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Abstract

The main goal of this thesis is a rigorous derivation of the degenerate parabolic-elliptic Keller-
Segel system of porous medium type on the whole space Rd from a moderately interacting stochastic
particle system. After we review some existing results on this topic and introduce the setting of
the problem as well as the main results of this thesis, we establish the classical solution theory
of the degenerate parabolic-elliptic Keller-Segel system and its non-local version. This classical
solution theory is used later to obtain required estimates on the particle level. Because of the
non-linearity in diffusion and the singularity in aggregation we perform an approximation of the
stochastic moderately interacting particle system using the cut-offed potential. The stochastic effect
is introduced as a parabolic regularization of the system. Then we compare this new system with
another cut-offed system of mean-field type. We present the propagation of chaos result with two
different types of cut-off scaling, namely logarithmic and algebraic scaling. For the logarithmic
scaling we prove the convergence of trajectories in expectation. For the algebraic scaling we obtain
it in the sense of probability. Consequently, the propagation of chaos follows directly from these
convergence results and the vanishing viscosity of the system.

Key words: Moderately interacting particle systems; Stochastic particle systems; Mean-field
limit; Chemotaxis; Keller–Segel model; Degenerate parabolic-elliptic system; Propagation of chaos

Zusammenfassung

Das Hauptziel dieser Arbeit ist eine rigorose Herleitung des entarteten parabolisch-elliptischen
Keller-Segel Systems vom Poröse-Medien-Typ auf dem ganzen Raum Rd aus einem mäßig wech-
selwirkenden stochastischen Teilchensystem. Als erstes erläutern wir manche bereits existierende
Resultate aus diesem Gebiet und präsentieren die Problemstellung und die Hauptresultate dieser
Arbeit. Danach leiten wir die klassische Lösungstheorie für das entartete parabolisch-elliptische
Keller-Segel System und seine nicht-lokale Version her. Diese klassische Lösungstheorie wird später
benutzt, um die notwendigen Abschätzungen auf dem Teilchenniveau zu erhalten. Wegen der Nicht-
linearität der Diffusion und der Singularität des Interaktionspotentials muss man das mäßig wech-
selwirkende stochastische Teilchensystem mit Hilfe eines abgeschnittenen Potentials approximieren.
Der stochastische Effekt dient als eine parabolische Regularisierung des Systems. Dann vergle-
icht man dieses abgeschnittene System mit einem weiteren abgeschnittenen Teilchensystem vom
Mean-Field-Typ. Wir präsentieren zwei Resultate der Ausbreitung des Chaos für unterschiedliche
Skalierungsresultate. Mit der logarithmischen Skalierung erhalten wir Konvergenz der Trajekto-
rien im Erwartungswert und mit der algebraischen Skalierung bekommen wir die Konvergenz in
Wahrscheinlichkeit. Ausbreitung des Chaos folgt direkt aus den beiden Konvergenzresulten und der
verschwindenden Viskosität des Systems.

Schlüsselwörter: Mäßig wechselwirkende Teilchensysteme; Stochastische Teilchensysteme;
Mean-field Limit; Chemotaxis; Keller–Segel Model; Entartetes parabolisch-elliptisches System;
Ausbreitung des Chaos
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Chapter 1

Introduction

Interacting particle systems of mean-field type belong to the well-known and fast growing fields
in mathematics. They are used to construct microscopic models of different physical and biological
phenomena, such as dynamics of ions in plasma, distribution of bacteria in fluids or flocking behavior
of animals. One of the easiest ways to describe this kind of behavior mathematically is to consider
a system of ordinary (or stochastic) differential equations with a suitable two-particle interaction
effect to describe the dynamics of a large group of identical particles. However, since the number of
particles could be very high, one would like to find a way to approximate these microscopic models
and so reduce their complexity. In order to achieve this goal, one can derive the scaling limit of the
interacting particle systems. This macroscopic model is often given by a partial differential equation.

1.1 Background and State of the Art

The idea of the mean-field theory comes initially from statistical physics. First kinds of such equa-
tions were introduced by Jeans in [Jeans, 1915] as he studied stellar dynamics. A very successful
implementation of the mean-field theory was done by Vlasov in [Vlasov, 1938] and [Vlasov, 1968], as
he studied evolution of plasma. He obtained that interaction of ions can be approximated by equa-
tions of Vlasov-type. For the general setting and background of Vlasov equations and the mean-field
theory we refer to [Jabin, 2014], [Mayer, 2014] and [Golse, 2016].

Although Vlasov’s first paper in this field was published in 1940s, the rigorous derivation of the
Vlasov equation as a mean-field limit for Coulomb interaction potentials remains a hot topic in
plasma physics. Let us recall some classical results from this field. Braun and Hepp in [Braun and
Hepp, 1977] established a connection between Vlasov dynamics and particle systems with regular
interaction potentials. Then Dobrushin obtained in [Dobrushin, 1979] uniqueness of the solution
to the Vlasov equation from [Braun and Hepp, 1977] with the help of the Kantorovich-Rubinstein
metric. An overview about Vlasov equations and some classical results in this field can be found in
[Spohn, 2004].

Parallel to the mean-field theory, Kac studied in [Kac, 1956] interacting particle systems and
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CHAPTER 1. INTRODUCTION

introduced a mathematical definition of chaos. He proposed an idea that the independence of two
particles in the system is preserved in time as the number of particles tends to infinity. This effect
is now called propagation of chaos. The definition of Kac’s chaos and some extensions can be found
in [Jabin and Wang, 2017] or [Sznitman, 1991].

A significant enhancement of the theory was done by McKean in [McKean, 1967] as he studied
new diffusion models which also satisfy propagation of chaos. McKean developed a so-called syn-
chronous coupling method which was later generalized by Sznitman in [Sznitman, 1991]. It allows
to approximate a system of stochastic interacting particle systems by another symmetric system
of stochastic differential equations. Thanks to this method, one can reduce this symmetric system
to only one equation. Then using Ito’s formula one obtains a mean-field equation from this single
stochastic differential equation. The proof of McKean as well as other details about this method can
be found in [Chaintron and Diez, 2021] and [Sznitman, 1991].

Many important interaction potentials are not Lipschitz continuous therefore one needs to use
other techniques to handle them. Now we would like to mention some significant contributions for
the Coulomb potential. Lazarovici and Pickl in [Lazarovici and Pickl, 2017] proposed a new method
which considers a particle system with a cut-offed potential and random initial data. They derived
a mean-field limit in the sense of probability for the Coulomb potential in three dimensions. Later
Leblé and Serfaty proved in [Leblé and Serfaty, 2018] a version of the central limit theorem for 2-d
gases with the Coulomb potential. Moreover, Serfaty established in [Serfaty, 2020] the mean-field
limit for the particle system with the Coulomb-type potential in arbitrary dimensions. For further
recent results about particle systems with Coulomb interactions we refer to [Serfaty, 2018].

The classical method of the mean-field theory, especially for smooth interactions, is based on
the direct trajectory estimates. For deterministic particle systems we refer to [Golse, 2016] and
for stochastic systems we refer to [Sznitman, 1991]. Many particle models contain singularity and
therefore one cannot apply classical methods. One needs to introduce additional assumptions or
apply regularization techniques in order to derive mean-field limits for this kind of particle systems.
This kind of results were studied in [García and Pickl, 2017], [Boers and Pickl, 2016] , [Lazarovici and
Pickl, 2017], [Godinho and Quininao, 2015] , [Bolley et al., 2011], [Chen et al., 2017], [Chen et al.,
2020] with different cut-off techniques. For more information about interacting particle systems with
singular potentials as well as some generalizations see [Jabin and Wang, 2017] and references therein.

Now we would like to draw attention to the relative entropy method which gives the strong
convergence in the propagation of chaos. Moreover, one can directly handle weaker interaction
potentials without mollification. In this case, instead of considering trajectories of the particles,
one studies directly a high-dimensional partial differential equation of the joint law of all particles.
Then one computes the relative entropy of the joint law and the factorized law from the limiting
equation. The relative entropy was used by H-T Yao in [Yau, 1991] to study hydrodynamics of
Ginzburg–Landau and was later applied to other hydrodynamics limits which can be found in [Kipnis
and Landim, 1998]. Then Serfaty introduced in [Serfaty, 2017] the modulated energy approach
which was successfully used to derive mean-field limits for quantum vortices. This method was
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CHAPTER 1. INTRODUCTION

later used by Duerinckx in [Duerinckx, 2016] for the gradient flows with potentials of Riesz-type
and by Serfaty in [Serfaty, 2020] for the flows of Coulomb-type. In [Jabin and Wang, 2016] Jabin
and Wang considered the second order interacting particle systems with the interaction potential K
which belongs to L∞. Jabin and Wang used the relative entropy in order to control the distance
between the N -particle distribution and the expected limiting equation which is nothing but the
solution to the corresponding Vlasov system. In [Jabin and Wang, 2018] Jabin and Wang used the
same method and derived mean-field limits for the interaction kernel K such that K and ∇ · K
belong to Ẇ−1,∞. Then Bresch, Jabin and Wang combined in [Bresch et al., 2019] the tools from
[Jabin and Wang, 2018] together with the modulated potential energy method from [Serfaty, 2020]
and obtained mean-field filmits for two dimensional Keller-Segel systems or logarithm potentials in
higher dimensions. More precisely, they derived similar estimates as those in [Jabin and Wang, 2018]
for less singular parts of the potential and also used tools from [Serfaty, 2020] to control logarithm
singularities of the potential. The application of the relative entropy method for the derivation of
the degenerate parabolic-elliptic Keller-Segel system seems to be challenging and will be covered in
our future projects.

1.2 Main Concepts of the Mean-field Theory

In this section we discuss the key ideas of the mean-field theory for both deterministic and stochastic
interacting particle systems.

1.2.1 Deterministic Models with Regular Potentials

We use the toy model from [Golse, 2016] in order to illustrate the deterministic theory. Denote by
Rd the d-dimensional Euclidean space and by N the set of natural numbers. Consider a system of
N ∈ N identical particles

xi(t) ∈ Rd, i ∈ {1, . . . , N},

where xi(t) describes the position of the i-th particle at time point t. It is important to mention
that particles should be identical in order to describe the dynamics of the whole system by only
one individual particle. In this deterministic model we assume that only two-body interaction takes
place. The interaction force between the i-th and the j-th particle is denoted by K(xi, xj), where

K : Rd × Rd → Rd,

(xi, xj) 7→ K(xi, xj).

3



CHAPTER 1. INTRODUCTION

In this example we consider Newton dynamics. So, we need to take Newton’s third law of mechanics
into account and therefore assume that

K(x, x′) = −K(x′, x)

holds for all x, x′ ∈ Rd. Moreover, for simplicity we assume that K ∈ C1(Rd × Rd;Rd) and there
exists L > 0 such that

sup
x′∈Rd
|∇xK(x, x′)| ≤ L and sup

x∈Rd
|∇x′K(x, x′)| ≤ L.

The dynamics of the particle system is determined by the system of ordinary differential equations
which is given by

dxi(t)
dt

=
N∑
j=1
j 6=i

K(xi(t), xj(t)), i ∈ {1, . . . , N}.

Now we need to rescale the time variable of this system in order to ensure that after this procedure
dxi(t)
dt

is bounded for every i ∈ {1, . . . , N} as N tends to infinity. Since
N∑
j=1
j 6=i

K(xi(t), xj(t)) contains

N − 1 terms, the desired property could be achieved by the new time scaling t

N
.

For the example above one obtains a classical result, which is stated in Theorem 1.3.1 and
Theorem 1.4.4 from [Golse, 2016]:

1. For each N ∈ N and each N -tuple XN
0 := (x1

0, · · · , xN0 ) the Cauchy problem for the system of
ordinary differential equations

dxi(t)
dt

= 1
N

∑N
j=1
j 6=i

K(xi(t), xj(t)),

xi(0) = xi0, i ∈ {1, . . . , N},
(1.1)

has a unique C1 solution on R which is denoted by

t 7→ XN(t) := (x1(t), · · · , xN(t)) =: TtXN
0 .

2. The empirical measure µTtXN
0

:= 1
N

∑N
j=1 δxj(t) is a weak solution of the Cauchy problem for

the mean-field partial differential equation which is given by

∂tf +∇ · (fKf) = 0, (1.2)
f |t=0 = µXN

0
,

4



CHAPTER 1. INTRODUCTION

where

K : P1(Rd)→ Rd,

µ 7→ Kµ(·) :=
∫
Rd
K(·, x′)µ(dx′),

and P1(Rd) denotes the set of Borel probability measures on Rd with the finite first moment.

3. If f0 is a probability density such that
∫
Rd |x|f0(x) dx < ∞, then (1.2) has a unique weak

solution f ∈ C(Rd;L1(Rd)). Let distMK,1 be the Monge-Kantarovich distance. If for f0 it
holds that distMK,1(µ0, µXN

0
) → 0 as N → ∞ where dµ0 = f0dx, then µTtXN

0
converges to

µ(t, ·) in the weak topology of probability measures where dµ(t.·) = f(t, ·)dx.

1.2.2 Stochastic Models with Regular Potentials

In real world applications it is natural to consider that particle dynamics is under the influence
of uncertainties. One of the possibilities to perturb the system is to add an independent noise to
each single particle. This kind of particle systems is typically described by a system of stochastic
differential equations.

At the same time we can consider a general type of stochastic interacting particle systems where
coefficients of stochastic differential equations depend on a probability measure. For the motivation
let us recall (1.1) and have a closer look at 1

N

∑N
j=1
j 6=i

K(xi(t), xj(t)), i ∈ {1, . . . , N}. One can see that

it is possible to redefine this sum as the convolution of K with µTtXN
0

= 1
N

∑N
j=1 δxj(t). So, using this

idea we consider the following type of stochastic interacting particle systems from sections 2.2.2 and
5.1 in [Chaintron and Diez, 2021] . Let b : Rd × P(Rd) → Rd and σ : Rd × P(Rd) → Rd×d where
P(Rd) is the set of probability measures on Rd. The stochastic interacting particle system is given
by

dX
i
t = b(X i

t , µ
N
t )dt+ σ(X i

t , µ
N
t )dBi

t,

X i
0 are i.i.d. with the density u0, i ∈ {1, . . . , N},

(1.3)

where Bi
t , i ∈ {1, . . . , N} are N independent d-dimensional Brownian motions and µNt := 1

N

N∑
i=1

δXi
t

is the empirical measure of the above system. Moreover, we need to assume that Bi
t , i ∈ {1, . . . , N}

are independent from the initial data.
If we compare (1.1) and (1.3), we recognize some significant differences. First, µNt is now a

measure-valued random variable, namely a random probability measure, and not a deterministic
function as it was before. Moreover, one cannot expect that µNt solves the mean-field partial differ-
ential equation for every N ∈ N as it was the case in Theorem 1.3.1 from [Golse, 2016]. However,
µNt still gives us information about the N -particle distribution. We notice that X i

0, i ∈ {1, . . . , N}
are independent and identically distributed random variables and each of it has the same density

5



CHAPTER 1. INTRODUCTION

function u0. Therefore, the density of the joint probability distribution is given by u⊗N0 . Moreover,
since Brownian motions are mutually independent, under some additional conditions on the coeffi-
cients b(·, ·) and σ(·, ·) we are able to reduce (1.3) to the following symmetric system of stochastic
differential equations


dX̄ i

t = b(X̄ i
t , u(t, X̄ i

t))dt+ σ(X̄ i
t , u(t, X̄ i

t))dBi
t,

X i
0 are i.i.d. with the density u0, i ∈ {1, . . . , N},

u(t, ·) is the law of X̄ i
t .

(1.4)

Since every equation in (1.4) is independent of each other, we can reduce it to one stochastic
differential equation


dX̄t = b(X̄t, u(t, X̄t))dt+ σ(X̄t, u(t, X̄t))dBt,

X0 has a density u0,

u(t, ·) is the law of X̄t.

By Itô’s formula we deduce that for f : [0, T ]×Rd → R where f is C1 in the time variable t and
C2 in the space variable x it holds that

d(f(t, X̄t)) = ∂f

∂t
(t, X̄t)dt+

d∑
i=1

∂f

∂xi
(t, X̄t)bi(X̄t, u(t, X̄t))dt (1.5)

+ 1
2

d∑
i,j=1

∂2f

∂xi∂xj
(t, X̄t)

d∑
l=1

σil(X̄t, u(t, X̄t))σjl(X̄t, u(t, X̄t))dt

+
d∑
i=1

( ∂f
∂xi

(X̄t, u(t, X̄t))
d∑
j=1

σij(X̄t, u(t, X̄t))
)
dBj

t .

Then we write equation (1.5) in the integral form and take the expected value in order to obtain
that for 0 ≤ s ≤ r ≤ T it holds that

E
[
f(r, X̄r)− f(s, X̄s)

]
= E

[∫ r

s

∂f

∂t
(t, X̄t)dt

]
+ E

[∫ r

s

d∑
i=1

∂f

∂xi
(t, X̄t)bi(X̄t, u(t, X̄t))dt

]

+ E

∫ r

s

1
2

d∑
i,j=1

∂2f

∂xi∂xj
(t, X̄t)

d∑
l=1

σil(X̄t, u(t, X̄t))σjl(X̄t, u(t, X̄t))dt


At this point we need to assume that u has a density function which is denoted by u as well. So, the
density function of the law of X̄t is a weak solution to the mean-field partial differential equation

6
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which is given by

∂tu =
d∑
i=1

∂xi (bi(·, u)u) + 1
2

d∑
i,j=1

∂xi∂xj

(
d∑
l=1

σil(·, u)σjl(·, u)u
)
,

u(0, ·) = u0.

In this short example we only present a formal idea of the proof. In order to derive the mean-field
partial differential equation rigorously, one needs to ensure existence of density functions, to derive
their connection to partial differential equations and to prove that (1.3) can be in fact approximated
by (1.4). A common strategy to compare these two particle systems is to prove with the help of
Grönwall’s lemma that

sup
t≥0

sup
i=1,...,N

E
[∣∣∣X i

t − X̄ i
t

∣∣∣2]→ 0 as N →∞.

So, one proves that the empirical measure µNt converges weakly to u(t, ·) as N →∞. As a byproduct
one obtains propagation of chaos, namely that the joint distribution of k particles from the system
(1.3) where k ∈ {1, . . . , N} converges weakly to the the joint distribution of k particles from the
system (1.4) as N →∞.

1.2.3 Particle Models with Singular Potentials

In the past two subsections we considered only regular interaction potentials. Many particle models
contain singularities and therefore one cannot apply classical methods we discussed above. Now we
present some common strategies to overcome this difficulty.

The authors of [Bolley et al., 2011] extended the classical McKean’s result to the locally Lipschitz
interactions with the polynomial growth by requiring additional moment estimates for the particle
system and for the limiting equation as well.

In [Fournier et al., 2017] the authors derived a the so-called Keller-Segel model, which we explain
in the next section, from the following system of two dimensional stochastic differential equations:

X i,N
t = X i

0 +
√

2Bi
t + χ

N

N∑
j=1

∫ t

0
K(X i,N

s −Xj,N
s )ds, i = 1, . . . , N. (1.6)

In (1.6) χ is a positive number, N ≥ 2 and K(x) := −x
2π|x|2 with the convention K(0) = 0 and Bi

t,

i ∈ {1, . . . , N} are N independent 2-dimensional Brownian motions. Since K is singular, the authors
of [Fournier et al., 2017] proved in Proposition 4 that for any N ≥ 2 and T > 0:

P(∃ t ∈ [0, T ] : ∃1 ≤ i < j ≤ N : X i,N
t = Xj,N

t ) > 0.

This means that the singularity of K is visited and consequently the model (1.6) is not well-defined.
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So, the authors considered a regularized system where K is approximated by Kε(x) := −x
2π(|x|2+ε2) . It

allows to obtain a globally Lipschitz continuous kernel Kε and therefore a global strong solution of
the interacting particle system. Then letting ε → 0 and N → ∞ the expected mean-field limit is
given by

∂tft(x) + χ∇x · ((K ∗ ft(x))ft(x)) = ∆xft(x)
f0 = µ0.

For more information about interacting particle systems with singular potentials as well as some
generalizations see [Jabin and Wang, 2017] and references therein.

In this work we study so-called moderate interactions which we present in the next subsection.

1.2.4 Moderately Interacting Particle Systems

In the models described above only weak interaction of particles, namely the interaction of order
O
(

1
N

)
, has been considered. In [Oelschläger, 1985] Oelschläger introduced and studied moderately

interacting particle systems which are used to obtain local non-linear partial differential equations.
The idea is to take a radially symmetric function V and then consider the interaction potential
V ε(x) := 1

εd
V (x

ε
) for ε > 0, which converges to the Dirac delta in the sense of distributions. The

resulted interaction of particles is of order ε−dN−1. With an appropriate chosen scaling ε(N) one
can obtain a non-linear diffusion equation by taking the limit ε→ 0 and N →∞.

Oelschläger studied moderately interacting particle systems in [Oelschläger, 1990] in order to
derive equations of porous medium type. The deterministic Oelschläger’s model was later extended
by Philipowski in [Philipowski, 2007] where he considered a system of stochastic interacting particles
in Rd which is given by

dX
N,i,ε,δ
t = − 1

N

∑N
j=1∇V ε(XN,i,ε,δ

t −XN,j,ε,δ
t )dt+ δdBi

t, i = 1, . . . , N

XN,i,ε,δ
0 = ζi,

where (Bi)i∈N is a sequence of independent Brownian motions and (ζi)i∈N is a sequence of i.i.d.
random variables which are independent of the Brownian motions. The distribution of (ζi)i∈N is
given by a smooth density function u0. Philipowski proved that for each t ≥ 0 the empirical measure
µN,ε,δt := 1

N

∑N
i=1 δXN,i,ε,δ

t
converges weakly to a deterministic measure Pt on Rd as N → ∞, ε →

0, δ → 0 in a way that N >> 1
ε
and ε << δ. The measure Pt has a density u(t, ·) which solves the

porous medium equation
∂tu = 1

2∆(u2) in (0,∞)× Rd

u(0, ·) = u0.

He obtained the above result and the propagation of chaos for the logarithmic scaling. The Oelschläger’s

8
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approach was generalized by [Chen et al., 2019] to derive a cross-diffusion system, in [Chen et al.,
2021a] to obtain the SKT system where the moderate interaction appeared in the diffusion coefficient
and in [Chen et al., 2021b] to derive a non-local porous medium equation.

1.2.5 Choice of the Scaling

Let us come back to the question how we compare particle systems (1.3) and (1.4). In the subsections
before before we mentioned that we can derive estimates of E

[∣∣∣X i
t − X̄ i

t

∣∣∣2] by using Grönwall’s
argument and obtain the convergence result. However, for moderately interacting particle systems
this procedure works only for the logarithmic scaling which yields a relatively slow convergence rate.
There exists another way how to establish that (1.3) can be indeed approximated by (1.4). However,
due to the singularity of the potential one cannot expect that the trajectories of the regularized
particle system and the particle system of the mean-field type remain close to each other on any
finite time interval. Nevertheless, one can prove that the probability of the event that the maximal
distance between these two trajectories is bigger than N−a, where a is some real number between
0 and 1

2 , could be bounded by N−γ for an arbitrary γ > 0. This kind of results were studied in
[García and Pickl, 2017], [Boers and Pickl, 2016] and [Lazarovici and Pickl, 2017]. The main idea
is to define an auxiliary function to control the probability of the events described above and then
precisely choose parameters of this function in order to bound it by N−γ.

1.3 Keller-Segel Model

In this section we present a heuristic mathematical model from biology which describes chemotaxis,
namely the collective motion of cells which are attracted or repelled by a chemical substance and
are able to emit it. From biology there are two types of chemotaxis. If organisms move from a lower
concentration towards a higher concentration of the chemical substance, it is called a positive chemo-
taxis. The opposite phenomenon is called a negative chemotaxis. Substances that induce chemotaxis
are called chemoattractants or chemorepelents. One of the easiest ways to model chemotaxis is to
assume that the chemotactic flux F is given by

F = χu∇v,

where u is the organism’s density, v is the chemical concentration and χ is a so-called chemotactic
sensitivity (see e.g. [Arumugam and Tyagi, 2021] ). So, if we choose χ > 0 then we obtain positive
chemotaxis and vice versa. Since the chemical substance diffuses as well, one typically considers v
as a solution to some elliptic or parabolic equations which are coupled with u.

The so-called Keller-Segel model was introduced by [Keller and Segel, 1970], [Keller and Segel,
1971] and [Patlak, 1953], which nowadays has many different modifications. Let us consider a general

9
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Keller-Segel model from [Arumugam and Tyagi, 2021]
∂tu = ∇ · (φ(u, v)∇u− ψ(u, v)∇v) + f(u, v),

τ∂tv = d∆v + g(u, v)− h(u, v)v
(1.7)

In this system u denotes the density of organisms and v represents the concentration of some
chemicals substance on a domain Ω ⊂ Rn. In the system (1.7) τ is a binary variable, i.e. if τ = 0
then we call system (1.7) parabolic-elliptic and if τ = 1 then parabolic-parabolic. Therefore, it is
clear that for τ = 1 it is necessary to have information about initial conditions for both unknown
functions, namely u(0, ·) = u0 and v(0, ·) = v0, and for the case τ = 0 only u(0, ·) = u0 is required.

Now we explain the remaining terms appeared in (1.7). φ(u, v) describes organisms’ diffusion,
ψ(u, v) their chemotactic sensitivity and f(u, v) the growth rate. Therefore, we obtain the main
feature of this model, namely the competition between the aggregation term −ψ(u, v)∇v and the
diffusion term φ(u, v)∇u. So, the behavior of u depends on the choice of functions and parameters
in (1.7). Especially it decides whether the aggregation will be balanced by the diffusion term,
which ensures the global existence of u, or u will blow up. Moreover, g(u, v) and h(u, v) represent
production and degradation of the chemical substances. For concrete examples we refer to Section
1.3 of [Arumugam and Tyagi, 2021].

For higher dimensions the aggregation effect of the Keller-Segel system is stronger than the
diffusion effect, so the porous media type nonlinear diffusion has been introduced to balance the
aggregation. Let us consider the following classical degenerate Keller-Segel system with a non-linear
diffusion of porous medium type


∂tu = −∇ · (u∇c) +∇ · (∇um),

−∆c = u(t, x),

u(0, x) = u0(x) x ∈ Rd, t > 0.

(1.8)

The main result of this work is to rigorously derive (1.8) from a stochastic interacting particle system
for the sub-critical m.

Now let us discuss one of the main properties of the Keller-Segel model, which is the conservation
of mass, namely

M0 :=
∫
Rd
u0(x)dx =

∫
Rd
u(t, x)dx for t ≥ 0.

It is well-known that solution’s behavior depends on the quantity M0. Choosing d = 2 and m = 1 in
(1.8) one obtains a system of partial differential equations which corresponds to the original work of
[Keller and Segel, 1970]. The authors of [Blanchet et al., 2006] proved that for the sub-critical case,
namely 0 < M0 < 8π, the solution exists globally and for the super-critical case, that is M0 > 8π,
there is a blow up in finite time. The main tool of [Blanchet et al., 2006] is a so-called free energy
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which is defined as

F [u] =
∫
R2
u ln(u) dx− 1

2

∫
R2
uc dx.

With the help this functional one obtains a priori estimates and then the asymptotic behavior of
u. Later using the free energy method the authors of [Blanchet et al., 2008] considered the critical
case, namely M0 = 8π, and proved that the solution of (1.8) for d = 2 and m = 1 exists globally
and blows up at the center of mass as time goes to infinity.

Let us now review some more general results. The behavior of the solution to (1.8) for d ≥ 3
and m = 2(d−1)

d
∈ (1, 2) was studied in [Blanchet et al., 2009]. The main tool in this article is the

following free energy functional

t 7→ F [u(t)] :=
∫
Rd

um(t, x)
m− 1 dx− Cd

2

∫
Rd

∫
Rd

1
|x− y|d−2u(t, x)u(t, y) dx dy

where Cd := Γ(d/2+1)
d(d−2)πd/2 as well as the entropy/entropy-dissipation relation. This means that F is

connected to its time derivative which is the so-called entropy production

d

dt
F [u(t)] = −

∫
Rd
u(t, x)

∣∣∣∣∇( m

m− 1u
m−1(t, x)− c(t, x)

)∣∣∣∣2 dx
where u is a positive fast-decaying solution to (1.8). Then using the Hardy-Littlewood-Sobolev
inequality (see Theorem 4.3 [Lieb and Loss, 2001]) authors of [Blanchet et al., 2009] obtained a
critical massMc and studied behavior of the solution to (1.8) for differentM0. The scalingm = 2(d−1)

d

is invariant for the conservation of mass.
Authors of [Luckhaus and Sugiyama, 2006], [Sugiyama, 2006], [Sugiyama, 2007] and [Sugiyama

and Kunii, 2006] proved that if m > 2 − 2
d
then the uniqueness and existence of the solution to

(1.8) holds for any initial data and if 1 < m ≤ 2 − 2
d
then one observers either global existence

or blow up for different initial data. Since the methods from [Sugiyama, 2007] play an important
role in this thesis, we discuss them briefly here. The first step is to regularize degeneracy of the
studied system of partial differential equations which is caused by the porous medium term. Using
a fixed point argument one obtains a local solution to the regularized system. In order to obtain
global existence, one needs to establish uniform Lm a priory estimates and then perform Moser’s
iteration which yields an L∞ bound. Moreover, it is crucial to obtain estimates of the L∞ norm of
the gradient of the solution to the regularized problem. This is done by the so-called Bernstein’s
method which is explained in [Oleinik and Kruzhkov, 1961]. Then using standard estimates one
obtains a weak solution of the degenerate system as a limit case of the regularized system of partial
differential equations.

It was first proposed by Chen, Liu and Wang in [Chen et al., 2012] that the nonlinear diffusion
term with mc = 2d

d+2 is also important for Patlak-Keller-Segel system from many points of view.
In this case, the system has a family of stationary solutions which are quite similar to the two
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dimensional case from [Keller and Segel, 1971], which is also the sharp profile in Hardy-Littlewood-
Sobolev inequality. Moreover, the entropy is conformal invariant. For 2d

d+2 < m < 2(d+1)
d

a clear
criterion for the classification of initial data is given in [Wang et al., 2016]. We refer to [Wang et al.,
2016] for detailed information about these two critical exponents , namely, the exponent 2(d−1)

d
which

comes from the scaling invariance of the mass, and the exponent 2d
d+2 which comes from the conformal

invariance of the entropy.

1.4 Problem Setting

In this section we introduce main assumptions and the problem setting of this thesis.
Let (Ω,F , (Ft≥0),P) be a complete filtered probability space. Let N ∈ N and d ≥ 2. We consider

d-dimensional Ft-Brownian motions {(Bi
t)t≥0}Ni=1 which are assumed to be independent of each other.

Now we introduce u0.

Assumption 1 (Assumptions for u0). 0 ≤ u0 ∈ L1(Rd) ∩ L∞(Rd),

For this given u0 there exists a sequence of initial data {uσ0}σ, which satisfies the following
conditions:
Initial data uσ0

{uσ0}σ ⊂ C∞0 (Rd), (1.9)
uσ0 → u0 in Ls(Rd) for s ∈ [1,∞) as σ → 0,
‖uσ0‖Lq(Rd) ≤ ‖u0‖Lq(Rd) for q ∈ [1,∞].

Now we assume that {ζi}Ni=1 are i.i.d. random variables, independent of {(Bi
t)t≥0}Ni=1 and have a

common density function uσ0 .
Recall the fundamental solution of Laplace equation which is denoted by Φ, namely

Φ(x) =


Cd
|x|d−2 , if d ≥ 3,

− 1
2π ln |x|, if d = 2,

where Cd := Γ(d/2+1)
d(d−2)πd/2 .

Let W (|x|) ∈ C∞0 (Rd) such that W ≥ 0 ,
∫
RdW (x)dx = 1 and define V := W ∗ W . Since

V ∈ C∞0 (Rd), it follows directly that ∀n ∈ N:
∫
Rd |x|nV (x)dx <∞ which means that all moments of

V are bounded. Furthermore, we denote

W ε(x) := 1
εd
W (x/ε),

V ε(x) := 1
εd
V (x/ε),

Φε := Φ ∗ V ε.

12



CHAPTER 1. INTRODUCTION

Moreover, we obtain that V is symmetric and ∇V is bounded and Lipschitz continuous with some
constant L. We also know that ∇V ε is Lipschitz continuous with constant L

εd+2 and bounded by
‖∇V ‖

L∞(Rd)
εd+1 . By the same argument we obtain that D2V ε and D3V ε are bounded by ‖D

2V ‖
L∞(Rd)

εd+2 and
‖D3V ‖

L∞(Rd)
εd+3 respectively.
In this thesis we consider different assumptions for p and m.

Assumption 2 (Weak assumptions for p and m).

p(u) = m

m− 1u
m−1 for m = 2 or m ≥ 3.

Assumption 3 (Strong assumptions for p and m ).

p(u) = m

m− 1u
m−1 for m ∈

(
N ∩ (1, d2 + 3]

)
∪ (d2 + 3,∞).

Now let pλ be the approximation of p such that pλ ∈ C3(R+) and

pλ(r) =


p(2/λ), if r > 2/λ,

p(r), if 2λ < r < 1/λ,

p(λ), if 0 < r < λ.

(1.10)

So, we obtain that

‖p′λ‖L∞(R+) ≤ p′(1/λ) ≤ C(m)
(1
λ

)m−2
,

‖p′′λ‖L∞(R+) ≤ max{p′′(2λ), p′′(1/λ)} ≤ C(m)
(1
λ

)|m−3|
,

‖p′′′λ ‖L∞(R+) ≤ max{p′′′(2λ), p′′′(1/λ)} ≤ C(m)
(1
λ

)|m−4|
.

Since our model contains an aggregation term and a diffusion term, we introduce εk > 0 and
εp > 0. So, the regularized interacting particle system is described by the following system of
stochastic differential equations, namely for i ∈ {1, . . . , N} the equation for the i-th particle is given
by

Regularized Particle Model

dXN,i,ε,σ
t = 1

N

N∑
j=1
∇Φεk(XN,i,ε,σ

t −XN,j,ε,σ
t )dt−∇pλ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
t −XN,j,ε,σ

t )
)
dt+

√
2σ dBi

t,

XN,i,ε,σ
0 = ζ i, (1.11)

where σ > 0 is a positive real number which corresponds to the individual noise of each particle.
Then we estimate the difference between (1.11) and the following particle system of mean-field

type.
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Intermediate Particle ModeldX̄
i,ε,σ
t = ∇Φεk ∗ uε,σ(t, X̄ i,ε,σ

t )dt−∇pλ
(
V εp ∗ uε,σ(t, X̄ i,ε,σ

t )
)
dt+

√
2σdBi

t,

X̄ i,ε,σ
0 = ζ i,

(1.12)

where uε,σ(t, x) is the probability density function of X̄ i,ε,σ
t and solves the following system of partial

differential equations

∂tu

ε,σ = σ∆uε,σ −∇(uε,σ∇cε,σ) +∇ · (∇pλ(V εp ∗ uε,σ)uε,σ),

−∆cε,σ = uε,σ ∗ V εk(t, x),

uε,σ(0, x) = uσ0 (x), x ∈ Rd, t > 0.

(1.13)

Then we estimate the difference between (1.12) and the particle system (1.14) for small εk, εp and λ.
Final Particle ModeldX̂

i,σ
t = ∇Φ ∗ uσ(t, X̂ i,σ

t )dt−∇p(uσ(t, X̂ i,σ
t ))dt+

√
2σdBi

t,

X̂ i,σ
0 = ζ i,

(1.14)

where uσ(t, x) is the probability density function of X̂ i,σ
t and solves the following system of partial

differential equations

∂tu

σ = σ∆uσ −∇ · (uσ∇cσ) +∇ · (uσ∇p(uσ)),

−∆cσ = uσ(t, x),

uσ(0, x) = uσ0 (x), x ∈ Rd, t > 0.

(1.15)

Then we consider (1.15) and take σ → 0 on the PDE level and so achieve that for each t ≥ 0
the empirical measure µN,ε,σt := 1

N

∑N
i=1 δXN,i,ε,σ

t
of the particle system (1.11) converges to u(t, x) , as

N →∞ , εk, εp → 0, λ→ 0 and σ → 0 in the weak sense and u(t, x) solves the following system of
partial differential equations


∂tu = −∇ · (u∇c) +∇ · (u∇p(u)),

−∆c = u(t, x),

u(0, x) = u0(x) x ∈ Rd, t > 0.

(1.16)

As a corollary we prove propagation of chaos result.
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1.5 Organization of the Thesis and Main Results

In Chapter 2 we study existence, uniqueness and regularity of uσ and uε,σ. First, we prove the
following theorem

Theorem 1.1. Let T > 0, uσ0 be given by (1.9) and Assumption 2 holds, then (1.15) possesses a
unique global solution uσ such that

• uσ ∈ L∞(0, T ;W 1,∞(Rd)) ∩ L∞(0, T ;L1(Rd)),

• uσ ∈ W 3,1
q ((0, T )× Rd) for any 1 < q <∞.

