = [(p * Qu — p)(x)] < K1 € O[y/2EL).

In combination with the upper bound on the stochastic error stated in (5.18), we thus obtain
(5.14). [ |

Although assuming stationarity of the process is standard in the statistical literature, this
assumption can be slightly problematic for practical purposes. In the present scenario this will
become evident for our proof technique of the data-driven control strategy, where we require
sup-norm bounds under [P’g instead of IPI‘)’ *. To extend the rate result (5.14) from the stationary
regime to the non-stationary case, we use the following auxiliary result, which shows that
exponential convergence allows to exactly quantify the loss imposed by non-stationarity for
nonparametric estimation. We focus on the case p = 1 as the relevant result for our purposes.

LEMMA 5.4. Let X be a topological space and (Y, (P¥),ex) an X-valued exponentially ergodic
Markov process, i.e., there exist a function V: X — [1, o) and constants ¢,k > 0 such that, for
any x € X,

||[P>X(Yt €)— p“TV < cV(x)e™, t>0,

where p is the invariant distribution of Y. Then, for any bounded g € B(X?), x € X and T large
enough such that T > k™' logT, it holds that

1 (T 1 ("
Esuplr | sw v a| - B[ sup; [ sw x|
yex 'T Jo yex 'T Jo
2logT 1
< gl (=2 + eV () z).
Proof. Let
v
O(y,u,v) = J g(y,Xs)ds, 0<u<v,yel,
u
and
@(x) = E*[I6(-,0,T —x " logT)llw]|, xe€X.
Then,

: ng<y,Ys) a|

0

1 T
£ sup ;J ¢(u. %) ds|| - B[ sup
yex 0 yex

1
< = (B[O, 0. 1)l = 19, k7 og T, Tl | + E* [0, 0, T) 1w = 19,k log T, ) 1] )
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1
+ Z[E16C, 7 og T, T) o] ~E*[116( k7" log T, T)||oo]’

1
< ~(E[6, 0,k ogT) ] + E (16, 0, log T

1 ) .
+=[E 110, kM 10g T, Tl ] - EX[l6(-,x TogT, T)||oo]’
logT 1 _ -
< 2llglloir + Z[E[10C, < og T, )] ~ EV[116C, < 10g T, ) o
logT 1
= 2||g||00 T + ?|[Ex [(p(YKi_l logT)] - P((P) P

where for the second inequality we used reverse triangle inequality for the first two summands
and the last equality is a consequence of the Markov property of Y and stationarity of Y under
PH. Using that ||@||e < ||g|l-T, exponential ergodicity of Y yields

|- [sup|2 [ s wpas

1 T
e supl; [ swx) s

yex 0 L 1T Jo
< gl 28T 4 v (x) g ave (< 108D
kT
= 20l 8T+ ev ()l
as claimed. )

With this at hand, we obtain a non-stationary version of Theorem 5.3.

COROLLARY 5.5. Given the assumptions from Theorem 5.3, it holds for any x € R that

sup B3 (151 - pullo] € O(y222). (5.19)

beZp (B+1)

Proof. Let

e(x.y) = \T Q(\/T(x—y)

(10gT)2 (logT)Z ) - pb(X), X,y € R.

Then, for T large enough such that VT/(1ogT)?||Q|l« > p*, we have
lIglles < 2VT/(10g T)?(| Q|-

Applying Lemma 5.4 to g and X, which is exponentially ergodic by construction of (8 + 1),
we obtain, for any x € R and T large enough such that T > 9 log T, that

2 eV (x) ) .

Ex 1T — polle] — B2 [IPT — polleo]| < 201QI +
[F5 e = ey v/ [1Pr = poll ]| (sﬁlogT VT(log T)?

Combining this with (5.14), we obtain (5.19) by triangle inequality. [
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5.2.2 Application

We now turn to analyzing the singular control problem. Given the literature on related problems,
it is natural to expect reflecting barrier strategies, i.e., strategies which maintain the process
between two constant thresholds £ and 6 and just grow at these points, to be optimal. We
denote such strategies for upper and lower, resp., boundaries &,0 € R, £ < 0, by U and DY and
refer to [84, §23] for an explicit characterization, which underlines the interpretation of these
processes as local times at the boundaries &€ and 0, resp., of the process X%.

Solution for known drift

Using classical ergodic results for one-dimensional linear diffusions, it is straightforward to
show the following analytic expression for the expected costs when applying reflecting barrier
strategies. We refer to [11, Proposition 2.1] for a detailed proof.

LEMMA 5.6. Let £,0 € R, € < 0 and x € [£,0]. Then, for Z = (U%, D?),

1 T
lim f[Ex [J c(XsZ) ds + unE + qu?] =C(§,0),
0

T—o0

with

~ 1 0 qu qdd
C(£,0) = W(L c(x)m(x) dx + 5(8) + 5/(9)),

where m denotes the speed density and S the scale function of the underlying diffusion.

For our later purposes, the main observation is that—given the volatility c—the expected
cost function C can completely be described in terms of the invariant density p of the underlying
diffusion. Indeed:

N qac*(0)

C(5.6) = >

0 0.2
[ et ax s 27 o)

p(e>).
3

J; p(x) dx(

Therefore, minimizers of C correspond to optimizers of (5.7) in the class of reflecting barrier
strategies. The next natural question is whether such minimizers are indeed optimal within the
class of all admissible strategies, i.e., whether the minimal value in (5.7) is equal to
* L :
Cc*: ?g’ler)lC(f, 0).

This also holds under natural assumptions as can be proven, e.g., adapting the lines of argument
in [49, 117] to the two-sided case. We, however, do not go into detail here, but restrict our
attention to the class of reflecting barrier strategies in the following.

As 0 is our target state, it is furthermore natural that O is contained in the no-action-region
which is assumed to be bounded. More precisely, we assume that there exists B > 0 such that
the minimizer (£*, 6%) of C fulfill

(§,0") e Kg ={(£,0) : -B< &< -1/B,1/B <6 < B}.

In [11], a natural set of assumptions is introduced to guarantee that (£, 6) is characterized
as the unique critical point of the function C. We, however, do not need uniqueness for our
purposes.
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Construction of the estimators

We proceed by constructing estimators §T and Oy for the optimal thresholds £* and 6* which
are based on the estimator pr of the invariant density p = p, (see (5.13)). To this end, we fix
some f3 > 0, set D = Kg, and write =% (B +1). In principle, we just use the plug-in estimator,
taking however into account that (cf. (5.6))

= inf min py(x) > 0.
bex X€Kp

This leads to the estimator

Z(E)A qdoz(e) _

pr(§) + pr(0)

~ 1 0
Cr(£.6) = — (J e(x)pr (x) dx + 2
Ig pr(x) VvV adx \J¢

for the expected value C(&, 0) of a reflection strategy with barriers &, 0, yielding

(&7,0r) € arg min Cr(£,6)
(&,0)€Kp

as our estimator for the optimal thresholds. Using this, we obtain that the expected costs, when
using the strategy based on the estimator after having observed the uncontrolled process for T
time units, converge to the optimal value with rate /log T /T.

PrROPOSITION 5.7. For any x € R, there exists C1 > 0 such that

log T

sup EX | C(&r, ) — C*] <G T

bex
Proof. It holds that
C(&r,0r) - C* = C(&r,0r) — Cr(&r,0r) + Cr(€r,0r) — min  C(£,0)
(&€,0)€Kp
= C(&r,0r) — Cr (%1, O, in Cr(§,0)— min C(£,0
(&r,0r) — Cr(ér, T)+(§T(51)1£KB r(§,0) (gg)ngB (§,0)

<2 max
(§,0)eK

Cr(£,6)|.

To analyze this quantity, we denote numerator and denominator of C and Cr by Ap, B, and
As , B5., resp., and obtain for all (€, 0) € Kp

pr> —pPT?
Ap(é: 9) - Ab} (f’ 9) ‘ + Aﬁ}(f} 9) _ AﬁT (f: 9)
By(§,0) B,(§,0) BﬁT(f 0)

|Ap(‘s’ 0) — A5, (£,0)] + 145, (£,0)]

C(,0) - Cr(£,0)| <

I/\

p(f 0) B (£, 9)‘

Now, (5.5) yields that we find an absolute constant N1 such that

sup E5|C(Er, Br) - €| < Msup E 11157 - pollo],
bex bex

proving the claim by Corollary 5.5. [
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Data-driven singular controls

In most real world applications, the decision maker is faced with the problem of collecting data
about the underlying dynamics and finding the optimal strategy at the same time. Here, however,
a classical trade-off between exploration and exploitation occurs. On the one hand, the decision
maker wants to minimize her expected costs and therefore uses singular control strategies with
an optimal estimated threshold. On the other hand, using such a greedy strategy all the time,
the decision maker can’t learn about the drift b of the underlying process outside the estimated
control interval and therefore this procedure cannot even be expected to converge.

Our solution is to separate exploration and exploitation periods as follows (see Figure 5.1):
At the beginning of every period except the first, the process is in the target state 0. In the
exploration periods, we then let the process run uncontrolled and the period ends when the
process again reaches 0 after having visited two predefined boundaries &g, 6y, £y < 0 < 6y.

In the exploitation periods, we use an estimator for p as defined in the previous section in
order to choose suitable thresholds based on the observations. The exact specification for this
estimator (;?T, §T) is given below. An exploitation period ends after the process has been reflected
at both the upper and lower estimated boundary and has returned to 0. In the following, we
will always set &g = —B = —0.

We combine exploration and exploitation periods using a (deterministic) sequence (c,)nen €
{0,1}N, where ¢, = 0 (and ¢, = 1) means that the n-th period is of exploration-type (and
exploitation-type, resp.) and denote the corresponding strategy by Z = (U, D). By 7o = 0 < 71 <
T < ... we denote the stopping times separating the periods defining Z. The question now is
how to balance the time spent for exploration and exploitation. A suitable choice can be made
by taking into account the estimation error bounds from the previous section and balancing the
errors from misspecifying (ET, §T) due to the estimation error and the losses due to the lack of
control in the exploration periods. As we will see below, a suitable choice are sequences (c;)nen
such that there exists d > 0 with

P <#{i<n:c=0} <n?®+b. (5.20)
Observe that for such a sequence there exists M > 0 such that
#{i<n:c=0}< Mn?/3. (5.21)

Note that W is a Brownian motion for the filtration generated by W and the independent
random variable X,. With respect to this filtration, the times separating the different periods are
stopping times. Therefore, the process W which is constructed by putting together the paths of
W in the exploration periods, is again a Brownian motion. As the process X which is constructed
by joining the paths of X in the exploration periods fulfills Xy = X, and solves the SDE

dX, = b(X,)ds +o(X;)dW,, s> 0,

it has the same dynamics as the uncontrolled process X.

We denote the estimator for the optimal threshold from Section 5.2.2 for the uncontrolled
process X until time s by (&;, 05) and define (&1, 0r) = (§5, \mr2/35 O, Am72/2), Where Sy denotes
the time that the controlled process X% has spent in the exploration periods until T, and m is a
constant specified in the following lemma. In other words, we base the estimator (&7, O7) for
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Figure 5.1: A path controlled using a data-driven reflection strategy with exploration (blue)
and exploitation (turquoise) periods using (c,), = (0,1,1,0, 1,...). The predefined boundaries
&0, O determining the length of the exploration periods are represented by red lines and the
estimated optimal reflection boundaries by purple lines.

the threshold used in the exploitation periods just on the observations in the exploration periods
and, in addition, just for technical reasons, ignore all observations after time s = mT?2/3,

We first observe that condition (5.20) implies that the time St spent in the exploration
periods until time T is of order T%/3. In particular, Sy — oo and S;/T — 0. More precisely:

LEMMA 5.8. Let (cp)nen € {0, 1}V satisfy (5.20) with corresponding data-driven strategy Z as
specified above. Then, there exist m, M > O such that

PS(T‘2/3ST <m) < T"/% and limsup T_2/3[E2 [NY] < M,

T—o0
where N;) denotes the number of exploration periods until time T.

The proof, which is quite technical and based on renewal theoretic arguments, is deferred to
Append1x 5.A. The main result of this section given below shows that, by employing the strategy
Z, we can guarantee that the expected regret per time unit vanishes with rate /log T /T1/3.

THEOREM 5.9. Let (cp)nen € {0, 1}V satisfy (5.20) with corresponding data-driven strategy Z as

specified above. Then, the expected regret per time unit is of order O( le 7 ) That is, for any b € %,
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we have

Tl/S 1 T = —~ —~
lim sup (—[E(b) U c(X?) ds + quUr + qaDr
T—eo +flogT\T 0

—CZ) < 00.

Proof. We first consider the costs in the exploration periods. Using [15, Chapter VI, Theorem
1.2], we first see that in one exploration cycle starting and ending in 0, the expected costs are

E0[1] f ¢(x)py () dlx,

with finiteness of (arbitrary) moments of t; under I]:"g being demonstrated in Appendix 5.A.
Hence, the expected costs per time unit in full exploration cycles are fc(x) py(x) dx and the
time spent in such cycles until T is bounded by Sr. If we consider the cumulative costs until time
T, we have to take into account that the last exploration cycle may be cut off at the deterministic

time T. Putting pieces together, we can bound the expected costs in the exploration period as
follows:

T ~
[EgU c(X?) ds;
0

Tn+l —~
<EY Z J c(x?)dt

nta <T Tn
exploration period

= [ES[[ES[ITM c(x%) dt

neNp

77 |1 -
T, | " {Tn <T, exploration starts at T, }

- ESNAIE o] [ ) o)

<128,

where we applied Lemma 5.8 with N79 denoting the number of exploration periods until time

T and (3"? )e>0 is the filtration generated by the controlled process xZ. To analyze the costs in
the exploitation periods, we write R, := t — S, for the time spent in the exploitation periods
and—again using [15, Chapter VI, Theorem 1.2]—similarly get

T = —_ —_
E) U c(x?) dR, + q,Ur + quT]
0

Tn+l —~ . . . .
= [Eg Z (J C(th) dt + qu(Urn+1 - Urn) +4d (D'En+1 - Drn))
n:t, <T Tn

exploitation period

Tn+l

< Z [Eg [[E(b) [ J C(th) dt + qu(UTn+1 - U'rn) + Qd(DTnJ,l - D'rn) Stfn] 1 {tn <T, exploit. starts at T, }
neNy Tn
0 £ A 0 Z
< [Eb Z C(frn: an)[Eb [Tn+1 — Tn |3v~fn] 1 {Tn <T, exploitation starts at T, }
neNp

=}

Z C(frn; Grn) (Tn+1 - Tn)“ {tn <T, exploitation starts at rn}]

HENO
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Tn+l

Z J C(ft: Qt) deT {tn <T, exploitation starts at T, }

neNg

_[EO

< [EOCA,§ dt + max C(§,0)E%[q!],
[ Ebic@ arace max o0

where 71! denotes the length of an exploitation period with maximal length (i.e., a period with
reflection in +B). On the event {S; > mt2/3}, we have that (&, 0;) = (€,,2/3,B,,2/3), SO that by
Lemma 5.8 and Proposition 5.7, we have

EpIC(E, B0] < max C(§0)PY(S: < mt™®) + EY[C(E B0 (ssmen)]
5 B

< Clt_l/3 + [Eg [C(gmtz/s, émt2/3)]

log(mt2/3)
< -1/3 *
< cit +Cb + Co —mt2/3

for certain constants cj, ¢, c3, hence
T

< | Blc@E.rdes max (e OB
0 f’e) eKB

g,

t1/3

< CiT + cav/log(T) f t13 4t
0

< CiT + csT**/log(T)

for certain constants c4, cs. Putting pieces together , we obtain

T -
[ES U c(X?) dR; + q,Ur + qaDr
0

< CZT+C4
0

1 T3 —~ ~ \
?[Eg[JO C(XSZ) ds + unT + quT] - Cb

_ %[ESUOTC(X?) ds,
ylog(T ).