In order to prove this theorem we consider

∂tu

σ = ∇ · (σ∇uσ − uσ∇cσ +∇(uσ)m) ,

−∆cσ = uσ(t, x),

uσ(0, x) = uσ0 (x), x ∈ Rd, t > 0.

and approximate it by
∂tu

σ
η = ∇ ·

(
σ∇uση − uση∇Φ ∗ uση +∇(uση + η)m

)
,

uση (0, x) = uσ0 (x),

in order to handle degeneracy from the porous medium term. Since this partial differential equation
contains aggregation and diffusion terms, which are both non-linear, we need to perform a two-step
fixed point argument. We introduce two spaces XT and YT and consider a linear parabolic partial
differential equation

∂tw = ∇ · (σ∇w − w∇Φ ∗ ξ +m(ρ+ η)m−1∇w) ,

w(0, x) = uσ0 (x),

for x ∈ Rd, t > 0 and fixed ξ ∈ XT , ρ ∈ YT , η > 0 . Then we ensure that it has a non-negative weak
solution. Next, with the help of Schauder fixed-point theorem we handle the non-linearity caused
by the porous medium term. In order to apply this technique, we need to derive Hs estimate for w,
which allows us to construct a map for Schauder fixed-point theorem. Using Aubin-Lion’s argument,
we prove that this map is a compact operator and so obtain existence of the local solution in XT to

∂tv = ∇ · (σ∇v − v∇Φ ∗ ξ +∇(v + η)m) ,

v(0, x) = uσ0 (x), x ∈ Rd, t > 0.

Then we ensure that the resulted fixed point is unique.
After we handle the porous medium term, we study the above equation for v in order to deal

with the non-linearity caused by the aggregation term. Here we construct another map and using
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Banach fixed-point theorem prove that it has a unique fixed point. In order to achieve it, we ensure
that this map is well-defined and choose t > 0 small enough such that it is a contraction. So, we
obtain that the partial differential equation for uση possesses a unique local solution in XT .

The next step is to derive Lq estimate for uση using classical tools of the PDE analysis. Then we
perform Moser’s iteration technique in order to prove that the L∞ norm of uση is bounded. Next, we
show that the L∞ norm of ∇uση is bounded. This procedure is quite technical. First, we assume that
uση can be written as uση = ψ(ū) where ψ is a function which will be determined later. Then using
some basic computations we determine a corresponding partial differential equation for |∇ū|2. Next,
we decompose Rd into finitely many sets and define a small number ω̃ as well as a family of sets

Ω̃k(t) := {x ∈ Rd | (k − 1)ω̃ ≤ uση (t, x) < kω̃} for k ∈ N.

Later we show that there exists k0 ∈ N such that

Ω̃k(t) ∩ Ω̃j(t) = ∅ ∀j, k ∈ {1, . . . , k0} and Rd =
k0⋃
k=1

Ω̃k(t).

Then for any fixed t ∈ [0, T ], we define the operator ψk(ū) as

uση (t, x) = ψk(ū(t, x)) = (k − 3)ω̃ + 4eω̃
∫ ū(t,x)

0
e−s

2
ds in x ∈

k+1⋃
i=k−1

Ω̃i(t).

and introduce φk(x) as a smooth function in C2(Rd) such that 0 ≤ φk(x) ≤ 1 and

φk(x) :=

1, for x ∈ Ω̃k(t),

0, for x ∈ Rd \ ⋃k+1
j=k−1 Ω̃j(t).

After proving some basic estimates, we rigorously derive a Bochner type inequality for |∇ū(t, x)|2φk
on Ω̃ = ⋃k+1

j=k−1 Ω̃j(t) in order to ensure that

d

dt

∫
Ω̃
||∇ū(t, x)|2φk|rdx ≤ −

σ(r − 1)
r

∫
Ω̃
|∇(|∇ū(t, x)|2φk)

r
2 |2dx+ r3M

∫
Ω̃
||∇ū(t, x)|2φk|rdx+ r3M

whereM is a positive number. Then using Moser’s iteration technique we prove that
‖|∇ū(t, x)|2φk‖L∞(0,T ;L∞(Ω̃)) is bounded. This property implies that sup0<t<T ‖∇uση (t, ·)‖L∞(Ω̃k) is
bounded and by repeating this argument in Ω̃k for k ∈ {1, . . . , k0} we obtain the bound for
sup0<t<T ‖∇uση (t, ·)‖L∞(Rd).

Combining all above arguments we define for s > d
2 + 3

Tmax := sup{T ′ ∈ (0, T ) | (2.1) possesses solution u ∈ L∞(0, T ′;Hs(Rd))}.
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and prove that

‖uση‖L∞(0,T ′;Hs(Rd)) ≤ C, ∀T ′ < Tmax

and so obtain global existence of uση .
Later we take limit of uση as η → 0 and so obtain a solution uσ to (2.1). Next, we derive L∞

estimates of uσ independent of σ and establish its regularity results.
Next we study the non-local equation (1.13). Since uε,σ solves a non-local partial differential

equation, we use the perturbation method and study uσ − uε,σ. Applying this technique we use
regularity of uσ and the advantage of the initial data being 0. Furthermore, in order to get uniform
estimates, we consider only sufficiently small εk, εp and λ. In Section 2.2 we prove the following
theorem.

Theorem 1.2. Let T > 0, s > d
2 + 2, uσ0 be given by (1.9) and Assumption 3 holds. For εk, εp and λ

small enough there exists a unique global solution uε,σ ∈ L∞(0, T ;Hs(Rd)) of (1.13) and a constant
C > 0 independent of εk, εp and λ such that

‖uσ − uε,σ‖L∞(0,T ;Hs(Rd)) ≤ C(εk + εp).

The proof of this theorem is based on the fixed point argument. First, we study the following
linear partial differential equation

∂tu− σ∆u = ∇ ·
(

(u + uσ)∇(pλ − p)(V εp ∗ (v + uσ)) + u∇p(V εp ∗ (v + uσ))

+ uσ∇
∫ 1

0
p′(V εp ∗ uσ + sV εp ∗ v)V εp ∗ u ds+ uσ

(
∇p(V εp ∗ uσ)−∇p(uσ)

))
−∇ ·

(
u∇Φ ∗ V εk ∗ v + u∇Φ ∗ V εk ∗ uσ + uσ∇Φ ∗ V εk ∗ (u + uσ)− uσ∇Φ ∗ uσ)

)
,

u(0, x) = 0,

where v is a function from some space Y which we define later. Then we apply Banach fixed point
theorem and so obtain a unique local solution of the equation

∂tu− σ∆u = ∇ ·
(

(u + uσ)∇(pλ − p)(V εp ∗ (u + uσ)) + u∇p(V εp ∗ (u + uσ))

+ uσ∇
∫ 1

0
p′(V εp ∗ uσ + sV εp ∗ u)V εp ∗ u ds+ uσ

(
∇p(V εp ∗ uσ)−∇p(uσ)

))
−∇ ·

(
u∇Φ ∗ V εk ∗ (u + uσ) + uσ∇Φ ∗ V εk ∗ u + uσ(∇Φ ∗ V εk ∗ uσ −∇Φ ∗ uσ)

)
,

ũ(0, x) = 0.
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Then we derive Hs estimates for u and so prove that

∂tu− σ∆u = ∇ ·
(

(u + uσ)∇pλ(V εp ∗ (u + uσ))− uσ∇p(uσ)
)

−∇ ·
(

(u + uσ)u∇Φ ∗ V εk ∗ (u + uσ)− uσ∇(Φ ∗ uσ)
)
,

u(0, x) = 0.

possesses a unique global solution in the strong sense. Then by Sobolev’s embedding theorem we
get the desired result.

In Chapter 3 we explain the connection between partial differential equations from Chapter 2
and our interacting particle systems. With the help of the theory of stochastic differential equations
and duality analysis we prove that density functions of (1.12) and (1.14) solve (1.13) and (1.15) re-

spectively. Then using results from Chapter 2 we derive estimates of sup
t∈[0,T ]

E
[

sup
i=1,...,N

∣∣∣X̄ i,ε,σ
t − X̂ i,σ

t

∣∣∣2]
and prove the following theorem

Theorem 1.3. Let T > 0 and assumptions from Theorem 1.1 and Theorem 1.2 be satisfied, then
there exists a constant C > 0 independent of N, λ, εk and εp such that

sup
t∈[0,T ]

E
[

sup
i=1,...,N

∣∣∣X̄ i,ε,σ
t − X̂ i,σ

t

∣∣∣2] ≤ C(εk + εp)2 exp
(
CT

)
.

where X̄ i,ε,σ
t and X̂ i,σ

t solve (1.12) and (1.14) in the classical sense with the probability density func-
tions (1.13) and (1.15) respectively.

In Chapter 4 we prove two important results. First, using standard techniques from analysis and
independence of stochastic differential equations from (1.12) we derive estimates of

sup
t∈[0,T ]

sup
i=1,...,N

E
[∣∣∣XN,i,ε,σ

t − X̄ i,ε,σ
t

∣∣∣2]

in order to obtain the logarithmic rate of convergence, namely

Theorem 1.4. Let T > 0, then for β ∈ (0, 1) and N large enough there exits a constant C > 0
independent of N such that

sup
t∈[0,T ]

sup
i=1,...,N

E
[∣∣∣XN,i,ε,σ

t − X̄ i,ε,σ
t

∣∣∣2] ≤ CN−β

where XN,i,ε,σ
t and X̄ i,ε,σ

t solve (1.11) and (1.12) respectively such that

εk =
( 1

ln(Nαk)
) 1
d , εp =

( 1
ln(Nαp)

) 1
dm−d+2 , λ =

εdp
2 , for 0 < αk + αp <

1− δ · 2dm−2d+2
dm−d+2 − β
C̃(T )

.

Here δ > 0 is an arbitrary small number and C̃(T ) is a positive constant which depends on T .
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Secondly, using fine estimates we obtain convergence in probability result with the algebraic
scaling, namely

Theorem 1.5. Let T > 0 and βk, βp and a be positive numbers such that the following condition is
satisfied

max{(d+ 1)βk, (d|m− 4|+ 3(d+ 1))βp} < a < min{1
2 − (d− 1)βk,

1
2 − (2d+ 1 + d|m− 3|)βp}.

Then for an arbitrary γ > 0 there exists a constant C(γ) > 0, which is independent of N , such that

sup
0≤t≤T

P
(

max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̄ i,ε,σ

t

∣∣∣ > N−a
)
≤ C(γ)N−γ,

where XN,i,ε,σ
t and X̄ i,ε,σ

t solve (1.11) and (1.12) respectively with εk = N−βk , εp = N−βp and λ = εdp
2 .

Remark 1.6. From Theorem (1.5) we see that the algebraic cut-off rate can be chosen such that
the following conditions are satisfied

0 < βk <
1
4d, 0 < βp <

1
2(d|m− 4|+ d|m− 3|+ 5d+ 4) .

One of the main contributions of this thesis is the proof of Theorem 1.5. It is motivated by [García
and Pickl, 2017], [Boers and Pickl, 2016] and [Lazarovici and Pickl, 2017]. Since the interaction
potential is singular, one cannot expect convergence in expectation on the particle level. However,
using an appropriate algebraic cut-off, one can obtain convergence in the sense of probability. Using
the algebraic cut-off we construct a new framework to get the convergence rate in the sense of
probability. We build up a suitable stopped process and then apply Markov’s inequality, so that the
problem is reduced to the estimation of the expectation of the stopped process. Then we study the
time evolution of this expectation. Even for the dynamics of the stopped process we do not have
Lipschitz continuity, hence we apply Taylor’s expansion at the point which corresponds to (1.12).
Moreover, we use the regularity of the solutions from the PDE analysis to absorb the singularity
caused by the interaction potential. In the whole process we used several times a generalized version
of the law of large numbers which is presented in Lemma 4.2.

As a corollary we get that

Corollary 1.7. Let T > 0 and assumptions from Theorem 1.3 be satisfied.

(a) If the assumptions of Theorem 1.4 are satisfied then for N large enough there exists a constant
C > 0 independent of N such that

sup
t∈[0,T ]

sup
i=1,...,N

E
[∣∣∣XN,i,ε,σ

t − X̂ i,σ
t

∣∣∣2] ≤ C(εk + εp)2
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(b) If the assumptions of Theorem 1.5 are satisfied then there exists a constant C > 0 independent
of N such that

sup
0≤t≤T

P
(

max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̂ i,σ

t

∣∣∣ > N−
min{βk,βp}

2

)
≤ C(εk + εp).

Finally, in Chapter 5 we let σ → 0 and present the propagation of chaos result

Theorem 1.8. Let T > 0 and Assumptions 1 and 2 be satisfied. Then there exists a subsequence of
(uσ) which converges weakly in Lq(0, T ;Lq(Rd)), q ∈ [1,∞) to u as σ → 0 where u is a weak solution
to (1.16) such that u ∈ L∞(0, T ;L2(Rd)) and um ∈ L2(0, T ;H1(Rd)).

Theorem 1.9. Let k ∈ N and consider a k-tuple (XN,1,ε,σ
t , . . . , XN,k,ε,σ

t ). We denote by P k
N,ε,σ(t) the

joint distribution of (XN,1,ε,σ
t , . . . , XN,k,ε,σ

t ). Then it holds that

P k
N,ε,σ(t) convergres weakly to P⊗k(t)

as N → ∞, εk, εp, λ → 0 in the sense of Corollary 1.7 (a) or 1.7 (b), and σ → 0 where P (t) is
a measure which is absolutely continuous with respect to the Lebesgue measure and has a probability
density function u(t, x) which solves (1.16) in the weak sense.

The results of this thesis are presented in the following two scientific articles: [Chen, Gvozdik
and Li, 2022] and [Chen, Gvozdik, Holzinger and Li, 2022].
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Chapter 2

Estimates on the PDE Level

In this chapter we prove Theorem 1.1 and Theorem 1.2.

Remark 2.1.

1. Throughout this work we denote by C a generic positive constant which can vary from line
to line. If we want to specify parameters which influence C then we list them in the brackets
C(·).

2. For simplicity we focus only on the case d ≥ 3. Using the same methods, we can easily obtain
the desired results for the case d = 2.

Here is some notation which is used in this thesis.

Definition 2.2 (Notation).

• | · | is the Euclidean norm,

• ∇u = ( ∂u
∂x1
, . . . , ∂u

∂xd
), D2u = ( ∂2u

∂x1∂x1
, ∂2u
∂x1∂x2

, . . . , ∂2u
∂xd∂xd−1

, ∂2u
∂xd∂xd

),

• Dαu :=
{

∂|α|u
∂α1x1...∂αdxd

∣∣∣ for |α| := α1 + . . .+ αd and α1, . . . , αd ∈ N
}
,

• QT := Rd × (0, T ),

• Hs(Rd) = W s,2(Rd),

• For p ≥ 1 we define W 1,2
p (QT ) as

W 1,2
p (QT ) :=

{
u ∈ Lp(0, T ;W 2,p(Rd)) ∩W 1,p(0, T ;Lp(Rd))

∣∣∣ ‖u‖W 1,2
p (QT ) <∞

}
where ‖u‖W 1,2

p (QT ) := ‖u‖Lp(QT ) + ‖∇u‖Lp(QT ) + ‖D2u‖Lp(QT ) + ‖∂tu‖Lp(QT ).
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2.1 Partial Differential Equation from the Final Particle
Model

The main goal of this section is to prove Theorem 1.1.

2.1.1 Existence of the Local Solution to (2.1). Hs(Rd) Theory

First, we consider the approximation of (1.15), namely
∂tu

σ
η = ∇ ·

(
σ∇uση − uση∇Φ ∗ uση +∇(uση + η)m

)
,

uση (0, x) = uσ0 (x),
(2.1)

for x ∈ Rd, t > 0 and η > 0.
Moreover, we take s ∈ (d2 + 3,∞)∩N and denote M := 2‖uσ0‖Hs(Rd) + 1. We assume that η ≤M

and consider the spaces

XT :=
{
u ∈ L∞(0, T ;Hs(Rd))

∣∣∣‖u‖L∞(0,T ;Hs(Rd)) ≤M ;u ≥ 0 in QT

}
, (2.2)

YT :=
{
u ∈ L4(0, T ;Hs(Rd)) ∩ L∞(0, T ;Hs−1(Rd))

∣∣∣‖u‖L4(0,T ;Hs(Rd))∩L∞(0,T ;Hs−1(Rd)) ≤M ;

u ≥ 0 in QT

}
.

For fixed ξ ∈ XT , ρ ∈ YT and η > 0 consider the following linear equation
∂tw = ∇ · (σ∇w − w∇Φ ∗ ξ +m(ρ+ η)m−1∇w) ,

w(0, x) = uσ0 (x),
(2.3)

for x ∈ Rd, t > 0. By the theory of parabolic differential equations (see for example [Wu et al., 2006])
it follows that there exists a weak solution w to (2.3).

Proposition 2.3. The weak solution w to (2.3) is non-negative.

Proof. The solution w to (2.3) is non-negative by the following argument. Let w be a solution of
(2.3) and w− := min{0, w}. If we multiply (2.3) by w− and integrate it over Rd, we obtain that

∫
Rd
w−∂twdx =

∫
Rd
w−∇ ·

(
σ∇w − w∇Φ ∗ ξ +m(ρ+ η)m−1∇w

)
dx

= −
∫
Rd
σ∇w− · ∇w +

∫
Rd
w∇w− · ∇Φ ∗ ξdx−m

∫
Rd

(ρ+ η)m−1∇w− · ∇wdx

= −
∫
Rd

(
σ +m(ρ+ η)m−1

)
∇w− · ∇wdx+

∫
Rd
w∇w− · ∇Φ ∗ ξdx
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So, computations above together with Young’s inequality imply that

1
2
d

dt
‖w−‖2

L2(Rd) = −
∫
Rd

(
σ +m(ρ+ η)m−1

)
|∇w−|2dx+

∫
Rd
w−∇w− · ∇Φ ∗ ξdx

= −
∫
Rd

(
σ +m(ρ+ η)m−1

)
|∇w−|2dx

+
∫
Rd

(
σ +m(ρ+ η)m−1

) 1
2 1

(σ +m(ρ+ η)m−1)
1
2
w−∇w− · ∇Φ ∗ ξdx

≤ −
∫
Rd

(
σ +m(ρ+ η)m−1

)
|∇w−|2dx+ 1

2

∫
Rd

(
σ +m(ρ+ η)m−1

)
|∇w−|2dx

+ 1
2

∫
Rd

1
σ +m(ρ+ η)m−1 |w

−|2|∇Φ ∗ ξ|2dx

≤ −1
2

∫
Rd

(
σ +m(ρ+ η)m−1

)
|∇w−|2dx+ 1

2σ‖∇Φ ∗ ξ‖2
L∞(0,T ;L∞(Rd))

∫
Rd
|w−|2dx

≤ 1
2σ‖∇Φ ∗ ξ‖2

L∞(0,T ;L∞(Rd))

∫
Rd
|w−|2dx.

Since ξ ∈ XT and −∆(Φ ∗ ξ) = ξ, there exists a constant C > 0 such that

‖∇Φ ∗ ξ‖L∞(0,T ;Hs(Rd)) ≤ C‖ξ‖L∞(0,T ;Hs(Rd)) ≤ CM.

Since s > d
2 , Sobolev’s inequality implies that

‖∇Φ ∗ ξ‖L∞(0,T ;L∞(Rd)) ≤ C‖∇Φ ∗ ξ‖L∞(0,T ;Hs(Rd)).

So, by Grönwall’s inequality we deduce that

sup
t∈(0,T )

‖w−(t, ·)‖L2(Rd) ≤ exp
( 1
σ
‖∇Φ ∗ ξ‖2

L∞(0,T ;L∞(Rd))T
)
‖w−(0, ·)‖L2(Rd) = 0

since w−(0, ·) = u−(0, ·) = 0.
This implies that w ≥ 0 for all t ∈ [0, T ).

Proposition 2.4. There exists T1 > 0 such that for a fixed ξ ∈ XT the following equation
∂tv = ∇ · (σ∇v − v∇Φ ∗ ξ +∇(v + η)m) ,

v(0, x) = uσ0 (x), x ∈ Rd, t > 0.

posses a unique local solution in L∞(0, T1;Hs(Rd)) ∩ L2(0, T1;Hs+1(Rd)).

Proof. First, we prove the existence of a local solution using Schauder fixed-point theorem (see e.g.
[Novotny and Straskraba, 2004] p. 72). Then we establish uniqueness of this local solution.

Existence
In order to apply Schauder fixed-point theorem we need to show that ‖w(t)‖Hs(Rd) ≤M for t > 0

small enough.
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Since, ‖D0(ρ + η)m−1‖L2(Rd) and ‖D1−1(ρ + η)‖L2(Rd) are not bounded, we need to handle the
cases α = 0 and α = 1 separately.

Multiplying (2.3) by w and integrating it over Rd we obtain that

1
2
d

dt

∫
Rd
w2dx+ σ

∫
Rd
|∇w|2dx+m

∫
Rd

(ρ+ η)m−1|∇w|2dx

=
∫
Rd
w∇Φ ∗ ξ · ∇wdx

≤ σ

2

∫
Rd
|∇w|2dx+ C(σ,m)

∫
Rd
|w∇Φ ∗ ξ|2dx

≤ σ

2

∫
Rd
|∇w|2dx+ C(σ,m)M2

∫
Rd
w2dx (2.4)

Then we see that

∂tD
1w = ∇ ·

(
σ∇D1w −D1(w∇Φ ∗ ξ) +mD1((ρ+ η)m−1∇w)

)
.

If we multiply the equation above by D1w and integrate it over Rd, we obtain by product rule and
Young’s inequality that

1
2
d

dt

∫
Rd
|D1w|2dx+ σ

∫
Rd
|∇D1w|2dx+m

∫
Rd

(ρ+ η)m−1|∇D1w|2 dx

≤ m(m− 1)
∫
Rd

(ρ+ η)m−2|∇ρ| · |∇w| · |∇D1w| dx

+
∫
Rd
|D1(w∇Φ ∗ ξ)| · |∇D1w| dx

≤ σ

2

∫
Rd
|∇D1w|2dx+ C(σ,m)‖ρ+ η‖2(m−2)

L∞(Rd)‖∇ρ‖
2
L∞(Rd)

∫
Rd
|∇w|2dx

+ C(σ,m)
∫
Rd
|D1(w∇Φ ∗ ξ)|2dx

≤ σ

2

∫
Rd
|∇D1w|2dx+ C(σ,m)M2(m−1)

∫
Rd
|∇w|2dx+ C(σ,m)M2

∫
Rd
|D1w|2dx (2.5)

In this step we denote by C a positive constant which depends on σ, η,m, d and s. Let α be a
multi-index such that 2 ≤ |α| ≤ s. Now take the Dα derivative of (2.3) and obtain

∂tD
αw = ∇ ·

(
σ∇Dαw −Dα(w∇Φ ∗ ξ) +mDα((ρ+ η)m−1∇w)

)
.

Then multiply the above equation by Dαw and integrate it over Rd in order to obtain that

1
2
d

dt

∫
Rd
|Dαw|2dx+ σ

∫
Rd
|∇Dαw|2dx =−

∫
Rd
∇Dα(w∇Φ ∗ ξ) ·Dαw dx

−m
∫
Rd
Dα((ρ+ η)m−1∇w) · ∇Dαw dx.

Now we are going to estimate the terms on the right-hand side. By Young’s inequality and
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Proposition 2.1 on page 43 from [Majda, 1984] there exists a constant C > 0 such that

−
∫
Rd
∇Dα(w∇Φ ∗ ξ) ·Dαw dx

=
∫
Rd
Dα(w∇Φ ∗ ξ) · ∇Dαw dx

≤ σ

4

∫
Rd
|∇Dαw|2 dx+ 1

σ

∫
Rd
|Dα(w∇Φ ∗ ξ)|2dx

≤ σ

4

∫
Rd
|∇Dαw|2 dx+ C

(
‖w‖L∞(Rd)‖Dα(∇Φ ∗ ξ)‖L2(Rd) + ‖∇Φ ∗ ξ‖L∞(Rd)‖Dαw‖L2(Rd)

)2
,

Using ‖∇Φ∗ξ‖L∞(0,T ;Hs+1(Rd)) ≤ C‖ξ‖L∞(0,T ;Hs(Rd)) ≤ CM and the estimate above we obtain that

−
∫
Rd
∇Dα(w∇Φ ∗ ξ) ·Dαw dx ≤ σ

4

∫
Rd
|∇Dαw|2 dx+ CM2‖w‖2

Hs(Rd).

Now let us come to the next term

−m
∫
Rd
Dα((ρ+ η)m−1∇w) · ∇Dαw dx

= −m
∫
Rd

(ρ+ η)m−1Dα∇w · ∇Dαw dx

−m
∫
Rd

(
Dα((ρ+ η)m−1∇w)− (ρ+ η)m−1Dα∇w

)
· ∇Dαw dx

Using Young’s inequality and Proposition 2.1 on page 43 from [Majda, 1984] , we have

−m
∫
Rd
Dα((ρ+ η)m−1∇w) · ∇Dαw dx

≤ −m
∫
Rd

(ρ+ η)m−1|∇Dαw|2dx+ σ

4

∫
Rd
|∇Dαw|2dx

+ C
∫
Rd
|Dα((ρ+ η)m−1∇w)− (ρ+ η)m−1Dα∇w|2dx

≤ −m
∫
Rd

(ρ+ η)m−1|∇Dαw|2dx+ σ

4

∫
Rd
|∇Dαw|2dx

+ C
(
‖∇(ρ+ η)m−1‖L∞(Rd)‖Dαw‖L2(Rd) + ‖∇w‖L∞(Rd)‖Dα(ρ+ η)m−1‖L2(Rd)

)2
.

So, combining the above estimate with (2.4) and (2.5) we deduce that

1
2
d

dt
‖w‖2

Hs(Rd) + σ

2

s∑
|α|=2

∫
Rd
|∇Dαw|2dx+m

s∑
|α|=2

∫
Rd

(ρ+ η)m−1|∇Dαw|2dx

≤ CM2(m−1)‖w‖2
Hs(Rd) + C‖∇(ρ+ η)m−1‖2

L∞(Rd)‖w‖2
Hs(Rd) + C

s∑
|α|=2
‖Dα(ρ+ η)m−1‖2

L2(Rd)‖w‖2
Hs(Rd)

(2.6)

With the help of Grönwall’s lemma we obtain that

‖w(t)‖2
Hs(Rd) ≤ ‖uσ0‖2

Hs(Rd) exp
C ∫ t

0

(
M2(m−1) + ‖∇(ρ+ η)m−1‖2

L∞(Rd) +
s∑

|α|=2
‖Dα(ρ+ η)m−1‖2

L2(Rd)

)
dτ


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Since ρ ∈ YT , using Hölder’s inequality we obtain that
∫ t

0
‖∇(ρ+ η)m−1‖2

L∞(Rd)dτ ≤ C
∫ t

0
‖(ρ+ η)m−2‖2

L∞(Rd)‖∇ρ‖2
L∞(Rd)dτ

≤ Cess sup
τ∈(0,t)

‖(ρ+ η)m−2‖2
L∞(Rd)

∫ t

0
‖ρ‖2

Hs(Rd)dτ

≤ Cess sup
τ∈(0,t)

‖(ρ+ η)m−2‖2
L∞(Rd)

(∫ t

0
‖ρ‖2

Hs(Rd)dτ
) 1

2
(∫ t

0
1dτ

) 1
2

= Cess sup
τ∈(0,t)

‖(ρ+ η)m−2‖2
L∞(Rd)t

1
2‖ρ‖2

L4(0,T ;Hs(Rd))

≤ Cess sup
τ∈(0,t)

‖(ρ+ η)m−2‖2
L∞(Rd)t

1
2M2

≤ CM2(m−1)t
1
2 .

Now let us consider the term
∫ t

0 ‖Dα(ρ+ η)m−1‖2
L2(Rd)dτ

∫ t

0
‖Dα(ρ+ η)m−1‖2

L2(Rd)dτ

≤ C
∫ t

0

(
‖(ρ+ η)m−2Dα(ρ+ η)‖2

L2(Rd) + ‖Dα((ρ+ η)m−2(ρ+ η))− (ρ+ η)m−2Dα(ρ+ η)‖2
L2(Rd)

)
dτ

≤ Cess sup
τ∈(0,t)

‖(ρ+ η)m−2‖2
L∞(Rd)

∫ t

0
‖Dα(ρ+ η)‖2

L2(Rd)dτ

+ C
∫ t

0

(
‖∇(ρ+ η)m−2‖L∞(Rd)‖Dα−1(ρ+ η)‖L2(Rd) + ‖(ρ+ η)‖L∞(Rd)‖Dα(ρ+ η)m−2‖L2(Rd)

)2
dτ.

Now using Hölder’s inequality we deduce that
∫ t

0
‖Dα(ρ+ η)m−1‖2

L2(Rd)dτ ≤ CM2(m−1)t
1
2 + Cess sup

τ∈(0,t)
‖Dα−1(ρ+ η)‖2

L2(Rd)

∫ t

0
‖∇(ρ+ η)m−2‖2

L∞(Rd)dτ

+ Cess sup
τ∈(0,t)

‖(ρ+ η)‖2
L∞(Rd)

∫ t

0
‖Dα(ρ+ η)m−2‖2

L2(Rd)dτ

≤ CM2(m−1)t
1
2 + C(M + η)2

∫ t

0
‖Dα(ρ+ η)m−2‖2

L2(Rd)dτ,

since ess sup
τ∈(0,t)

‖Dα−1(ρ+ η)‖2
L2(Rd) ≤ ess sup

τ∈(0,t)
‖Dα−1(ρ)‖2

L2(Rd) ≤M2.

By iteration we obtain that
∫ t

0
‖Dα(ρ+ η)m−1‖2

L2(Rd)dτ ≤ CM2(m−1)t
1
2 + CM2bmc

∫ t

0
‖Dα(ρ+ η)m−bmc‖2

L2(Rd)dτ

≤ C(M2(m−1) +M2(bmc+s))t 1
2 .

So, we deduce that

‖w(t)‖Hs(Rd) ≤ ‖uσ0‖Hs(Rd) exp
(
CM2(m−1)t+ CM2(bmc+s)t

1
2
)
. (2.7)

26



CHAPTER 2. ESTIMATES ON THE PDE LEVEL

Therefore,

‖w(t)‖L∞(0,T1;Hs(Rd)) ≤ ‖uσ0‖Hs(Rd) exp
(
CM2(m−1)T1 + CM2(bmc+s)T

1
2

1

)
,

which is less or equal than M if we choose T1 > 0 small enough.
Now we are able to construct a map

T : YT1 → XT1 ⊂ YT1 , (2.8)
ρ 7→ w.

Our goal is to apply Schauder fixed-point theorem, so we need to ensure that T is a compact
operator.

Let (ρi)i∈N be a uniformly bounded sequence in YT1 . Consider wi := T (ρi) for i ∈ N. Since we
cannot apply Aubin-Lions Lemma (see for example [Simon, 1986] ) directly, we use the following
argument.

In order to prove that Hs(Rd) is compactly embedded in Hs−1(Rd) it is enough to prove that
H1(Rd) is compactly embedded in L2(Rd). From Lemma A.1 in Appendix A we should prove that∫
Rd w(·, x)|x|dx < ∞. So, we multiply ∂tw = ∇ · (σ∇w − w∇Φ ∗ ξ +m(ρ+ η)m−1∇w) by |x| and
integrate it over Rd in order to deduce that

d

dt

∫
Rd
w|x|dx = −σ

∫
Rd
∇w · ∇|x|dx+

∫
Rd

(∇Φ ∗ ξw) · ∇|x|dx−m
∫
Rd

(ρ+ η)m−1∇w · ∇|x|dx

≤ σ
∫
Rd
|∇w|dx+

∫
Rd
|∇Φ ∗ ξw|dx+m

∫
Rd

(ρ+ η)m−1|∇w|dx.

The fact ρ ∈ L∞(0, T1;Hs−1(Rd)) implies that ∆ρ ∈ L∞(0, T1;Hs−3(Rd)). Since s > d
2 + 3 we obtain

that L∞(0, T1;Hs−3(Rd)) ↪→ L∞(0, T1;L∞(Rd)). So,

d

dt

∫
Rd
w|x|dx ≤ σ

∫
Rd
|∇w|dx+

∫
Rd
|∇Φ ∗ ξw|dx+m

∫
Rd

(ρ+ η)m−1|∇w|dx

≤ σ‖w‖Hs(Rd) +
(∫

Rd
|∇Φ ∗ ξ|2dx

) 1
2
(∫

Rd
|w|2dx

) 1
2

+m‖ρ+ η‖m−1
L∞(Rd)

∫
Rd
|∇w|dx

≤ σM +M2 + C(M + η)m−1M

≤ σM +M2 + C(2M)m

≤ CMm,

where we have used that

‖∇w‖L1(Rd) ≤ C‖∇w‖W 1,d(Rd) ≤ C‖w‖W 2,d(Rd) ≤ C‖w‖
W 1+ d

2 ,2(Rd)
,

which holds by Sobolev’s embedding theorem.
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Therefore,
∫
Rd
w|x|dx ≤

(
CMm +

∫
Rd
uσ0 |x|dx

)
,

which is bounded since
∫
Rd u

σ
0 |x|dx <∞.

Let us come back to the sequence (wi)i∈N. Since (ρi)i∈N is a uniformly bounded sequence in YT1

we obtain by (2.6) that ‖wi‖L∞(0,T1;Hs(Rd)) + ‖wi‖L2(0,T1;Hs+1(Rd)) ≤ C and ‖∂twi‖L2(0,T1;Hs−1(Rd)) ≤ C

for all i ∈ N. By the argument which was discussed above we can use Aubin-Lions Lemma and
obtain that there exists w̄ ∈ YT1 such that

wi → w̄ in L∞(0, T1;Hs−1(Rd)) , wi → w̄ in L2(0, T1;Hs(Rd)) and wi ∗⇀ w̄ in L∞(0, T1;Hs(Rd)).

This implies that

‖w̄‖L∞(0,T1;Hs(Rd)) ≤ lim inf
i→∞

‖wi‖L∞(0,T1;Hs(Rd)) ≤ C

By interpolation (see for example Chapter 1 from [Novotny and Straskraba, 2004]) we obtain that
∀γ ∈ (0, 1):

‖wi − w̄‖L∞(0,T1;Hs−γ(Rd)) ≤ ‖wi − w̄‖1−θ
L∞(0,T1;Hs−1(Rd))‖wi − w̄‖

θ
L∞(0,T1;Hs(Rd))

≤ C‖wi − w̄‖1−θ
L∞(0,T1;Hs−1(Rd)) → 0 as i→∞,

where θ satisfies s− γ = (1− θ)(s− 1) + θs. This implies that

wi → w̄ in L∞(0, T1;Hs− 1
2 (Rd)) ∩ L2(0, T1;Hs+ 1

2 (Rd)) as i→∞

and so by interpolation it follows that

wi → w̄ in L4(0, T1;Hs(Rd)) as i→∞.

This proves that T : YT1 → YT1 is a compact operator.
Therefore, by Schauder’s fixed point theorem we obtain that there exists a local solution of (2.3)

with ρ replaced by w which lies in XT1 by (2.7).
Uniqueness
It remains to prove that the fixed point of T is unique. Let w1 and w2 be two fixed points of T .

So,
∂t(w1 − w2) = ∇ · (σ∇(w1 − w2)− (w1 − w2)∇Φ ∗ ξ +∇ ((w1 + η)m − (w2 + η)m)) ,

w1(0, x)− w2(0, x) = 0,

for x ∈ Rd and t > 0.
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If we multiply the equation above by w1 − w2 and integrate it over Rd we obtain that

1
2
d

dt

∫
Rd
|w1 − w2|2dx+ σ

∫
Rd
|∇(w1 − w2)|2dx

=
∫
Rd

(w1 − w2)∇Φ ∗ ξ · ∇(w1 − w2)dx

−
∫
Rd
∇ ((w1 + η)m − (w2 + η)m) · ∇(w1 − w2)dx.

Since

(w1 + η)m(t, x)− (w2 + η)m(t, x) =
∫ 1

0
m(z(w1 + η) + (1− z)(w2 + η))m−1dz((w1 + η)− (w2 + η))

=
∫ 1

0
m(zw1 + (1− z)w2 + η)m−1dz(w1 − w2),

we can rewrite the term −
∫
Rd∇ ((w1 + η)m − (w2 + η)m) · ∇(w1 − w2)dx as

−
∫
Rd
∇
(∫ 1

0
m(zw1 + (1− z)w2 + η)m−1dz(w1 − w2)

)
· ∇(w1 − w2)dx.