T1/3

1 T3 — = \
+ ¥[E2 UO c(x?) dR; + q,Ur + qaDr | - C}

<T V34

5.3 DATA-DRIVEN CONTROLS FOR LEVY PROCESSES

We now turn our attention to another class of non-continuous control problems. The first main
difference is that we consider a one-sided class of problems, that is, we just consider downward
controls. Second, we assume the underlying processes to have jumps. More precisely, as our
driving process, we take a Lévy process X = (X;):>0, started in x € R under P*, satisfying the
basic assumption
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(£0) X is upward regular, i.e.,
Po(inf{t >0:X, >0} =0) =1,
and moreover 0 < E°[X1] =i n < co.

Let us note that any Lévy process with unbounded variation (i.e., either X has a non-trivial
Gaussian part or f_11|x| [1(dx) = oo) satisfies the upward regularity assumption. For a full
description of upward regularity in terms of necessary and sufficient conditions, also covering a
subset of Lévy processes with bounded variation, see [109, Theorem 6.5].

Control problems with underlying jump processes are known to be much harder to analyze
than their counterparts without jumps, see [135] for discussions and many examples. To
formulate our problem, we fix a non-decreasing function y € C2(R). In contrast to the singular
controls discussed in Section 5.2.2, we now consider controls of impulse-type. These are
sequences S = (Tp, {n) ey Of Stopping times 71 < T2 < ... / oo and J -measurable random
variables {,, describing the times of the interventions and the state after exercising the control,
respectively. The corresponding controlled process is given as

x$=x - Z (X5 _~¢y), t=0.

neN:t, <t

Here, the value at time 7,, but with the control not having taken place yet, is denoted by

X5 =Xe, = D (X5 =L

meN:m<n

In general, for processes with jumps, this quantity may deviate from both the value an ={,at
time t, after the control has taken place and the left limit XSH_. We can interpret y(X°) as the
value of a natural resource we are managing. In most examples of interest, y has a sigmoidal
form, so that (without interventions) the value is expected to grow fast whenever X° takes
moderate values, while the value grows slowly whenever X° has either large or small values.
The stopping times 7, describe the times of intervention. From the motivating problem, it is
clear that we only assume downward controls to be admissible, i.e., we assume that XTSH,_ >y
for all n.

Our aim is to find a maximizer and the corresponding value v of the expected rewards
without fixed transaction costs, defined by

liminf%[Ex[ > (y(xfm_)—y(gn))], (5.22)

T—oo
neN:t, <T

in the class of all admissible impulse control strategies S = (T, {,).

We will argue in Section 5.3.2 below that the main tool for solving (5.22) is the ascending
ladder height process. We remind the reader that the underlying concepts and main results
from fluctuation theory for Lévy processes needed in the following are summarized in Appendix
4.B. Note that (£0) implies lim;_, X; = co almost surely. Let H; = XLt—l, t > 0, be the ascending
ladder height subordinator of X, where L = (L;);>0 is a version of local time at the supremum
and L™ = (L;!),»0 is its right-continuous inverse. Note that L can be chosen to be continuous by
upward regularity of X, which entails that t — L ! is strictly increasing and thus H is a strictly
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increasing subordinator (or, put differently, is not compound Poisson). Moreover, for any t > 0,
L; ! is an [F-stopping time, where [F = (J;);>0 denotes the usual completed natural filtration of X.
Motivated by the solution technique for the associated control problem, we choose a scaling of L
such that E°[L;'] = 1 and hence, by Wald’s equality (cf. [138, Corollary 2.5.2]),

E°[Hy] = E°[X1].
Moreover, for Ty = inf{t > 0 : X, > x} and T := inf{t > 0 : H, > x}, under (£0) we have
Te =L (Lr,) = Ly

almost surely for any x > 0 (see Proposition IV.7 and the proof of Theorem VI.19 in [25]). Since
(L; )¢ >0 is a subordinator and T is a (?Lt_l)tzo-stopping time, Wald’s equality also yields that

E°[T,] = E°[LTMEC[TH] = E°[TF]. (5.23)

Let (dy, I1y) denote drift and Lévy measure of H and D(Ap) be the domain of the extended
generator Ay of H. By It0’s formula for semimartingales applied to H, see e.g. Theorem 1.4.57
in [98], it follows that for f € €%(R) such that

g5 (x) = duf'(x) + L (FGr+y) - £(0) Tu(dy), x € R, (5.24)

is well-defined that (f(H;) — f(Hp) — JS g¢(Hs) ds);»o is a local martingale. For such functions
f € C%(R) we set Ayf = g7. We will see in Section 5.3.2 below that the auxiliary function
f(x) = Agy(x) is the key for the solution to (5.22). More precisely, Ayy yields a maximum
representation of the payoff that is needed to guarantee optimality of a threshold time, which
can be derived from Agy.

5.3.1 Estimating generator functionals for the ascending ladder height Lévy process

Motivated by this observation, to implement a data-driven strategy our goal is to find an estimator
of f(x) = Agy(x) for an appropriate y € €2(R), based on a continuously observed trajectory
(Xt)o<t<r of X up to some fixed time horizon T, with good approximation properties wrt. the
sup-norm risk. Estimating Ay is therefore of significant applied interest and, as it will turn
out, establishing bounds for the sup-norm risk provides the right tool to infer estimates for the
expected regret of data-driven control strategies. For our purposes, we will need to assume that
y’ is bounded, which is clearly in line with a typically sigmoidal form of y.

In order to construct an estimator for Agy, a first intuitive approach would be to assume
that ITy is absolutely continuous with Lebesgue density 7y and reconstruct a path (Hy), <Lt

from the full observations (X;)o<;<r to develop a nonparametric estimator (dg, Ty) of (dg, 7x)
and then analyze the plug-in estimator

Ay (x) = duy () + f:w(x +9) () Eu(y) dy, xR, (5.25)

based on convergence rates of (dy, Ty) as T — co. An appropriate estimator for 7y in this
scenario is given by

—~ 1
Tu(x)=— ) Kilc= AH)1jams0p x>0,

T o<t<Ly
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for Ky, := h™'K(-/h), where h = h(T) > 0 is some bandwidth and K a high-order kernel function,
see [154, 155].

However, under (££0)—even with a full record of X—Ilocal time L cannot be observed in
general since its construction is not purely path dependent, see [25, Chapter 4]. Hence, in our
framework such ansatz is hopeless, unless X is assumed to have a one sided jump structure,
i.e., X is either a subordinator (increasing paths), spectrally negative (only negative jumps but
non-monotone paths) or spectrally positive (only positive jumps but non-monotone paths). In the
subordinator case we can simply choose L; = t and hence H = X, i.e., the problem of estimating
the generator functional via the plug-in estimator reduces to estimation of the Lévy measure
and drift of X. When X is spectrally negative, we can choose L, = cX;, where X, = SUPg<s<¢ Xs
and c is some scaling factor. Then, L;! = T,/., where Ty := inf{t > 0 : X, > x} is the first passage
time of the level x. By exclusively negative jumps, X reaches its maxima continuously, hence
Hy =X, = t/c, where ¢ must be chosen such that

1=E°[L;Y] = E°[Ty/c], (5.26)

by our required scaling of local time. Thus, estimation of the generator functional in this case
boils down to estimating the drift dy = 1/c, which would require estimation of expected first
passage times for different levels x > 0 and solving (5.26) for ¢ with the expectation on the
right hand side replaced by the constructed estimators. This is a non-trivial procedure and it
is not clear how such issue should be efficiently attacked with a given dataset. For the case of
spectrally positive processes, a similar issue would arise for the correct scaling of local time at
the infimum.

Thus, the only direct estimation approach other than the one we introduce below, demands
restricting to a subordinator. If its Lévy measure is finite (i.e., X must be a compound Poisson
subordinator with positive drift since we require (£0)), it follows from Theorem 3.1 in [155]
that (ignoring the drift part) the L? risk of the estimator (5.25) is of order 1/VT. At the end of
this section, we will argue that even in this much more restricted setting, our estimator—which
can be applied for arbitrary jump structures—matches this performance.

Let us therefore now show how to go a more sophisticated route, exploiting the probabilistic
structure of the generator functional by making use of the stability results on overshoots of Lévy
processes established in Chapter 4. This is in general a very natural approach for statistical
inference of objects related to H due to its intimate connections with overshoots of X, that we
briefly recall in the sequel. Let O, be the overshoot of X over the level x > 0, defined by

Ox =X, —x, x2>0,

where T, = inf{t > 0 : X; > x} is again the first hitting time of (x, o). If we consider the spatial
levels that X surpasses along its lifetime as time index, it can be shown that under (£0) the
overshoot process O := (O;);>0 is a Feller Markov process.

Its role in revealing the characteristics of the ascending ladder height process stems from the
simple observation that the closure of the range of H almost surely is identical to the range of
the running supremum process X, := Supg<;<; Xs, t > 0, and hence the overshoot process O of
H is indistinguishable from O. As seen in Chapter 4 the unique invariant distribution of O is
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given by

1
H(dy) = =5 (duo(dy) + 1 0.m) () TLi (v, o) dy

[H:] (
- %(dH&)(dy) +1(0,00) ()T (Y, ) dy), y >0,

with the second equality being a consequence of our particular scaling of local time. If we assume
additionally that

(£1) either, dy > 0, or there exists (a, b) C (0, o) such that A| (4 ) < x| (q,p),
it follows from Proposition 4.39 that, for any x € R,
}LH;HPX(Ot €:)—pllv=0, (5.27)

where ||-||tv (as before) denotes the total variation distance. In Proposition 4.39, conditions
on the characteristics of the parent process X implying (£1) are given. These underline that
most explicit Lévy models fall into the total variation convergence scheme provided that upward
regularity is satisfied, since these usually either possess a non-trivial Gaussian component or the
Lévy measure is constructed from a Lebesgue density. Finally, assuming

(£2) there is A > 0 such that E°[exp(A1H;)] < oo,

which is true iff TI|[1 ) integrates x — exp(Ax), Proposition 4.41 states that total variation
convergence in (5.27) takes place at exponential rate and that O is exponentially S-mixing
whenever the initial distribution integrates exp(A-). In particular, the stationary overshoot
process is exponentially -mixing, with f-mixing coefficient

B(t) = f IP*(O; € ) — ullry p(dx) < C(A, 8, m)e™/#d ¢ >0, (5.28)
Ry

for some constant C(A, 8, u) € (0, o0) and arbitrary 6§ € (0, 1). Starting from this general setup,
the fundamental observation for our purposes is that, for y € ¢?(R), we can rewrite (5.24) in
terms of an integral wrt. the invariant overshoot distribution p.

LEMMA 5.10. For any y € €?(R) with bounded derivative we have

Amy(x) = JR ny' (x+y) p(dy), xeR.
Proof. Note first that E°[H;] < oo and boundedness of y’ guarantee that both sides of the
equation are well defined. Plugging in and using Fubini we obtain for x € R,

P 00 0

Jnr’(X+y)u(dy)=dHy’(X)+ y(x+y) [ Tu(dz)dy
R4 JO+ y+

_ dpy' () + j y'(x +y) dy Ty (d2)
JO+ (O,Z)

=duy'(x)+ | (y(x+2)-y(x))y(dz)

Jo
= Any(x).
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Remark 5.11. This formula is valid for any subordinator with finite mean.
It follows from von Neumann’s ergodic theorem that, for any x > O and p > 1,

1 S
Slirn S ny'(x +0,) dt = Agy(x), in LP(P*).
—00 0

It is therefore natural to consider as an estimator of f(x) = Agy(x), based on overshoot
observations (O;)o<<s up to some spatial level S > 0, the unbiased (under P*) estimator

S

~ 1
=g [ maropd xer,
0

with n = E°[X;] > 0 assumed to be known (which is not a strict assumption in light of i.i.d.
increments of X). To establish convergence bounds wrt. to the sup-norm risk, we make use of
Theorem 3.7. We apply this result to the function class

G:={ny'(x+)—-Apy(x) : x e QN D},
to find a convergence rate of 1/vS for the sup-norm risk
Rgo(fs’ f) = [EO[HfS - f||L°°(D)]’

for some bounded open set D ¢ R. The choice of evaluating the sup-norm risk wrt. P? is
somewhat arbitrary and can be replaced by P* for any x > 0 by spatial homogeneity of the Lévy
process. We stress however that, although we make heavily use of ergodic arguments, we do not
need the process to be started in the stationary overshoot distribution for our results. Similar
to the proof of Corollary 5.5, the key for this is Lemma 5.4 in conjunction with exponential
ergodicity of O.

Let us assume for the rest of the section that (£0) — (£2) are satisfied, if not mentioned
otherwise.

PROPOSITION 5.12. Let y € C2(R) such that y’ is bounded. Then there exists a constant C; > 0

such that

Vs
Proof. By stationarity of O under P¥ and its exponential 8-mixing property (5.28), which is
guaranteed given our assumptions, it follows easily (see, e.g., the proof of Proposition 2.4 in

[67]) for any bounded g and t > O that

1 t t (o]
el = pvar( | g0 as) <20l | [ 1870, € ) - phrv n(an) s
t 0 0 Jo
< 2llgllZe (A, 8, n)(2+6),

for some & € (0, 1). Hence, there exists a constant C > 0 such that, independently of t > 0, for
any bounded f, g

de(f,g) < Cdw(f, g). (5.29)
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Letting § == {ny’(x+-) — Agy(x) : x € Q N D} and using the fact that y’ is Lipschitz on the
bounded set D thanks to y € €?(R), it follows with Lemma 3.19 that

4nLdiam(D)
8 B

N(e, §,dw) < >0,

where L denotes the Lipschitz constant of y” on D. It therefore follows that the associated entropy
integral is finite, i.e.,
J logN(u, G, de) du < oo,
0
and by (5.29) the same is true for the entropy integral

J \/log N(u, G, de,) du < C,
0

with a constant C independent of t. Since f(x) = Axy(x) = nu(y’(x + -)), choosing mg = VS
and plugging into (5.2) therefore reveals that there exists a constant Cy > 0 such that

E* | suplfs() = FCol| = BY| sup [F5(x) - ()]
x€D

xeDNQ,

1
= —=E"|sup|Gs(g)] (5.30)

g€s§

1
< Co—.