Therefore, since ∇w1,∇w2 ∈ L∞(0, T ;Hs−1(Rd)) ↪→ L∞(0, T ;L∞(Rd))

−
∫
Rd
∇
(∫ 1

0
m(zw1 + (1− z)w2 + η)m−1dz(w1 − w2)

)
· ∇(w1 − w2)dx

= −
∫
Rd

∫ 1

0
m(zw1 + (1− z)w2 + η)m−1dz|∇(w1 − w2)|2dx

−
∫
Rd

∫ 1

0
m(m− 1)(zw1 + (1− z)w2 + η)m−2(z∇w1 + (1− z)∇w2)dz(w1 − w2) · ∇(w1 − w2))dx

≤ −
∫
Rd

∫ 1

0
m(zw1 + (1− z)w2 + η)m−1dz|∇(w1 − w2)|2dx

+
∥∥∥∥∫ 1

0
m(m− 1)(zw1 + (1− z)w2 + η)m−2(z∇w1 + (1− z)∇w2)dz

∥∥∥∥
L∞(Rd)

·
∫
Rd
|w1 − w2| |∇(w1 − w2)|dx

≤ −
∫
Rd

∫ 1

0
m(zw1 + (1− z)w2 + η)m−1dz|∇(w1 − w2)|2dx+ CMm−1

∫
Rd
|w1 − w2| |∇(w1 − w2)|dx

≤ σ

4

∫
Rd
|∇(w1 − w2)|2dx+ CMm−1

∫
Rd
|w1 − w2|2dx.

Let us now analyze the term
∫
Rd(w1−w2)∇Φ∗ξ ·∇(w1−w2)dx. Since ‖∇Φ∗ξ‖L∞(0,T ;L∞(Rd)) ≤ CM ,

we obtain by Young’s inequality that
∫
Rd

(w1 − w2)∇Φ ∗ ξ · ∇(w1 − w2)dx ≤ σ

4

∫
Rd
|∇(w1 − w2)|2dx+ CM2

∫
Rd
|w1 − w2|2dx.
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This implies that

1
2
d

dt

∫
Rd
|w1 − w2|2dx+ σ

2

∫
Rd
|∇(w1 − w2)|2dx

≤ C(Mm−1 +M2)
∫
Rd
|w1 − w2|2dx.

So,

1
2

∫
Rd
|w1(t, ·)− w2(t, ·)|2dx+ σ

2

∫ t

0

∫
Rd
|∇(w1 − w2)|2dxds

≤ C(Mm−1 +M2)
∫ t

0

∫
Rd
|w1 − w2|2dxds.

Therefore,
∫
Rd
|w1(t, ·)− w2(t, ·)|2dx ≤ 0.

This proves that the fixed point of T is unique. It implies that (2.3) with ρ replaced by w possesses
a unique local solution in XT1 .

Proposition 2.5. There exists T2 ∈ (0, T1] such that (2.1) possesses a unique solution in XT2.

Proof. We have proved so far that for a fixed ξ ∈ XT1 the following equation
∂tv = ∇ · (σ∇v − v∇Φ ∗ ξ +∇(v + η)m) ,

v(0, x) = uσ0 (x), x ∈ Rd, t > 0.
(2.9)

possesses a unique local solution in L∞(0, T1;Hs(Rd)) ∩ L2(0, T1;Hs+1(Rd)).
Using the same technique as for the Hs estimates of (2.3) which we obtained in (2.7), we deduce

that for t > 0 small enough, the following operator is well-defined:

T ′ : XT1 → XT1 , (2.10)
ξ 7→ v.

It remains to prove that T ′ is a contraction. Let v1, v2 ∈ XT1 are solutions of (2.9) for ξ1, ξ2 ∈ XT1

respectively. We deduce that

∂t(v1 − v2) = σ∆(v1 − v2)−∇ · (v1∇Φ ∗ ξ1 − v2∇Φ ∗ ξ2) + ∆((v1 + η)m − (v2 + η)m)
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If we multiply the equation above by v1 − v2 and integrate it over Rd we obtain that

1
2
d

dt

∫
Rd
|v1 − v2|2dx+ σ

∫
Rd
|∇(v1 − v2)|2dx

=
∫
Rd

(v1∇Φ ∗ ξ1 − v2∇Φ ∗ ξ2) · ∇(v1 − v2)dx−
∫
Rd
∇((v1 + η)m − (v2 + η)m) · ∇(v1 − v2)dx.

Since

(v1 + η)m(t, x)− (v2 + η)m(t, x) =
∫ 1

0
m(z(v1 + η) + (1− z)(v2 + η))m−1dz((v1 + η)− (v2 + η))

=
∫ 1

0
m(zv1 + (1− z)v2 + η)m−1dz(v1 − v2),

we rewrite the term −
∫
Rd∇((v1 + η)m − (v2 + η)m) · ∇(v1 − v2)dx as

−
∫
Rd
∇
(∫ 1

0
m(zv1 + (1− z)v2 + η)m−1dz(v1 − v2)

)
· ∇(v1 − v2)dx.

Therefore, together with the embedding ∇v1,∇v2 ⊂ L∞(0, T1;Hs−1(Rd)) ↪→ L∞(0, T1;L∞(Rd)) it
follows that

−
∫
Rd
∇
(∫ 1

0
m(zv1 + (1− z)v2 + η)m−1dz(v1 − v2)

)
· ∇(v1 − v2)dx

= −
∫
Rd

∫ 1

0
m(zv1 + (1− z)v2 + η)m−1dz|∇(v1 − v2)|2dx

−
∫
Rd

∫ 1

0
m(m− 1)(zv1 + (1− z)v2 + η)m−2(z∇v1 + (1− z)∇v2)dz(v1 − v2) · ∇(v1 − v2))dx

≤ −
∫
Rd

∫ 1

0
m(zv1 + (1− z)v2 + η)m−1dz|∇(v1 − v2)|2dx

+
∥∥∥∥∫ 1

0
m(m− 1)(zv1 + (1− z)v2 + η)m−2(z∇v1 + (1− z)∇v2)dz

∥∥∥∥
L∞(Rd)

∫
Rd
|v1 − v2| |∇(v1 − v2)|dx

≤ −
∫
Rd

∫ 1

0
m(zv1 + (1− z)v2 + η)m−1dz|∇(v1 − v2)|2dx+ CMm−1

∫
Rd
|v1 − v2| |∇(v1 − v2)|dx

≤ σ

4

∫
Rd
|∇(v1 − v2)|2dx+ CMm−1

∫
Rd
|v1 − v2|2dx,

where C appeared in this step denotes a positive constant which depends on σ, d and m.
Let us now analyze the term

∫
Rd (v1∇Φ ∗ ξ1 − v2∇Φ ∗ ξ2) ·∇(v1− v2)dx. Since −∆Φ ∗ (ξ1− ξ2) =

ξ1 − ξ2, we obtain that
∫
Rd

(v1∇Φ ∗ ξ1 − v2∇Φ ∗ ξ2) · ∇(v1 − v2)dx

=
∫
Rd

(v1 − v2)∇Φ ∗ ξ1 · ∇(v1 − v2)dx+
∫
Rd
v2(∇Φ ∗ ξ1 −∇Φ ∗ ξ2) · ∇(v1 − v2)dx

≤ CM
∫
Rd
|v1 − v2| |∇(v1 − v2)|dx+ CM

∫
Rd
|∇Φ ∗ (ξ1 − ξ2)||∇(v1 − v2)|dx
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Since

‖∆Φ ∗ (ξ1 − ξ2)‖L2(Rd) ≤ C‖ξ1 − ξ2‖L2(Rd),

‖∇Φ ∗ ξ1‖L∞(Rd) ≤ C‖∇Φ ∗ ξ1‖Hs(Rd) ≤ C‖ξ1‖Hs(Rd),

we obtain that

CM
∫
Rd
|v1 − v2| |∇(v1 − v2)|dx+ CM

∫
Rd
|∇Φ ∗ (ξ1 − ξ2)||∇(v1 − v2)|dx

≤ CM2
∫
Rd
|v1 − v2|2dx+ σ

4

∫
Rd
|∇(v1 − v2)|2dx

+ CM
∫
Rd
|ξ1 − ξ2|2dx+ σ

4

∫
Rd
|∇(v1 − v2)|2dx.

This implies that

1
2
d

dt

∫
Rd
|v1 − v2|2dx+ σ

4

∫
Rd
|∇(v1 − v2)|2dx

≤ C(Mm−1 +M2)
∫
Rd
|v1 − v2|2dx+ CM2

∫
Rd
|ξ1 − ξ2|2dx.

So,

1
2

∫
Rd
|v1(t, ·)− v2(t, ·)|2dx+ σ

4

∫ t

0

∫
Rd
|∇(v1 − v2)|2dxds

≤ C(Mm−1 +M2)
∫ t

0

∫
Rd
|v1 − v2|2dxds+ CM2

∫ t

0

∫
Rd
|ξ1 − ξ2|2dxds

≤ C(Mm−1 +M2)
∫ t

0

∫
Rd
|v1 − v2|2dxds+ CM2t ess sup

τ∈(0,t)

∫
Rd
|ξ1 − ξ2|2dx

Therefore,
∫
Rd
|v1(t, ·)− v2(t, ·)|2dx ≤ CM2 exp(Ct(Mm−1 +M2))t‖ξ1 − ξ2‖2

L∞(0,T1;L2(Rd)).

Hence,

sup
t∈(0,T2)

∫
Rd
|v1(t, ·)− v2(t, ·)|2dx ≤ CM2 exp(CT2(Mm−1 +M2))T2‖ξ1 − ξ2‖2

L∞(0,T1;L2(Rd))

If we choose T2 > 0 small enough we obtain that T ′ is a contraction. So, (2.1) possesses a unique
local solution in XT .
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2.1.2 Lq Estimates of (2.1)

Proposition 2.6. Let uση be the weak solution to (2.1). Then it holds that

sup
t∈(0,T2)

‖uση‖Lq(Rd) ≤ C(d,m, q, ‖u0‖L1(Rd), ‖u0‖Lq(Rd)).

Proof. If we multiply ∂tuση = ∇·
(
σ∇uση − uση∇Φ ∗ uση +∇(uση + η)m

)
by (uση )q−1 and integrate it over

Rd we obtain that

1
q

d

dt

∫
Rd

(uση )qdx = −σ(q − 1)
∫
Rd

(uση )q−2|∇uση |2dx+
∫
Rd
uση∇Φ ∗ uση · ∇(uση )q−1dx

−
∫
Rd
∇(uση + η)m · ∇(uση )q−1dx

Since uση is non-negative and

∣∣∣∇(uση )
m+q−1

2
∣∣∣2 =

∣∣∣∣m+ q − 1
2 (uση )

m+q−3
2 ∇uση

∣∣∣∣2 = (m+ q − 1)2

4 (uση )m+q−3|∇uση |2.

we deduce that

−
∫
Rd
∇(uση + η)m · ∇(uση )q−1dx = −m(q − 1)

∫
Rd

(uση )q−2(uση + η)m−1|∇uση |2dx

≤ −m(q − 1)
∫
Rd

(uση )m+q−3|∇uση |2dx

= − 4m(q − 1)
(m+ q − 1)2

∫
Rd
|∇(uση )

m+q−1
2 |2dx.

Moreover,
∫
Rd
uση∇Φ ∗ uση · ∇(uση )q−1dx = (q − 1)

∫
Rd
∇Φ ∗ uση (uση )q−1 · ∇uσηdx

= q − 1
q

∫
Rd
∇Φ ∗ uση · ∇(uση )qdx

= −q − 1
q

∫
Rd

∆(Φ ∗ uση )(uση )qdx

= q − 1
q

∫
Rd

(uση )q+1dx.

Therefore, using interpolation (see [Novotny and Straskraba, 2004] Theorem 1.49 page 47) and
Gagliardo-Nirenberg-Sobolev inequality (see [Evans, 2010] Theorem 1 page 263) we deduce that
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d

dt
‖uση‖

q
Lq(Rd) + σq(q − 1)

∫
Rd

(uση )q−2|∇uση |2dx+ 4mq(q − 1)
(m+ q − 1)2‖∇(uση )

m+q−1
2 ‖2

L2(Rd)

≤ (q − 1)‖uση‖
q+1
Lq+1(Rd)

≤ (q − 1)
(
‖uση‖

1−θ1
L1(Rd)‖u

σ
η‖

θ1

L
d(q+m−1)

d−2 (Rd)

)q+1

= (q − 1)
(
‖uση‖

1−θ1
L1(Rd)‖(u

σ
η )

q+m−1
2 ‖

2θ1
q+m−1

L
2d
d−2 (Rd)

)q+1

≤ C(d)(q − 1)
(
‖uση‖

1−θ1
L1(Rd)‖∇(uση )

q+m−1
2 ‖

2θ1
p+m−1
L2(Rd)

)q+1

where 1
q+1 = (1− θ1) +

θ1
d(q+m−1)
d−2

Since m = 2 or m ≥ 3, it follows that 2θ1(q+1)
q+m−1 < 2, so we can ensure that q+m−1

θ1(q+1) > 1 and apply
Young’s inequality which implies that

C(d)(q − 1)
(
‖uση‖

1−θ1
L1(Rd)‖∇(uση )

q+m−1
2 ‖

2θ1
q+m−1
L2(Rd)

)q+1

≤ 2mq(q − 1)
(m+ q − 1)2‖∇(uση )

q+m−1
2 ‖2

L2(Rd) + C(d, q,m, ‖u0‖L1(Rd)).

Therefore,

d

dt
‖uση‖

q
Lq(Rd) + σq(q − 1)

∫
Rd

(uση )q−2|∇uση |2dx+ 2mq(q − 1)
(m+ q − 1)2‖∇(uση )

m+q−1
2 ‖2

L2(Rd)

≤ C(d, q,m, ‖u0‖L1(Rd))

By interpolation, Gagliardo-Nirenberg-Sobolev inequality and Young’s inequality it follows that

‖uση‖
q
Lq(Rd) ≤ C‖uση‖

(1−θ2)q
L1(Rd) ‖∇(uση )

m+q−1
2 ‖

2θ2
m+q−1 q

L2(Rd)

≤ 2mq(q − 1)
(m+ q − 1)2

∫
Rd
|∇(uση )

m+q−1
2 |2dx+ C(m, q, ‖u0‖L1(Rd))

where 1
q

= (1− θ2) +
θ2

d(q+m−1)
d−2 .

Since

σq(q − 1)
∫
Rd

(uση )q−2|∇uση |2dx ≥ 0,

we deduce that

d

dt
‖uση‖

q
Lq(Rd) ≤ −‖u

σ
η‖

q
Lq(Rd) + C(d,m, q, ‖u0‖L1(Rd)).
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If we multiply both sides by et, it follows that

d

dt

(
et‖uση‖

q
Lq(Rd)

)
≤ Cet.

After applying integral on both side, we obtain that

et‖uση‖
q
Lq(Rd) ≤ ‖u0‖qLq(Rd) + Cet.

After multiplying both sides by e−t, it follows that

sup
t∈(0,T2)

‖uση‖Lq(Rd) ≤ C(d,m, q, ‖u0‖L1(Rd), ‖u0‖Lq(Rd)).
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2.1.3 L∞ estimates of (2.1)

Proposition 2.7. Let uση be the weak solution to (2.1). Then it holds that

‖uση (t, ·)‖L∞(Rd) ≤ C

for t ∈ (0, T2) where C is a positive constant which depends on d, σ,m, ‖u0‖L1(Rd) and ‖u0‖L∞(Rd) but
is independent of η.

Proof. In order to obtain the desired L∞ regularity in time and W 2,∞ regularity in space we will use
Moser’s iteration technique. Let (qk)k∈N such that qk ∈ (1,∞) for all k ∈ N and qk →∞ as k →∞.

First of all, we multiply the first equation from (2.1) by qk(uση )qk−1 and obtain

∂tu
σ
ηqk(uση )qk−1 = σ∆uσηqk(uση )qk−1 −∇ · (uση∇Φ ∗ uση )qk(uση )qk−1 +∇ · (∇(uση + η)m)qk(uση )qk−1.

Then we integrate it with respect to x ∈ Rd and get

d

dt

∫
Rd

(uση (t, x))qkdx =− σqk(qk − 1)
∫
Rd

(uση (t, x))qk−2|∇uση (t, x)|2dx (2.11)

+ qk(qk − 1)
∫
Rd

(uση (t, x))qk−1∇Φ ∗ uση (t, x) · ∇uση (t, x)dx

− qk(qk − 1)
∫
Rd

(uση (t, x))qk−2∇(uση (t, x) + η)m · ∇uση (t, x)dx

=: I1 + I2 + I3

We estimate (2.11) in three steps.
Step 1: Estimates of I2 and I1.
Let us start with the estimates of the term I2. Taking ‖∇Φ∗uση (t, ·)‖L∞(Rd) out and using Hölder’s

inequality we deduce that

I2 = qk(qk − 1)
∫
Rd

(uση (t, x))qk−1∇Φ ∗ uση (t, x) · ∇uση (t, x)dx

≤ qk(qk − 1)‖∇Φ ∗ uση (t, ·)‖L∞(Rd)

∫
Rd

(uση (t, x))qk−1|∇uση (t, x)|dx

≤ qk(qk − 1)‖∇Φ ∗ uση (t, ·)‖L∞(Rd)

(∫
Rd

(uση (t, x))qkdx
) 1

2
(∫

Rd
(uση (t, x))qk−2|∇uση (t, x)|2dx

) 1
2

Using Young’s inequality for σ1 > 0 we deduce that

qk(qk − 1)‖∇Φ ∗ uση (t, ·)‖L∞(Rd)

(∫
Rd

(uση (t, x))qkdx
) 1

2
(∫

Rd
(uση (t, x))qk−2|∇uση (t, x)|2dx

) 1
2

≤ σ1

∫
Rd

(uση (t, x))qk−2|∇uση (t, x)|2dx+
q2
k(qk − 1)2‖∇Φ ∗ uση (t, ·)‖2

L∞(Rd)

4σ1

∫
Rd

(uση (t, x))qkdx.
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Choosing σ1 = σqk(qk−1)
4 we obtain that

qk(qk − 1)‖∇Φ ∗ uση (t, ·)‖L∞(Rd)

(∫
Rd

(uση (t, x))qkdx
) 1

2
(∫

Rd
(uση (t, x))qk−2|∇uση (t, x)|2dx

) 1
2

≤ σqk(qk − 1)
4

∫
Rd

(uση (t, x))qk−2|∇uση (t, x)|2dx+ qk(qk − 1)
σ

‖∇Φ ∗ uση (t, ·)‖2
L∞(Rd)

∫
Rd

(uση (t, x))qkdx.

Furthermore, we notice that σqk(qk−1)
4

∫
Rd(uση (t, x))qk−2|∇uση (t, x)|2dx can be written as

σqk(qk − 1)
4

∫
Rd

(uση (t, x))qk−2|∇uση (t, x)|2dx = σqk(qk − 1)
4

4
q2
k

∫
Rd
|∇(uση (t, x))

qk
2 |2dx.

Since I1 is nothing but

−σqk(qk − 1)
∫
Rd

(uση (t, x))qk−2|∇uση (t, x)|2dx = −σqk(qk − 1) 4
q2
k

∫
Rd
|∇(uση (t, x))

qk
2 |2dx

and

σqk(qk − 1)
4

4
q2
k

− σqk(qk − 1) 4
q2
k

= −3σ (qk − 1)
qk

,

it follows that

d

dt

∫
Rd

(uση (t, x))qkdx ≤− 3σ (qk − 1)
qk

∫
Rd
|∇(uση (t, x))

qk
2 |2dx

+ qk(qk − 1)
σ

‖∇Φ ∗ uση (t, ·)‖2
L∞(Rd)

∫
Rd

(uση (t, x))qkdx

− qk(qk − 1)
∫
Rd

(uση (t, x))qk−2∇(uση (t, x) + η)m · ∇uση (t, x)dx

Step 2: Estimates of ‖∇Φ ∗ uση (t, ·)‖L∞(Rd) and
∫
Rd(uση (t, x))qkdx.

Choosing p̃ > d we obtain by Morrey’s inequality (Theorem 9.12 p. 282 [Brezis and Brézis,
2011]), Calderon-Zygmund inequality (Theorem 9.9 p. 230 [Gilbarg and Trudinger, 2015]) and Lq

estimates from the previous subsection that

‖∇Φ ∗ uση (t, ·)‖L∞(Rd) ≤ C‖∇Φ ∗ uση (t, ·)‖W 1,p̃(Rd) ≤ C‖uση (t, ·)‖Lp̃(Rd) ≤ C, (2.12)

where C appeared in this subsection denotes a positive constant which depends on d,m, p̃,
‖u0‖L1(Rd), ‖u0‖Lp̃(Rd) and σ but independent of qk. It is important to mention that we can use
Theorem 9.9 p. 230 [Gilbarg and Trudinger, 2015] on Rd since the constant there does not dependent
on the domain.

Moreover, for

θ1 =
1

qk−1
− 1

qk
1

qk−1
− d−2

dqk

, (2.13)
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we obtain by interpolation that
∫
Rd

(uση (t, x))qkdx = ‖uση (t, ·)‖qkLqk (Rd)

≤
(
‖uση (t, ·)‖1−θ1

Lqk−1 (Rd)‖u
σ
η (t, ·)‖θ1

L
dqk
d−2 (Rd)

)qk

=
(
‖uση (t, ·)‖1−θ1

Lqk−1 (Rd)‖(u
σ
η (t, ·))

qk
2 ‖

θ1
2
qk

L
2d
d−2 (Rd)

)qk
.

By Gagliardo–Nirenberg-Sobolev inequality we deduce that

‖(uση (t, ·))
qk
2 ‖

θ1
2
qk

L
2d
d−2 (Rd)

≤ S
− θ1
qk

d ‖∇(uση (t, ·))
qk
2 ‖

θ1
2
qk

L2(Rd),

where Sd := d(d−2)
4 2 2

dπ1+ 1
dΓ(d+1

2 )− 2
d is the best constant of the Sobolev inequality (see e.g. [Lieb

and Loss, 2001]).
Therefore,

∫
Rd

(uση (t, x))qkdx ≤
(
S
− θ1
qk

d ‖uση (t, ·)‖1−θ1
Lqk−1 (Rd)‖∇(uση (t, ·))

qk
2 ‖

θ1
2
qk

L2(Rd)

)qk
(2.14)

= S−θ1
d ‖uση (t, ·)‖(1−θ1)qk

Lqk−1 (Rd)‖∇(uση (t, ·))
qk
2 ‖2θ1

L2(Rd)

So, (2.12) and (2.14) imply that

qk(qk − 1)
σ

‖∇Φ ∗ uση (t, ·)‖2
L∞(Rd)

∫
Rd

(uση (t, x))qkdx

≤ qk(qk − 1)
σ

C
(
S−θ1
d ‖uση (t, ·)‖(1−θ1)qk

Lqk−1 (Rd)‖∇(uση (t, ·))
qk
2 ‖2θ1

L2(Rd)

)
Using the following version of the Young’s inequality from [Evans, 2010] page 622.

ab ≤ c1a
l1 + (cll1)−

l2
l1 l−1

2 bl2 where 1
l1

+ 1
l2

= 1

with

a = ‖∇(uση (t, ·))
qk
2 ‖2θ1

L2(Rd), c1 = σ(qk − 1)
qk

, l1 = 1
θ1
, l2 = 1

1− θ1
,

b = qk(qk − 1)
σ

CS−θ1
d ‖uση (t, ·)‖(1−θ1)qk

Lqk−1 (Rd),
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we obtain that

qk(qk − 1)
σ

C
(
S−θ1
d ‖uση (t, ·)‖(1−θ1)qk

Lqk−1 (Rd)‖∇(uση (t, ·))
qk
2 ‖2θ1

L2(Rd)

)
≤ σ(qk − 1)

qk
‖∇(uση (t, ·))

qk
2 ‖2

L2(Rd)

+
(
σ(qk − 1)

qk

1
θ1

)− θ1
1−θ1

(1− θ1)
(
qk(qk − 1)

σ
C

) 1
1−θ1

S
− θ1

1−θ1
d ‖uση (t, ·)‖qkLqk−1 (Rd).

Therefore,

d

dt

∫
Rd

(uση (t, x))qkdx

≤ −2σ (qk − 1)
qk

∫
Rd
|∇(uση (t, x))

qk
2 |2dx

+
(
σ(qk − 1)

qk

1
θ1

)− θ1
1−θ1

(1− θ1)
(
qk(qk − 1)

σ
C

) 1
1−θ1

S
− θ1

1−θ1
d ‖uση (t, ·)‖qkLqk−1 (Rd)

− qk(qk − 1)
∫
Rd

(uση (t, x))qk−2∇(uση + η)m(t, x)) · ∇uση (t, x)dx.

Step 3 : Estimates of the porous medium term I3 and −2σ (qk−1)
qk

∫
Rd |∇(uση (t, x))

qk
2 |2dx.

Since

I3 = −qk(qk − 1)
∫
Rd

(uση (t, x))qk−2∇(uση + η)m(t, x)) · ∇uση (t, x)dx

= −mqk(qk − 1)
∫
Rd

(uση (t, x))qk−2(uση (t, x) + η)m−1|∇uση (t, x)|2dx

≤ −mqk(qk − 1)
∫
Rd

(uση (t, x))m+qk−3|∇uση (t, x)|2dx

= − 4mqk(qk − 1)
(m+ qk − 1)2

∫
Rd
|∇(uση (t, x))

m+qk−1
2 |2dx,

it follows that

d

dt

∫
Rd

(uση (t, x))qkdx

≤ −2σ (qk − 1)
qk

∫
Rd
|∇(uση (t, x))

qk
2 |2dx

+
(
σ(qk − 1)

qk

1
θ1

)− θ1
1−θ1

(1− θ1)
(
qk(qk − 1)

σ
C

) 1
1−θ1

S
− θ1

1−θ1
d ‖uση (t, ·)‖qkLqk−1 (Rd)

− 4mqk(qk − 1)
(m+ qk − 1)2

∫
Rd
|∇(uση (t, x))

m+qk−1
2 |2dx.

Now we handle the term −2σ (qk−1)
qk

∫
Rd |∇(uση (t, x))

qk
2 |2dx. Let us come back to the inequality
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(2.14), namely
∫
Rd

(uση (t, x))qkdx ≤ S−θ1
d ‖uση (t, ·)‖(1−θ1)qk

Lqk−1 (Rd)‖∇(uση (t, ·))
qk
2 ‖2θ1

L2(Rd).

Using Young’s inequality

ab ≤ c1a
l1 + (cll1)−

l2
l1 l−1

2 bl2 where 1
l1

+ 1
l2

= 1

with

a = ‖∇(uση (t, ·))
qk
2 ‖2θ1

L2(Rd), c1 = σ(qk − 1)
qk

, l1 = 1
θ1
, l2 = 1

1− θ1
,

b = S−θ1
d ‖uση (t, ·)‖(1−θ1)qk

Lqk−1 (Rd),

we obtain that
∫
Rd

(uση (t, x))qkdx ≤ σ(qk − 1)
qk

‖∇(uση (t, ·))
qk
2 ‖2

L2(Rd)

+
(
σ(qk − 1)

qk

1
θ1

)− θ1
1−θ1

(1− θ1)S
− θ1

1−θ1
d ‖uση (t, ·)‖qkLqk−1 (Rd).

Therefore,

−σ(qk − 1)
qk

‖∇(uση (t, ·))
qk
2 ‖2

L2(Rd) ≤ −
∫
Rd

(uση (t, x))qkdx

+
(
σ(qk − 1)

qk

1
θ1

)− θ1
1−θ1

(1− θ1)S
− θ1

1−θ1
d ‖uση (t, ·)‖qkLqk−1 (Rd)

Since

−2σ (qk − 1)
qk

∫
Rd
|∇(uση (t, x))

qk
2 |2dx ≤ −σ (qk − 1)

qk

∫
Rd
|∇(uση (t, x))

qk
2 |2dx

and

− 4mqk(qk − 1)
(m+ qk − 1)2

∫
Rd
|∇(uση (t, x))

m+qk−1
2 |2dx ≤ 0,
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we get that

d

dt

∫
Rd

(uση (t, x))qkdx

≤ −
∫
Rd

(uση (t, x))qkdx

+
(
σ(qk − 1)

qk

1
θ1

)− θ1
1−θ1

(1− θ1)
(
qk(qk − 1)

σ

) 1
1−θ1

S
− θ1

1−θ1
d ‖uση (t, ·)‖qkLqk−1 (Rd)

(
1 + C

1
1−θ1

)
.

Step 4 : Conditions for (qk)k∈N.

Recall from (2.13) that θ1 =
1

qk−1
− 1

qk
1

qk−1
− d−2

dqk

. Since 1 − θ1 =
1
qk
− d−2

dqk
1

qk−1
− d−2

dqk

=
2
d

qk
qk−1
− d−2

d

, we need to

ensure that condition 1
1− θ1

≤ d holds. Therefore,

qk
qk−1
− d−2

d

2
d

≤ d

⇔ qk
qk−1

− d− 2
d
≤ 2

⇔ qk
qk−1

≤ 2 + 1− 2
d

= 3− 2
d
.

So, we obtain that (qk)k∈N should satisfy

qk ≤
(

3− 2
d

)
qk−1, for k ≥ 2. (2.15)

Let us choose (qk)k∈N as qk := 2k + 4d + 4 for k ∈ N. Since d ≥ 3, we obtain that 3 − 2
d
≥ 2. So(

3− 2
d

)
qk−1 ≥ 2qk−1 ≥ qk. Therefore, (qk)k∈N with qk := 2k + 4d+ 4 for k ∈ N satisfies (2.15).

Since

θ1 = d(qk − qk−1)
d(qk − qk−1) + 2qk−1

< 1,

and qk(qk − 1) ≤ q2
k, then

d

dt

∫
Rd

(uση (t, x))qkdx ≤ −
∫
Rd

(uση (t, x))qkdx+ Cq2d
k

(∫
Rd

(uση (t, x))qk−1dx
) qk
qk−1

.

Step 5 : Moser’s iteration.
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Let yk(t) := ‖uση (t, ·)‖qkLqk (Rd). Since
qk
qk−1
≤ 2 we obtain that

y′k(t) = d

dt

∫
Rd

(uση (t, x))qkdx

≤ −
∫
Rd

(uση (t, x))qkdx+ Cq2d
k

(∫
Rd

(uση (t, x))qk−1dx
) qk
qk−1

= −yk(t) + Cq2d
k y

qk
qk−1
k−1 (t)

≤ −yk(t) + Cq2d
k max{1, y2

k−1(t)}.

So, mathematical induction implies that

(etyk(t))′ = et(y′k(t) + yk(t))
≤ etCq2d

k max{1, sup
t≥0

y2
k−1(t)}

≤ etC(4d)2d4dk max{1, sup
t≥0

y2
k−1(t)}.

Then we integrate both sides and deduce that

etyk(t) ≤ yk(0) + C(4d)2d4dk max{1, sup
t≥0

y2
k−1(t)}

∫ t

0
esds

= yk(0) + C(4d)2d4dk max{1, sup
t≥0

y2
k−1(t)}(et − 1).

We know that by interpolation it holds that

yk(0) = ‖u0‖qkLqk (Rd)

≤ (max{‖u0‖L1(Rd), ‖u0‖L∞(Rd)})qk

≤ Kqk
0 = (K

qk
2k
0 )2k := K2k ,

where K0 := max{1, ‖u0‖L1(Rd), ‖u0‖L∞(Rd)}.

So, now we define ak := C(4d)2d4dk. Since e−t ≤ 1 and 1− e−t ≤ 1 for t ≥ 0, we deduce that

yk(t) ≤ e−tyk(0) + ak max{1, sup
t≥0

y2
k−1(t)}e−t(et − 1)

= e−tyk(0) + ak max{1, sup
t≥0

y2
k−1(t)}(1− e−t)

≤ yk(0) + ak max{1, sup
t≥0

y2
k−1(t)}

≤ ak(K2k + sup
t≥0

(y2
k−1(t))

≤ 2ak max{K2k , sup
t≥0

(y2
k−1(t))}.

42



CHAPTER 2. ESTIMATES ON THE PDE LEVEL

Therefore, by iteration it follows that

yk(t) ≤ 2ak max{K2k , sup
t≥0

(y2
k−1(t))}

≤
k−1∏
j=0

(2ak−j)2j max{K2k , sup
t≥0

(y2k
0 (t))}

=
k−1∏
j=0

(
2C(4d)2d4d(k−j)

)2j
max{K2k , sup

t≥0
(y2k

0 (t))}

=
k−1∏
j=0

(
2C(4d)2d4dk

)2j k−1∏
j=0

(
4−dj

)2j
max{K2k , sup

t≥0
(y2k

0 (t))}.

Since

k−1∏
j=0

(
2C(4d)2d4dk

)2j
=
(
2C(4d)2d4dk

)∑k−1
j=0 2j

=
(
2C(4d)2d4dk

) 1−2k
1−2 =

(
2C(4d)2d4dk

)2k−1

and

k−1∏
j=0

(
4−dj

)2j
=

k−1∏
j=0

2−2dj2j = 2
∑k−1

j=0 −2dj2j = 2−2d
∑k−1

j=0 j2
j

= 2−2d
∑k−1

j=1 j2
j

= 2−2d((k−2)2k+2),

by ∑k
j=1 j2j = (k − 1)2k+1 + 2, we deduce that

yk(t) ≤
(
2C(4d)2d4dk

)2k−1 (
2−2d((k−2)2k+2)

)
max{K2k , sup

t≥0
(y2k

0 (t))}

=
(
2C(4d)2d

)2k−1 (
4d
)k(2k−1) (

4d
)−(k−2)2k−2

max{K2k , sup
t≥0

(y2k
0 (t))}

=
(
2C(4d)2d

)2k−1 (
4d
)2k+1−k−2

max{K2k , sup
t≥0

(y2k
0 (t))}.

So,

‖uση (t, ·)‖Lqk (Rd) ≤
(
2C(4d)2d

) 2k−1
qk

(
4d
) 2k+1−k−2

qk max{K
2k
qk , sup

t≥0
(y

2k
qk
0 (t))}.

Since qk = 2k + 4d+ 4 for k ∈ N, it follows that 2k−1
qk
≤ 1, 2k+1−k−2

qk
≤ 2, 2k

qk
≤ 1 therefore

‖uση (t, ·)‖Lqk (Rd) ≤ 2C(4d)2d42d max{K, sup
t≥0

(y0(t))}.
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2.1.4 L∞ Estimates of the Gradient of (2.1)

Proposition 2.8. Let uση be the weak solution to (2.1). Then it holds that

sup
0<t<T2

‖∇uση (t, ·)‖L∞(Rd) ≤ C

where C is a positive constant which depends on d, σ,m, ‖u0‖L1(Rd)∩L∞(Rd) and ‖∇uσ0‖L1(Rd)∩L∞(Rd)

but is independent of η.

Proof. In this subsection we adapt the proof of Lemma 13 from [Sugiyama et al., 2007]. The main
difference is that we use σ∆u and not ∆(u + η)m to control some terms as we derive the required
estimates. Therefore, the resulted constant does not depend on η.

Step 1 : Some basic computations.
Let uση = ψ(ū). So, we obtain that

∂tu
σ
η = ψ′(ū)∂tū,

σ∇ · ∇uση = σ∇ · (ψ′(ū)∇ū)
= σψ′′(ū)∇ū · ∇ū + σψ′(ū)∇ · ∇ū
= σ

(
ψ′′(ū)|∇ū|2 + ψ′(ū)∆ū

)
,

−∇ · (uση∇Φ ∗ uση ) = −∇uση · ∇Φ ∗ uση − uση∆Φ ∗ uση
= −

(
ψ′(ū)∇ū · ∇Φ ∗ uση + uση∆Φ ∗ uση

)
,

∇ · ∇(uση + η)m = ∇ · (m(uση + η)m−1∇uση )
= m(m− 1)(uση + η)m−2|∇uση |2 +m(uση + η)m−1∇ · (ψ′(ū)∇ū)
= m(m− 1)(uση + η)m−2|∇uση |2 +m(uση + η)m−1

(
ψ′′(ū)|∇ū|2 + ψ′(ū)∆ū

)
.

This implies that

∂tū =
(
σ +m(uση + η)m−1

)
∆ū +

(
σ +m(uση + η)m−1

) ψ′′(ū)
ψ′(ū) |∇ū|

2 (2.16)

+
m(m− 1)(uση + η)m−2|∇uση |2

ψ′(ū) −
∇ · (uση∇Φ ∗ uση )

ψ′(ū) .

Now we take the derivative of (2.16) with respect to xk for k ∈ {1, . . . , d}.
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Since

∂xk

(
ψ′′(ū)
ψ′(ū)

)
=
(
ψ′′′(ū)ψ′(ū)− (ψ′′(ū))2

(ψ′(ū))2

)
∂xk ū,

∂xk |∇ū|2 = 2∇ū · ∇∂xk ū,

we obtain that

∂xk
((
σ +m(uση + η)m−1

)
∆ū

)
=
(
m(m− 1)(uση + η)m−2ψ′(ū)∂xk ū

)
∆ū

+
(
σ +m(uση + η)m−1

)
∂xk∆ū,

∂xk

((
σ +m(uση + η)m−1

) ψ′′(ū)
ψ′(ū) |∇ū|

2
)

= m(m− 1)(uση + η)m−2ψ′′(ū)|∇ū|2∂xk ū

+
(
σ +m(uση + η)m−1

)
|∇ū|2

(
ψ′′′(ū)ψ′(ū)− (ψ′′(ū))2

(ψ′(ū))2

)
∂xk ū

+ 2
(
σ +m(uση + η)m−1

) ψ′′(ū)
ψ′(ū)∇ū · ∇∂xk ū,

∂xk

(
m(m− 1)(uση + η)m−2|∇uση |2

ψ′(ū)

)
= m(m− 1)(m− 2)(uση + η)m−3(ψ′(ū))2|∇ū|2∂xk ū

+ 2m(m− 1)(uση + η)m−2∇ū · ∇∂xkuση
−m(m− 1)(uση + η)m−2ψ′′(ū)|∇ū|2∂xk ū.