Vs

As in the proof of Corollary 5.5, we transfer the sup-norm risk bound from the stationary regime
to the case when X is started in 0. This can again be achieved utilizing exponential ergodicity of
O. Let
g, y) =ny’(x+y) —Any(x), xy=0.
Then,
[8llo <1 := lInylleo + [ AHY lleo,

which is finite by boundedness of y’. Using exponential ergodicity of O as stated in Proposition
4.41 and applying Lemma 5.4 shows that for § € (0,1) and S large enough such that S >
(2+6)logS

[E° [ suplfs ) — £)1| - B supl i) — 0|

x€eD

1 (7 1 (7
< |EO T S - [EIJ p— s Vs
<[E*[suplf |, o o0 [ sl | s 00)]
log S 1
<202+ 5)15% +c(8) By exp(2:)(0) 5
< logs | 1.
S

Together with (5.30), this implies that
:Rgo (,FS) f) < Cls_l/z

for some constant C; > 0, by triangle inequality. [
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Proposition 5.12 shows that fg is not only an elegant but also efficient estimator for f = Agy,
provided that we have an overshoot sample (O;)g<;<s available up to a fixed level S. However, we
observe the Lévy process up to a fixed time T and not up to the random first passage time Ts. Our
agenda therefore must be to build an estimator E which is Fr-measurable and whose sup-norm
convergence properties can be inferred from Proposition 5.12. To this end, we aim to make use
of the law of large numbers for Lévy processes. Recalling that limr_,., X7 /T = E°[X;] = n almost
surely for any starting distribution of X, it follows that, for any € > 0,

X
PO(‘?T - n‘ > E) T:; 0. (5.31)
Define
~ 1 (%
fr(x) = )?J ny'(x +0p) dtl(0,e0)(Xr), x€R, (5.32)
T Jo

and note that, since {X; > t} ¢ {T; < T} for any t > 0, we have

Y (x+ 01 {t<Xp} = P (x + Op)T (T,<T)n{t<xr} € I,

as a consequence of y’(x + O;) 11, <7} € Jr thanks to T; being an [F-stopping time. Therefore,
E(x) € Jr for any x € R as desired. As a key result, the following preparatory lemma shows
that the two essential components involved in an upper bound of the sup-norm risk of fT are
indeed the rate of ET = fon [x;] and the speed of convergence in (5.31).

LEMMA 5.13. Let y € C*(R) such that y’ is bounded. Then, there exists a constant C > 0 such that,
forany e € (0,n A1/2) and T > 0, we have

88 ) = €zt £ 4001 -] > ). (533

Proof. Let again B = n||y’||e + || AgY|lec < 0. Then, for C = 2max{1, C;, B}, it follows by the
triangle inequality and Proposition 5.12 that

1 (%,
E° sug )TTJ ny’ (x +0y) dt—AHy(x)H
X€E 0
ol nT 1 (7 Xr o(1Xr
<E X SUPQ T L ny’(x+0,)dt _-AHY(X)‘§ ”? - r]’ < s} +BP (‘? — r]‘ > E)
x€DbN
1 nT (1+a) XT

< 2E° sup sup | L ny'(x+0p) dt _AHY(X)‘ + EPO(’? - n‘ > g)

xeDNQ |a|<e/n

xeDNQ |a|<e/n nT Jyr

1 £ XT
< C(— + - +|]3’0()— —n‘ > e)),
vnT 1 T

_ 1 nT (1+a) X
< Z(Rfo(f,,T,f)+[E0[ sup sup —J ny'(x+0y) dt) +BPO(‘TT —n) > E)
n

where for the second inequality we used that, by our choice of € € (0,7 A 1/2), we have nT/
Xr<(1-¢e) ' <2on{|X;/T —n| < ¢} m
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The following result complements results on tail asymptotics of the marginal Xy for fixed
T > 0 of a Lévy process X with bounded jumps, which can be found in Theorem 26.1 of [147],
and non-asymptotic tail bounds of a Lévy process for small times T > 0, recently discussed in
[77]. It is a slight digression from the remainder of this section in the sense that the assumptions
(£0)-(£2) are dropped in favour of bounded jumps and zero mean of X. The statement is of
independent interest since it gives nonasymptotic bounds on the speed of convergence of the
law of large numbers for Lévy processes with bounded jumps and allows establishing optimal
rates for our concrete estimation problem.

THEOREM 5.14. Suppose that X is a non trivial zero mean Lévy process with bounded jumps and
Lévy triplet (a, 0®, T1). Then, there exists # > 0 and T(p) > O for p > 0 such that for any T > T(p),

PO(|XT| > /BT 1og(TP)) < 2T7P/2,

Proof. Let a = inf{z > 0 : supp(Il) C {x € R : |[x| < z}} be the maximal jump size of X. If
a = 0, X is a scaled Brownian motion since E°[X;] = 0 and X was assumed non-trivial. In this
case, the result follows directly from the exponential decay of tails of Brownian motion. Suppose
therefore that a > 0. We only show P%(X; > /BT logT) < T~P/2. The statement then follows by
performing the same calculations for the dual process X = —X, which also is a zero mean Lévy
process with jumps bounded in absolute value by a. Since X has bounded jumps and zero mean,
its Laplace exponent 1) is well-defined on (0, o) and given by

P(z) = log E°[exp(zX1)] = ? + Ja (e —=1-2x)II(dx), z>0.

Furthermore, observe that 1 is smooth with derivative

a

P'(2) = 0%z +I (x(e®™ —1))II(dx), z> 0.

%4

By [147, Lemma 26.4], Y’ is invertible on (0, co) with strictly increasing inverse denoted by 0.
As in the proof of [147, Lemma 26.5] it follows from

z = 0%0(z) +J x(e9@* _1)(dx), z>0,

-

that

o
<4 ee(z)“J x?T(dx), z>0.
0(2) ~a

Since 6(0+) = 0, this yields

P o
limsup — < 02+J x? T1(dx).
z]0 P 9(2) —a

This implies that there exists some € > 0 and § > 1 such that for all z € (0, ¢),

Z

§(02+ [* x2T(dx))

0(z) > (5.34)
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Moreover, it follows from [147, Lemma 26.4] that for any x > 0,

PO(Xy > x) < exp ( - Lx 6(z/T) dz) = exp ( -T JOX/T 0(2) dz). (5.35)

Defining B := 8§(0? + ffa x2T1(dx)) and letting T(p) > O be large enough so that /B log T?/T €
(0,¢) forall t > T(p), it follows from (5.34) and (5.35) that indeed

VB log(TP)/
PO (Xr > VBT 1og(TP)) < exp ( - TJ‘ s 0(z) dz)
0

T I\/ﬂ log(T?)/T
0

Sexp(—ﬁ zdz)

=T7P/2,

With this preparation we can now investigate convergence rates of j‘}
THEOREM 5.15. Let y € C2(R) such that y’ is bounded.
(i) Suppose that E°[|X1|P] < oo for some p > 2. Then,
R2(Fr. £) < O~ 27w .
In particular, if all moments of X; exist, then, for any € > 0,

R0, (Fr, f) € (177

(i) Suppose that X has bounded jumps. Then, for T large enough, it holds that

logT
T

R2 (fr, f) <

Proof. (i) Since E°[|X1|P] < oo, it follows from the Burkholder-Davis-Gundy inequality for
the cadlag martingale X = (X; — nt);»o (cf. [65, Theorem VII.92]), that there exists
Cp € (0, c0) such that
X p 1 1 —
B[ =] | = S EC1Xr —nTP] < Gy EO[[XIZ?] = CpVar(xy)P/2T P12,

Here, ([X];)¢>0 denotes the quadratic variation of X. Hence, by Markov’s inequality, it
q y q Y,
follows that
|]:|>0( Xr _ ,]‘ > T—l/(2(1+p‘1))) < CpVar(Xl)p/ZTp/(Z(Hp‘l))T—p/Z
T (5.36)
= CpVar(X; P27~ 1/ 0+,

Plugging € = 7-1/20+p™) into (5.33) and using (5.36), we conclude that

gzgo(J?T’f) c O(T—l/(2(1+p-1)))_



5.3. Data-driven controls for Lévy processes 139

(ii) Since (X; — nt)¢>o is a zero mean Lévy process with bounded jumps, it follows from
Theorem 5.14 that there exists some constant 8 > O such that for T large enough

X PBlogT 2
of|1ZL _ - PO _ =
P ( - n‘ > T ) P°(|Xr —nT| > yBT logT)) < = (5.37)
Thus, plugging in € = 4/log T/T into (5.33) gives the result.
|

Remark 5.16. (i) Since our exponential f-mixing assumption requires flat tails of IT at +co
and moreover E°[X;] > 0, the assumption of exponential moments is quite natural in our
modelling framework. When jumps are bounded, (££2) is always satisfied. Hence, for most
Lévy processes falling into our estimation regime, we can expect a convergence rate of
approximately 1/VT.