Since the term (m− 1)(uση + η)m−2ψ′′(ū)|∇ū|2∂xk ū cancels out, we deduce that

∂xk∂tū =
(
m(m− 1)(uση + η)m−2ψ′(ū)∂xk ū

)
∆ū +

(
σ +m(uση + η)m−1

)
∂xk∆ū (2.17)

+
(
σ +m(uση + η)m−1

)
|∇ū|2

(
ψ′′′(ū)ψ′(ū)− (ψ′′(ū))2

(ψ′(ū))2

)
∂xk ū

+ 2
(
σ +m(uση + η)m−1

) ψ′′(ū)
ψ′(ū)∇ū · ∇∂xk ū

+m(m− 1)(m− 2)(uση + η)m−3(ψ′(ū))2|∇ū|2∂xk ū

+ 2m(m− 1)(uση + η)m−2∇ū · ∇∂xkuση

− 1
ψ′(ū)

(
∇∂xkuση · ∇Φ ∗ uση +∇uση · ∇∂xkΦ ∗ uση + ∂xku

σ
η∆Φ ∗ uση + uση∂xk∆Φ ∗ uση

)
+ ψ′′(ū)

(ψ′(ū))2∂xk ū
(
∇uση · ∇Φ ∗ uση + uση∆Φ ∗ uση

)
.

Now we multiply (2.17) by ∂xk ū and denote |∂xk ū|2 by Ūk, then we obtain that
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1
2∂tŪk =

(
m(m− 1)(uση + η)m−2ψ′(ū)

)
∆ū Ūk +

(
σ +m(uση + η)m−1

)
∂xk∆ū∂xk ū (2.18)

+
(
σ +m(uση + η)m−1

)(ψ′′′(ū)ψ′(ū)− (ψ′′(ū))2

(ψ′(ū))2

)
|∇ū|2Ūk

+ 2
(
σ +m(uση + η)m−1

) ψ′′(ū)
ψ′(ū)∇ū · ∇∂xk ū∂xk ū

+m(m− 1)(m− 2)(uση + η)m−3(ψ′(ū))2|∇ū|2Ūk
+ 2m(m− 1)(uση + η)m−2∇ū · ∇∂xkuση ∂xk ū

− ∂xk ū

ψ′(ū)
(
∇∂xkuση · ∇Φ ∗ uση +∇uση · ∇∂xkΦ ∗ uση + ∂xku

σ
η∆Φ ∗ uση + uση∂xk∆Φ ∗ uση

)
+ ψ′′(ū)

(ψ′(ū))2

(
∇uση · ∇Φ ∗ uση + uση∆Φ ∗ uση

)
Ūk.

One can see that

∆Ūk = ∆(∂xk ū)2 = 2∇ · (∂xk ū∇∂xk ū) = 2∂xk∆ū∂xk ū + 2|∂xk∇ū|2,

∂xk∆ū∂xk ū = 1
2∆Ūk − |∂xk∇ū|2,

∂xk∇ū∂xk ū = 1
2∇(∂xk ū)2 = 1

2∇Ūk

and therefore

∂xk∇uση∂xk ū = ∂xk (ψ′(ū)∇ū) ∂xk ū
= (ψ′′(ū)∂xk ū∇ū + ψ′(ū)∇∂xk ū) ∂xk ū

= ψ′′(ū)∇ū Ūk + 1
2ψ
′(ū)∇Ūk.

Moreover,

−
∇∂xkuση · ∇Φ ∗ uση

ψ′(ū) ∂xk ū = − 1
ψ′(ū) (ψ′(ū)∇∂xk ū + ψ′′(ū)∂xk ū∇ū) · ∇Φ ∗ uση∂xk ū

= −∂xk ū∇∂xk ū · ∇Φ ∗ uση −
ψ′′(ū)
ψ′(ū) |∂xk ū|

2∇ū · ∇Φ ∗ uση

= −1
2∇Ūk · ∇Φ ∗ uση −

ψ′′(ū)
ψ′(ū) Ūk∇ū · ∇Φ ∗ uση .

46



CHAPTER 2. ESTIMATES ON THE PDE LEVEL

So, we obtain that

1
2∂tŪk =

(
m(m− 1)(uση + η)m−2ψ′(ū)

)
∆ū Ūk +

(
σ +m(uση + η)m−1

) (1
2∆Ūk − |∂xk∇ū|2

)
(2.19)

+
(
σ +m(uση + η)m−1

)(ψ′′′(ū)ψ′(ū)− (ψ′′(ū))2

(ψ′(ū))2

)
|∇ū|2Ūk

+ 2m(m− 1)(uση + η)m−2ψ′′(ū)|∇ū|2Ūk
+m(m− 1)(m− 2)(uση + η)m−3(ψ′(ū))2|∇ū|2Ūk

+
(
σ +m(uση + η)m−1

) ψ′′(ū)
ψ′(ū)∇ū · ∇Ūk

+m(m− 1)(uση + η)m−2ψ′(ū)∇ū · ∇Ūk

− 1
2∇Ūk · ∇Φ ∗ uση −∇ū · ∇∂xkΦ ∗ uση∂xk ū−

uση∂xk∆Φ ∗ uση∂xk ū
ψ′(ū)

+
(
ψ′′(ū)

(ψ′(ū))2u
σ
η − 1

)
∆Φ ∗ uση Ūk.

We denote ∑d
k=1 Ūk = |∇ū|2 by D. Since ∑d

k=1 Ū
2
k ≤ D2, we obtain that

1
2∂tD ≤

(
m(m− 1)(uση + η)m−2ψ′(ū)

)
∆ū D +

(
σ +m(uση + η)m−1

)(1
2∆D−

d∑
k=1
|∂xk∇ū|2

)
(2.20)

+
(
σ +m(uση + η)m−1

)(ψ′′′(ū)ψ′(ū)− (ψ′′(ū))2

(ψ′(ū))2

)
D2

+m(m− 1)(m− 2)(uση + η)m−3(ψ′(ū))2D2 + 2m(m− 1)(uση + η)m−2ψ′′(ū)D2

+
(
σ +m(uση + η)m−1

) ψ′′(ū)
ψ′(ū)∇ū · ∇D +m(m− 1)(uση + η)m−2ψ′(ū)∇ū · ∇D

− 1
2∇D · ∇Φ ∗ uση −

d∑
k=1
∇ū · ∇∂xkΦ ∗ uση∂xk ū−

d∑
k=1

uση∂xk∆Φ ∗ uση∂xk ū
ψ′(ū)

+
(
ψ′′(ū)

(ψ′(ū))2u
σ
η − 1

)
∆Φ ∗ uσηD.
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Step 2 : Decomposition of Rd

Let t ∈ [0, T2] be fixed. Define ω̃ > 0 such that

ω̃ :=


min

{
√
σ

16e
√
m(m−1)(m−2)(2‖uση‖L∞(0,T2;L∞(Rd)))

m−3
2
, σ

16em(m−1)(2‖uση‖L∞(0,T2;L∞(Rd)))m−2

}
, for m ≥ 3,

σ
16em(m−1) , for m = 2.

(2.21)

Now we define

Ω̃k(t) := {x ∈ Rd | (k − 1)ω̃ ≤ uση (t, x) < kω̃} for k ∈ N. (2.22)

Since ‖uση‖L∞(0,T2;L∞(Rd)) <∞ there exists k0 ∈ N such that

Ω̃k(t) ∩ Ω̃j(t) = ∅ ∀j, k ∈ {1, . . . , k0} and Rd =
k0⋃
k=1

Ω̃k(t)

For any fixed t ∈ [0, T2], we define operator ψk(ū) as

uση (t, x) = ψk(ū(t, x)) = (k − 3)ω̃ + 4eω̃
∫ ū(t,x)

0
e−s

2
ds in x ∈

k+1⋃
i=k−1

Ω̃i(t).

Moreover, let φk(x) be a smooth function in C2(Rd) such that 0 ≤ φk(x) ≤ 1 and

φk(x) :=

1, for x ∈ Ω̃k(t),

0, for x ∈ Rd \ ⋃k+1
j=k−1 Ω̃j(t).

Then there exists a constant Cφk
(
dist(Ω̃k, ∂Ω̃k−1), dist(Ω̃k, ∂Ω̃k+1)

)
such that

|∇φk(x)| ≤ Cφk(φk)
3
4 , |∆φk(x)| ≤ Cφk

For details about the existence of this cut-off function we refer to [Sugiyama et al., 2007] and [Ishida
et al., 2013] .

Step 3 : Lemma for the coefficient before D2

Now we are going to prove that the coefficient of D2 in (2.20) is negative.
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Lemma 2.9. For x ∈ ⋃k+1
i=k−1 Ω̃i(t) it holds that

(
σ +m(uση + η)m−1

)(ψ′′′k (ū)ψ′k(ū)− (ψ′′k(ū))2

(ψ′k(ū))2

)
D2

+m(m− 1)(m− 2)(uση + η)m−3(ψ′k(ū))2D2 + 2m(m− 1)(uση + η)m−2ψ′′k(ū)D2

≤ −2σD2 − 2m(uση + η)m−1D2 + 1
8σD

2

< 0.

Proof. Let x ∈ ⋃k+1
i=k−1 Ω̃i(t) and recall that Ω̃k(t) := {x ∈ Rd | (k − 1)ω̃ ≤ uση (t, x) < kω̃} for k ∈ N.

We know that for any fixed t ∈ [0, T2], it holds that

uση (t, x) = ψk(ū(t, x)) = (k − 3)ω̃ + 4eω̃
∫ ū(t,x)

0
e−s

2
ds in x ∈

k+1⋃
i=k−1

Ω̃i(t).

First, we prove that ψk is injective. Take without loss of generality ū1(t, x) and ū2(t, x) such that
ū2(t, x) ≤ ū1(t, x) and ψk(ū1(t, x)) = ψk(ū2(t, x)). So it implies that

(k − 3)ω̃ + 4eω̃
∫ ū1(t,x)

0
e−s

2
ds = (k − 3)ω̃ + 4eω̃

∫ ū2(t,x)

0
e−s

2
ds in x ∈

k+1⋃
i=k−1

Ω̃i(t).

Hence, it should hold that
∫ ū1(t,x)
ū2(t,x) e

−s2
ds = 0. So, e−s2 ≥ 0 implies that ū2(t, x) = ū1(t, x).

Moreover, since

0 ≤
uση (t, x)− (k − 3)ω̃

4eω̃ ≤ 1
e
≤
√
π

2

we obtain that ψk is surjective. This implies that ψk is a bijection.
Since e−s2 ≥ 0 for all s between 0 and ū(t, x) we obtain that ψk is non-decreasing in ū. Therefore,

if uση (t, x) = ψk(ū(t, x)) = (k − 2)ω̃, then ū(t, x) is the minimum in this case. Moreover, since
(k− 2)ω̃ = (k− 3)ω̃+ 4eω̃

∫ ψ−1
k

((k−2)ω̃)
0 e−s

2
ds, it follows that

∫ ψ−1
k

((k−2)ω̃)
0 e−s

2
ds = (k−2)ω̃−(k−3)ω̃

4eω̃ = 1
4e .

All together it yields

∫ min
(k−2)ω̃≤uση≤(k+1)ω̃

ū

0
e−s

2
ds =

∫ ψ−1
k

((k−2)ω̃)

0
e−s

2
ds = 1

4e =
∫ 1

4e

0
1ds ≥

∫ 1
4e

0
e−s

2
ds.

Let us now analyze the upper bound. Since s2 ≤ 1, so 1
e
≤ 1

es2 . Moreover, since (k + 1)ω̃ =
(k− 2)ω̃+ 4eω̃

∫ ψ−1
k

((k+1)ω̃)
0 e−s

2
ds, it follows that

∫ ψ−1
k

((k+1)ω̃)
0 e−s

2
ds = (k+1)ω̃−(k−2)ω̃

4eω̃ = 3
4e . Therefore,

we deduce that
∫ max

(k−2)ω̃≤uση≤(k+1)ω̃
ū

0
e−s

2
ds ≤

∫ ψ−1
k

((k+1)ω̃)

0
e−s

2
ds = 3

4e =
∫ 3

4e

0
1ds ≤

∫ 3
4

0
e−s

2
ds ≤

∫ 1

0
e−s

2
ds.
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Therefore, we obtain that

1
4e ≤ ū(t, x) = ψ−1

k (uση ) ≤ 1 in x ∈
k+1⋃
i=k−1

Ω̃i(t).

This implies that

0 <ψ′k(ū) = 4eω̃e−ū2 ≤ 4eω̃,

ψ′′k(ū) = −8eω̃ūe−ū2 ≤ −8eω̃ 1
4e ·

1
e

= −2
e
ω̃ < 0,

ψ′′′k (ū) = 8eω̃e−ū2(2ū2 − 1).

Therefore,

ψ′′′k (ū)ψ′k(ū)− (ψ′′k(ū))2

(ψ′k(ū))2 = 8eω̃e−ū2(2ū2 − 1)4eω̃e−ū2 − (−8eω̃ūe−ū2)2

(4eω̃e−ū2)2 = −2.

Since

m(m− 1)(m− 2)(uση + η)m−3(ψ′k(ū))2 ≤ 16e2ω̃2e−2ū2
m(m− 1)(m− 2)(uση + η)m−3

≤ 16e2ω̃2m(m− 1)(m− 2)(2‖uση‖L∞(0,T ;L∞(Rd)))m−3,

we need to ensure that 16e2ω̃2m(m− 1)(m− 2)(2‖uση‖L∞(0,T2;L∞(Rd)))m−3 ≤ 1
8σ, so we obtain that ω̃

should satisfy the inequality

ω̃ ≤
√
σ

8
√

2e
√
m(m− 1)(m− 2)(2‖uση‖L∞(0,T2;L∞(Rd)))

m−3
2
.

Finally, we obtain that

(
σ +m(uση + η)m−1

)(ψ′′′k (ū)ψ′k(ū)− (ψ′′k(ū))2

(ψ′k(ū))2

)
D2

+m(m− 1)(m− 2)(uση + η)m−3(ψ′k(ū))2D2 + 2m(m− 1)(uση + η)m−2ψ′′k(ū)D2

≤ −2
(
σ +m(uση + η)m−1

)
D2 +m(m− 1)(m− 2)(uση + η)m−3(ψ′k(ū))2D2

≤ −2σD2 − 2m(uση + η)m−1D2 + 1
8σD

2

< 0 in
k+1⋃
i=k−1

Ω̃i(t).

Step 4 : Bochner type inequality for Vφ := |∇ū(t, x)|2φ
In order to simplify the notation in this step we use φ and ψ instead of φk and ψk respectively.
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Multiplying (2.20) by φ and using Lemma 2.9 together with

ψ′(ū) ≤ 4eω̃, ψ′′(ū) < 0, ψ′′′(ū) = 8eω̃e−ū2(2ū2 − 1),
ψ′′′(ū)ψ′(ū)− (ψ′′(ū))2

(ψ′(ū))2 = −2, −2 ≤ ψ′′(ū)
ψ′(ū) = −2ū ≤ − 1

2e,

we obtain that

1
2∂tVφ ≤

(
m(m− 1)(uση + η)m−24eω̃

) d∑
i=1
|∂iiū| Vφ +

(
σ +m(uση + η)m−1

)(1
2∆Dφ−

d∑
k=1
|∂xk∇ū|2φ

)
(2.23)

− 2
(
σ +m(uση + η)m−1

)
D2φ+ σ

ψ′′(ū)
ψ′(ū)∇ū · ∇D φ+ 1

8σD
2φ

+m

(
(uση + η)ψ

′′(ū)
ψ′(ū) + (m− 1)ψ′(ū)

)
(uση + η)m−2∇ū · ∇D φ

− 1
2∇D · ∇Φ ∗ uσηφ−

d∑
k=1
∇ū · ∇∂xkΦ ∗ uση∂xk ūφ−

d∑
k=1

uση∂xk∆Φ ∗ uση∂xk ū
ψ′(ū) φ

+
(
ψ′′(ū)

(ψ′(ū))2u
σ
η − 1

)
∆Φ ∗ uσηDφ.

Now we multiply (2.23) by V r−1
φ and integrate it over Ω̃ := ⋃k+1

j=k−1 Ω̃j(t). Since

m
∫

Ω̃
(uση + η)m−1∆Dφ(Vφ)r−1dx = m

∫
Ω̃

(uση + η)m−1∆Vφ(Vφ)r−1dx

− 2m
∫

Ω̃
(uση + η)m−1∇D · ∇φ(Vφ)r−1dx

−m
∫

Ω̃
(uση + η)m−1D∆φ(Vφ)r−1dx

= −m(m− 1)
∫

Ω̃
(uση + η)m−2∇uση · ∇Vφ(Vφ)r−1dx

−m(r − 1)
∫

Ω̃
(uση + η)m−1|∇Vφ|2(Vφ)r−2dx

− 2m
∫

Ω̃
(uση + η)m−1∇D · ∇φ(Vφ)r−1dx

−m
∫

Ω̃
(uση + η)m−1D∆φ(Vφ)r−1dx,

σ
∫

Ω̃
∆Dφ(Vφ)r−1dx = −σ(r − 1)

∫
Ω̃
|∇Vφ|2(Vφ)r−2dx− 2σ

∫
Ω̃
∇D · ∇φ(Vφ)r−1dx− σ

∫
Ω̃
D∆φ(Vφ)r−1dx

and

∇Vφ = ∇Dφ+∇φD
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we deduce that

1
r

d

dt
‖Vφ‖rLr(Ω̃) ≤ −m(r − 1)

∫
Ω̃

(uση + η)m−1|∇Vφ|2(Vφ)r−2dx (2.24)

− σ(r − 1)
∫

Ω̃
|∇Vφ|2(Vφ)r−2dx

− 2m
∫

Ω̃
(uση + η)m−1

d∑
k=1
|∂xk∇ū|2φV r−1

φ dx− 2σ
∫

Ω̃

d∑
k=1
|∂xk∇ū|2φV r−1

φ dx

− 4m
∫

Ω̃
(uση + η)m−1DV r

φ dx− 4σ
∫

Ω̃
DV r

φ dx+ 1
4σ

∫
Ω̃
DV r

φ dx

−m(m− 1)
∫

Ω̃
(uση + η)m−2∇uση · ∇Vφ(Vφ)r−1dx

− 2m
∫

Ω̃
(uση + η)m−1∇D · ∇φ(Vφ)r−1dx−m

∫
Ω̃

(uση + η)m−1D∆φ(Vφ)r−1dx

− 2σ
∫

Ω̃
∇D · ∇φ(Vφ)r−1dx− σ

∫
Ω̃
D∆φ(Vφ)r−1dx

+ (8eω̃m(m− 1))
∫

Ω̃
(uση + η)m−2

d∑
i=1
|∂iiū| V r

φ dx

+ 2m
∫

Ω̃

(
(uση + η)ψ

′′(ū)
ψ′(ū) + (m− 1)ψ′(ū)

)
(uση + η)m−2∇ū · ∇Vφ(Vφ)r−1dx

− 2m
∫

Ω̃

(
(uση + η)ψ

′′(ū)
ψ′(ū) + (m− 1)ψ′(ū)

)
(uση + η)m−2∇ū · ∇φD(Vφ)r−1dx

+ 2σ
∫

Ω̃

ψ′′(ū)
ψ′(ū)∇ū · ∇Vφ(Vφ)r−1dx− 2σ

∫
Ω̃

ψ′′(ū)
ψ′(ū)∇ū · ∇φD(Vφ)r−1dx

−
∫

Ω̃
∇Vφ · ∇Φ ∗ uση (Vφ)r−1dx+

∫
Ω̃
D∇φ · ∇Φ ∗ uση (Vφ)r−1dx

− 2
d∑

k=1

∫
Ω̃
∇ū · ∇∂xkΦ ∗ uση∂xk ūφ(Vφ)r−1dx

+ 2
∫

Ω̃

(
ψ′′(ū)

(ψ′(ū))2u
σ
η − 1

)
∆Φ ∗ uση (Vφ)rdx

− 2
d∑

k=1

∫
Ω̃

uση∂xk∆Φ ∗ uση∂xk ū
ψ′(ū) φ(Vφ)r−1dx

Since

−2m
∫

Ω̃
(uση + η)m−1∇D · ∇φ(Vφ)r−1dx = 2m(m− 1)

∫
Ω̃

(uση + η)m−2D∇uση · ∇φ(Vφ)r−1dx

+ 2m
∫

Ω̃
(uση + η)m−1D∆φ(Vφ)r−1dx

+ 2m(r − 1)
∫

Ω̃
(uση + η)m−1D(Vφ)r−2∇φ · ∇Vφdx,

and

−2σ
∫

Ω̃
∇D · ∇φ(Vφ)r−1dx = 2σ

∫
Ω̃
D∆φ(Vφ)r−1dx+ 2σ(r − 1)

∫
Ω̃
D(Vφ)r−2∇φ · ∇Vφdx,
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we deduce that

1
r

d

dt
‖Vφ‖rLr(Ω̃) ≤ −m(r − 1)

∫
Ω̃

(uση + η)m−1|∇Vφ|2(Vφ)r−2dx

− σ(r − 1)
∫

Ω̃
|∇Vφ|2(Vφ)r−2dx

− 2m
∫

Ω̃
(uση + η)m−1

d∑
k=1
|∂xk∇ū|2φV r−1

φ dx− 2σ
∫

Ω̃

d∑
k=1
|∂xk∇ū|2φV r−1

φ dx

− 4m
∫

Ω̃
(uση + η)m−1DV r

φ dx− 4σ
∫

Ω̃
DV r

φ dx+ 1
4σ

∫
Ω̃
DV r

φ dx

+m(m− 1)
∫

Ω̃
(uση + η)m−2∇uση · ∇Vφ(Vφ)r−1dx

+ 2m(r − 1)
∫

Ω̃
(uση + η)m−1D(Vφ)r−2∇φ · ∇Vφdx

+ 2σ(r − 1)
∫

Ω̃
D(Vφ)r−2∇φ · ∇Vφdx

+m
∫

Ω̃
(uση + η)m−1D∆φ(Vφ)r−1dx

+ σ
∫

Ω̃
D∆φ(Vφ)r−1dx

+ (8eω̃m(m− 1))
∫

Ω̃
(uση + η)m−2

d∑
i=1
|∂iiū| V r

φ dx

+ 2m
∫

Ω̃
(uση + η)m−1

∣∣∣∣∣ψ′′(ū)
ψ′(ū)

∣∣∣∣∣ |∇ū| |∇Vφ| |Vφ|r−1dx

+ 2σ
∫

Ω̃

∣∣∣∣∣ψ′′(ū)
ψ′(ū)

∣∣∣∣∣ |∇ū| |∇Vφ||Vφ|r−1dx

+ 2m
∫

Ω̃
(uση + η)m−1

∣∣∣∣∣ψ′′(ū)
ψ′(ū)

∣∣∣∣∣ |∇ū| |∇φ|D(Vφ)r−1dx

+ 2σ
∫

Ω̃

∣∣∣∣∣ψ′′(ū)
ψ′(ū)

∣∣∣∣∣ |∇ū| |∇φ|D(Vφ)r−1dx

−
∫

Ω̃
∇Vφ · ∇Φ ∗ uση (Vφ)r−1dx+

∫
Ω̃
D∇φ · ∇Φ ∗ uση (Vφ)r−1dx

− 2
d∑

k=1

∫
Ω̃
∇ū · ∇∂xkΦ ∗ uση∂xk ūφ(Vφ)r−1dx

+ 2
∫

Ω̃

(
ψ′′(ū)

(ψ′(ū))2u
σ
η − 1

)
∆Φ ∗ uση (Vφ)rdx

− 2
d∑

k=1

∫
Ω̃

uση∂xk∆Φ ∗ uση∂xk ū
ψ′(ū) φ(Vφ)r−1dx

=: −I1 − I ′1 − I2 − I ′2 − I3 − I ′3 + 1
16I

′
3 + II1 + II2 + II3 + II4 + II5 + III

+ IV1 + IV ′1 + IV2 + IV ′2 + J1
1 + J2

1 + J2 + J3 + J4. (2.25)

Now we are going to estimate 15 terms.
By Young’s inequality we obtain that
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II1 = m(m− 1)
∫

Ω̃
(uση + η)m−2∇uση · ∇Vφ(Vφ)r−1dx

= m(m− 1)
∫

Ω̃
(uση + η)m−2ψ′(ū)∇ū · ∇Vφ(Vφ)r−1dx

≤
∫

Ω̃


√
σ(r − 1)

2 (Vφ) r−2
2 |∇Vφ|

2m(m− 1)√
σ(r − 1)

(uση + η)m−2ψ′(ū)|∇ū||Vφ|
r
2

 dx
≤ σ(r − 1)

8

∫
Ω̃
|Vφ|r−2|∇Vφ|2dx

+ 2m2(m− 1)2

σ(r − 1)
(
2‖uση‖L∞(0,T2;L∞(Rd))

)2(m−2) ∫
Ω̃

(ψ′(ū))2|∇ū|2|Vφ|rdx

≤ σ(r − 1)
8

∫
Ω̃
|Vφ|r−2|∇Vφ|2dx

+ 2m2(m− 1)2

σ(r − 1)
(
2‖uση‖L∞(0,T2;L∞(Rd))

)2(m−2) ∫
Ω̃

16e2ω̃2e−2ū2
D|Vφ|rdx.

Since e−2ū2 ≤ 1, at this step we need to ensure that

32m2(m− 1)2e2ω̃2(2‖uση‖L∞(0,T2;L∞(Rd)))2(m−2)

σ(r − 1) ≤ 1
84σ = σ

2 ,

which is equivalent to

ω̃ ≤
(
σ

2 ·
σ(r − 1)

32m2(m− 1)2e2(2‖uση‖L∞(0,T2;L∞(Rd)))2(m−2)

) 1
2

= σ
√
r − 1

8m(m− 1)e(2‖uση‖L∞(0,T2;L∞(Rd)))m−2 .

So, the above condition is satisfied if

ω̃ ≤ σ

8m(m− 1)e(2‖uση‖L∞(0,T2;L∞(Rd)))m−2 .

Therefore,

II1 ≤
1
8I
′
1 + 1

8I
′
3. (2.26)
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Next,

II2 = 2m(r − 1)
∫

Ω̃
(uση + η)m−1D(Vφ)r−2∇φ · ∇Vφdx

≤
∫

Ω̃


√
m(r − 1)

2 (uση + η)m−1
2 (Vφ) r−2

2 |∇Vφ|

(4
√
m(r − 1)(uση + η)m−1

2 D(Vφ) r−2
2 |∇φ|

)
dx

≤ 1
8I1 + 8m(r − 1)

∫
Ω̃

(uση + η)m−1D2(Vφ)r−2|∇φ|2dx

= 1
8I1 +

∫
Ω̃

(√
m(uση + η)m−1

2 D
1
2 (Vφ) r2

) (
8
√
m(r − 1)(uση + η)m−1

2 D
3
2 (Vφ) r2−2|∇φ|2

)
dx

≤ 1
8I1 + 1

2m
∫

Ω̃
(uση + η)m−1D(Vφ)rdx+ 32m(r − 1)2

∫
Ω̃

(uση + η)m−1D3(Vφ)r−4|∇φ|4dx.

Since |∇φ|4 ≤ C4
φφ

3, we obtain by Hölder’s inequality that

II2 ≤
1
8I1 + 1

8I3 + 32m(r − 1)2C4
φ(2‖uση‖L∞(0,T2;L∞(Rd)))m−1|Ω̃| 1r ‖Vφ‖r−1

Lr(Ω̃), (2.27)

For II3 we obtain similarly that

II3 = 2σ(r − 1)
∫

Ω̃
D(Vφ)r−2∇φ · ∇Vφdx

≤
∫

Ω̃


√
σ(r − 1)

2 (Vφ) r−2
2 |∇Vφ|

(4
√
σ(r − 1)D(Vφ) r−2

2 |∇φ|
)
dx

≤ 1
8I
′
1 + 8σ(r − 1)

∫
Ω̃
D2(Vφ)r−2|∇φ|2dx

≤ 1
8I
′
1 +

∫
Ω̃

(√
σD

1
2 (Vφ) r2

) (
8
√
σ(r − 1)D 3

2 (Vφ) r2−2|∇φ|2
)
dx

≤ 1
8I
′
1 + σ

2

∫
Ω̃
D(Vφ)rdx+ 32σ(r − 1)2

∫
Ω̃
D3(Vφ)r−4|∇φ|4dx.

So, by Hölder’s inequality it follows that

II3 ≤
1
8I
′
1 + 1

8I
′
3 + 32σ(r − 1)2C4

φ|Ω̃|
1
r ‖Vφ‖r−1

Lr(Ω̃). (2.28)

Next, we come to II4. First, we see that

II4 = m
∫

Ω̃
(uση + η)m−1D∆φ(Vφ)r−1dx

= −m(m− 1)
∫

Ω̃
(uση + η)m−2ψ′(ū)∇ū ·D∇φ(Vφ)r−1dx

−m
∫

Ω̃
(uση + η)m−1∇D · ∇φ(Vφ)r−1dx

−m(r − 1)
∫

Ω̃
(uση + η)m−1D∇φ · (Vφ)r−2∇Vφdx.

Let us now estimate these three terms of II4. Since ψ′(ū) ≤ 4eω̃e−ū2 , |∇ū| ≤ D
1
2 and |∇φ| ≤ Cφφ

3
4
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we obtain that

−m(m− 1)
∫

Ω̃
(uση + η)m−2ψ′(ū)∇ū ·D∇φ(Vφ)r−1dx

≤ m(m− 1)
∫

Ω̃
4eω̃(uση + η)m−2D

3
2Cφφ

3
4 (Vφ)r−1dx

≤
∫

Ω̃

(√
σ

2 D
1
2 (Vφ) r2

)(
8eω̃m(m− 1) 1√

σ
(uση + η)m−2DCφφ

3
4 (Vφ) r2−1

)
dx

≤ 1
32 · 4σ

∫
Ω̃
D(Vφ)rdx+ 32e2ω̃2m2(m− 1)2 1

σ
(2‖uση‖L∞(0,T2;L∞(Rd)))2(m−2)C2

φ

∫
Ω̃
D2φ

3
2 (Vφ)r−2dx

≤ 1
32I

′
3 +

∫
Ω̃

(√
σ

2 D
1
2 (Vφ) r2

)(
64e2ω̃2m2(m− 1)2 1

σ
3
2

(2‖uση‖L∞(0,T2;L∞(Rd)))2(m−2)C2
φD

3
2φ

3
2 (Vφ) r2−2

)
dx

≤ 1
16I

′
3 + 642e4ω̃4m4(m− 1)4 1

σ3 (2‖uση‖L∞(0,T2;L∞(Rd)))4(m−2)C4
φ

∫
Ω̃

(Vφ)r−1dx

≤ 1
16I

′
3 + 642e4m4(m− 1)4 1

σ3 (2‖uση‖L∞(0,T2;L∞(Rd)))4(m−2)C4
φ‖Vφ‖r−1

Lr(Ω̃)|Ω̃|
1
r

Since ∇D = ∇|∇ū|2 = 2(∇ū)(D2ū) we obtain that

−m
∫

Ω̃
(uση + η)m−1∇D · ∇φ(Vφ)r−1dx

≤ m
∫

Ω̃
(uση + η)m−1|∇D|Cφφ

3
4 (Vφ)r−1dx

≤ 2mCφ
∫

Ω̃
(uση + η)m−1|∇ū| |D2ū|φ

3
4 |Vφ|r−1dx

≤
∫

Ω̃

(√
m√
2

(uση + η)m−1
2 |D2ū|φ

1
2 |Vφ|

r−1
2

)(
2
√

2
√
mCφ(uση + η)m−1

2 |∇ū|φ
1
4 |Vφ|

r−1
2
)
dx

≤ 1
8 · 2m

∫
Ω̃

(uση + η)m−1
d∑

k=1
|∇∂xk ū|φ|Vφ|r−1dx+ 4mC2

φ

∫
Ω̃

(uση + η)m−1Dφ
1
2 |Vφ|r−1dx

≤ 1
8I2 +

∫
Ω̃

(√
m(uση + η)m−1

2 D
1
2 (Vφ) r2

) (
4
√
mC2

φ(uση + η)m−1
2 D

1
2φ

1
2 |Vφ|

r
2−1

)
dx

≤ 1
8I2 + 1

8I3 + 8mC4
φ(2‖uση‖L∞(0,T2;L∞(Rd)))m−1

∫
Ω̃
|Vφ|r−1dx

≤ 1
8I2 + 1

8I3 + 8mC4
φ(2‖uση‖L∞(0,T2;L∞(Rd)))m−1‖Vφ‖r−1

Lr(Ω̃)|Ω̃|
1
r ,
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For the third term we deduce that

−m(r − 1)
∫

Ω̃
(uση + η)m−1D∇φ · (Vφ)r−2∇Vφdx

≤
∫

Ω̃


√
m(r − 1)

2 (uση + η)m−1
2 (Vφ) r−2

2 |∇Vφ|

(2
√
m(r − 1)Cφ(uση + η)m−1

2 Dφ
3
4 (Vφ) r−2

2

)
dx

≤ 1
8m(r − 1)

∫
Ω̃

(uση + η)m−1|Vφ|r−2|∇Vφ|2dx

+ 2m(r − 1)C2
φ

∫
Ω̃

(uση + η)m−1D2φ
3
2 (Vφ)r−2dx

≤ 1
8I1 +

∫
Ω̃

(√
m(uση + η)m−1

2 D
1
2 (Vφ) r2

) (
2
√
m(r − 1)C2

φ(uση + η)m−1
2 D

3
2φ

3
2 (Vφ) r2−2

)
dx

≤ 1
8I1 + 1

8I3 + 2m(r − 1)2C4
φ(2‖uση‖L∞(0,T2;L∞(Rd)))m−1‖Vφ‖r−1

Lr(Ω̃)|Ω̃|
1
r .

Therefore,

II4 ≤
1
8I1 + 1

8I2 + 1
4I3 + 1

16I
′
3 (2.29)

+ 642e4m4(m− 1)4 1
σ3 (2‖uση‖L∞(0,T2;L∞(Rd)))4(m−2)C4

φ‖Vφ‖r−1
Lr(Ω̃)|Ω̃|

1
r

+ 8mC4
φ(2‖uση‖L∞(0,T2;L∞(Rd)))m−1‖Vφ‖r−1

Lr(Ω̃)|Ω̃|
1
r

+ 2m(r − 1)2C4
φ(2‖uση‖L∞(0,T2;L∞(Rd)))m−1‖Vφ‖r−1

Lr(Ω̃)|Ω̃|
1
r .

Similarly,

II5 = σ
∫

Ω̃
D∆φ(Vφ)r−1dx ≤ 1

8I
′
1 + 1

8I
′
2 + 1

16I
′
3 +

(
32σC4

φ + 32σ(r − 1)2C4
φ

)
‖Vφ‖r−1

Lr(Ω̃)|Ω̃|
1
r . (2.30)

Now consider III.

III = (8eω̃m(m− 1))
∫

Ω̃
(uση + η)m−2

d∑
i=1
|∂iiū| V r

φ dx

≤
∫

Ω̃

(√
σ√
2

d∑
i=1
|∂iiū|φ

1
2 |Vφ|

r−1
2

)(
1√
σ

8
√

2eω̃m(m− 1)(uση + η)m−2D
1
2 (Vφ) r2

)
dx

≤ 1
82σ

∫
Ω̃

d∑
i=1
|∂iiū|2φ|Vφ|r−1dx+ 64

σ
ω̃2e2m2(m− 1)2(2‖uση‖L∞(0,T2;L∞(Rd)))2(m−2)

∫
Ω̃
D(Vφ)rdx.

In order to ensure that

64
σ
ω̃2e2m2(m− 1)2(2‖uση |L∞(0,T2;L∞(Rd)))2(m−2) ≤ σ

2 ,
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ω̃ should satisfy

ω̃ ≤
(

σ2

2 · 64e2m2(m− 1)2(2‖uση‖L∞(0,T ;L∞(Rd)))2(m−2)

) 1
2

≤ σ

8
√

2em(m− 1)(2‖uση‖L∞(0,T ;L∞(Rd)))m−2
.

So, we obtain that

III ≤ 1
8I
′
2 + 1

8I
′
3. (2.31)

Now we focus on IV1.