(i) One may wonder whether there was anything to gain, if in the definition of ﬁ, we replaced
Xr by the running supremum Xr. In practice, this would be more natural since otherwise—
at least intuitively—data (Ot)XT<t <%, Was wasted and moreover the estimator becomes
meaningless whenever X; < 0 (which, as time progresses becomes increasingly unlikely).
The construction of our estimator on the other hand is driven by analytical tractability.
However, in terms of the convergence rate of the estimator we cannot expect to gain
much by working with the running supremum. This is evident from observing that Doob’s
maximal inequality for the submartingale X yields that for any p > 1 s.t. X; € LP(P°) and

T>1,
p

p—1
Let us interpret this result in detail from a nonparametric angle and, as announced at the
beginning of this section, compare our estimator E to the plug-in estimator given in (5.25)
for the restricted setting of subordinators X with strictly positive drift dy > 0 and absolutely
continuous Lévy measure IT with bounded density x, for which the latter can be applied.

For the subordinator case, the plug-in estimator has an L? convergence rate of 1/VT. As
shown in Theorem 5.15, the overshoot estimator converges at rate y/log T /T with respect to the
||-||co-norm for any given Lévy process with bounded jumps satisfying (£0) and (££1) and hence in
particular for any subordinator with Lévy measure having bounded support (but not necessarily
bounded density since infinite jump activity is allowed). It is well-known from nonparametric
invariant density estimation of well-behaved scalar stochastic processes that, within a continuous
observation scheme, the invariant density can be estimated with the parametric rate 1/VT wrt.
the L2 norm. Estimation wrt. the sup-norm on the other hand introduces an additional log-factor,
increasing the optimal rate to 4/log T /T, as, e.g., in the previously discussed case of scalar ergodic
diffusions, see Theorem 5.3.

Thus, in the current nonparametric estimation context we observe the same phenomenon
that the common price to be paid is an additional log-factor for optimal estimation with respect to
the sup-norm compared to the optimal L? rate. This also indicates that in principle, our approach
to find an upper bound on the convergence rate of the overshoot estimator via Proposition 5.12
and Lemma 5.13 for a time-dependent observation scheme is tight enough to establish the
optimal convergence rate /log T /T for more general Lévy processes with unbounded jumps.

I1Xr e poy < 1 X7 ll1e(poy < 1 Xr [l (o) -
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This is evident from observing that the key result for the proof of Theorem 5.14 is Lemma 26.4
from [147], which relies on a Chernoff bound for the upper tail of a Lévy process at some fixed
time T. However, interpreting this bound rigorously requires being able to tightly control the
asymptotic behaviour of the inverse of the Laplace exponent’s derivative, which for general Lévy
processes is not possible. This is why we made use of Markov’s inequality with power functions
in the proof of part (i) of Theorem 5.15 instead of the generic Chernoff bound. However, for
more particular classes of Lévy processes with explicit Laplace exponent, an ansatz similar to
Theorem 5.14 may also provide the optimal convergence rate.

5.3.2 Application

We now return to the control problem described at the beginning of this section. In the following,
we still assume (£0) — (£2) and now present the main tool for our analysis, an auxiliary function
f defined via

f(x) = Any (%),

where Ay denotes the extended generator of the ladder height process H of X as discussed in
Section 5.3.1. Noting that when y € G%(R), Dynkin’s formula and the fact that the values of X
and H coincide at first hitting times almost surely together with our scaling of local time yielding
(5.23), imply that
E*[y(Xr,,.)] —y(x)

EX [Tyt ’
this generates an intuition why this function is suitable for the analysis of problem (5.22): using

E* [y (X1t ) 17 ()
E* [Tx+£]

of the (s, S) impulse strategy which shifts the process back to x = s whenever the process is above
S = x + ¢, so that—at least intuitively—f (x) corresponds to the value of the reflection strategy
in x. The usefulness of this approach for ergodic impulse control problems is demonstrated in
[49], where most of the following results can be found. Some further complementing analysis is
carried out in [156]. The main observation is that properties of the function f determine the
form of the optimal solution. For our considerations, we assume the following:

f(x) = 18%1

the theory of regenerative processes, see [15], the value coincides with the value

(£3) The function f has a unique maximum 6* € R, is strictly increasing on (—co, 0*] and
strictly decreasing on [0, ).

Solution for known processes using an auxiliary impulse control problem

In [49], different classes of functions y are discussed that make (£3) hold for all Lévy processes
X. The main idea for analysing the problem (5.22) is to introduce artificial fixed costs K for each
interaction, so that we are faced with a problem where we expect stationary impulse control
strategies of (s, S)-type to be optimal. By considering the solutions for K “\, 0, we then obtain
the value and an optimal strategy for the problem without costs. More precisely, for each K > 0,
we define

1
v(K) = sgplijpligf?[Ex Z (x5 ) -v(&) -K)|,

n:t, <T
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where the supremum is taken over all admissible impulse control strategies S = (t,, {). By
elementary arguments, it is immediately seen that v(K) is independent of the initial state x. To
study the dependence on the fixed costs K > 0, let us shortly review the key results on long-term
average impulse control problems.

LEMMA 5.17 ( [156], Theorem 4.3.6). (i) ForallK >0

EX [y(Xe)] - y(x*) - K
WK = sup M Tx)l yo) - K
x* X€R, x*<x = [TJ_C]
(i) If K > 0, then an (s, S) strategy of the form
T, =inf{t > 1,1 : X; 2 Xg}, {n= xI*O

is optimal. The values xx and xj, are given as follows: X is the larger of the two roots of the
equation

f(x) = v(K).
If we denote the lower one by x, then x is given as the maximizer x; =y € [xg, xg] of

EY[y(Xr, )] -v(y) -K
EY[T%,]

Under additional assumptions on the Lévy process, it turns out that x3 = xx which simplifies
the solution of the impulse control problems, but is not needed for our purposes. We now study
the dependence of v(K) on K.

THEOREM 5.18 ([156], Theorem 4.3.6, 5.3.3, 5.3.4, and 5.3.5.). In the singular control problem
(5.22), the following holds true:

@ v=f(0%) (=maxcer f(x));
@) v(K) /"vas K\, 0;

(iii) The (s, S) strategies with upper threshold xx and restarting point xz, K > 0, are -optimal
for (5.22) as K \, 0;

(iv) xg /0" and xg \, 0" as K\ 0.

The previous results suggest that the reflection strategy at level 6* is optimal in problem
(5.22). However, this strategy does not directly fall into the class of impulse control strategies we
consider here, but is of (strictly) singular type. In order not to overburden the presentation with
technicalities, we leave out the discussion of extending the strategy space here. Note however
that, due to our ergodic problem formulation, extending the control space is even not needed
to obtain optimizers for (5.22): the (non-stationary) threshold strategy with time dependent
thresholds x; and xx, (with Kr \, 0as T /" o0) is optimal in the class of impulse strategies and
converges with arbitrary speed in T by choosing sufficiently small costs K7, T > 0. Therefore, the
term ‘reflection strategy’ refers to a suitably fast approximating impulse strategy in the following.
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Data-driven singular controls

The results in Section 5.3.1 now directly lead to a method for estimating the optimal reflection
boundary 6*: after having observed the underlying Lévy process for T time units, we define the
estimator for the auxiliary function f, using the estimator f; defined in (5.32), and then choose

Or € arg ma_)ifT(G), (5.38)
6eD
where D is some arbitrary bounded, open neighborhood of 6*. The results from Section 5.3.1
now yield that the estimated optimizer gives the optimal value v = f(6*) up to a regret of order
7-1/(2(+1/p)) when the p-th moment of X exists and of order +/log T/T when jumps of X are
bounded. Indeed:

THEOREM 5.19. Let D be a bounded open neighborhood of 8*. Suppose that E°[|X1|P] < oo for
some p > 2. Then, it holds that

E° [v - f(§T)] € O(T_2<1+11/P>).

[EO[U - f(é})] c o(\/@).