IV1 = 2m
∫

Ω̃
(uση + η)m−1

∣∣∣∣∣ψ′′(ū)
ψ′(ū)

∣∣∣∣∣ |∇ū| |∇Vφ| |Vφ|r−1dx

≤ 4m
∫

Ω̃
(uση + η)m−1|∇ū| |∇Vφ| |Vφ|r−1dx

≤
∫

Ω̃


√
m(r − 1)

2 (uση + η)m−1
2 |Vφ|

r−2
2 |∇Vφ|

( 8
√
m√

r − 1
(uση + η)m−1

2 |∇ū| |Vφ|
r
2

)
dx

≤ m(r − 1)
8

∫
Ω̃

(uση + η)m−1|Vφ|r−2|∇Vφ|2dx+ 32m
r − 1

∫
Ω̃

(uση + η)m−1D|Vφ|rdx.

Choosing r ≥ 65 we obtain that 32m
r−1 ≤

1
2m = 1

8 · 4m. Therefore,

IV1 ≤
1
8I1 + 1

8I3. (2.32)

Similarly,

IV ′1 = 2σ
∫

Ω̃

∣∣∣∣∣ψ′′(ū)
ψ′(ū)

∣∣∣∣∣ |∇ū| |∇Vφ||Vφ|r−1dx

≤ 4σ
∫

Ω̃
|∇ū| |∇Vφ||Vφ|r−1dx

≤
∫

Ω̃


√
σ(r − 1)

2 |Vφ|
r−2

2 |∇Vφ|

( 8
√
σ√

r − 1
|∇ū| |Vφ|

r
2

)
dx

≤ σ(r − 1)
8

∫
Ω̃
|Vφ|r−2|∇Vφ|2dx+ 32σ

r − 1

∫
Ω̃
D|Vφ|rdx.

Therefore,

IV ′1 ≤
1
8I
′
1 + 1

8I
′
3. (2.33)
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Since
∣∣∣ψ′′(ū)
ψ′(ū)

∣∣∣ ≤ 2, |∇ū| ≤ D
1
2 and |∇φ| ≤ Cφφ

3
4 , we deduce that

IV2 = 2m
∫

Ω̃
(uση + η)m−1

∣∣∣∣∣ψ′′(ū)
ψ′(ū)

∣∣∣∣∣ |∇ū| |∇φ|D(Vφ)r−1dx

≤ 4mCφ
∫

Ω̃
(uση + η)m−1D

1
2Dφ

3
4 |Vφ|r−1dx

≤
∫

Ω̃

(√
m

2 (uση + η)m−1
2 D

1
2 |Vφ|

r
2

)(
8
√
mCφ(uση + η)m−1

2 Dφ
3
4 |Vφ|

r
2−1

)
dx

≤ 1
32I3 + 32mC2

φ

∫
Ω̃

(uση + η)m−1D2φ
3
2 |Vφ|r−2dx

≤ 1
32I3 +

∫
Ω̃

(√
m

2 (uση + η)m−1
2 D

1
2 |Vφ|

r
2

)(
64
√
mC2

φ(uση + η)m−1
2 D

3
2φ

3
2 |Vφ|

r
2−2

)
dx

≤ 1
16I3 + 642mC4

φ

∫
Ω̃

(uση + η)m−1D3φ3|Vφ|r−4dx.

So,

IV2 ≤
1
16I3 + 642mC4

φ(2‖uση‖L∞(0,T2;L∞(Rd)))m−1‖Vφ‖r−1
Lr(Ω̃)|Ω̃|

1
r . (2.34)

Similarly,

IV ′2 = 2σ
∫

Ω̃

∣∣∣∣∣ψ′′(ū)
ψ′(ū)

∣∣∣∣∣ |∇ū| |∇φ|D(Vφ)r−1dx ≤ 1
16I

′
3 + 642σC4

φ‖Vφ‖r−1
Lr(Ω̃)|Ω̃|

1
r . (2.35)

Recall that there exists a constant C > 0 such that for q > d we obtain that

‖∇Φ ∗ uση‖L∞(0,T2;L∞(Rd)) ≤ C‖∇Φ ∗ uση‖L∞(0,T2;W 1,q(Rd)) ≤ C‖uση‖L∞(0,T2;Lq(Rd)) ≤ C.

So we obtain that

J1
1 = −

∫
Ω̃
∇Vφ · ∇Φ ∗ uση (Vφ)r−1dx

≤
∫

Ω̃


√
σ(r − 1)

2 |Vφ|
r−2

2 |∇Vφ|

 2√
σ(r − 1)

|∇Φ ∗ uση | |Vφ|
r
2

 dx
≤ 1

8I
′
1 +

2‖∇Φ ∗ uση‖2
L∞(0,T2;L∞(Rd))

σ(r − 1)

∫
Ω̃
|Vφ|rdx.

Hence,

J1
1 ≤

1
8I
′
1 +
‖∇Φ ∗ uση‖2

L∞(0,T2;L∞(Rd))

32σ ‖Vφ‖rLr(Ω̃). (2.36)
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By the same argument it follows that

J2
1 =

∫
Ω̃
D∇φ · ∇Φ ∗ uση (Vφ)r−1dx

≤
∫

Ω̃

(√
σD

1
2 |Vφ|

r
2
)( 1√

σ
D

1
2Cφφ

3
4 |∇Φ ∗ uση | |Vφ|

r
2−1

)
dx

≤ 1
8I
′
3 + 1

2σC
2
φ

∫
Ω̃
Dφ

3
2 |∇Φ ∗ uση |2 |Vφ|r−2dx

≤ 1
8I
′
3 + 1

2σC
2
φ‖∇Φ ∗ uση‖2

L∞(0,T2;L∞(Rd))

∫
Ω̃
|Vφ|r−1dx.

So,

J2
1 ≤

1
8I
′
3 + 1

2σC
2
φ‖∇Φ ∗ uση‖2

L∞(0,T2;L∞(Rd))‖Vφ‖r−1
Lr(Ω̃)|Ω̃|

1
r . (2.37)

Next, we analyze J2.

J2 = −2
d∑

k=1

∫
Ω̃
∇ū · ∇∂xkΦ ∗ uση∂xk ūφ(Vφ)r−1dx

= 2
d∑

k=1

∫
Ω̃
∇∂xk ū · ∇Φ ∗ uση∂xk ūφ(Vφ)r−1dx

+ 2
d∑

k=1

∫
Ω̃
∇ū · ∇Φ ∗ uση∂xk∂xk ūφ(Vφ)r−1dx

+ 2
d∑

k=1

∫
Ω̃
∇ū · ∇Φ ∗ uση∂xk ū∂xkφ(Vφ)r−1dx

+ 2(r − 1)
d∑

k=1

∫
Ω̃
∇ū · ∇Φ ∗ uση∂xk ūφ(Vφ)r−2∂xkVφdx.

Now we are going to estimate these four terms

2
d∑

k=1

∫
Ω̃
∇∂xk ū · ∇Φ ∗ uση∂xk ūφ(Vφ)r−1dx

≤
d∑

k=1

∫
Ω̃

(√
σ√
2
|∇∂xk ū|φ

1
2 |Vφ|

r−1
2

)(
2
√

2√
σ
|∇Φ ∗ uση | |∇ū|φ

1
2 |Vφ|

r−1
2

)
dx

≤ 1
8 · 2σ

∫
Ω̃

d∑
k=1
|∇∂xk ū|2φ|Vφ|r−1dx+ 4

σ

∫
Ω̃
|∇Φ ∗ uση |2Dφ|Vφ|r−1dx

≤ 1
8I
′
2 +

4‖∇Φ ∗ uση‖2
L∞(0,T2;L∞(Rd))

σ
‖Vφ‖rLr(Ω̃),
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2
d∑

k=1

∫
Ω̃
∇ū · ∇Φ ∗ uση∂xk∂xk ūφ(Vφ)r−1dx

≤
d∑

k=1

∫
Ω̃

(√
σ√
2
|∇∂xk ū|φ

1
2 |Vφ|

r−1
2

)(
2
√

2√
σ
|∇Φ ∗ uση | |∇ū|φ

1
2 |Vφ|

r−1
2

)
dx

≤ 1
8 · 2σ

∫
Ω̃

d∑
k=1
|∇∂xk ū|2φ|Vφ|r−1dx+ 4

σ

∫
Ω̃
|∇Φ ∗ uση |2Dφ|Vφ|r−1dx

≤ 1
8I
′
2 +

4‖∇Φ ∗ uση‖2
L∞(0,T2;L∞(Rd))

σ
‖Vφ‖rLr(Ω̃),

2
d∑

k=1

∫
Ω̃
∇ū · ∇Φ ∗ uση∂xk ū∂xkφ(Vφ)r−1dx

≤ 2Cφ
∫

Ω̃
D|∇Φ ∗ uση |φ

3
4 |Vφ|r−1dx

≤
∫

Ω̃

(√
σ√
2
D

1
2 |Vφ|

r
2

)(
2
√

2√
σ
CφD

1
2 |∇Φ ∗ uση |φ

3
4 |Vφ|

r
2−1

)
dx

≤ 1
16 · 4σ

∫
Ω̃
D|Vφ|rdx+

4C2
φ

σ

∫
Ω̃
D|∇Φ ∗ uση |2φ

3
2 |Vφ|r−2dx

≤ 1
16I

′
3 +

4C2
φ‖∇Φ ∗ uση‖2

L∞(0,T2;L∞(Rd))

σ
|Ω̃| 1r ‖Vφ‖rLr(Ω̃),

2(r − 1)
d∑

k=1

∫
Ω̃
∇ū · ∇Φ ∗ uση∂xk ūφ(Vφ)r−2∂xkVφdx

≤
∫

Ω̃


√
σ(r − 1)
2
√

2
|Vφ|

r−2
2 |∇Vφ|

(4
√

2 · φ
√
r − 1√

σ
|∇ū|2|∇Φ ∗ uση | |Vφ|

r−2
2

)
dx

≤ 1
16σ(r − 1)

∫
Ω̃
|Vφ|r−2|∇Vφ|2dx+ 16(r − 1)

σ

∫
Ω̃
φ2|∇ū|4|∇Φ ∗ uση |2|Vφ|r−2dx

≤ 1
16I

′
1 +

16r‖∇Φ ∗ uση‖2
L∞(0,T2;L∞(Rd))

σ

∫
Ω̃
|Vφ|rdx.

Therefore, we obtain that

J2 ≤
1
16I

′
1 + 1

4I
′
2 + 1

16I
′
3 (2.38)

+
16r‖∇Φ ∗ uση‖2

L∞(0,T2;L∞(Rd))

σ
‖Vφ‖rLr(Ω̃)

+
4C2

φ‖∇Φ ∗ uση‖2
L∞(0,T2;L∞(Rd))

σ
|Ω̃| 1r ‖Vφ‖r−1

Lr(Ω̃)
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We handle the last two terms of J3 and J4 (2.25) together. First, we rewrite J4 and obtain that

J4 = −2
d∑

k=1

∫
Ω̃

uση∂xk∆Φ ∗ uση∂xk ū
ψ′(ū) φ(Vφ)r−1dx

= 2
d∑

k=1

∫
Ω̃
∂xk

(
uση∂xk ū

ψ′(ū) φ(Vφ)r−1
)

∆Φ ∗ uσηdx.

Since

d∑
k=1

∂xk

(
uση∂xk ū

ψ′(ū) φ(Vφ)r−1
)

=
d∑

k=1

(
(ψ′(ū))2∂xk ū− uσηψ′′(ū)∂xk ū

(ψ′(ū))2

)
∂xk ūφ(Vφ)r−1

+
uση∆ū

ψ′(ū) φ(Vφ)r−1 +
uση∇ū
ψ′(ū) · ∇φ(Vφ)r−1 + (r − 1)

uση∇ū
ψ′(ū) · φ(Vφ)r−2∇Vφ

and

d∑
k=1

(
(ψ′(ū))2∂xk ū− uσηψ′′(ū)∂xk ū

(ψ′(ū))2

)
∂xk ū =

(ψ′(ū))2|∇ū|2 − uσηψ′′(ū)|∇ū|2

(ψ′(ū))2 =
(

1− ψ′′(ū)
(ψ′(ū))2u

σ
η

)
|∇ū|2,

we obtain that

J4 = 2
∫

Ω̃

(
1− ψ′′(ū)

(ψ′(ū))2u
σ
η

)
(Vφ)r∆Φ ∗ uσηdx+ 2

∫
Ω̃

uση∆ū

ψ′(ū) φ(Vφ)r−1∆Φ ∗ uσηdx

+ 2
∫

Ω̃

uση∇ū
ψ′(ū) · ∇φ(Vφ)r−1∆Φ ∗ uσηdx+ 2(r − 1)

∫
Ω̃

uση∇ū
ψ′(ū) · φ(Vφ)r−2∇Vφ∆Φ ∗ uσηdx

= −2
∫

Ω̃

(
ψ′′(ū)

(ψ′(ū))2u
σ
η − 1

)
(Vφ)r∆Φ ∗ uσηdx+ J1

4 + J2
4 + J3

4

where

J1
4 := 2

∫
Ω̃

uση∆ū

ψ′(ū) φ(Vφ)r−1∆Φ ∗ uσηdx,

J2
4 := 2

∫
Ω̃

uση∇ū
ψ′(ū) · ∇φ(Vφ)r−1∆Φ ∗ uσηdx,

J3
4 := 2(r − 1)

∫
Ω̃

uση∇ū
ψ′(ū) · φ(Vφ)r−2∇Vφ∆Φ ∗ uσηdx.

From the definition of J3 we deduce that

J3 + J4 = 2
∫

Ω̃

(
ψ′′(ū)

(ψ′(ū))2u
σ
η − 1

)
∆Φ ∗ uση (Vφ)rdx

− 2
∫

Ω̃

(
ψ′′(ū)

(ψ′(ū))2u
σ
η − 1

)
(Vφ)r∆Φ ∗ uσηdx+ J1

4 + J2
4 + J3

4

= J1
4 + J2

4 + J3
4 .
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Let us now estimate these three terms.

J1
4 = 2

∫
Ω̃

uση∆ū

ψ′(ū) φ(Vφ)r−1∆Φ ∗ uσηdx

=
∫

Ω̃

(√
σ√
2
|∆ū|φ

1
2 |Vφ|

r−1
2

)(
uση√

2σeω̃e−ū2 φ
1
2 |Vφ|

r−1
2 |∆Φ ∗ uση |

)
dx

≤ 1
8 · 2σ

∫
Ω̃
|∆ū|2φ|Vφ|r−1dx+ e2(ū2−1)

4σω̃2

∫
Ω̃

(uση )2φ|Vφ|r−1|∆Φ ∗ uση |2dx

≤ 1
8 · 2σ

∫
Ω̃
|∆ū|2φ|Vφ|r−1dx+ 1

4σω̃2

∫
Ω̃

(uση )2φ|Vφ|r−1|∆Φ ∗ uση |2dx

≤ 1
8I
′
2 + 1

4σω̃2

(∫
Ω̃

(uση )2r|∆Φ ∗ uση |2rφrdx
) 1
r
(∫

Ω̃
|Vφ|rdx

) r−1
r

= 1
8I
′
2 + 1

4σω̃2‖u
σ
η∆Φ ∗ uσηφ

1
2‖2

L2r(Ω̃)‖Vφ‖
r−1
Lr(Ω̃),

J2
4 = 2

∫
Ω̃

uση∇ū
ψ′(ū) · ∇φ(Vφ)r−1∆Φ ∗ uσηdx

= 2
∫

Ω̃

uση∇ū
4eω̃e−ū2 · ∇φ(Vφ) r2−1∆Φ ∗ uση (Vφ) r2dx

≤
∫

Ω̃
|Vφ|rdx+

∫
Ω̃

(uση )2|∇ū|2

16ω̃2e2(1−ū2) |∇φ|
2|Vφ|r−2|∆Φ ∗ uση |2dx

≤
∫

Ω̃
|Vφ|rdx+

∫
Ω̃

(uση )2D

16ω̃2e2(1−ū2)C
2
φφ

3
2 |Vφ|r−2|∆Φ ∗ uση |2dx

≤
∫

Ω̃
|Vφ|rdx+

C2
φ

16ω̃2

∫
Ω̃

(uση )2φ
1
2 |Vφ|r−1|∆Φ ∗ uση |2dx

≤
∫

Ω̃
|Vφ|rdx+

C2
φ

16ω̃2

(∫
Ω̃

(uση )2r|∆Φ ∗ uση |2rφ
1
4 ·2rdx

) 1
r
(∫

Ω̃
|Vφ|rdx

) r−1
r

= ‖Vφ‖rLr(Ω̃) +
C2
φ

16ω̃2‖u
σ
η∆Φ ∗ uσηφ

1
4‖2

L2r(Ω̃)‖Vφ‖
r−1
Lr(Ω̃),

J3
4 = 2(r − 1)

∫
Ω̃

uση∇ū
ψ′(ū) · φ(Vφ)r−2∇Vφ∆Φ ∗ uσηdx

=
∫

Ω̃


√
σ(r − 1)
2
√

2
(Vφ) r−2

2 |∇Vφ|


√

2(r − 1)uση |∇ū|√
σeω̃e−ū2 φ(Vφ) r−2

2 |∆Φ ∗ uση |
 dx

≤ 1
16σ(r − 1)

∫
Ω̃
|Vφ|r−2|∇Vφ|2dx+ r − 1

σω̃2e2(1−ū)

∫
Ω̃

(uση )2|∇ū|2φ2|Vφ|r−2|∆Φ ∗ uση |2dx

= 1
16σ(r − 1)

∫
Ω̃
|Vφ|r−2|∇Vφ|2dx+ r − 1

σω̃2e2(1−ū)

∫
Ω̃

(uση )2φ|Vφ|r−1|∆Φ ∗ uση |2dx

≤ 1
16I

′
1 + r − 1

σω̃2

(∫
Ω̃

(uση )2r|∆Φ ∗ uση |2rφrdx
) 1
r
(∫

Ω̃
|Vφ|rdx

) r−1
r

= 1
16I

′
1 + r − 1

σω̃2 ‖u
σ
η∆Φ ∗ uσηφ

1
2‖2

L2r(Ω̃)‖Vφ‖
r−1
Lr(Ω̃).
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Therefore, we obtain that

J3 + J4 ≤
1
16I

′
1 + 1

8I
′
2 + rC‖uση∆Φ ∗ uσηφ

1
4‖2

L2r(Ω̃)‖Vφ‖
r−1
Lr(Ω̃) (2.39)

where C is a positive number depending on σ,Cφ,m, ‖uση‖L∞(0,T2;L∞(Ω̃)). Moreover, it holds by inter-
polation that

‖uση∆Φ ∗ uσηφ
1
4‖L2r(Ω̃) ≤ ‖∆Φ ∗ uση‖L4r(Ω̃)‖uσηφ

1
4‖L4r(Ω̃)

≤ ‖uση‖L4r(Ω̃)‖uση‖L4r(Ω̃)‖φ
1
4‖L∞(Ω̃)

≤ C‖uση‖2
L4r(Ω̃)

≤ C(‖uση‖L1(0,T2;L1(Rd)), ‖uση‖L∞(0,T2;L∞(Rd))).

Finally, combining (2.26) - (2.39) and

−σ(r − 1)
4

∫
Ω̃
|Vφ|r−2|∇Vφ|2dx = −σ(r − 1)

4 · 4
r2

∫
Ω̃
|∇(Vφ) r2 |2dx,

we get that

1
r

d

dt
‖Vφ‖rLr(Ω̃) ≤ −

σ(r − 1)
r2

∫
Ω̃
|∇(Vφ) r2 (t, x)|2dx+ r2M‖Vφ‖rLr(Ω̃) + r2M

whereM is a positive number which depends only on d, σ, Cφ,m, ‖uση‖L1(0,T2;L1(Ω̃)), ‖uση‖L∞(0,T2;L∞(Ω̃)), |Ω̃|.
This implies that

d

dt

∫
Ω̃
|Vφ|rdx ≤ −

σ(r − 1)
r

∫
Ω̃
|∇(Vφ) r2 (t, x)|2dx+ r3M

∫
Ω̃
|Vφ|rdx+ r3M (2.40)

It remains to prove that ‖Vφ‖L∞(0,T ;L∞(Ω̃)) is bounded. We are going to apply the same technique
as we used proving that the L∞ norm in t and x of uση is bounded.

Let qk := 2k + 4d+ 4 for k ∈ N and k ≥ 6. We obtain that

d

dt

∫
Ω̃
|Vφ|qkdx ≤ −

σ(qk − 1)
qk

∫
Ω̃
|∇(Vφ)

qk
2 (t, x)|2dx+ q3

kM
∫

Ω̃
|Vφ|qkdx+ q3

kM

Recall that θ1 =
1

qk−1
− 1

qk
1

qk−1
− d−2

dqk

. Using the following inequality

ab ≤ C1a
l1 + (C1l1)−

l2
l1 l−1

2 bl2 ,
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where

1
l1

+ 1
l2

= 1, C1 = σ(qk − 1)
2qk

, l1 = 1
θ1
,

a = ‖∇(Vφ)
qk
2 ‖2θ1

L2(Ω̃), b = S−θ1
d q3

kM‖Vφ‖
(1−θ1)qk
Lqk−1 (Ω̃),

we notice that

q3
kM

∫
Ω̃
|Vφ|qkdx ≤ S−θ1

d q3
kM‖Vφ‖

(1−θ1)qk
Lqk−1 (Ω̃)‖∇(Vφ)

qk
2 ‖2θ1

L2(Ω̃)

≤ σ(qk − 1)
2qk

∫
Ω̃
|∇(Vφ)

qk
2 |2dx

+
(
σ(qk − 1)

2qk
· 1
θ1

)− θ1
1−θ1

(1− θ1)
(
S−θ1
d q3

kM
) 1

1−θ1 ‖Vφ‖qkLqk−1 (Ω̃).

This implies that

d

dt

∫
Ω̃
|Vφ|qkdx ≤ −

σ(qk − 1)
2qk

∫
Ω̃
|∇(Vφ)

qk
2 |2dx+ q3

kM

+
(
σ(qk − 1)

2qk
· 1
θ1

)− θ1
1−θ1

(1− θ1)
(
S−θ1
d q3

kM
) 1

1−θ1 ‖Vφ‖qkLqk−1 (Ω̃).

Moreover,
∫

Ω̃
|Vφ|qkdx ≤ S−θ1

d ‖Vφ‖
(1−θ1)qk
Lqk−1 (Ω̃)‖∇(Vφ)

qk
2 ‖2θ1

L2(Ω̃)

≤ σ(qk − 1)
2qk

∫
Ω̃
|∇(Vφ)

qk
2 |2dx+ (1− θ1)

(
σ(qk − 1)

2qk
· 1
θ1

)− θ1
1−θ1

S
−θ1

1−θ1
d ‖Vφ‖qkLqk−1 (Ω̃).

This implies that

d

dt

∫
Ω̃
|Vφ|qkdx ≤ −

∫
Ω̃
|Vφ|qkdx+ q3

kM

+ (1− θ1)
(
σ(qk − 1)

2qk
· 1
θ1

)− θ1
1−θ1

S
−θ1

1−θ1
d

(
1 + (q3

kM)
1

1−θ1

)
‖Vφ‖qkLqk−1 (Ω̃)

≤ −
∫

Ω̃
|Vφ|qkdx+ q3

kM+ Cq
3

1−θ1
k ‖Vφ‖qkLqk−1 (Ω̃)

where C appeared in this step denotes a positive constant independent of qk.
Recall that 1

1−θ1
≤ d.

Let yk(t) := ‖Vφ(t, ·)‖qk
Lqk (Ω̃). Since

qk
qk−1
≤ 2 we obtain that
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y′k(t) = d

dt

∫
Ω̃
|Vφ(t, x)|qkdx

≤ −yk(t) + Cq3d
k (yk−1(t))

qk
qk−1 + Cq3d

k

≤ −yk(t) + Cq3d
k max{1, y2

k−1(t)}.

This implies that

(etyk(t))′ ≤ etCq3d
k max{1, sup

t≥0
y2
k−1(t)}

≤ etC(4d)3d16dk max{1, sup
t≥0

y2
k−1(t)}.

So,

etyk(t) ≤ yk(0) + C(4d)3d16dk max{1, sup
t≥0

y2
k−1(t)}

∫ t

0
esds

= yk(0) + C(4d)3d16dk max{1, sup
t≥0

y2
k−1(t)}(et − 1).

We know that

yk(0) = ‖D(0)φ‖qk
Lqk (Ω̃)

≤ Kqk
0 = (K

qk
2k
0 )2k := K2k ,

where K0 := max{1, ‖D(0)φ‖L1(Ω̃), ‖D(0)φ‖L∞(Ω̃)}.

Now we define ak := C(4d)3d16dk. Since e−t ≤ 1 and 1− e−t ≤ 1 for t ≥ 0 we deduce that

yk(t) ≤ e−tyk(0) + ak max{1, sup
t≥0

y2
k−1(t)}e−t(et − 1)

= e−tyk(0) + ak max{1, sup
t≥0

y2
k−1(t)}(1− e−t)

≤ yk(0) + ak max{1, sup
t≥0

y2
k−1(t)}

≤ ak(K2k + sup
t≥0

(y2
k−1(t))

≤ 2ak max{K2k , sup
t≥0

(y2
k−1(t))}.

Therefore, we obtain that
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yk(t) ≤ 2ak max{K2k , sup
t≥0

(y2
k−1(t))}

≤
k−1∏
j=0

(2ak−j)2j max{K2k , sup
t≥0

(y2k
0 (t))}

=
k−1∏
j=0

(
2C(4d)3d16d(k−j)

)2j
max{K2k , sup

t≥0
(y2k

0 (t))}

=
k−1∏
j=0

(
2C(4d)3d16dk

)2j k−1∏
j=0

(
16−dj

)2j
max{K2k , sup

t≥0
(y2k

0 (t))}.

Since

k−1∏
j=0

(
2C(4d)3d16dk

)2j
=
(
2C(4d)3d16dk

)∑k−1
j=0 2j

=
(
2C(4d)3d16dk

) 1−2k
1−2

=
(
2C(4d)3d16dk

)2k−1

and

k−1∏
j=0

(
16−dj

)2j
=

k−1∏
j=0

4−2dj2j = 4
∑k−1

j=0 −2dj2j = 4−2d
∑k−1

j=0 j2
j

= 4−2d
∑k−1

j=1 j2
j

= (16d)2k+1−k2k−2,

by ∑k
j=1 j2j = (k − 1)2k+1 + 2, we deduce that

yk(t) ≤
(
2C(4d)3d16dk

)2k−1
(16d)2k+1−k2k−2 max{K2k , sup

t≥0
(y2k

0 (t))}

=
(
2C(4d)3d

)2k−1 (
16d

)2k+1−k−2
max{K2k , sup

t≥0
(y2k

0 (t))}.

So,

‖Vφ(t, ·)‖Lqk (Ω̃) ≤
(
2C(4d)3d

) 2k−1
qk

(
16d

) 2k+1−k−2
qk max{K

2k
qk , sup

t≥0
(y

2k
qk
0 (t))}.

Since qk = 2k + 4d + 4 for k ∈ N and k ≥ 6, it follows that 2k−1
qk
≤ 1, 2k+1−k−2

qk
≤ 2, 2k

qk
≤ 1

therefore

‖Vφ(t, ·)‖Lqk (Ω̃) ≤ 2C(4d)3d162d max{K, sup
t≥0

(y0(t))}.
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Therefore, we get that

‖Vφ(t, ·)‖L∞(0,T ;L∞(Ω̃)) ≤ 2C(4d)3d162d max{K, sup
t≥0

(y0(t))} =: C∞ (2.41)

where C∞ is independent of η.
Recall that uση = ψ(ū) and D = |∇ū|2. So, we proved that

sup
0<t<T

‖∇uση (t, ·)‖L∞(Ω̃k) = sup
0<t<T

‖ψ′(ū)∇ū‖L∞(Ω̃k) (2.42)

≤ sup
0<t<T

‖ψ′(ū)‖L∞(Ω̃k)

(
sup

0<t<T
‖D(t, ·)‖L∞(Ω̃k)

) 1
2

≤ 4eω̃(C∞) 1
2 .

By repeating a similar argument in Ω̃k for k ∈ {1, . . . , k0} we obtain the bound for
sup0<t<T ‖∇uση (t, ·)‖L∞(Rd).
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2.1.5 Global Existence of the Solution to (2.1)

Proposition 2.10. For any T > 0 (2.1) possesses a weak solution uση on [0, T ].

Define

Tmax := sup{T2 ∈ (0, T ) | (2.1) possesses solution u ∈ L∞(0, T2;Hs(Rd))}.

In order to obtain Tmax = T we only need to prove that

‖uση‖L∞(0,T2;Hs(Rd)) ≤ C, ∀T2 < Tmax,

where C appeared in this subsection is a positive constant which depends on σ, d,m, s,
‖u0‖L1(Rd)∩L∞(Rd), ‖∇uσ0‖L1(Rd)∩L∞(Rd) and η.

We take the Dα derivative of ∂tuση = ∇ ·
(
σ∇uση − uση∇Φ ∗ uση +∇(uση + η)m

)
, multiply the equa-

tion by Dαuση and integrate it over Rd in order to obtain that

1
2
d

dt

∫
Rd
|Dαuση |2dx+ σ

∫
Rd
|∇Dαuση |2dx =

∫
Rd
Dα(uση∇Φ ∗ uση ) · ∇Dαuση dx

−
∫
Rd
Dα∇((uση + η)m) · ∇Dαuση dx.

Let us start with the term
∫
Rd D

α(uση∇Φ ∗ uση ) · ∇Dαuση dx which can be estimated as follows
∫
Rd
Dα(uση∇Φ ∗ uση ) · ∇Dαuση dx

≤ ‖∇Dαuση‖L2(Rd)‖Dα(uση∇Φ ∗ uση )‖L2(Rd)

≤ ‖∇Dαuση‖L2(Rd)

(
‖uση‖L∞(Rd)‖Dα(∇Φ ∗ uση )‖L2(Rd) + ‖Dαuση‖L2(Rd)‖∇Φ ∗ uση‖L∞(Rd)

)
Since we know that ‖uση‖Lq(Rd) is bounded for any q > d and so

‖∇Φ ∗ uση‖L∞(Rd) ≤ C‖∇Φ ∗ uση‖W 1,q(Rd) ≤ C‖uση‖Lq(Rd) ≤ C,

we obtain that
∫
Rd
Dα(uση∇Φ ∗ uση ) · ∇Dαuση dx

≤ C‖∇Dαuση‖L2(Rd)‖Dα(∇Φ ∗ uση )‖L2(Rd) + C‖∇Dαuση‖L2(Rd)‖Dαuση‖L2(Rd)

≤ σ

4

∫
Rd
|∇Dαuση |2dx+ C

∫
Rd
|Dα(∇Φ ∗ uση )|2dx+ C

∫
Rd
|Dαuση |2dx

≤ σ

4

∫
Rd
|∇Dαuση |2dx+ C

∫
Rd
|Dαuση |2dx

Now we consider the term −
∫
Rd D

α∇((uση + η)m) · ∇Dαuση dx.
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−
∫
Rd
Dα∇((uση + η)m) · ∇Dαuση dx

= −m
∫
Rd
Dα

(
(uση + η)m−1∇uση

)
· ∇Dαuση dx

= −m
∫
Rd

(uση + η)m−1|∇Dαuση |2dx

−m
∫
Rd

(
Dα

(
(uση + η)m−1∇uση

)
− (uση + η)m−1∇Dαuση

)
· ∇Dαuση dx

≤ −m
∫
Rd

(uση + η)m−1|∇Dαuση |2dx

+ σ

4

∫
Rd
|∇Dαuση |2dx+ C

∫
Rd

∣∣∣Dα
(
(uση + η)m−1∇uση

)
− (uση + η)m−1∇Dαuση

∣∣∣2 dx
≤ −m

∫
Rd

(uση + η)m−1|∇Dαuση |2dx+ σ

4

∫
Rd
|∇Dαuση |2dx

+ C‖∇(uση + η)m−1‖2
L∞(Rd)‖Dαuση‖2

L2(Rd) + C(σ,m)‖∇uση‖2
L∞(Rd)‖Dα(uση + η)m−1‖2

L2(Rd).

So,

1
2
d

dt

∫
Rd
|Dαuση |2dx+ σ

2

∫
Rd
|∇Dαuση |2dx+m

∫
Rd

(uση + η)m−1|∇Dαuση |2dx

≤ C
∫
Rd
|Dαuση |2dx

+ C‖∇(uση + η)m−1‖2
L∞(Rd)‖Dαuση‖2

L2(Rd) + C‖∇uση‖2
L∞(Rd)‖Dα(uση + η)m−1‖2

L2(Rd).

Therefore,

1
2
d

dt
‖uση‖2

Hs(Rd) + σ

2

s∑
|α|=0

∫
Rd
|∇Dαuση |2dx+m

s∑
|α|=0

∫
Rd

(uση + η)m−1|∇Dαuση |2dx

≤ C‖uση‖2
Hs(Rd) + C‖uση + η‖2(m−2)

L∞(Rd)‖∇u
σ
η‖2

L∞(Rd)‖uση‖2
Hs(Rd)

+ C
s∑

|α|=1
‖Dα(uση + η)m−1‖2

L2(Rd).

Hence,

‖Dα(uση + η)m−1‖2
L2(Rd)

≤ ‖(uση + η)m−2Dα(uση + η)‖2
L2(Rd)

+ ‖Dα
(
(uση + η)m−2(uση + η)

)
− (uση + η)m−2Dα(uση + η)‖2

L2(Rd)

≤ C‖Dα(uση + η)‖2
L2(Rd)

+ C
(
‖∇(uση + η)m−2‖L∞(Rd)‖Dα−1(uση + η)‖L2(Rd) + ‖uση + η‖L∞(Rd)‖Dα(uση + η)m−2‖L2(Rd)

)2
.
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Since

‖∇(uση + η)m−2‖L∞(Rd) ≤ (m− 2)‖(uση + η)m−3‖L∞(Rd)‖∇uση‖L∞(Rd) ≤ C,

we obtain that

‖Dα(uση + η)m−1‖2
L2(Rd)

≤ C‖Dα(uση + η)‖2
L2(Rd) + C‖Dα−1(uση + η)‖2

L2(Rd) + C‖Dα(uση + η)m−2‖2
L2(Rd)

This implies that

d

dt
‖uση‖2

Hs(Rd) + σ
s∑

|α|=0

∫
Rd
|∇Dαuση |2dx+ 2m

s∑
|α|=0

∫
Rd

(uση + η)m−1|∇Dαuση |2dx

≤ C‖uση‖2
Hs(Rd) + C‖Dα(uση + η)m−[m]‖2

L2(Rd)

Therefore, by Grönwall’s inequality we deduce that

sup
t∈(0,T2)

‖uση‖2
Hs(Rd) ≤

(
C + ‖u0‖2

Hs(Rd)

)
eCTmax for any T2 < Tmax.

So, we obtain that

‖uση‖L∞(0,T2;Hs(Rd)) ≤ C, ∀T2 < Tmax.
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2.1.6 Limit of (2.1) as η → 0

Now we consider the weak formulation of (2.1) and let η → 0. Let us start with the following lemma.

Lemma 2.11. Let uση be the solution of (2.1). Then the following estimates hold

(i) ‖uση‖L∞(0,T ;W 1,∞(Rd)) + ‖uση‖L∞(0,T ;Lq(Rd)) ≤ C ∀q ∈ [1,∞],

(ii) ‖Φ ∗ uση‖L∞(0,T ;W 2,q(Rd)) ≤ C ∀q ∈ (1,∞),

(iii) ‖uση‖L2(0,T ;H1(Rd)) ≤ C,

where C is a positive constant independent of η.

Proof. (i) This is a direct consequence of subsection 2.1.4

(ii) Using basic results from the theory of elliptic partial differential and (i), we obtain (ii) directly
as well.

(iii) Multiplying equation (2.1) by uση and integrating over Rd, we deduce that

1
2
d

dt

∫
Rd
|uση |2dx+ σ

∫
Rd
|∇uση |2dx+m

∫
Rd

(uση + η)m−1|∇uση |2dx

=
∫
Rd
uση∇Φ ∗ uση · ∇uσηdx

≤ σ

2

∫
Rd
|∇uση |2dx+ C‖uση‖2

L∞(Rd)‖∇Φ ∗ uση‖2
L2(Rd)

Using (i) and (ii) we obtain (iii).

Now we are ready to prove next result.

Lemma 2.12. There exists a subsequence of (uση ) and a function uσ such that

(i) uση
∗
⇀ uσ in Lq((0, T )× Rd) for q ∈ (1,∞],

(ii) uση → uσ in L2(0, T ;L2(Rd)),

(iii) ∇(uση + η)m ∗
⇀ ∇(uσ)m in L2(0, T ;L2(Rd)),

(iv) Φ ∗ uση
∗
⇀ Φ ∗ uσ in L∞(0, T ;W 2,q(Rd)) ∀q ∈ (1,∞).