Proof. As in the proof of Proposition 5.7, we obtain

If X has bounded jumps, then

>

v —f(éT) < ZSqu(x) —;‘;(X)

x€D

hence

B - £@p)| < 2%2(Fr, ),
yielding the result by Theorem 5.15. [ ]

5.4 DiscussioN

The statistical questions discussed in this chapter have a clear motivation coming from the
analysis of data-driven strategies for natural classes of stochastic control problems. For underlying
diffusion processes, the solutions to ergodic singular control problems from Section 5.2.2 can be
written in terms of the invariant density, such that the key to developing data-driven strategies
consists in replacing this quantity by a sample-based analogue. From a statistical perspective,
this is advantageous because rate-optimal estimation in this case (as opposed to, e.g., estimation
of the drift coefficient) does not require an adaptive choice of the bandwidth. Due to the
costs for reflection, the error measure to be used is the sup-norm risk studied in Section 5.2.1.
This is an interesting observation as for the—from the stochastic control perspective highly
related—impulse control problem investigated in [50], the L! risk had to be analysed. The
substantially more involved issue of bounding the sup-norm risk of estimators is tackled by
means of Theorem 3.7, exploiting mixture properties of the diffusion process. Since the focus
of this chapter is on the development of concrete control strategies, we have restricted the
presentation in Section 5.2.1 to a concise proof of the required upper bound (see Theorem 5.3).
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We have reduced our explicit statistical investigation to the one-dimensional case solely because
of the intended application to the stochastic control problem, but optimal convergence rates can
be obtained in higher dimensions without much additional effort since exponential ergodicity
and heat kernel bounds for the transition density generalize to higher dimensions. Compared to
the L! risk, the evaluation of the sup-norm risk produces a well-known unavoidable logarithmic
factor, which is also reflected in the expected regret per time unit (Theorem 5.9).

While the underlying diffusion processes in Section 5.2 were assumed to have an ergodic
behaviour allowing for a statistical analysis, this is not the case for the Lévy-driven problem
introduced in 5.3.2. By considering a space-time transformation of the Lévy process X in form
of the overshoot process O, we obtained an ergodic Markov process fitting right into our general
modeling framework, which allows to express the quantity of interest for the singular control
problem, f = Apy, as an integral w.r.t. its invariant distribution. Combining a simple mean
estimator based on an overshoot sample with classical results on the long-time behaviour of
Lévy processes then allowed us to construct an estimator whose performance depends on the
tail-behaviour of X and yields an almost parametric sup-norm estimation rate in case of light
tails and the optimal nonparametric rate y/log T /T when jumps are bounded.

Based on this estimation procedure, we were then able to identify a data-driven singular
control strategy, such that the estimated optimal reflection boundary yields an expected regret
of the same order as the nonparametric estimation of the auxiliary function f.

In contrast to the diffusion case, in the Lévy process framework we are not faced with
an exploration vs. exploitation problem: due to the spatial homogeneity of Lévy processes,
each controlled process carries the same information as the uncontrolled one (if we assume
that the decision maker has access to the values Xfm_) as the decision maker can reconstruct
an uncontrolled path by just undoing the controls. Therefore, the following greedy strategy
can be applied without additional losses: we use the (approximate) reflection controls with
time-dependent boundary

§T € arg ma_xfT(G)
6eD
for each time point T.

Finally, let us briefly outline the connection to related research fields. The exploration
vs. exploitation trade-off encountered in Section 5.2 is also well-known from the famous multi-
armed bandit problem. In this regard, it is interesting to observe that the number of boundaries
to be estimated in the control problems in our context does not influence the rate of convergence.
Up to the logarithmic factor coming from the sup-norm vs. L! risk discussed above, the rates of
convergence indeed turn out to be the same for the two-sided problem studied here and the
one-sided problem from [50]. This is in strong contrast to the related results for X-armed bandit
problems, see [37, 119].

From a more applied point of view, it is furthermore of interest to compare the data-driven
procedure proposed here to results obtained by using established methods from (deep) rein-
forcement learning. These algorithms are very generally applicable, as they usually only require
the presence of a Markovian decision process setting. For classical methods such as the regular
Q-learning algorithm, very robust convergence results exist; however, the latter is not practicable
for problems in which the state space is too large. In the stochastic control setting considered
here, a very large state space cannot be avoided, and a natural approach for circumventing this
obstacle is to treat the problem based on the Q-learning algorithm with function approximation.
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In this respect, the fusion with neural networks has proven to be particularly powerful. A
mathematical theory of convergence for the resulting deep reinforcement learning procedures
however is still under development. Results from recent contributions such as [80] are very
interesting, but there remains a large gap between their theoretical assumptions and the Markov
decision process framework that emerges for our concrete control problems. It seems practically
impossible to apply their general convergence statements for deep Q-learning to our concrete
setting such that one is forced to fall back on purely empirical tests of the algorithms. By way of
contrast, our statistically driven method allows for a thorough theoretical analysis and yields
rules that are both interpretable and explainable.

Regarding the practical implementation, we do not give a detailed numerical comparison
here as this strongly depends on the exact framework, but just mention that in our scenarios
both approaches learn the optimal rule reasonably well, where the statistical approach is (not
surprisingly) faster and for a longer time horizon very accurate.

5.A Proor oF LEMMA 5.8

Before we start with the proof we need some preparatory remarks. The length of the first
exploration period is given by

T1 :inf{t > 01 IXtIO}:O'l +T00901,

withoy =inf{t >0: X, =-B}vinf{t >0: X, =B}, T, =inf{t > 0: X; = a} fora € R and
(6¢)r>0 denote the transition operators of the Markov process X. We will need that [E(b) [r?] < o0,
By the strong Markov property and the fact that Pg(al < o0) by point recurrence of the ergodic
diffusion X we obtain

Eplty] < 4(Ep[Tp] + By [T55]) + 4(E; (151 + B, °[T51),

and thus finiteness of the third moment of t; boils down to finiteness of the third moment of
first hitting times of the diffusion. From [120, Section 5], see also [19], it is known that if the
diffusion coefficient o is bounded and there exist r, My > O such that

xb(x) o

-—2r, VY Mo, 5.39
o2(x) x| > Mo (5.39)

then EX[T7] < oo for all n < r +1/2. In our setting boundedness of o is satisfied with 0 < v <
o(x) < v < oo and we have

2(x) < -y, Vix|>A,
for some constants y,A > 0. Thus, for |x| > AV r/y = My, (5.39) is fulfilled, which implies
that for any n € N and a,x € R, E*[T}] < oo. It is worth noting that [120] demonstrate how
the existence of moments of hitting times is initimately connected to polynomial ergodicity of
a diffusion and hence the existence of arbitrarily large hitting time moments can be regarded
as a consequence of exponential ergodicity of X under the given assumptions. In particular
EY[3] < oo as desired.

We will also make use of the following simple observation.
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LEMMA 5.20. Let X be a random variable taking values in [1, o) almost surely and suppose that
(0,2) > B — E[x*]

is differentiable with %[E[Xﬂ ] = [E[%Xﬂ ]. Then, the function
[0,1] > a +— Var(X%)

is increasing.

Proof. By the smoothness assumptions we have

0
a—Var(X“) = 2aE[X%log X] — 2aE[X¥]E[X?**log X] = 2aCov(X?, f(X%)),
a

with [1, 00) 3 x — f(x) = a 'xlogx. Since f is increasing it follows that Cov(X%, f(X%)) > 0,
proving the assertion. [ |

We are now ready to carry out the proof of Lemma 5.8.