Proof. (i) and (iv) are direct consequences of Lemma 2.11 (i) and Lemma 2.11 (iii) respectively.
Since

∂tu
σ
η = ∇ ·

(
σ∇uση − uση∇Φ ∗ uση +m(uση + η)m−1∇uση

)
72



CHAPTER 2. ESTIMATES ON THE PDE LEVEL

and using Lemma 2.11 we obtain that

‖∂tuση‖L2(0,T ;H−1(Rd)) ≤ C. (2.43)

Estimates from Lemma 2.11 (ii) and (2.43) allow us to use Aubin-Lions Lemma and so obtain (ii).
Since it is not possible to apply Aubin-Lions Lemma directly one needs to consider 2.11 not on the
whole space but on the sequence of growing d-dimensional balls and then use diagonal argument.

From Lemma 2.11 (i) and Lemma 2.11 (ii) we deduce that

‖∇(uση + η)m‖L2(0,T ;L2(Rd)) ≤ m‖(uση + η)m−1‖L∞(0,T ;L∞(Rd))‖∇uση‖L2(0,T ;L2(Rd)) ≤ C.

This estimate together with (ii) we obtain that for any ψ ∈ C∞0 ((0, T )× Rd)

∫ T

0

∫
Rd
∇(uση + η)mψ dx dt = −m

∫ T

0

∫
Rd

(uση + η)m∇ψ dx dt.

converges to

−m
∫ T

0

∫
Rd

(uσ)m∇ψ dx dt = m
∫ T

0

∫
Rd
∇(uσ)mψ dx dt,

as η → 0, which implies (iii).

So we proved that we can let η → 0 in the weak formulation of (2.1). More precisely, for any
ϕ ∈ C∞0 ((0, T )× Rd) it holds that

∫ T

0

∫
Rd

(
uση∂tϕ+ uση∇Φ ∗ uση · ∇ϕ− σ∇uση · ∇ϕ−∇(uση + η)m · ∇ϕ

)
dx dt+

∫
Rd
u0(x)ϕ(0, x)dx = 0,∫ T

0

∫
Rd

(
∇Φ ∗ uση · ∇ϕ− uσηϕ

)
dx dt = 0.
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2.1.7 L∞ Estimates of (1.15) Independent of σ

Proposition 2.13. Let uσ be the weak solution to (1.15). Then there exists a positive constant C
which depends on d,m and ‖u0‖L1(Rd)∩L∞(Rd) such that

‖uσ‖L∞(0,T ;L∞(Rd)) ≤ C.

First of all we multiply the first equation from (1.15) by qk(uσ)qk−1 and obtain

∂tu
σqk(uσ)qk−1 = σ∆uσqk(uσ)qk−1 −∇ · (uσ∇Φ ∗ uσ)qk(uσ)qk−1 +∇ · (∇(uσ)m)qk(uσ)qk−1

where qk = 2k + 4d+ 4 for k ∈ N. Then we integrate it with respect to x ∈ Rd and get

d

dt

∫
Rd

(uσ(t, x))qkdx = −σqk(qk − 1)
∫
Rd

(uσ(t, x))qk−2|∇uσ(t, x)|2dx

+ qk(qk − 1)
∫
Rd

(uσ(t, x))qk−1∇Φ ∗ uσ(t, x) · ∇uσ(t, x)dx

− qk(qk − 1)
∫
Rd

(uσ(t, x))qk−2∇(uσ(t, x))m · ∇uσ(t, x)dx

=: I1 + I2 + I3

Let us now analyze the term I2.

qk(qk − 1)
∫
Rd

(uσ(t, x))qk−1∇Φ ∗ uσ(t, x) · ∇uσ(t, x)dx

≤ qk(qk − 1)‖∇Φ ∗ uσ(t, ·)‖L∞(Rd)

∫
Rd

(uσ(t, x))
m+qk−3

2 |∇uσ(t, x)|(uσ(t, x))
qk−m+1

2 dx

≤ mqk(qk − 1)
2

∫
Rd

(uσ(t, x))m+qk−3|∇uσ(t, x)|2dx

+ C
q2
k(qk − 1)2

2mqk(qk − 1)

∫
Rd

(uσ(t, x))qk−m+1dx

= mqk(qk − 1)
2

∫
Rd

(uσ(t, x))m+qk−3|∇uσ(t, x)|2dx+ C
qk(qk − 1)

m

∫
Rd

(uσ(t, x))qk−m+1dx

where C appeared in this subsection is independent of qk.

Since for θ2 =
1

qk−1
− 1

qk+1−m
1

qk−1
− d−2

d(m+qk−1)
it holds that

C
qk(qk − 1)

m

∫
Rd

(uσ(t, x))qk−m+1dx

≤ C
qk(qk − 1)

m
S
− θ2(qk−m+1)

m+qk−1
d ‖uσ(t, ·)‖(1−θ2)(qk−m+1)

Lqk−1 (Rd) ‖∇(uσ(t, ·))
m+qk−1

2 ‖
2θ2(qk−m+1)
m+qk−1

L2(Rd) ,

using the following version of the Young’s inequality

ab ≤ C1a
l3 + (C1l3)−

l4
l3 l−1

4 bl4
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where

a = ‖∇(uσ(t, ·))
m+qk−1

2 ‖
2θ2(qk−m+1)
m+qk−1

L2(Rd) , b = C
qk(qk − 1)

m
S
− θ2(qk−m+1)

m+qk−1
d ‖uσ(t, ·)‖(1−θ2)(qk−m+1)

Lqk−1 (Rd) ,

C1 = mqk(qk − 1)
(m+ qk − 1)2 , l3 = m+ qk − 1

θ2(qk −m+ 1) ,
1
l4

= 1− 1
l3

= 1− θ2(qk −m+ 1)
m+ qk − 1

we obtain that

C
qk(qk − 1)

m

∫
Rd

(uσ(t, x))qk−m+1dx

≤ mqk(qk − 1)
(m+ qk − 1)2

∫
Rd

∣∣∣∣∇(uσ(t, x))
m+qk−1

2

∣∣∣∣2 dx
+
(

mqk(qk − 1)
θ2(qk −m+ 1)(m+ qk − 1)

)− l4
l3
l−1
4

(
C
qk(qk − 1)

m
S
− θ2(qk−m+1)

m+qk−1
d

)l4
‖uσ(t, ·)‖

qk−1

(
(1−θ2)(qk−m+1)l4

qk−1

)
Lqk−1 (Rd) .

Since I1 ≤ 0 and

I3 = −qk(qk − 1)
∫
Rd

(uσ(t, x))qk−2∇(uσ(t, x))m · ∇uσ(t, x)dx

= −qk(qk − 1)m
∫
Rd

(uσ(t, x))m+qk−3|∇uσ(t, x)|2dx

we deduce that

d

dt

∫
Rd

(uσ(t, x))qkdx

≤ −mqk(qk − 1)
2

∫
Rd

(uσ(t, x))m+qk−3|∇uσ(t, x)|2dx

+ mqk(qk − 1)
(m+ qk − 1)2

∫
Rd

∣∣∣∣∇(uσ(t, x))
m+qk−1

2

∣∣∣∣2 dx
+
(

mqk(qk − 1)
θ2(qk −m+ 1)(m+ qk − 1)

)− l4
l3
l−1
4

(
C
qk(qk − 1)

m
S
− θ2(qk−m+1)

m+qk−1
d

)l4
‖uσ(t, ·)‖

qk−1

(
(1−θ2)(qk−m+1)l4

qk−1

)
Lqk−1 (Rd) .

Since |∇(uσ(t, x))
m+qk−1

2 |2 = |m+qk−1
2 ∇uσ(t, x)(uσ(t, x))

m+qk−3
2 |2 it implies that

− mqk(qk − 1)
2

∫
Rd

(uσ(t, x))m+qk−3|∇uσ(t, x)|2dx

= −mqk(qk − 1)
2

4
(m+ qk − 1)2

∫
Rd
|∇(uσ(t, x))

m+qk−1
2 |2dx

= − 2mqk(qk − 1)
(m+ qk − 1)2

∫
Rd
|∇(uσ(t, x))

m+qk−1
2 |2dx
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Therefore,

d

dt

∫
Rd

(uσ(t, x))qkdx

≤ − mqk(qk − 1)
(m+ qk − 1)2

∫
Rd
|∇(uσ(t, x))

m+qk−1
2 |2dx

+
(

mqk(qk − 1)
θ2(qk −m+ 1)(m+ qk − 1)

)− l4
l3
l−1
4

(
C
qk(qk − 1)

m
S
− θ2(qk−m+1)

m+qk−1
d

)l4
‖uσ(t, ·)‖

qk−1

(
(1−θ2)(qk−m+1)l4

qk−1

)
Lqk−1 (Rd)

Performing the same calculation as in Section 3 of [Wang et al., 2019] we know that

l4 ≤ d,

(1− θ2)(qk −m+ 1)l4
qk−1

≤ 2.

On the other hand we know that
∫
Rd

(uσ(t, x))qkdx ≤ S
− θ1qk
m+qk−1

d ‖uσ(t, ·)‖(1−θ1)qk
Lqk−1 (Rd)‖∇(uσ(t, ·))

m+qk−1
2 ‖

2θ1qk
m+qk−1
L2(Rd)

where θ1 =
1

qk−1
− 1

qk
1

qk−1
− d−2

d(m+qk−1)
.

Now using the following version of the Young’s inequality

ãb̃ ≤ C1ã
l1 + (C1l1)−

l2
l1 l−1

2 b̃l2

where

ã = ‖∇(uσ(t, ·))
m+qk−1

2 ‖
2θ1qk

m+qk−1
L2(Rd) , b̃ = S

− θ1qk
m+qk−1

d ‖uσ(t, ·)‖(1−θ1)qk
Lqk−1 (Rd),

C1 = mqk(qk − 1)
(m+ qk − 1)2 , l1 = m+ qk − 1

θ1qk
, l2 = m+ qk − 1

m+ (1− θ1)qk − 1

we obtain that
∫
Rd

(uσ(t, x))qkdx

≤ mqk(qk − 1)
(m+ qk − 1)2

∫
Rd
|∇(uσ(t, x))

m+qk−1
2 |2dx

+
(

m(qk − 1)
θ1(m+ qk − 1)

)− l2
l1 m+ (1− θ1)qk − 1

m+ qk − 1

(
S
− θ1qk
m+qk−1

d ‖uσ(t, ·)‖(1−θ1)qk
Lqk−1 (Rd)

) m+qk−1
m+(1−θ1)qk−1

.
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So,

d

dt

∫
Rd

(uσ(t, x))qkdx

≤ −
∫
Rd

(uσ(t, x))qkdx

+
(

m(qk − 1)
θ1(m+ qk − 1)

)− l2
l1 m+ (1− θ1)qk − 1

m+ qk − 1 S
− θ1qk
m+(1−θ1)qk−1

d ‖uσ(t, ·)‖
qk−1·

(1−θ1)qk(m+qk−1)
qk−1(m+(1−θ1)qk−1)

Lqk−1 (Rd)

+
(

mqk(qk − 1)
θ2(qk −m+ 1)(m+ qk − 1)

)− l4
l3
l−1
4

(
C
qk(qk − 1)

m
S
− θ2(qk−m+1)

m+qk−1
d

)l4
‖uσ(t, ·)‖

qk−1

(
(1−θ2)(qk−m+1)l4

qk−1

)
Lqk−1 (Rd) .

Now we need to prove that (1− θ1)qk
qk−1

m+ qk − 1
m+ (1− θ1)qk − 1 ≤ 2. Since

(1− θ1)qk
qk−1

m+ qk − 1
m+ (1− θ1)qk − 1 ≤ 2

⇔ (1− θ1)qk(m+ qk − 1) ≤ 2qk−1(m+ (1− θ1)qk − 1)
⇐ (1− θ1)qk(m+ qk − 1) ≤ qk(m+ (1− θ1)qk − 1)
⇔ (1− θ1)(m+ qk − 1) ≤ m+ (1− θ1)qk − 1
⇔ (1− θ1)(m− 1) ≤ m− 1

we obtain that (1− θ1)qk
qk−1

m+ qk − 1
m+ (1− θ1)qk − 1 ≤ 2 holds. Therefore, it implies that there exists a

constant C independent of qk such that

d

dt

∫
Rd

(uσ(t, x))qkdx ≤ −
∫
Rd

(uσ(t, x))qkdx+ Cq2d
k

(∫
Rd

(uσ(t, x))qk−1dx
)2

Now we are ready to do Moser’s iteration as we already did before.
Let yk(t) := ‖uσ(t, ·)‖qkLqk (Rd). Choosing

qk
qk−1
≤ 2, we obtain that

y′k(t) = d

dt

∫
Rd

(uσ(t, x))qkdx

≤ −
∫
Rd

(uσ(t, x))qkdx+ Cq2d
k

(∫
Rd

(uσ(t, x))qk−1dx
) qk
qk−1

= −yk(t) + Cq2d
k y

qk
qk−1
k−1 (t)

≤ −yk(t) + Cq2d
k max{1, y2

k−1(t)}.
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This implies that

(etyk(t))′ = et(y′k(t) + yk(t))
≤ etCq2d

k max{1, sup
t≥0

y2
k−1(t)}

≤ etC(4d)2d4dk max{1, sup
t≥0

y2
k−1(t)}.

So,

etyk(t) ≤ yk(0) + C(4d)2d4dk max{1, sup
t≥0

y2
k−1(t)}

∫ t

0
esds

= yk(0) + C(4d)2d4dk max{1, sup
t≥0

y2
k−1(t)}(et − 1).

We know that

yk(0) = ‖u0‖qkLqk (Rd)

≤ (max{‖u0‖L1(Rd), ‖u0‖L∞(Rd)})qk

≤ Kqk
0 = (K

qk
2k
0 )2k := K2k ,

where K0 := max{1, ‖u0‖L1(Rd), ‖u0‖L∞(Rd)}.

Now we define ak := C(4d)2d4dk. Since e−t ≤ 1 and 1− e−t ≤ 1 for t ≥ 0 we deduce that

yk(t) ≤ e−tyk(0) + ak max{1, sup
t≥0

y2
k−1(t)}e−t(et − 1)

= e−tyk(0) + ak max{1, sup
t≥0

y2
k−1(t)}(1− e−t)

≤ yk(0) + ak max{1, sup
t≥0

y2
k−1(t)}

≤ ak(K2k + sup
t≥0

(y2
k−1(t))

≤ 2ak max{K2k , sup
t≥0

(y2
k−1(t))}.
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Therefore, we obtain that

yk(t) ≤ 2ak max{K2k , sup
t≥0

(y2
k−1(t))}

≤
k−1∏
j=0

(2ak−j)2j max{K2k , sup
t≥0

(y2k
0 (t))}

=
k−1∏
j=0

(
2C(4d)2d4d(k−j)

)2j
max{K2k , sup

t≥0
(y2k

0 (t))}

=
k−1∏
j=0

(
2C(4d)2d4dk

)2j k−1∏
j=0

(
4−dj

)2j
max{K2k , sup

t≥0
(y2k

0 (t))}.

Since

k−1∏
j=0

(
2C(4d)2d4dk

)2j
=
(
2C(4d)2d4dk

)∑k−1
j=0 2j

=
(
2C(4d)2d4dk

) 1−2k
1−2 =

(
2C(4d)2d4dk

)2k−1

and

k−1∏
j=0

(
4−dj

)2j
=

k−1∏
j=0

2−2dj2j = 2
∑k−1

j=0 −2dj2j = 2−2d
∑k−1

j=0 j2
j

= 2−2d
∑k−1

j=1 j2
j

= 2−2d((k−2)2k+2),

by ∑k
j=1 j2j = (k − 1)2k+1 + 2, we deduce that

yk(t) ≤
(
2C(4d)2d4dk

)2k−1 (
2−2d((k−2)2k+2)

)
max{K2k , sup

t≥0
(y2k

0 (t))}

=
(
2C(4d)2d

)2k−1 (
4d
)k(2k−1) (

4d
)−(k−2)2k−2

max{K2k , sup
t≥0

(y2k
0 (t))}

=
(
2C(4d)2d

)2k−1 (
4d
)2k+1−k−2

max{K2k , sup
t≥0

(y2k
0 (t))}.

So,

‖uσ(t, ·)‖Lqk (Rd) ≤
(
2C(4d)2d

) 2k−1
qk

(
4d
) 2k+1−k−2

qk max{K
2k
qk , sup

t≥0
(y

2k
qk
0 (t))}.

Since qk = 2k + 4d+ 4 for k ∈ N, it follows that 2k−1
qk
≤ 1, 2k+1−k−2

qk
≤ 2, 2k

qk
≤ 1 therefore

‖uσ(t, ·)‖Lqk (Rd) ≤ 2C(4d)2d42d max{K, sup
t≥0

(y0(t))}.
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2.1.8 Regularity of the Solution to (1.15)

Proposition 2.14. If uσ is a weak solution to (1.15), then uσ ∈ W 3,1
q ((0, T )×Rd) for any 1 < q <∞.

Proof. So far we have proved that uσ ∈ L∞(0, T ;W 1,∞(Rd)) ∩ L∞(0, T ;L1(Rd)).
Using the same arguments as in subsection 2.1.5 we get that

uσ ∈ L∞(0, T ;H1(Rd)) ∩ L2(0, T ;H2(Rd))

and applying theory of the elliptic partial differential equation we deduce that

Φ ∗ uσ ∈ L∞(0, T ;W 2,q(Rd)) for all q ∈ (1,∞).

Recall that

∂tu
σ = ∇ · (σ∇uσ − uσ∇Φ ∗ uσ +∇(uσ)m) .

So it implies that

∂tu
σ ∈ L2(0, T ;L2(Rd)),

and therefore

uσ ∈ W 1,2(0, T ;L2(Rd)).

Noticing that

∂tu
σ − (σ +m(uσ)m−1)∆uσ −m(m− 1)(uσ)m−2∇uσ · ∇uσ +∇Φ ∗ uσ · ∇uσ − uσuσ = 0 (2.44)

we combine it with uσ ∈ L∞(0, T ;W 1,∞(Rd)) and Theorem 9.2.2 from [Wu et al., 2006] in order to
obtain that

uσ ∈ W 2,1
q ((0, T )× Rd) for any q ∈ (1,∞).

Let vσ := ∂xju
σ, then it holds that

∂tv
σ − (σ +m(uσ)m−1)∆vσ −m(m− 1)(uσ)m−2∆uσ∂xjuσ

−m(m− 1)(m− 2)(uσ)m−3|∇uσ|2∂xjuσ − 2m(m− 1)(uσ)m−2∇uσ · ∇∂xjuσ

+∇Φ ∗ uσ · ∇∂xjuσ +∇uσ · ∇Φ ∗ ∂xjuσ − 2uσ∂xjuσ = 0.
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By means of Theorem 9.2.2 from [Wu et al., 2006] we deduce that

∂xju
σ ∈ W 2,1

q ((0, T )× Rd) for any q ∈ (1,∞).

Therefore,

∇uσ ∈ W 2,1
q ((0, T )× Rd) for any q ∈ (1,∞). (2.45)

Hence,

uσ ∈ W 3,1
q ((0, T )× Rd) for any 1 < q <∞.
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2.2 Partial Differential Equation from the Intermediate Par-
ticle Model

In this section we present the proof of Theorem 1.2. Under the assumptions of Theorem 1.2, we
know that uσ ∈ L∞(0, T ;Hs+2(Rd)).

Take s > d
2 + 2 and define

Y := {v ∈ L∞(0, T ;Hs(Rd)) ∩ L2(0, T ;Hs+1(Rd))
∣∣∣

‖v‖2
L∞(0,T ;Hs(Rd)) + ‖∇v‖2

L2(0,T ;Hs(Rd)) ≤ εk + εp and v(0, x) = 0}

For any v ∈ Y we consider the following linear partial differential equation

∂tu− σ∆u = ∇ ·
(

(u + uσ)∇(pλ − p)(V εp ∗ (v + uσ)) + u∇p(V εp ∗ (v + uσ)) (2.46)

+ uσ∇
∫ 1

0
p′(V εp ∗ uσ + sV εp ∗ v)V εp ∗ u ds+ uσ

(
∇p(V εp ∗ uσ)−∇p(uσ)

))
−∇ ·

(
u∇Φ ∗ V εk ∗ v + u∇Φ ∗ V εk ∗ uσ + uσ∇Φ ∗ V εk ∗ (u + uσ)− uσ∇Φ ∗ uσ)

)
,

u(0, x) = 0.

The linear problem (2.46) possesses a unique global solution u ∈ L∞(0, T ;Hs(Rd))∩L2(0, T ;Hs+1(Rd)).
Let α ∈ Nd be a multi-index of order |α| ≤ s. We apply Dα to (2.46), multiply the resulting

equation bu Dαu and integrate over Rd and so obtain that

1
2
d

dt

∫
Rd
|Dαu|2dx+ σ

∫
Rd
|∇Dαu|2dx

= −
∫
Rd
Dα

(
(u + uσ)∇(pλ − p)(V εp ∗ (v + uσ))

)
· ∇Dαu dx

−
∫
Rd
Dα

(
u∇p(V εp ∗ (v + uσ))

)
· ∇Dαu dx

−
∫
Rd
Dα

(
uσ∇

∫ 1

0
p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u dz

)
· ∇Dαu dx

−
∫
Rd
Dα

(
uσ(∇p(V εp ∗ uσ)−∇p(uσ))

)
· ∇Dαu dx

+
∫
Rd
Dα

(
u∇Φ ∗ V εk ∗ v

)
· ∇Dαu dx

+
∫
Rd
Dα

(
u∇Φ ∗ V εk ∗ uσ

)
· ∇Dαu dx

+
∫
Rd
Dα

(
uσ∇Φ ∗ V εk ∗ (u + uσ)− uσ∇Φ ∗ uσ)

)
· ∇Dαu dx

=: I1 + I2 + I3 + I4 + I5 + I6 + I7.

Since ‖v‖L∞(0,T ;L∞(Rd)) and ‖uσ‖L∞(0,T ;L∞(Rd)) are bounded, by definition of pλ we can take λ

82



CHAPTER 2. ESTIMATES ON THE PDE LEVEL

small enough such that

‖v‖L∞(0,T ;L∞(Rd)) ≤
1

2λ,

‖uσ‖L∞(0,T ;L∞(Rd)) ≤
1

2λ.

Therefore, it follows that I1 = 0.
Next, we estimate I2.

I2 ≤
σ

12‖∇D
αu‖2

L2(Rd) + C‖Dα
(
u∇p(V εp ∗ (v + uσ))

)
‖2
L2(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖u‖2
L∞(Rd)‖Dα∇p(V εp ∗ (v + uσ))‖2

L2(Rd)

+ C‖Dαu‖2
L2(Rd)‖∇p(V εp ∗ (v + uσ))‖2

L∞(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd)‖Dα∇p(V εp ∗ (v + uσ))‖2

L2(Rd)

+ C‖u‖2
Hs(Rd)‖p(V εp ∗ (v + uσ))‖2

Hs(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd) + C‖u‖2

Hs(Rd)‖∇v‖2
Hs(Rd)

where C in this section denotes a positive constant which depends on σ and s.

I3 = −
∫
Rd
Dα

(
uσ∇

∫ 1

0
p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u dz

)
· ∇Dαu dx

= −
∫
Rd

∫ 1

0
Dα

(
uσ∇ (p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u)

)
· ∇Dαu dz dx

= −
∫
Rd

∫ 1

0
uσ∇Dα (p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u) · ∇Dαu dz dx

−
∫
Rd

∫ 1

0

(
Dα

(
uσ∇(p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u)

)
− uσ∇Dα

(
p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u

))
· ∇Dαu dz dx

= A+B

Therefore,

B ≤ σ

36‖∇D
αu‖2

L2(Rd)

+ C sup
0<z<1

‖Dα
(
uσ∇(p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u)

)
− uσDα∇

(
p′(V εp ∗ uσ + V εp ∗ v)

)
‖2
L2(Rd)

≤ σ

36‖∇D
αu‖2

L2(Rd) + C‖∇uσ‖2
L∞(Rd) sup

0<z<1
‖Dα−1∇

(
p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u

)
‖2
L2(Rd)

+ C‖Dαu‖2
L2(Rd) sup

0<z<1
‖∇

(
p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u

)
‖2
L∞(Rd)

≤ σ

36‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd)
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A = −
∫
Rd

∫ 1

0
uσp′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ (∇Dαu) · ∇Dαu dz dx

−
∫
Rd

∫ 1

0
uσ
(
∇Dα

(
p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u

)
− p′(V εp ∗ uσ + zV εp ∗ v)∇DαV εp ∗ u

)
· ∇Dαu dz dx

=: G+D

So, it follows that

D ≤ σ

36‖∇D
αu‖2

L2(Rd)

+ C sup
0<z<1

‖uσ
(
∇Dα

(
p′(V εp ∗ uσ + zV εp ∗ v)V εp ∗ u

)
− p′(V εp ∗ uσ + zV εp ∗ v)∇DαV εp ∗ u

)
‖2
L2(Rd)

≤ σ

36‖∇D
αu‖2

L2(Rd)

+ C‖∇
(
p′(V εp ∗ uσ + V εp ∗ v)

)
‖2
L∞(Rd)‖DαV εp ∗ u‖2

L2(Rd)

+ C‖∇Dα
(
p′(V εp ∗ uσ + V εp ∗ v)

)
‖2
L2(Rd)‖V εp ∗ u‖2

L∞(Rd)

≤ σ

36‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd) + C‖u‖2

Hs(Rd)‖∇v‖2
Hs(Rd)

and

G = −
∫
Rd

∫ 1

0
W εp ∗

(
uσp′(V εp ∗ uσ + zV εp ∗ v)∇Dαu

)
·W εp ∗ ∇Dαu dz dx

= −
∫
Rd

∫ 1

0
uσp′(V εp ∗ uσ + zV εp ∗ v)|W εp ∗ ∇Dαu|2 dz dx

−
∫
Rd

∫ 1

0

(
W εp ∗

(
uσp′(V εp ∗ uσ + zV εp ∗ v)∇Dαu

)
− uσW εp ∗

(
p′(V εp ∗ uσ + zV εp ∗ v)∇Dαu

))
· ∇Dαu dz dx

−
∫
Rd

∫ 1

0
uσ
(
W εp ∗

(
p′(V εp ∗ uσ + zV εp ∗ v)∇Dαu

)
− p′(V εp ∗ uσ + zV εp ∗ v)W εp ∗ ∇Dαu

)
· ∇Dαu dz dx

≤ 0 + E + F

Therefore,

E ≤ sup
0<z<1

∥∥∥W εp ∗
(
uσp′(V εp ∗ uσ + zV εp ∗ v)∇Dαu

)
− uσW εp ∗

(
p′(V εp ∗ uσ + zV εp ∗ v)∇Dαu

)∥∥∥
L2(Rd)

∥∥∥∇Dαu
∥∥∥
L2(Rd)

≤ Cεp‖∇uσ‖L∞(Rd)‖∇Dαu‖L2(Rd) sup
0<z<1

‖p′(V εp ∗ uσ + zV εp ∗ v)∇Dαu‖L2(Rd)

≤ Cεp sup
0<z<1

‖p′(V εp ∗ uσ + zV εp ∗ v)‖L∞(Rd)‖∇Dαu‖2
L2(Rd)

≤ Cεp‖∇Dαu‖2
L2(Rd).
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and

F ≤ sup
0<z<1

∥∥∥W εp ∗
(
p′(V εp ∗ uσ + zV εp ∗ v)∇Dαu

)
− p′(V εp ∗ uσ + zV εp ∗ v)W εp ∗ ∇Dαu

∥∥∥
L2(Rd)

∥∥∥uσ∥∥∥
L∞(Rd)

∥∥∥∇Dαu
∥∥∥
L2(Rd)

≤ Cεp sup
0<z<1

‖p′(V εp ∗ uσ + zV εp ∗ v)‖L∞(Rd)‖∇Dαu‖2
L2(Rd)

≤ Cεp‖∇Dαu‖2
L2(Rd).

where we used the following lemma.

Lemma 2.15. Let ε > 0, q ∈ [1,∞), f ∈ Lq(Rd) and g ∈ W 1,∞(Rd). Then the following inequality
holds

‖V ε ∗ (fg)− (V ε ∗ f)g‖qLq(Rd) ≤ Cεq‖∇g‖qL∞(Rd)‖f‖
q
Lq(Rd)

Proof.

‖V ε ∗ (fg)− (V ε ∗ f)g‖qLq(Rd)

=
∫
Rd

∣∣∣ ∫
Rd
V ε(x− y)

(
f(y)g(y)− f(y)g(x)

)
dy
∣∣∣q dx

=
∫
Rd

∣∣∣ ∫
Rd

(V ε(x− y))
q−1
q (V ε(x− y))

1
q

(
g(y)− g(x)

)
f(y) dy

∣∣∣q dx
≤
∫
Rd

( ∫
Rd
V ε(x− y) dy

)q−1( ∫
Rd
V ε(x− y)|g(y)− g(x)|q|f(y)|q dy

)
dx

≤
∫
Rd

∫
Rd
V ε(x− y)|f(y)|q|g(x)− g(y)|q dy dx

x−y=z=
∫
Rd

∫
Rd
V ε(z)|f(y)|q|g(y + z)− g(y)|q dy dx

=
∫
Rd

∫
Rd
V ε(z)|z|q|f(y)|q |g(y + z)− g(y)|q

|z|q
dy dx

≤ ‖∇g‖qL∞(Rd)

( ∫
Rd
|f(y)|q dy

)( ∫
Rd
V ε(z)|z|q dz

)
= ‖∇g‖qL∞(Rd)‖f‖

q
Lq(Rd)

1
εd

∫
Rd
V (z

ε
)|z|q dz

z
ε

=z′
= ‖∇g‖qL∞(Rd)‖f‖

q
Lq(Rd)

∫
Rd
V (z

′

ε
)|εz′|q dz′

≤ Cεq‖∇g‖qL∞(Rd)‖f‖
q
Lq(Rd)

So, we obtain that

I3 ≤
σ

18‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd) + C‖u‖2

Hs(Rd)‖∇v‖2
Hs(Rd) + Cεp‖∇Dαu‖2

L2(Rd)
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Now take εp small enough such that Cεp ≤ σ
36 and deduce that

I3 ≤
σ

12‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd) + C‖u‖2

Hs(Rd)‖∇v‖2
Hs(Rd).

Next, we handle I4 using Lemma 2.15.

I4 = −
∫
Rd
Dα

(
uσ(∇p(V εp ∗ uσ)−∇p(uσ))

)
· ∇Dαu dx

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖Dα
(
uσ(∇p(V εp ∗ uσ)−∇p(uσ))

)
‖2
L2(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖Dαuσ‖2
L2(Rd)‖∇p(V εp ∗ uσ)−∇p(uσ)‖2

L∞(Rd)

+ C‖uσ‖2
L∞(Rd)‖Dα∇

(
p(V εp ∗ uσ)− p(uσ)

)
‖2
L2(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C
∥∥∥∇ ∫ 1

0
p′(zV εp ∗ uσ + (1− z)uσ)(V εp ∗ uσ − uσ) dz

∥∥∥2

Hs(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C
∥∥∥ ∫ 1

0
p′(zV εp ∗ uσ + (1− z)uσ)(V εp ∗ uσ − uσ) dz

∥∥∥2

Hs(Rd)

+ C
∥∥∥ ∫ 1

0
p′′(zV εp ∗ uσ + (1− z)uσ)∇

(
zV εp ∗ uσ + (1− z)uσ

)
(V εp ∗ uσ − uσ) dz

∥∥∥2

Hs(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + Cε2
p.

For I5 we get the following estimate

I5 =
∫
Rd
Dα

(
u∇Φ ∗ V εk ∗ v

)
· ∇Dαu dx

≤ σ

12‖∇D
αu‖2

L2(Rd) + ‖Dα
(
u∇Φ ∗ V εk ∗ v

)
‖2
L2(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖Dαu‖2
L2(Rd)‖∇Φ ∗ V εk ∗ v‖2

L∞(Rd) + ‖u‖2
L∞(Rd)‖Dα

(
∇Φ ∗ V εk ∗ v

)
‖2
L2(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd).

Similarly, we obtain that

I6 =
∫
Rd
Dα

(
u∇Φ ∗ V εk ∗ uσ

)
· ∇Dαu dx ≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd).
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Next, we estimate I7

I7 =
∫
Rd
Dα

(
uσ∇Φ ∗ V εk ∗ (u + uσ)− uσ∇Φ ∗ uσ)

)
· ∇Dαu dx

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖Dα
(
uσ∇Φ ∗ V εk ∗ (u + uσ)− uσ∇Φ ∗ uσ)

)
‖2
L2(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖Dα
(
uσ(∇Φ ∗ V εk ∗ (u + uσ)−∇Φ ∗ V εk ∗ uσ)

)
‖2
L2(Rd)

+ ‖Dα
(
uσ(∇Φ ∗ V εk ∗ uσ −∇Φ ∗ uσ)

)
‖2
L2(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖Dαuσ‖2
L2(Rd)‖∇Φ ∗ V εk ∗ u‖2

L∞(Rd)

+ C‖uσ‖2
L∞(Rd)‖Dα(∇Φ ∗ V εk ∗ u)‖2

L2(Rd) + C‖Dαuσ‖2
L2(Rd)‖V εk ∗ ∇Φ ∗ uσ −∇Φ ∗ uσ)‖2

L∞(Rd)

+ C‖uσ‖2
L∞(Rd)‖Dα

(
V εk ∗ ∇Φ ∗ uσ −∇Φ ∗ uσ

)
‖2
L2(Rd)

≤ σ

12‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd) + Cε2

k

Therefore, we deduce that

1
2
d

dt
‖u‖2

Hs(Rd) + σ

2 ‖∇u‖2
Hs(Rd) ≤ ‖u‖2

Hs(Rd) + C‖u‖2
Hs(Rd)‖∇v‖2

Hs(Rd) + C(εk + εp)2.

Integrating the above inequality from 0 to t, it follows that

‖u(t)‖2
Hs(Rd) + σ

2

∫ t

0
‖∇u‖2 ds̃ ≤ C

∫ t

0
‖u‖2

Hs(Rd)(1 + ‖∇v‖2
Hs(Rd)) ds̃+ C(εk + εp)2.

By Grönwall’s inequality, we obtain that

‖u(t)‖2
Hs(Rd) ≤ C(εk + εp)2e

C
∫ T

0 (1+‖∇v‖2
Hs(Rd)

) ds̃ ≤ C(εk + εp)2,∀t ∈ [0, T ].

Therefore,
∫ T

0
‖∇u‖2

Hs(Rd) ds̃ ≤ C(εk + εp)2
∫ T

0
(1 + ‖∇v‖Hs(Rd)) ds̃+ C(εk + εp)2 ≤ C(εk + εp)2.

We can take εk and εp small enough such that

C(εk + εp)2 ≤ εk + εp.

This implies that u ∈ Y . Hence, we can define an operator

T : Y → Y

v 7→ u

where u solves (2.46). In order to apply Banach fixed-point theorem, it remains to prove that T is
a contraction.
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Let u1,u2 ∈ Y be solutions of (2.46) for v1,v2 ∈ Y respectively. Then u1−u2 solves the following
equation

∂t(u1 − u2)− σ∆(u1 − u2) (2.47)

= ∇ ·
(

(u1 + uσ)∇(pλ − p)(V εp ∗ (v1 + uσ))− (u2 + uσ)∇(pλ − p)(V εp ∗ (v2 + uσ))

+ u1∇p(V εp ∗ (v1 + uσ))− u2∇p(V εp ∗ (v2 + uσ))

+ uσ∇
∫ 1

0
p′(V εp ∗ uσ + zV εp ∗ v1)V εp ∗ u1 dz − uσ∇

∫ 1

0
p′(V εp ∗ uσ + zV εp ∗ v2)V εp ∗ u2 dz

)
−∇ ·

(
u1∇Φ ∗ V εk ∗ v1 − u2∇Φ ∗ V εk ∗ v2 + (u1 − u2)∇Φ ∗ V εk ∗ uσ + uσ∇Φ ∗ V εk ∗ (u1 − u2)

)
,

(u1 − u2)(0, x) = 0.

Multiplying (2.47) by u1 − u2 and integrating it over Rd, we deduce that

1
2
d

dt

∫
Rd
|u1 − u2|2 dx+ σ

∫
Rd
|∇(u1 − u2)|2 dx

=
∫
Rd
−(u1 + uσ)∇(pλ − p)(V εp ∗ (v1 + uσ)) · ∇(u1 − u2)

+ (u2 + uσ)∇(pλ − p)(V εp ∗ (v2 + uσ)) · ∇(u1 − u2) dx

−
∫
Rd

(u1 − u2)∇p(V εp ∗ (v1 + uσ)) · ∇(u1 − u2) dx

−
∫
Rd

u2
(
∇p(V εp ∗ (v1 + uσ))−∇p(V εp ∗ (v2 + uσ))

)
· ∇(u1 − u2) dx

−
∫
Rd
uσ∇

∫ 1

0
p′(V εp ∗ uσ + zV εp ∗ v1)V εp ∗ (u1 − u2) dz · ∇(u1 − u2) dx

−
∫
Rd
uσ∇

∫ 1

0

(
p′(V εp ∗ uσ + zV εp ∗ v1)− p′(V εp ∗ uσ + zV εp ∗ v2)

)
V εp ∗ u2 dz · ∇(u1 − u2) dx

+
∫
Rd

(u1 − u2)∇Φ ∗ V εk ∗ v1∇(u1 − u2) dx

+
∫
Rd

u2∇Φ ∗ V εk ∗ (v1 − v2) · ∇(u1 − u2) dx

+
∫
Rd

(u1 − u2)∇Φ ∗ V εk ∗ uσ · ∇(u1 − u2) dx

+
∫
Rd
uσ∇Φ ∗ V εk ∗ (u1 − u2) · ∇(u1 − u2) dx

=: J1 + J2 + J3 + J4 + J5 + J6 + J7 + J8 + J9.

First, we can take λ small enough such that

J1 =
∫
Rd
−(u1 + uσ)∇(pλ − p)(V εp ∗ (v1 + uσ)) · ∇(u1 − u2)

+ (u2 + uσ)∇(pλ − p)(V εp ∗ (v2 + uσ)) · ∇(u1 − u2) dx = 0
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Next, we handle J2.

J2 = −
∫
Rd

(u1 − u2)∇p(V εp ∗ (v1 + uσ)) · ∇(u1 − u2) dx

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx+ Ĉ

∫
Rd
|u1 − u2|2 dx.

where Ĉ in this subsection denotes a positive constant which depends on σ, s and εp. Similarly we
obtain that J6, J7, J8 and J9 are bounded by

σ

16

∫
Rd
|∇(u1 − u2)|2 dx+ Ĉ

∫
Rd
|u1 − u2|2 dx.

Next, we estimate J3.

J3 = −
∫
Rd

u2
(
∇p(V εp ∗ (v1 + uσ))−∇p(V εp ∗ (v2 + uσ))

)
· ∇(u1 − u2) dx

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx+ Ĉ‖u2‖2

L∞(Rd)‖∇p(V εp ∗ (v2 + uσ))−∇p(V εp ∗ (v1 + uσ))‖2
L2(Rd)

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx

+ Ĉ
∫
Rd

∣∣∣∇ ∫ 1

0
p′
(
zV εp ∗ (v2 + uσ) + (1− z)V εp ∗ (v1 + uσ)

)
V εp ∗

(
(v2 + uσ)− (v1 + uσ)

)
dz
∣∣∣2 dx

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx

+ Ĉ
∫
Rd

∣∣∣ ∫ 1

0
p′′
(
zV εp ∗ (v2 + uσ) + (1− z)V εp ∗ (v1 + uσ)

)
· ∇V εp ∗

(
zv2 + (1− z)v1 + uσ

)
V εp ∗ (v2 − v1)

∣∣∣2 dz dx
+ Ĉ

∫
Rd

∫ 1

0

∣∣∣p′(zV εp ∗ (v2 + uσ) + (1− z)V εp ∗ (v1 + uσ)
)
∇V εp ∗ (v2 − v1)

∣∣∣2 dz dx
= σ

16

∫
Rd
|∇(u1 − u2)|2 dx+ J31 + J32.

Then by Young’s convolution inequality we obtain that

J31 ≤ Ĉ sup
0<z<1

‖∇V εp ∗
(
zv2 + (1− z)v1 + uσ

)
V εp ∗ (v2 − v1)‖2

L2(Rd)

≤ Ĉ sup
0<z<1

‖∇V εp ∗
(
zv2 + (1− z)v1 + uσ

)
‖2
L∞(Rd)‖v2 − v1‖2

L2(Rd)

≤ Ĉ‖∇V εp‖2
L1(Rd)‖v2 + v1 + uσ‖2

L∞(Rd)‖v2 − v1‖2
L2(Rd)

≤ Ĉ‖v2 − v1‖2
L2(Rd).

For J32 we deduce that

J32 ≤ Ĉ‖∇V εp ∗ (v1 − v2)‖2
L2(Rd) ≤ Ĉ‖∇V εp‖2

L1(Rd)‖v2 − v1‖2
L2(Rd) ≤ Ĉ‖v2 − v1‖2

L2(Rd).
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This implies that

J3 ≤
σ

16

∫
Rd
|∇(u1 − u2)|2 dx+ Ĉ‖v2 − v1‖2

L2(Rd).

Next, we estimate J4.

J4 = −
∫
Rd
uσ∇

∫ 1

0
p′(V εp ∗ uσ + zV εp ∗ v1)V εp ∗ (u1 − u2) dz · ∇(u1 − u2) dx

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx

+ Ĉ‖uσ‖2
L∞(Rd)‖

∫ 1

0
∇
(
p′(V εp ∗ uσ + zV εp ∗ v1)V εp ∗ (u1 − u2)

)
dz‖2

L2(Rd)

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx

+ Ĉ‖
∫ 1

0
p′(V εp ∗ uσ + zV εp ∗ v1)∇V εp ∗ (u1 − u2) dz‖2

L2(Rd)

+ Ĉ‖
∫ 1

0
p′′(V εp ∗ uσ + zV εp ∗ v1)V εp ∗ ∇(uσ + zv1)V εp ∗ (u1 − u2) dz‖2

L2(Rd)

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx+ Ĉ‖∇V εp ∗ (u1 − u2)‖2

L2(Rd) + Ĉ‖V εp ∗ (u1 − u2)‖2
L2(Rd)

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx+ Ĉ‖∇V εp‖2

L1(Rd)‖u1 − u2‖2
L2(Rd) + Ĉ‖u1 − u2‖2

L2(Rd)

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx+ Ĉ‖u1 − u2‖2

L2(Rd)
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For J5 we obtain that

J5 = −
∫
Rd
uσ∇

∫ 1

0

(
p′(V εp ∗ uσ + zV εp ∗ v1)− p′(V εp ∗ uσ + zV εp ∗ v2)

)
V εp ∗ u2 dz · ∇(u1 − u2) dx

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx

+ Ĉ‖uσ‖2
L∞(Rd)‖

∫ 1

0
∇
((
p′(V εp ∗ uσ + zV εp ∗ v1)− p′(V εp ∗ uσ + zV εp ∗ v2)

)
V εp ∗ u2

)
dz‖2

L2(Rd)

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx

+ Ĉ‖
∫ 1

0
∇
∫ 1

0
p′′
(
V εp ∗ uσ + zτV εp ∗ v1 + z(1− τ)V εp ∗ v2

)
zV εp ∗ (v1 − v2) dτ dz‖2

L2(Rd)

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx

+ Ĉ‖
∫ 1

0

∫ 1

0
p′′′
(
V εp ∗ uσ + zτV εp ∗ v1 + z(1− τ)V εp ∗ v2

)
· ∇V εp ∗

(
uσ + zτv1 + z(1− τ)v2

)
zV εp ∗ (v1 − v2) dτ dz‖2

L2(Rd)

+ Ĉ‖
∫ 1

0

∫ 1

0
p′′
(
V εp ∗ uσ + zτV εp ∗ v1 + z(1− τ)V εp ∗ v2

)
z∇V εp ∗ (v1 − v2) dτ dz‖2

L2(Rd)

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx

+ Ĉ sup
0<z,τ<1

‖V εp ∗ ∇
(
uσ + zτv1 + z(1− τ)v2

)
‖2
L∞(Rd)‖V εp ∗ (v1 − v2)‖2

L2(Rd)

+ Ĉ‖v1 − v2‖2
L2(Rd)

≤ σ

16

∫
Rd
|∇(u1 − u2)|2 dx+ Ĉ‖v1 − v2‖2

L2(Rd)

Therefore, it follows that

d

dt
‖u1 − u2‖2

L2(Rd) + σ

2 ‖∇(u1 − u2)‖2
L2(Rd) ≤ Ĉ‖u1 − u2‖2

L2(Rd) + Ĉ‖v1 − v2‖2
L2(Rd).

So,

‖(u1 − u2)(t)‖2
L2(Rd) + σ

2

∫ t

0
‖∇(u1 − u2)‖2

L2(Rd) ds ≤ Ĉ
∫ t

0
‖u1 − u2‖2

L2(Rd) ds+ Ĉ
∫ t

0
‖v1 − v2‖2

L2(Rd) ds

By Grönwall’s inequality

‖(u1 − u2)(t)‖2
L2(Rd) ≤ e

∫ t
0 Ĉ dsĈ

∫ t

0
‖v1 − v2‖2

L2(Rd) ds ≤ eĈT∗ĈT∗‖v1 − v2‖2
L∞(0,T∗;L2(Rd)), ∀t ∈ [0, T∗]

We can take T∗(εp) small enough such that eĈT∗ĈT∗ < 1.
Therefore, the operator T possesses a unique fixed point u such that T (u) = u. So, we find a

91



CHAPTER 2. ESTIMATES ON THE PDE LEVEL

unique solution u ∈ Y on [0, T∗] to the following system.

∂tu− σ∆u = ∇ ·
(

(u + uσ)∇(pλ − p)(V εp ∗ (u + uσ)) + u∇p(V εp ∗ (u + uσ)) (2.48)

+ uσ∇
∫ 1

0
p′(V εp ∗ uσ + zV εp ∗ u)V εp ∗ u dz + uσ

(
∇p(V εp ∗ uσ)−∇p(uσ)

))
−∇ ·

(
u∇Φ ∗ V εk ∗ (u + uσ) + uσ∇Φ ∗ V εk ∗ u + uσ(∇Φ ∗ V εk ∗ uσ −∇Φ ∗ uσ)

)
,

u(0, x) = 0.

Therefore for any t ∈ (0, T∗) we obtain that

1
2
d

dt

∫
Rd
|Dαu|2 dx+ σ

∫
Rd
|∇Dαu|2 dx

= −
∫
Rd
Dα

(
(u + uσ)∇(pλ − p)(V εp ∗ (u + uσ))

)
· ∇Dαu dx

−
∫
Rd
Dα

(
u∇p(V εp ∗ (u + uσ))

)
· ∇Dαu dx

−
∫
Rd
Dα

(
uσ∇

∫ 1

0
p′(V εp ∗ uσ + zV εp ∗ u)V εp ∗ u dz

)
· ∇Dαu dx

−
∫
Rd
Dα

(
uσ(∇p(V εp ∗ uσ)−∇p(uσ))

)
· ∇Dαu dx

+
∫
Rd
Dα

(
u∇Φ ∗ V εk ∗ (u + uσ)

)
· ∇Dαu dx

+
∫
Rd
Dα

(
uσ∇Φ ∗ V εk ∗ u

)
· ∇Dαu dx

+
∫
Rd
Dα

(
uσ(∇Φ ∗ V εk ∗ uσ −∇Φ ∗ uσ)

)
· ∇Dαu dx

=: K1 +K2 +K3 +K4 +K5 +K6 +K7.

Since ‖V εp ∗ (u + uσ)‖L∞((0,T )×Rd) is bounded, we can choose λ small enough in order to ensure
that K1 = 0. For K2 we get that

K2 ≤
σ

13

∫
Rd
|∇Dαu|2 dx+ C‖Dα

(
u∇p(V εp ∗ (u + uσ))

)
‖2
L2(Rd)

≤ σ

13

∫
Rd
|∇Dαu|2 dx+ C‖u‖2

L∞(Rd)‖Dα∇p(V εp ∗ (u + uσ))‖2
L2(Rd)

+ C‖Dαu‖2
L2(Rd)‖∇p(V εp ∗ (u + uσ))‖2

L∞(Rd)

≤ σ

13

∫
Rd
|∇Dαu|2 dx+ C‖u‖2

L∞(Rd)(C + C‖∇Dαu‖2
L2(Rd)) + C‖Dαu‖2

L2(Rd)

≤ σ

13

∫
Rd
|∇Dαu|2 dx+ C‖u‖2

Hs(Rd) + C(εk + εp)‖∇Dαu‖2
L2(Rd).

where we used that ‖u‖2
L∞(0,T∗;Hs(Rd)) ≤ εk + εp. Then we take εk + εp small enough such that

K2 ≤
σ

12‖∇u‖2
Hs(Rd) + C‖u‖2

Hs(Rd).
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Next, we analyze K3.

K3 = −
∫
Rd

∫ 1

0
uσ∇Dα

(
p′(V εp ∗ uσ + zV εp ∗ u)V εp ∗ u

)
· ∇Dαu dz dx

−
∫
Rd

∫ 1

0

(
Dα

(
uσ∇

(
p′(V εp ∗ uσ + zV εp ∗ u)V εp ∗ u

))
− uσ∇Dα

(
p′(V εp ∗ uσ + zV εp ∗ u)V εp ∗ u

))
· ∇Dαu dz dx

=: K31 +K32.

So,

K32 ≤ ‖∇Dαu‖L2(Rd) sup
0<z<1

‖∇uσ‖L∞(Rd)‖Dα−1∇
(
p′(V εp ∗ uσ + zV εp ∗ u)V εp ∗ u

)
‖L2(Rd)

+ ‖∇Dαu‖L2(Rd) sup
0<z<1

‖Dαuσ‖L2(Rd)‖∇
(
p′(V εp ∗ uσ + zV εp ∗ u)V εp ∗ u

)
‖L∞(Rd)

≤ σ

36‖∇D
αu‖2

L2(Rd) + C‖u‖2
Hs(Rd).

Now we handle K31.

K31 = −
∫
Rd

∫ 1

0
uσp′(V εp ∗ uσ + zV εp ∗ u)V εp ∗ ∇Dαu · ∇Dαu dz dx

−
∫
Rd

∫ 1

0
uσ
(
∇Dα

(
p′(V εp ∗ uσ + zV εp ∗ u)V εp ∗ u

)
− p′(V εp ∗ uσ + zV εp ∗ u)V εp∇Dα ∗ u

)
· ∇Dαu dz dx

=: K311 +K312.

Then we obtain that

K312 ≤ ‖∇Dαu‖L2(Rd)‖uσ‖L∞(Rd)‖DαV εp ∗ u‖L2(Rd) sup
0≤z≤1

‖∇p′(V εp ∗ uσ + zV εp ∗ u)‖L∞(Rd)

+ ‖∇Dαu‖L2(Rd)‖uσ‖L∞(Rd)‖V εp ∗ u‖L∞(Rd) sup
0≤z≤1

‖∇Dαp′(V εp ∗ uσ + zV εp ∗ u)‖L2(Rd)

≤ ‖∇Dαu‖L2(Rd)‖uσ‖L∞(Rd)‖DαV εp ∗ u‖L2(Rd) sup
0≤z≤1

‖∇p′(V εp ∗ uσ + zV εp ∗ u)‖L∞(Rd)

+ ‖∇Dαu‖L2(Rd)‖uσ‖L∞(Rd)‖V εp ∗ u‖L∞(Rd)(C + C‖Dα∇u‖L2(Rd))

≤ σ

37‖∇u‖2
Hs(Rd) + C‖u‖2

Hs(Rd) + C(εk + εp)‖∇u‖2
Hs(Rd).

So, we can take εk + εp small enough such that

K312 ≤
σ

36‖∇u‖2
Hs(Rd) + C‖u‖2

Hs(Rd).
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Then consider K311.

K311 = −
∫
Rd

∫ 1

0
uσp′(V εp ∗ uσ + zV εp ∗ u)W εp ∗W εp ∗ ∇Dαu · ∇Dαu dz dx

= −
∫
Rd

∫ 1

0
W εp ∗

(
uσp′(V εp ∗ uσ + zV εp ∗ u)∇Dαu

)
·W εp ∗ ∇Dαu dz dx

= −
∫
Rd

∫ 1

0
uσp′(V εp ∗ uσ + zV εp ∗ u)

∣∣∣W εp ∗ ∇Dαu
∣∣∣2 dz dx

−
∫
Rd

∫ 1

0

(
W εp ∗

(
uσp′(V εp ∗ uσ + zV εp ∗ u)∇Dαu

)
− uσW εp ∗

(
p′(V εp ∗ uσ + zV εp ∗ u)∇Dαu

))
·W εp ∗ ∇Dαu dz dx

−
∫
Rd

∫ 1

0
uσ
(
W εp ∗

(
p′(V εp ∗ uσ + zV εp ∗ u)∇Dαu

)
− p′(V εp ∗ uσ + zV εp ∗ u)W εp ∗ ∇Dαu

)
·W εp ∗ ∇Dαu dz dx

≤ 0 +K3111 +K3112.

So, using Lemma 2.15 we obtain that

K3111 ≤ ‖∇Dαu‖L2(Rd) sup
0<z<1

‖W εp ∗
(
uσp′(V εp ∗ uσ + zV εp ∗ u)∇Dαu

)
− uσW εp ∗

(
p′(V εp ∗ uσ + zV εp ∗ u)∇Dαu

)
‖L2(Rd)

≤ C‖∇Dαu‖L2(Rd)εp‖∇uσ‖L∞(Rd) sup
0<z<1

‖p′(V εp ∗ uσ + zV εp ∗ u)∇Dαu‖L2(Rd)

≤ Cεp‖∇Dαu‖2
L2(Rd).

and

K3112 ≤ ‖W εp ∗ ∇Dαu‖L2(Rd) sup
0<z<1

‖W εp ∗
(
p′(V εp ∗ uσ + zV εp ∗ u)∇Dαu

)
− p′(V εp ∗ uσ + zV εp ∗ u)W εp ∗ ∇Dαu‖L2(Rd)

≤ C‖∇Dαu‖L2(Rd)εp‖∇Dαu‖L2(Rd) sup
0<z<1

‖∇p′(V εp ∗ uσ + zV εp ∗ u)‖L∞(Rd)

≤ Cεp‖∇Dαu‖2
L2(Rd).

Taking εp small enough such that Cεp ≤ σ
36 , it follows that

K3 ≤
σ

12‖∇u‖2
Hs(Rd) + C‖u‖2

Hs(Rd).
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Since ∇p(V εp ∗ uσ)−∇p(uσ) = ∇
∫ 1

0 p
′(zV εp ∗ uσ + (1− z)uσ)(V εp ∗ uσ − uσ) dz, we deduce that

K4 = −
∫
Rd
Dα

(
uσ(∇p(V εp ∗ uσ)−∇p(uσ))

)
· ∇Dαu dx

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖Dα

(
uσ(∇p(V εp ∗ uσ)−∇p(uσ))

)
‖2
L2(Rd)

≤ σ

12

∫
Rd
|∇Dαu|2 dx

+ C‖Dαuσ‖2
L2(Rd)‖∇

∫ 1

0
p′(zV εp ∗ uσ + (1− z)uσ)(V εp ∗ uσ − uσ) dz‖2

L∞(Rd)

+ C‖uσ‖2
L∞(Rd)‖Dα∇

∫ 1

0
p′(zV εp ∗ uσ + (1− z)uσ)(V εp ∗ uσ − uσ) dz‖2

L2(Rd)

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖V εp ∗ uσ − uσ‖2

L∞(Rd) + C‖∇(V εp ∗ uσ − uσ)‖2
L∞(Rd)

+ C
∫ 1

0
‖Dα+1

(
p′(zV εp ∗ uσ + (1− z)uσ)(V εp ∗ uσ − uσ)

)
‖L2(Rd) dz

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖V εp ∗ uσ − uσ‖2

Hs(Rd)

+ C
∫ 1

0

(
‖Dα+1p′(zV εp ∗ uσ + (1− z)uσ)‖2

L2(Rd)‖V εp ∗ uσ − uσ‖2
L∞(Rd)

+ ‖p′(zV εp ∗ uσ + (1− z)uσ)‖2
L∞(Rd)‖Dα+1(V εp ∗ uσ − uσ)‖2

L2(Rd)

)
dz

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖V εp ∗ uσ − uσ‖2

Hs+1(Rd)

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ Cε2

p.

Next, we estimate K5.

K5 =
∫
Rd
Dα

(
u∇Φ ∗ V εk ∗ (u + uσ)

)
· ∇Dαu dx

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖Dα

(
u∇Φ ∗ V εk ∗ u

)
‖2
L2(Rd) + C‖Dα

(
u∇Φ ∗ V εk ∗ uσ

)
‖2
L2(Rd)

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖Dαu‖2

L2(Rd)‖∇Φ ∗ V εk ∗ u‖2
L∞(Rd) + C‖u‖2

L∞(Rd)‖DαV εk ∗ ∇Φ ∗ uσ‖2
L2(Rd)

+ C‖Dαu‖2
L2(Rd)‖∇Φ ∗ V εk ∗ uσ‖2

L∞(Rd) + C‖u‖2
L∞(Rd)‖DαV εk ∗ ∇Φ ∗ uσ‖2

L2(Rd)

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖u‖2

Hs(Rd).

Now we estimate K6 and K7.

K6 ≤
σ

12

∫
Rd
|∇Dαu|2 dx+ C‖Dα(uσ∇Φ ∗ V εk ∗ u)‖2

L2(Rd)

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖Dαu‖2

L2(Rd)‖∇Φ ∗ V εk ∗ u‖2
L∞(Rd) + C‖uσ‖2

L∞(Rd)‖DαV εk ∗ ∇Φ ∗ u‖2
L2(Rd)

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖u‖2

Hs(Rd).
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K7 =
∫
Rd
Dα

(
uσ(∇Φ ∗ V εk ∗ uσ −∇Φ ∗ uσ)

)
· ∇Dαu dx

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖Dα

(
uσ(∇Φ ∗ V εk ∗ uσ −∇Φ ∗ uσ)

)
‖2
L2(Rd)

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖Dαu‖2

L2(Rd)‖∇Φ ∗ V εk ∗ uσ −∇Φ ∗ uσ‖2
L∞(Rd)

+ C‖uσ‖2
L∞(Rd)‖Dα

(
∇Φ ∗ V εk ∗ uσ −∇Φ ∗ uσ

)
‖2
L2(Rd)

≤ σ

12

∫
Rd
|∇Dαu|2 dx+ C‖u‖2

Hs(Rd).

From estimates of K1 −K7 we obtain that

d

dt
‖u‖2

Hs(Rd) + σ

2 ‖∇u‖2
Hs(Rd) ≤ C‖u‖2

Hs(Rd) + C(εk + εp)2.

By Grönwall’s inequality it follows that

‖u(t)‖Hs(Rd) ≤ eCTCT (εk + εp)2, ∀t ∈ [0, T∗].

Therefore, we can construct a solution u to the following partial differential equation

∂tu− σ∆u = ∇ ·
(

(u + uσ)∇pλ(V εp ∗ (u + uσ))− uσ∇p(uσ)
)

−∇ ·
(

(u + uσ)u∇Φ ∗ V εk ∗ (u + uσ)− uσ∇(Φ ∗ uσ)
)
,

u(0, x) = 0.

on (0, T ) for any T <∞.
So, we obtain that

‖u‖2
L∞(0,T ;Hs(Rd)) ≤ C(εk + εp)2, s >

d

2 + 2.

Then by Sobolev’s embedding theorem we get that

‖uσ − uε,σ‖L∞(0,T ;W 2,∞(Rd)) ≤ C‖u‖L∞(0,T ;Hs(Rd)) ≤ C(εk + εp).
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Chapter 3

Connection between PDEs and Particle
Systems

In this chapter we explain why the systems of stochastic differential equations (1.12) and (1.14) have
densities with respect to the Lebesgue measure and how to identify them with the solutions to the
partial differential equations (1.13) and (1.15) respectively. We present the proof only for (1.14) and
(1.15). The same arguments work for (1.12) and (1.13).

3.1 Preliminaries and Useful Tools

First, we need to derive some important estimates for Φε.

Lemma 3.1. There exist a positive constants C > 0 such that

‖∇Φε‖L∞(Rd) ≤
C

εd−1 , ‖D2Φε‖L∞(Rd) ≤
C

εd
, ‖D3Φε‖L∞(Rd) ≤

C

εd+1 .

Proof. Since ∇Φ = Cd
x
|x|d , we obtain that there exists a constant C > 0 such that

∫
|y|<ε

1
|x− y|d−1dy =

∫
|y|<ε
|x−y|>ε

1
|x− y|d−1dy +

∫
|y|<ε
|x−y|<ε

1
|x− y|d−1dy

≤ C

(
1

εd−1V ol(|y| < ε) +
∫
|x−y|<ε

1
|x− y|d−1d(x− y)

)

≤ C

(
εd

εd−1 + V ol(B1(0))
∫ ε

0

rd−1

rd−1dr

)
≤ Cε.
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So, we obtain that there exist a constant C such that

‖∇Φε‖L∞(Rd) =
∥∥∥∥∫

Rd
∇Φ(x− y)V ε(y)dy

∥∥∥∥
L∞(Rd)

≤
∥∥∥∥∥
∫
Rd

∣∣∣∣∣ Cd
|x− y|d−1V

ε(y)
∣∣∣∣∣ dy

∥∥∥∥∥
L∞(Rd)

= Cd
1
εd

∥∥∥∥∥
∫
|y|<ε

1
|x− y|d−1

∣∣∣∣V (yε
)∣∣∣∣ dy

∥∥∥∥∥
L∞(Rd)

≤ Cd
‖V ‖L∞(Rd)

εd

∫
|y|<ε

1
|x− y|d−1dy

≤ Cd
‖V ‖L∞(Rd)

εd
Cε

≤ C

εd−1 ,

‖D2Φε‖L∞(Rd) ≤
∥∥∥∥∥
∫
Rd

∣∣∣∣∣ Cd
|x− y|d−1∇V

ε(y)
∣∣∣∣∣ dy

∥∥∥∥∥
L∞(Rd)

= Cd
1

εd+1

∥∥∥∥∥
∫
|y|<ε

1
|x− y|d−1

∣∣∣∣∇V (yε
)∣∣∣∣ dy

∥∥∥∥∥
L∞(Rd)

≤ Cd
‖∇V ‖L∞(Rd)

εd+1

∫
|y|<ε

1
|x− y|d−1dy

≤ Cd
‖∇V ‖L∞(Rd)

εd+1 Cε

≤ C

εd
,

‖D3Φε‖L∞(Rd) ≤
∥∥∥∥∥
∫
Rd

∣∣∣∣∣ Cd
|x− y|d−1D

2V ε(y)
∣∣∣∣∣ dy

∥∥∥∥∥
L∞(Rd)

= Cd
1

εd+2

∥∥∥∥∥
∫
|y|<ε

1
|x− y|d−1

∣∣∣∣D2V
(
y

ε

)∣∣∣∣ dy
∥∥∥∥∥
L∞(Rd)

≤ Cd
‖D2V ‖L∞(Rd)

εd+2

∫
|y|<ε

1
|x− y|d−1dy

≤ Cd
‖D2V ‖L∞(Rd)

εd+2 Cε

≤ C

εd+1 .
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3.1.1 Existence of Density Functions

For i ∈ {1, . . . , N} consider
dX̂

i,σ
t = ∇Φ ∗ wσ(t, X̂ i,σ

t )dt−∇p(wσ(t, X̂ i,σ
t ))dt+

√
2σdBi

t,

X̂ i,σ
0 = ζ i,

(3.1)

where wσ is a weak solution to
∂tw

σ = σ∆wσ −∇ · (wσ∇cσ) +∇ · (wσ∇p(wσ)),

−∆cσ = wσ(t, x),

wσ(0, x) = uσ0 (x), x ∈ Rd, t > 0.

(3.2)

Using Section 2.3.1 from [Nualart, 2006] we want to prove that (3.1) is absolutely continuos with
respect to the Lebesgue measure. So, we need to ensure that ∇Φ ∗ uσ(t, ·)−∇p(uσ(t, ·)) is globally
Lipschitz continuous for any t ∈ [0, T ] and that ∇Φ∗uσ(t, ·)−∇p(uσ(t, ·)) has at most linear growth
for any t ∈ [0, T ].

Global Lipschitz continuity for all x, y ∈ Rd,

|∇Φ ∗ wσ(t, x)−∇p(wσ(t, x))− (∇Φ ∗ wσ(t, y)−∇p(wσ(t, y)))|
≤ |∇Φ ∗ wσ(t, x)−∇Φ ∗ wσ(t, y)|+ |∇p(wσ(t, x))−∇p(wσ(t, y))|

≤
(
‖D2Φ ∗ wσ‖L∞(0,T ;L∞(Rd)) + ‖p′‖L∞(0,‖wσ‖

L∞(0,T ;L∞(Rd)))‖D2wσ‖L∞(0,T ;L∞(Rd))

+ ‖p′′‖L∞(0,‖wσ‖
L∞(0,T ;L∞(Rd)))‖∇wσ‖2

L∞(0,T ;L∞(Rd))

)
|x− y|.

The boundedness for all x ∈ Rd,

|∇Φ ∗ wσ(t, x)−∇p(wσ(t, x))|
≤ ‖∇Φ ∗ wσ‖L∞(0,T ;L∞(Rd)) + ‖∇p(wσ)‖L∞(0,T ;L∞(Rd))

≤ ‖∇Φ ∗ wσ‖L∞(0,T ;L∞(Rd)) + ‖∇wε,σ‖L∞(0,T ;L∞(Rd))‖p′‖L∞(0,‖wσ‖
L∞(0,T ;L∞(Rd))).

So we obtain that the solution of (3.1) has a density function uσ ∈ L∞(0, T ;L1(Rd)) with respect
to Lebesgue measure on Rd × R+.

3.1.2 Connection between Density Functions and PDEs

Now we want to prove that uσ can be identified with wσ.
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Let ϕ ∈ C∞0 ([0, T ]×Rd). Using Itô’s formula and taking the expectation of (3.1) we obtain that
∫
Rd
ϕ(t, x)uσ(t, x)dx =

∫
Rd
ϕ(0, x)uσ0 (t, x) +

∫
Rd

∫ t

0
∂sϕ(s, x)uσ(s, x)dsdx

+
∫
Rd

∫ t

0
∇Φ ∗ wσ(s, x) · ∇ϕ(s, x)uσ(s, x)dsdx

−
∫
Rd

∫ t

0
∇p(wσ(s, x)) · ∇ϕ(s, x)uσ(s, x)dsdx+

∫
Rd

∫ t

0
σ∆ϕ(s, x)uσ(s, x)dsdx

Therefore, uσ ∈ L∞(0, T ;L1(Rd)) is a weak solution to the linear partial differential equation
∂tu

σ = σ∆uσ −∇ · (uσ∇Φ ∗ wσ) +∇ · (uσ∇p(wσ)),

uσ(0, x) = uσ0 (x), x ∈ Rd, t > 0.
(3.3)

where wσ ∈ L∞(0, T ;W 1,∞(Rd)) is the unique solution to (3.2).
Now we prove that the weak solution to (3.3) is unique. We show that if uσ0 (x) ≡ 0, then

uσ(t, x) ≡ 0 which implies uniqueness of the solution to (3.3).
Let 0 ≤ uσ ∈ L∞(0, T ;L1(Rd)) be a solution to

∫ T

0

∫
Rd
uσ(∂tϕ+ σ∆ϕ+∇Φ ∗ wσ · ∇ϕ−∇p(wσ) · ∇ϕ) dx dt = 0, ∀ϕ ∈ C∞0 ([0, T )× Rd). (3.4)

First, we prove that uσ ∈ Lq((0, T )×Rd) for q ∈ (1, d
d−1). Fix M > 0 and define g : [0,∞)→ [0,∞)

such that

g(v) :=

v
q−1, for 0 ≤ v ≤M

1
q−1 ,

M, for v > M
1
q−1 .

Since uσ ∈ L∞(0, T ;L1(Rd)), it follows that g(uσ) ∈ L
1
q−1 ((0, T )× Rd). Now consider a sequence of

functions (ḡn)n∈N ⊂ C∞0 ((0, T )× Rd) such that

ḡn → g(uσ) in L
1
q−1 ((0, T )× Rd), (3.5)

‖ḡn‖L∞((0,T )×Rd) ≤ C̄, ∀n ∈ N, (3.6)
ḡn

∗
⇀ g(uσ) in L∞((0, T )× Rd) (3.7)

where C̄ is a positive constant which depends on M . From (3.5), (3.6) and interpolation inequality
we obtain that

ḡn → g(uσ) in Lr((0, T )× Rd) for r ∈ [ 1
q − 1 ,∞). (3.8)
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Let us consider the backward heat equation

∂tϕn + σ∆ϕn = ḡn in (0, T )× Rd,

ϕn(·, T ) = 0 in Rd.

Since C∞0 ([0, T ) × Rd) is dense in {ϕ ∈ C2,1
b ([0, T ] × Rd) | ϕ(T, ·) ≡ 0}, it implies that (3.4)

holds for any ϕ ∈ C2,1
b ([0, T ] × Rd) such that ϕ(T, ·) ≡ 0. Choosing ϕn in (3.4) and using

Gagliardo–Nirenberg–Sobolev inequality we have that
∫ T

0

∫
Rd
uσḡn dx dt =

∫ T

0

∫
Rd

(−uσ∇Φ ∗ wσ · ∇ϕn + uσ∇p(wσ) · ∇ϕn) dx dt

≤
∫ T

0
‖uσ‖L1(Rd)‖∇ϕn‖L∞(Rd)

(
‖∇Φ ∗ wσ‖L∞(Rd) + ‖∇p(wσ)‖L∞(Rd)

)
dt

≤ C
∫ T

0
‖∇ϕn‖L∞(Rd) dt

≤ C
∫ T

0
‖ϕn‖1−θ

L
1
q−1 (Rd)

‖D2ϕn‖θLq̃(Rd) dt

where q̃ = q
q−1 > d, θ = q−1+ 1

d
1
q

+q+ 2
d
−2 ∈ (1

2 , 1) and C appeared in this subsection is independent of n and
M .

Hölder’s inequality yields that
∫ T

0

∫
Rd
uσḡn dx dt ≤ C‖ϕn‖1−θ

L
1
q−1 ((0,T )×Rd)

‖D2ϕn‖θLq̃((0,T )×Rd).

Then using parabolic regularity theory we have that
∫ T

0

∫
Rd
uσḡn dx dt ≤ C‖ḡn‖1−θ

L
1
q−1 ((0,T )×Rd)

‖ḡn‖θLq̃((0,T )×Rd).

Taking n→∞ on both sides of the above inequality together with (3.7) and (3.8), we obtain that

∫ T

0

∫
Rd
uσg(uσ) dx dt ≤ C‖g(uσ)‖1−θ

L
1
q−1 ((0,T )×Rd)

‖g(uσ)‖θLq̃((0,T )×Rd) ≤ C‖g(uσ)‖θLq̃((0,T )×Rd).

Young’s inequality yields
∫ T

0

∫
Rd
uσg(uσ) dx dt ≤ C + 1

2

∫ T

0

∫
Rd
|g(uσ)|q̃ dx dt
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From the definition of g(uσ) and q̃ = q
q−1 we have that

0 ≤
∫
{uσ≤M

1
q−1 }

(uσ)q dx dt+M
∫
{uσ>M

1
q−1 }

uσ dx dt

≤ C + 1
2

∫
{uσ≤M

1
q−1 }

(uσ)q dx dt+ 1
2M

q
q−1

∫
{uσ>M

1
q−1 }

1 dx dt

Moreover,

0 ≤ 1
2

∫
{uσ≤M

1
q−1 }

(uσ)q dx dt ≤ C +M
∫
{uσ>M

1
q−1 }

(1
2M

1
q−1 − uσ

)
dx dt ≤ C.

Therefore, we are allowed us to take the limit M →∞ in the above inequality and so deduce

‖uσ‖Lq((0,T )×Rd) ≤ C.

Let us now recall (3.4). By the density argument we have that (3.4) holds for ϕ ∈ W 2,1
q̃ ((0, T )×Rd)

for q̃ > d and ϕ(·, T ) ≡ 0 on Rd. Now let g ∈ C∞0 ((0, T )× Rd) and consider
∂tϕ+ σ∆ϕ+∇Φ ∗ wσ · ∇ϕ−∇p(wσ) · ∇ϕ = g in (0, T )× Rd,

ϕ(T, ·) ≡ 0 in Rd.

Then we have that ϕ ∈ W 2,1
q̃ ((0, T )× Rd) and therefore

∫ T

0

∫
Rd
uσg dx dt = 0.

Since g is arbitrary, we get that

uσ = 0 a.e. in (0, T )× Rd.

Hence, uσ(t, x) = wσ(t, x) a.e. in (0, T )× Rd.