Proof of Lemma 5.8. We start with some necessary notation. Let nfl, n € N, be the length of the
n-th exploration period for j = 0 and the length of the n-th exploitation period for j = 1. In

particular, n9 = 71 and (79)=2,3,... is an i.i.d. family of random variables under PY. Define also

=2 r]{ as the length of the first n exploration/exploitation periods, thus

yeee

0 1
Th =T +T
R ) YR R MY

where 1'8 = r(l) = 0. Finally, denote N, = inf{n € N : 1, > t} and the number of explo-

ration/exploitation periods starting before time t > O, th = Kl{h’ where
Kj=#{i<n:¢=j}, neN,je{0,1}.
Clearly, %, < S, <10, foranyt > 0, and thus
NO-1 N
0 0

T
NO-1 S NO
S5 S
Nt Nt Nt

T

By construction and the strong law of large numbers, both the left-hand and the right-hand side
P?-a.s. converge to EY[n9] and hence

— — E[n9], PY-as. (5.40)

Let now 1/, i’ be such that

r’] SSt r]il SSt F’]) ne N)J € {13 2},
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where < denotes stochastic ordering. Existence of such random variables is clear in case j = 0
and for j = 1 we can take ' to be a cycle length when reflecting in +1/B and 77; be a cycle

length when reflecting in +B. Choosing n =n° An! and 77 = 7° v ! we have

n<sm <sii, neN,je{l,2},

Let now (nn)nen and (fn)nen be i.i.d. copies of n and 7, resp., where by resorting to a coupling

argument if needed, we may assume wlog that 7, < nfl < M, Pg—a.s. foralln e N, je {0,1}
(see, e.g., [162, Section 3]). Defining

n n
Ijt:inf{neN:Zr_]i>t}, Nt:inf{neN:Zﬁi>t},

i=1 i=1
it follows that
N < N¢ £ Nt, Pg-a.s.,

With the standard renewal theorem we have

= and lim&— L
ST SR TR

By construction, we have
N (M) < w(M)
t2/3 = t -

and since by Jensen’s inequality and the above
N,\2/3 N,12/3 _
(T =8lT] = en™

it follows that 2/3
limsup T~2*EQ[NY] < ME) [’_7] =M,

T—o00
which establishes the second part of the assertion. For the first part, consider the uncontrolled
diffusion process X and let

. 0, ifn=0
T, =
" inf{t > 0, : X, =0}, ifneN,

where
op =inf{t > 7,1 : X, =B} vinf{t > 1,1 : Xy =—-B}, neN.

By the strong Markov property, (Z,)ney are i.i.d. and if we denote N, = inf{n € N : ¥, > t} for
t > 0, then (N;);»0 is a renewal process with increment distribution #;. Furthermore, we define
in analogy to the controlled case above 7, = Tei —Teig fori=0,1, where CY := min{m € N :
Z;’;ﬂ_l —¢) 2 n}and Cl = min{m e N: 31, ¢; > n}, and # o= e ﬁ{ for j = 0, 1. Finally,
let Ny = K, fort > 0. Clearly,



5.A. Proof of Lemma 5.8 147

for any n € N, which yields
Se <stSe, 20, (5.41)

where
J Z“[r o 1igl()ds € [TRo ) TRo], €20, (5.42)

By the standard renewal theorem and the properties of (¢, ) ey We have

NO  (N.\2/3 S
tz_/ts > (Tt) e lEg[Tl] 2/3, [P’g-a.s.

which, on account of the fact that by combining the strong law of large numbers and (5.42) we

have y
St

NO e [EO[ 1], [P’l?-a.s.,

shows that

o

St ~
11{2g1fm > HEO[ ]1/3 = m, Pg-a.s..

Consequently, an application of Fatou’s lemma provides

S
of =t ~
11tn_1>glf[E [ 2/3] >m

Thus, choosing m = m/2 there exists € € (0, m/2) such that for any T > 0 large enough we have
Ep[Sr] = TP (m +¢),
which, together with Markov’s inequality and (5.41), yields

PY(Sr < mT??) < PY(Sr < mT?3) < PU(EY[Sr] - Sr > eT??)

< P(E R, ] — 3o = e7)
N, P o 2
< e (25, ~ EDIE%_,])°)

< 26727743 (Vargy (£3) + B9 (1)%]).
Thus, to show that [P’l? (St < mT2/ 3 < T-13 it is enough to establish that

Vatpo (fo) < T- (5.43)

T

To this end, note first that for any n > 2 and T > 0 we have

n
(N2 Sn}:UU({NO:k}m{NT:l})
k=1 1>k
n -1
= (2044, > T, %14 ST,Z(l—ci) € {k-1,k}}
k=1 1>k i=1
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=i

=: Akl
k=1 1>k

By construction, (1i9)k>nt1 L Gn, where
Sn = o({if), .., iin} U {ii} 11 < CP})

is the o-algebra generated by the lengths of the first “exploration/exploitation” periods up to the
n-th “exploration” period of the uncontrolled process X. Clearly, Ax; € G, foranyk=1,...,n
and | > k, which shows that 1\779 is a (Gn)nen stopping time. Hence, we can use Wald’s second
moment identity, see [15, Propostion A10.2], to obtain

Ny
Varpo ('E]%O) = Varp ( Z ﬁ?) =EY[#1]*- Varpo (N2) + Varpo (#1) - Ep[N7].

! i=1
Since by Jensen’s inequality and the renewal theorem

lim sup T~**EJ[NP] < lim sup MT*°E°[N7*] < M lim sup (E°[N7]/T)*” < o,

T—o00 T—o00 T—o00

(5.43) will follow if we can prove that Var[pg (]\779) < T. By classical renewal arguments, cf. [15,

Proposition 6.3] we have

Varpo(Ny) — Varpo(f1)
fim —ps ) T (5.44)
T—o00 T [Eg [71]3

and by construction it follows that
Vargs (N9) = E°[(N9)?] ~ E°[N2]?
< E[((Np)*® +2)*] - E°[ (Np)**)?
< Val'[pg ((NT)Z/B) + [Eg [(NT)Z/B] .
By Jensen’s inequality we have [Eg [(NT)z/ 3] < T and (5.44) combined with Lemma 5.20 yields
Varpg((NT)z/B) < T (note here that [Eg[%(NT)‘B] < 2EY[(Nr)?] < oo for B € (0,2) and thus we

may differentiate under the integral to obtain %[ES[(NT)’; 1= [ES[%(NT)B ] as needed). Thus,
Varpg (N9) < T, which shows that indeed PY(T~2/3S; < m) < 771/, n
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f(T) € O(g(T))
f(T) € o(g(T))

xSy

[0’ OO)

Lebesgue measure on R¢

Lebesgue measure on R,

scalar product of elements x, y from a Hilbert space H
dual space of a Hilbert space H

topological space X with Borel o-algebra B(X)

function f: X — R is B(X)-measurable

space of bounded, B(X)-measurable functions f: X —» R
space of non-negative, B(X)-measurable functions
f:X—->R

family of accessible sets for a y-irreducible Markov process
X with state space X

space of continuous functions f: X — R

space of bounded, continuous functions f: X —» R
space of continuous functions f: X — R vanishing at
infinity

space of k-times continuously differentiable functions
f:RI SR

space of k-times continuously differentiable functions
f: R? — R such that || f?]|e < 0o foralll =0,...,k
Schwartz space of rapidly decreasing functions f: R — C
space of tempered distributions

LP-space of functions f € B(X) s.t. fx|f(x)|p p(dx) <
oo for some measure p on a given measurable space
(X,B(X))and p > 1

[ () p(dx) for £ € L1(X, p) U B.(X)

positive tail of a measure p on (R, B(R)), defined by
f(x) = p((x, 00)) forx > 0

extended generator A with domain D(A) for Borel right
process X

infinitesimal generator A with domain D(ﬁ) for Feller
process X

resolvent of a Markov process

stochastic integral up to time ¢t > 0 wrt. semimartingale
(Xs)s>0 for appropriate predictable process (H;)s>o

total variation norm of a signed measure v

sup-norm of a function f: X — R on normed space X

lim sup,_,, |%| < oo for functions f,g: Ry —» R
lim sup,_,, |Jg%| = 0 for functions f,g: Ry —» R

€ >0: x <Cy
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