3.2 Intermediate Particle Model
vs. Final Particle Model

Step 1 Itô’s formula
Since the diffusion coefficient

√
2σ is the same one for (1.12) and (1.14), using Itô’s formula we

deduce that
∣∣∣X̄ i,ε,σ

t − X̂ i,σ
t

∣∣∣2 =
∫ t

0
2(X̄ i,ε,σ

s − X̂ i,σ
s )

(
−∇pλ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

+∇p
(
uσ(s, X̂ i,σ

s )
))
ds

+
∫ t

0
2(X̄ i,ε,σ

s − X̂ i,σ
s )

(
∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )−∇Φ ∗ uσ(s, X̂ i,σ
s )

)
ds.
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Step 2 Estimates of the aggregation term
Using triangle inequality, we obtain that

|∇Φεk ∗ uε,σ(s, X̄ i,ε,σ
s )−∇Φ ∗ uσ(s, X̂ i,σ

s )| ≤ |∇Φ ∗ uσ(s, X̂ i,σ
s )−∇Φεk ∗ uσ(s, X̂ i,σ

s )|
+ |∇Φεk ∗ uσ(s, X̂ i,σ

s )−∇Φεk ∗ uσ(s, X̄ i,ε,σ
s )|

+ |∇Φεk ∗ uσ(s, X̄ i,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )|

Step 2(a) Estimation of |∇Φ ∗ uσ(s, X̂ i,σ
s )−∇Φεk ∗ uσ(s, X̂ i,σ

s )|
Since

|∇Φ ∗ uσ(s, X̂ i,σ
s )−∇Φεk ∗ uσ(s, X̂ i,σ

s )|
=
∣∣∣∇Φ ∗ uσ(s, X̂ i,σ

s )− (V εk ∗ (∇Φ ∗ uσ))(s, X̂ i,σ
s )

∣∣∣
=
∣∣∣∣∫

Rd
V εk(y)(∇Φ ∗ uσ(s, X̂ i,σ

s )−∇Φ ∗ uσ(s, X̂ i,σ
s − y))dy

∣∣∣∣
=
∣∣∣∣∣
∫
Rd
V εk(y)|y|

(
∇Φ ∗ uσ(s, X̂ i,σ

s )−∇Φ ∗ uσ(s, X̂ i,σ
s − y)

|y|

)
dy

∣∣∣∣∣ ,
we obtain

|∇Φ ∗ uσ(s, X̂ i,σ
s )−∇Φεk ∗ uσ(s, X̂ i,σ

s )| ≤ ‖D2Φ ∗ uσ(s, ·)‖L∞(Rd)

∫
Rd
V εk(y)|y|dy

≤ ‖Φ ∗D2uσ‖L∞(0,T ;L∞(Rd))εk

∫
Rd
V (x)|x|dx.

Step 2(b) Estimation of |∇Φεk ∗ uσ(s, X̂ i,σ
s )−∇Φεk ∗ uσ(s, X̄ i,ε,σ

s )|
Here we take the L∞ norm out and deduce that

|∇Φεk ∗ uσ(s, X̂ i,σ
s )−∇Φεk ∗ uσ(s, X̄ i,ε,σ

s )|
= |Φ ∗ ∇uσ ∗ V εk(s, X̂ i,σ

s )−∇Φ ∗ uσ ∗ V εk(s, X̄ i,ε,σ
s )|

≤ ‖Φ ∗D2uσ ∗ V εk‖L∞(0,T ;L∞(Rd))

∣∣∣X̄ i,ε,σ
s − X̂ i,σ

s

∣∣∣
≤ ‖Φ ∗D2uσ‖L∞(0,T ;L∞(Rd))

∣∣∣X̄ i,ε,σ
s − X̂ i,σ

s

∣∣∣
Step 2(c) Estimation of |∇Φεk ∗ uσ(s, X̄ i,ε,σ

s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ
s )|

We estimate this term directly with the L∞ norm

|∇Φεk ∗ uσ(s, X̄ i,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )| ≤ ‖Φ ∗ V εk ∗ (∇(uσ − uε,σ)) ‖L∞(0,T ;L∞(Rd))

≤ ‖Φ ∗ (∇(uσ − uε,σ)) ‖L∞(0,T ;L∞(Rd))
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Combining steps 2(a)− 2(c), we obtain that
∣∣∣∣∫ t

0
2(X̄ i,ε,σ

s − X̂ i,σ
s )

(
∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )−∇Φ ∗ uσ(s, X̂ i,σ
s )

)
ds
∣∣∣∣ (3.9)

≤ 2‖Φ ∗D2uσ‖L∞(0,T ;L∞(Rd))εk

∫
Rd
V (x)|x|dx

∫ t

0

∣∣∣X̄ i,ε,σ
s − X̂ i,σ

s

∣∣∣ ds
+ 2‖Φ ∗D2uσ‖L∞(0,T ;L∞(Rd))

∫ t

0

∣∣∣X̄ i,ε,σ
s − X̂ i,σ

s

∣∣∣2 ds
+ 2‖Φ ∗

(
∇(uσ − uε,σ)

)
‖L∞(0,T ;L∞(Rd))

∫ t

0

∣∣∣X̄ i,ε,σ
s − X̂ i,σ

s

∣∣∣ ds
Step 3 Estimates of the diffusion term

First, we use triangle inequality as we did for the aggregation term and so get that
∣∣∣∇p(uσ(s, X̂ i,σ

s )
)
−∇pλ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣ ≤ ∣∣∣∇p(uσ(s, X̂ i,σ

s )
)
−∇p

(
uσ(s, X̄ i,ε,σ

s )
)∣∣∣

+
∣∣∣∇p(uσ(s, X̄ i,ε,σ

s )
)
−∇p

(
uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

+
∣∣∣∇p(uε,σ(s, X̄ i,ε,σ

s )
)
−∇pλ

(
uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

+
∣∣∣∇pλ(uε,σ(s, X̄ i,ε,σ

s )
)
−∇pλ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

Step 3(a) Estimation of
∣∣∣∇p(uσ(s, X̂ i,σ

s )
)
−∇p

(
uσ(s, X̄ i,ε,σ

s )
)∣∣∣

Since

∇p
(
uσ(s, X̂ i,σ

s )
)
−∇p

(
uσ(s, X̄ i,ε,σ

s )
)

= p′
(
uσ(s, X̂ i,σ

s )
)
∇uσ(s, X̂ i,σ

s )− p′
(
uσ(s, X̄ i,ε,σ

s )
)
∇uσ(s, X̄ i,ε,σ

s )

= p′
(
uσ(s, X̂ i,σ

s )
)
∇uσ(s, X̂ i,σ

s )− p′
(
uσ(s, X̂ i,σ

s )
)
∇uσ(s, X̄ i,ε,σ

s )

+ p′
(
uσ(s, X̂ i,σ

s )
)
∇uσ(s, X̄ i,ε,σ

s )− p′
(
uσ(s, X̄ i,ε,σ

s )
)
∇uσ(s, X̄ i,ε,σ

s )

= p′
(
uσ(s, X̂ i,σ

s )
)(
∇uσ(s, X̂ i,σ

s )−∇uσ(s, X̄ i,ε,σ
s )

)
+
(
p′
(
uσ(s, X̂ i,σ

s )
)
− p′

(
uσ(s, X̄ i,ε,σ

s )
))
∇uσ(s, X̄ i,ε,σ

s ),

we obtain that
∣∣∣∇p(uσ(s, X̂ i,σ

s )
)
−∇p

(
uσ(s, X̄ i,ε,σ

s )
)∣∣∣ ≤ ∣∣∣p′(uσ(s, X̂ i,σ

s )
)(
∇uσ(s, X̂ i,σ

s )−∇uσ(s, X̄ i,ε,σ
s )

)∣∣∣
+
∣∣∣(p′(uσ(s, X̂ i,σ

s )
)
− p′

(
uσ(s, X̄ i,ε,σ

s )
))
∇uσ(s, X̄ i,ε,σ

s )
∣∣∣ .

Now we study all terms from the above inequality

•
∣∣∣p′(uσ(s, X̂ i,σ

s )
)∣∣∣ is bounded by ‖p′‖L∞(0,‖uσ‖

L∞(0,T ;L∞(Rd)))

•
∣∣∣∇uσ(s, X̂ i,σ

s )−∇uσ(s, X̄ i,ε,σ
s )

∣∣∣ ≤ ‖D2uσ‖L∞(0,T ;L∞(Rd))|X̂ i,σ
s − X̄ i,ε,σ

s |

•
∣∣∣∇uσ(s, X̄ i,ε,σ

s )
∣∣∣ ≤ ‖∇uσ‖L∞(0,T ;L∞(Rd))
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• With the help of the mean value theorem we obtain that
∣∣∣p′(uσ(s, X̂ i,σ

s )
)
− p′

(
uσ(s, X̄ i,ε,σ

s )
)∣∣∣ ≤ ‖p′′‖L∞(0,‖uσ‖

L∞(0,T ;L∞(Rd)))

∣∣∣uσ(s, X̂ i,σ
s )− uσ(s, X̄ i,ε,σ

s )
∣∣∣

≤ ‖p′′‖L∞(0,‖uσ‖
L∞(0,T ;L∞(Rd)))‖∇uσ‖L∞(0,T ;L∞(Rd))|X̂ i,σ

s − X̄ i,ε,σ
s |

Therefore,
∣∣∣∇p(uσ(s, X̂ i,σ

s )
)
−∇p

(
uσ(s, X̄ i,ε,σ

s )
)∣∣∣ ≤ ‖p′‖L∞(0,‖uσ‖

L∞(0,T ;L∞(Rd)))‖D2uσ‖L∞(0,T ;L∞(Rd))|X̂ i,σ
s − X̄ i,ε,σ

s |

+ ‖p′′‖L∞(0,‖uσ‖
L∞(0,T ;L∞(Rd)))‖∇uσ‖L∞(0,T ;L∞(Rd))|X̂ i,σ

s − X̄ i,ε,σ
s |

= C3a|X̂ i,σ
s − X̄ i,ε,σ

s |,

where

C3a = ‖p′‖L∞(0,‖uσ‖
L∞(0,T ;L∞(Rd)))‖D2uσ‖L∞(0,T ;L∞(Rd)) + ‖p′′‖L∞(0,‖uσ‖

L∞(0,T ;L∞(Rd)))‖∇uσ‖L∞(0,T ;L∞(Rd)).

Step 3(b) Estimation of
∣∣∣∇p(uσ(s, X̄ i,ε,σ

s )
)
−∇p

(
uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

Using similar computation as in Step 3(a), we obtain that

∇p
(
uσ(s, X̄ i,ε,σ

s )
)
−∇p

(
uε,σ(s, X̄ i,ε,σ

s )
)

= p′
(
uσ(s, X̄ i,ε,σ

s )
)
∇uσ(s, X̄ i,ε,σ

s )− p′
(
uε,σ(s, X̄ i,ε,σ

s )
)
∇uε,σ(s, X̄ i,ε,σ

s )

= p′
(
uσ(s, X̄ i,ε,σ

s )
)
∇uσ(s, X̄ i,ε,σ

s )− p′
(
uσ(s, X̄ i,ε,σ

s )
)
∇uε,σ(s, X̄ i,ε,σ

s )

+ p′
(
uσ(s, X̄ i,ε,σ

s )
)
∇uε,σ(s, X̄ i,ε,σ

s )− p′
(
uε,σ(s, X̄ i,ε,σ

s )
)
∇uε,σ(s, X̄ i,ε,σ

s )

= p′
(
uσ(s, X̄ i,ε,σ

s )
)(
∇uσ(s, X̄ i,ε,σ

s )−∇uε,σ(s, X̄ i,ε,σ
s )

)
+
(
p′
(
uσ(s, X̄ i,ε,σ

s )
)
− p′

(
uε,σ(s, X̄ i,ε,σ

s )
))
∇uε,σ(s, X̄ i,ε,σ

s ).

This implies that
∣∣∣∇p(uσ(s, X̄ i,ε,σ

s )
)
−∇p

(
uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣ ≤ ∣∣∣p′(uσ(s, X̄ i,ε,σ

s )
)(
∇uσ(s, X̄ i,ε,σ

s )−∇uε,σ(s, X̄ i,ε,σ
s )

)∣∣∣
+
∣∣∣∣∣
(
p′
(
uσ(s, X̄ i,ε,σ

s )
)
− p′

(
uε,σ(s, X̄ i,ε,σ

s )
))
∇uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣.

Since

•
∣∣∣p′(uσ(s, X̄ i,ε,σ

s )
)∣∣∣ ≤ ‖p′‖L∞(0,‖uσ‖

L∞(0,T ;L∞(Rd))),

•
∣∣∣∇uσ(s, X̄ i,ε,σ

s )−∇uε,σ(s, X̄ i,ε,σ
s )

∣∣∣ ≤ ‖∇ (uσ − uε,σ) ‖L∞(0,T ;L∞(Rd)),
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• by the mean value theorem
∣∣∣p′(uσ(s, X̄ i,ε,σ

s )
)
− p′

(
uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

≤ ‖p′′‖L∞(0,max{‖uσ‖
L∞(0,T ;L∞(Rd)),‖uε,σ‖L∞(0,T ;L∞(Rd))})

∣∣∣uσ(s, X̄ i,ε,σ
s )− uε,σ(s, X̄ i,ε,σ

s )
∣∣∣

≤ ‖p′′‖L∞(0,max{‖uσ‖
L∞(0,T ;L∞(Rd)),‖uε,σ‖L∞(0,T ;L∞(Rd))})‖u

σ − uε,σ‖L∞(0,T ;L∞(Rd)),

• |∇uε,σ(s, X̄ i,ε,σ
s )| ≤ ‖∇uε,σ‖L∞(0,T ;L∞(Rd)),

we get that
∣∣∣∇p(uσ(s, X̄ i,ε,σ

s )
)
−∇p

(
uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

≤ ‖p′‖L∞(0,‖uσ‖
L∞(0,T ;L∞(Rd)))‖∇ (uσ − uε,σ) ‖L∞(0,T ;L∞(Rd))

+ ‖∇uε,σ‖L∞(0,T ;L∞(Rd))‖p′′‖L∞(0,max{‖uσ‖
L∞(0,T ;L∞(Rd)),‖uε,σ‖L∞(0,T ;L∞(Rd))})‖u

σ − uε,σ‖L∞(0,T ;L∞(Rd))

=: C3b

Step 3(c) Estimation of
∣∣∣∇p(uε,σ(s, X̄ i,ε,σ

s )
)
−∇pλ

(
uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

Since

∇p
(
uε,σ(s, X̄ i,ε,σ

s )
)
−∇pλ

(
uε,σ(s, X̄ i,ε,σ

s )
)

= p′
(
uε,σ(s, X̄ i,ε,σ

s )
)
∇uε,σ(s, X̄ i,ε,σ

s )− p′λ
(
uε,σ(s, X̄ i,ε,σ

s )
)
∇uε,σ(s, X̄ i,ε,σ

s )

=
(
p′
(
uε,σ(s, X̄ i,ε,σ

s )
)
− p′λ

(
uε,σ(s, X̄ i,ε,σ

s )
))
∇uε,σ(s, X̄ i,ε,σ

s ),

and

•
∣∣∣p′(uε,σ(s, X̄ i,ε,σ

s )
)
− p′λ

(
uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣ = 0 by the definition of pλ if ‖uε,σ‖L∞(0,T ;L∞(Rd)) ≤ 1

λ
,

•
∣∣∣∇uε,σ(s, X̄ i,ε,σ

s )
∣∣∣ ≤ ‖∇uε,σ‖L∞(0,T ;L∞(Rd)),

we obtain that
∣∣∣∇p(uε,σ(s, X̄ i,ε,σ

s )
)
−∇pλ

(
uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣ = 0 if ‖uε,σ‖L∞(0,T ;L∞(Rd)) ≤

1
λ

Step 3(d) Estimation of
∣∣∣∇pλ(uε,σ(s, X̄ i,ε,σ

s )
)
−∇pλ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣
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Since

∇pλ
(
uε,σ(s, X̄ i,ε,σ

s )
)
−∇pλ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= p′λ
(
uε,σ(s, X̄ i,ε,σ

s )
)
∇uε,σ(s, X̄ i,ε,σ

s )− p′λ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)
V εp ∗ ∇uε,σ(s, X̄ i,ε,σ

s )

= p′λ
(
uε,σ(s, X̄ i,ε,σ

s )
)
∇uε,σ(s, X̄ i,ε,σ

s )− p′λ
(
uε,σ(s, X̄ i,ε,σ

s )
)
V εp ∗ ∇uε,σ(s, X̄ i,ε,σ

s )

+ p′λ
(
uε,σ(s, X̄ i,ε,σ

s )
)
V εp ∗ ∇uε,σ(s, X̄ i,ε,σ

s )− p′λ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)
V εp ∗ ∇uε,σ(s, X̄ i,ε,σ

s ),

we obtain that

∇pλ
(
uε,σ(s, X̄ i,ε,σ

s )
)
−∇pλ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= p′λ
(
uε,σ(s, X̄ i,ε,σ

s )
)(
∇uε,σ(s, X̄ i,ε,σ

s )− V εp ∗ ∇uε,σ(s, X̄ i,ε,σ
s )

)
+
(
p′λ
(
uε,σ(s, X̄ i,ε,σ

s )
)
− p′λ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
))
V εp ∗ ∇uε,σ(s, X̄ i,ε,σ

s )

Now we study all terms from the above inequality as we did before

• p′λ
(
uε,σ(s, X̄ i,ε,σ

s )
)
≤ ‖p′‖L∞(0,‖uε,σ‖

L∞(0,T ;L∞(Rd))).

• Since
∫
Rd V

εp(y)dy = 1, we obtain that
∣∣∣∇uε,σ(s, X̄ i,ε,σ

s )− V εp ∗ ∇uε,σ(s, X̄ i,ε,σ
s )

∣∣∣
=
∣∣∣∇uε,σ(s, X̄ i,ε,σ

s )−
∫
Rd
V εp(y)∇uε,σ(s, X̄ i,ε,σ

s − y)dy
∣∣∣

=
∣∣∣ ∫

Rd
V εp(y)∇uε,σ(s, X̄ i,ε,σ

s )dy −
∫
Rd
V εp(y)∇uε,σ(s, X̄ i,ε,σ

s − y)dy
∣∣∣

=
∣∣∣ ∫

Rd
V εp(y)

(
∇uε,σ(s, X̄ i,ε,σ

s )−∇uε,σ(s, X̄ i,ε,σ
s − y)

)
dy
∣∣∣

=
∣∣∣ ∫

Rd
V εp(y)

(∇uε,σ(s, X̄ i,ε,σ
s )−∇uε,σ(s, X̄ i,ε,σ

s − y)
|y|

)
|y|dy

∣∣∣.
Therefore, it yields

∣∣∣∇uε,σ(s, X̄ i,ε,σ
s )− V εp ∗ ∇uε,σ(s, X̄ i,ε,σ

s )
∣∣∣ ≤ ‖D2uε,σ‖L∞(0,T ;L∞(Rd))

∫
Rd
V εp(y)|y|dy

= ‖D2uε,σ‖L∞(0,T ;L∞(Rd))εp

∫
Rd

1
εd
V ( y
εp

)| y
εp
|dy

= ‖D2uε,σ‖L∞(0,T ;L∞(Rd))εp

∫
Rd
V (x)|x|dx.

• With the help of the mean value theorem we obtain that
∣∣∣p′λ(uε,σ(s, X̄ i,ε,σ

s )
)
− p′λ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

≤ ‖p′′‖L∞(0,‖uε,σ‖
L∞(0,T ;L∞(Rd)))

∣∣∣uε,σ(s, X̄ i,ε,σ
s )− V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣.
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Since
∫
Rd V

εp(y)dy = 1, we obtain that
∣∣∣uε,σ(s, X̄ i,ε,σ

s )− V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣
=
∣∣∣uε,σ(s, X̄ i,ε,σ

s )−
∫
Rd
V εp(y)uε,σ(s, X̄ i,ε,σ

s − y)dy
∣∣∣

=
∣∣∣ ∫

Rd
V εp(y)uε,σ(s, X̄ i,ε,σ

s )dy −
∫
Rd
V εp(y)uε,σs (X̄ i,ε,σ

s − y)dy
∣∣∣

=
∣∣∣ ∫

Rd
V εp(y)

(
uε,σ(s, X̄ i,ε,σ

s )− uε,σ(s, X̄ i,ε,σ
s − y)

)
dy
∣∣∣.

This implies that
∣∣∣uε,σ(s, X̄ i,ε,σ

s )− V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣ ≤ ‖∇uε,σ‖L∞(0,T ;L∞(Rd))

∫
Rd
V εp(y)|y|dy

= ‖∇uε,σ‖L∞(0,T ;L∞(Rd))εp

∫
Rd

1
εdp
V ( y
εp

)| y
εp
|dy

= ‖∇uε,σ‖L∞(0,T ;L∞(Rd))εp

∫
Rd
V (x)|x|dx.

Thus,
∣∣∣p′λ(uε,σ(s, X̄ i,ε,σ

s )
)
− p′λ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

≤ ‖p′′‖L∞(0,‖uε,σ‖
L∞(0,T ;L∞(Rd)))‖∇uε,σ‖L∞(0,T ;L∞(Rd))εp

∫
Rd
V (x)|x|dx.

•
∣∣∣V εp ∗ ∇uε,σ(s, X̄ i,ε,σ

s )
∣∣∣ ≤ ‖∇uε,σ‖L∞(0,T ;L∞(Rd)).

Therefore, we obtain that

∣∣∣∇pλ(uε,σ(s, X̄ i,ε,σ
s )

)
−∇pλ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

≤ ‖p′‖L∞(0,‖uε,σ‖
L∞(0,T ;L∞(Rd)))‖D2uε,σ‖L∞(0,T ;L∞(Rd))εp

∫
Rd
V (x)|x|dx

+ ‖p′′‖L∞(0,‖uε,σ‖
L∞(0,T ;L∞(Rd)))‖∇uε,σ‖2

L∞(0,T ;L∞(Rd))εp

∫
Rd
V (x)|x|dx =: C3d

Combining all previous estimates from steps 3(a)− 3(d) we deduce that

E sup
i=1,...,N

[ ∫ t

0
2(X̄ i,ε,σ

s − X̂ i,σ
s )

(
−∇pλ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

+∇p
(
uσ(s, X̂ i,σ

s )
))

ds
]

≤ 2C3a

∫ t

0
E
[

sup
i=1,...,N

|X̄ i,ε,σ
s − X̂ i,σ

s |2
]
ds

+ 2C3b

∫ t

0
E
[

sup
i=1,...,N

|X̄ i,ε,σ
s − X̂ i,σ

s |
]
ds

+ 2C3d

∫ t

0
E
[

sup
i=1,...,N

|X̄ i,ε,σ
s − X̂ i,σ

s |
]
ds,
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where

C3a = ‖p′‖L∞(0,‖uσ‖
L∞(0,T ;L∞(Rd)))‖D2uσ‖L∞(0,T ;L∞(Rd)) + ‖p′′‖L∞(0,‖uσ‖

L∞(0,T ;L∞(Rd)))‖∇uσ‖L∞(0,T ;L∞(Rd)),

C3b = ‖p′‖L∞(0,‖uσ‖
L∞(0,T ;L∞(Rd)))‖∇ (uσ − uε,σ) ‖L∞(0,T ;L∞(Rd))

+ ‖∇uε,σ‖L∞(0,T ;L∞(Rd))‖p′′‖L∞(0,max{‖uσ‖
L∞(0,T ;L∞(Rd)),‖uε,σ‖L∞(0,T ;L∞(Rd))})‖u

σ − uε,σ‖L∞(0,T ;L∞(Rd)),

C3d = ‖p′‖L∞(0,‖uε,σ‖
L∞(0,T ;L∞(Rd)))‖D2uε,σ‖L∞(0,T ;L∞(Rd))εp

∫
Rd
V (x)|x|dx

+ ‖p′′‖L∞(0,‖uε,σ‖
L∞(0,T ;L∞(Rd)))‖∇uε,σ‖2

L∞(0,T ;L∞(Rd))εp

∫
Rd
V (x)|x|dx.

Step 4 Estimation of E
[

sup
i=1,...,N

∣∣∣X̄ i,ε,σ
t − X̂ i,σ

t

∣∣∣2]
Since the following conditions are true

• ‖uσ‖L∞(0,T ;L∞(Rd)), ‖∇uσ‖L∞(0,T ;L∞(Rd)), ‖D2uσ‖L∞(0,T ;L∞(Rd)) <∞

• ‖uε,σ‖L∞(0,T ;L∞(Rd)), ‖∇uε,σ‖L∞(0,T ;L∞(Rd)), ‖D2uε,σ‖L∞(0,T ;L∞(Rd)) <∞

• ∃C > 0 such that

– ‖uσ − uε,σ‖L∞(0,T ;L∞(Rd)) ≤ C(εk + εp) ,

– ‖∇ (uσ − uε,σ) ‖L∞(0,T ;L∞(Rd)) ≤ C(εk + εp),

– ‖Φ ∗ (∇(uσ − uε,σ)) ‖L∞(0,T ;L∞(Rd)) ≤ C(εk + εp)

• ‖p′λ‖L∞(0,‖uε,σ‖
L∞(0,T ;L∞(Rd))), ‖p′′λ‖L∞(0,‖uε,σ‖

L∞(0,T ;L∞(Rd))) <∞

• ‖uε,σ‖L∞(0,T ;L∞(Rd)) ≤ 1
λ

• ‖Φ ∗D2uσ‖L∞(0,T ;L∞(Rd)) <∞,

combining the estimates of Step 2 and Step 3, we obtain that there exists a constant C > 0 such
that

E
[

sup
i=1,...,N

∣∣∣X̄ i,ε,σ
t − X̂ i,σ

t

∣∣∣2] ≤ C
∫ t

0
E
[

sup
i=1,...,N

∣∣∣X̄ i,ε,σ
s − X̂ i,σ

s

∣∣∣2] ds
+ C(εk + εp)

∫ t

0
E
[

sup
i=1,...,N

∣∣∣X̄ i,ε,σ
s − X̂ i,σ

s

∣∣∣] ds.
Using Young’s inequality we obtain that

E
[

sup
i=1,...,N

∣∣∣X̄ i,ε,σ
t − X̂ i,σ

t

∣∣∣2] ≤ C
∫ t

0
E
[

sup
i=1,...,N

∣∣∣X̄ i,ε,σ
s − X̂ i,σ

s

∣∣∣2] ds+ C(εk + εp)2.

Grönwall’s inequality yields

sup
t∈[0,T ]

E
[

sup
i=1,...,N

∣∣∣X̄ i,ε,σ
t − X̂ i,σ

t

∣∣∣2] ≤ C(εk + εp)2 exp
(
CT

)
.
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Chapter 4

Regularized Particle Model
vs. Intermediate Particle Model

4.1 Convergence in Expectation

In this section we prove Theorem 1.4. Since the diffusion coefficient
√

2σ is the same one for (1.11)
and (1.12), using Itô’s formula we deduce that
∣∣∣XN,i,ε,σ

t − X̄ i,ε,σ
t

∣∣∣2 =∫ t

0
2(XN,i,ε,σ

s − X̄ i,ε,σ
s )

( 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
)
ds

+
∫ t

0
2(XN,i,ε,σ

s − X̄ i,ε,σ
s )

(
−∇pλ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
))
ds

4.1.1 Estimates of the Aggregation Term

First, we rewrite 1
N

∑N
j=1∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s ) as

1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )

= 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )− 1

N

N∑
j=1
∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )

+ 1
N

N∑
j=1
∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )

=: A1 + A2
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Now we handle A1

|A1| =
∣∣∣∣∣∣ 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )− 1

N

N∑
j=1
∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣∣∣∣
= 1
N

∣∣∣∣∣∣
N∑
j=1

(
∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )

)∣∣∣∣∣∣ .
Since by Lemma 3.1 there exists a constant C > 0 such that

‖D2Φεk‖L∞(Rd) ≤
C

εdk
,

we obtain that

|A1| ≤
C

Nεdk

N∑
j=1

(
|X̄ i,ε,σ

s −XN,i,ε,σ
s |+ |XN,j,ε,σ

s − X̄j,ε,σ
s |

)

Combining estimates for |A1| and Young’s inequality yields

2
∣∣∣(XN,i,ε,σ

s − X̄ i,ε,σ
s )

( 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣

≤ 2
∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣ C

Nεdk

N∑
j=1

( ∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣+ ∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣ )+ 2
∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣ |A2|

= 2C
εdk

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣2 + 2C
Nεdk

N∑
j=1

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣ ∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣+ 2
∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣ |A2|

≤ 2C
εdk

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣2 + C

εdk

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣2 + C

Nεdk

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣2
+ 2κ

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣2 + 1
2κ |A2|2

= 3C
εdk

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣2 + C

Nεdk

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣2 + 2κ
∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2 + 1
2κ |A2|2

=
(3C
εdk

+ 2κ
) ∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2 + C

Nεdk

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣2 + 1
2κ |A2|2.

The constant κ will be determined later. After taking the expected value of both sides we get that

E

∫ t

0
2(XN,i,ε,σ

s − X̄ i,ε,σ
s )

( 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
)
ds


≤
∫ t

0

(3C
εdk

+ 2κ
)
E
[∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2] ds+
∫ t

0

C

Nεdk

N∑
j=1

E
[∣∣∣XN,j,ε,σ

s − X̄j,ε,σ
s

∣∣∣2] ds
+
∫ t

0

1
2κE[|A2|2]ds.
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Now we handle the term |A2|2. For simplicity we introduce

Ẑij := ∇Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ
s ).

Therefore, we obtain that

|A2|2 =
∣∣∣∣∣∣ 1
N

N∑
j=1

(
∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣∣∣∣

2

=
∣∣∣∣∣∣ 1
N

N∑
j=1

Ẑij

∣∣∣∣∣∣
2

= 1
N2

N∑
j=1

N∑
k=1

Ẑij · Ẑik

For i 6= j we know that (Bi
t)t≥0 and (Bj

t )t≥0 are independent Brownian motions. Recall that ζi and
ζj are independent and identically distributed. Therefore, we obtain that X̄ i,ε,σ

s and X̄j,ε,σ
s are also

independent and identically distributed. It implies that

E[Ẑj] = E[∇Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ
s )]

=
∫
R2d
∇Φεk(x− y)uε,σ(s, x)uε,σ(s, y)dx dy −

∫
Rd

(∫
Rd
∇Φεk(x− y)uε,σ(s, x)dx

)
uε,σ(s, y)dy

=
∫
Rd

(
∫
Rd
∇Φεk(x− y)uε,σ(s, x)dx)uε,σ(s, y)dy −

∫
Rd

(∫
Rd
∇Φεk(x− y)uε,σ(s, x)dx

)
uε,σ(s, y)dy

= 0.

Recall that by Lemma 3.1 there exists a constant C > 0 such that

‖∇Φεk‖L∞(Rd) ≤
C

εd−1
k

.

Moreover, for j 6= k, j 6= i and k 6= i it holds that

E[Ẑij · Ẑik]
= E[(∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )) · (∇Φεk(X̄ i,ε,σ
s − X̄k,ε,σ

s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ
s ))]

=
∫
Rd

∫
Rd

∫
Rd

(∇Φεk(x− y)−∇Φεk ∗ uε,σ(s, x))

· (∇Φεk(x− z)−∇Φεk ∗ uε,σ(s, x))uε,σ(s, x)uε,σ(s, y)uε,σ(s, z) dx dy dz

=
∫
Rd

( ∫
Rd

(∇Φεk(x− y)−∇Φεk ∗ uε,σ(s, x))uε,σ(s, y)dy
)

·
( ∫

Rd
(∇Φεk(x− z)−∇Φεk ∗ uε,σ(s, x))uε,σ(s, z)dz

)
· uε,σ(s, x) dx

=
∫
Rd

( ∫
Rd
∇Φεk(x− y)uε,σ(s, y)dy −

∫
Rd
∇Φεk(x− w)uε,σ(s, w)dw

)
·
( ∫

Rd
∇Φεk(x− z)uε,σ(s, z)dz −

∫
Rd
∇Φεk(x− v)uε,σ(s, v)dv

)
· uε,σ(s, x) dx

= 0.
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Since ∇Φεk(0) = 0, we get for j = i and k 6= i that

E[Ẑii · Ẑik]
= E[(−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )) · (∇Φεk(X̄ i,ε,σ
s − X̄k,ε,σ

s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ
s ))]

=
∫
Rd

∫
Rd

(−∇Φεk ∗ uε,σ(s, x)) · (∇Φεk(x− z)−∇Φεk ∗ uε,σ(s, x))uε,σ(s, x)uε,σ(s, z) dx dz

=
∫
Rd

(
−
∫
Rd
∇Φεk(x− w)uε,σ(s, w)dw

)
·
( ∫

Rd
∇Φεk(x− z)uε,σ(s, z)dz −

∫
Rd
∇Φεk(x− v)uε,σ(s, v)dv

)
· uε,σ(s, x) dx

= 0.

For k = i and j 6= i we have also that

E[Ẑij · Ẑii] = 0.

For k = i and j = i we obtain that

E[Ẑii · Ẑii]
= E[(−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )) · (−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ
s ))]

≤ E[|∇Φεk ∗ uε,σ(s, X̄ i,ε,σ
s )|2]

Therefore,

E[|A2|2] = 1
N2E

 N∑
j=1

N∑
k=1

Ẑij · Ẑik

 ≤ N − 1
N2 max

j∈{1,...,N}
E[|Ẑij|2] + 1

N2E[|Ẑii|2] ≤ C

Nε
2(d−1)
k

(4.1)

since for an arbitrary j ∈ {1, . . . , N} there exists a constant C > 0 such that the following
inequality holds:

Ẑ2
ij =

(
∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
)2

≤ 2|∇Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )|2 + 2|∇Φεk ∗ uε,σ(s, X̄ i,ε,σ
s )|2

≤ 2‖∇Φεk‖2
L∞(Rd) + 2

(
‖u0‖L1(Rd)‖∇Φεk‖L∞(Rd)

)2

≤ C(‖u0‖2
L1(Rd) + 1)

(
ε2
k

εd+1
k

)2

≤ C

ε
2(d−1)
k

.
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So, we obtain that

E

∫ t

0
2(XN,i,ε,σ

s − X̄ i,ε,σ
s )

( 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
)
ds


≤
∫ t

0

(3C
εdk

+ 2κ
)

sup
i=1,...,N

E
[∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2] ds+
∫ t

0

C

εdk
sup

i=1,...,N
E
[
|XN,i,ε,σ

s − X̄ i,ε,σ
s |2

]
ds

+ Ct

2κNε2(d−1)
k

=
(4C
εdk

+ 2κ
) ∫ t

0
sup

i=1,...,N
E
[∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2] ds+ Ct

2κNε2(d−1)
k

Choosing κ = 1
2εd
k

we see that

E

∫ t

0
2(XN,i,ε,σ

s − X̄ i,ε,σ
s )

( 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
)
ds

 (4.2)

≤ 4C + 1
εdk

∫ t

0
sup

i=1,...,N
E
[∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2] ds+ Ct

Nεd−2
k

4.1.2 Estimates of the Diffusion Term

First, we rewrite −∇pλ
(

1
N

∑N
j=1 V

εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)
as

−∇pλ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= −∇pλ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

+∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)

︸ ︷︷ ︸
=:I1

−∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

︸ ︷︷ ︸
=:I2

= I1 + I2.

Estimation of I1

Applying chain rule we deduce that

I1 = ∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
−∇pλ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

= p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

− p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)
.
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Since we can write I1 as

I1 = p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

− p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

+ p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

− p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)
,

we can factor out 1
N

∑N
j=1∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s ) =: Q1 and p′λ

(
1
N

∑N
j=1 V

εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

=: Q2

in order to obtain that

I1 =
(
p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
− p′λ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
))
Q1

+Q2

(( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)
−
( 1
N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

))
.

Applying the mean value theorem we get that∣∣∣∣∣∣p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
− p′λ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)∣∣∣∣∣∣

≤
‖∇V ‖L∞(Rd)

εd+1
p

‖p′′λ‖L∞(0,‖V εp‖
L∞(Rd))

1
N

N∑
j=1

∣∣∣(X̄ i,ε,σ
s − X̄j,ε,σ

s )− (XN,i,ε,σ
s −XN,j,ε,σ

s )
∣∣∣

≤
‖∇V ‖L∞(Rd)

εd+1
p

‖p′′λ‖L∞(0,‖V εp‖
L∞(Rd))

1
N

(
N
∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣+ N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣ )

=
‖∇V ‖L∞(Rd)

εd+1
p

‖p′′λ‖L∞(0,‖V εp‖
L∞(Rd))

( ∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣+ 1
N

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣ ).
Now we study other terms from I1.

• |Q1| =
∣∣∣ 1
N

∑N
j=1∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣ is bounded by ‖∇V ‖L∞(Rd)

εd+1
p

.

• Q2 = p′λ
(

1
N

∑N
j=1 V

εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)
is bounded by ‖p′λ‖L∞(0,‖V εp‖

L∞(Rd)).

• The term 1
N

∑N
j=1∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )− 1

N

∑N
j=1∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s ) is estimated by

1
N

‖D2V ‖L∞(Rd)

εd+2
p

N∑
j=1
|(X̄ i,ε,σ

s − X̄j,ε,σ
s )− (XN,i,ε,σ

s −XN,j,ε,σ
s )|

≤
‖D2V ‖L∞(Rd)

εd+2
p

( ∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣+ 1
N

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣ )
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Therefore, we obtain that

|I1| ≤ CI1

( ∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣+ 1
N

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣ ),
where

CI1 =
(
‖∇V ‖L∞(Rd)

εd+1
p

)2

‖p′′λ‖L∞(0,‖V εp‖
L∞(Rd)) + ‖p′λ‖L∞(0,‖V εp‖

L∞(Rd))
‖D2V ‖L∞(Rd)

εd+2
p

.

So,
∫ t

0
2(XN,i,ε,σ

s − X̄ i,ε,σ
s )I1 ds

≤ 2CI1

∫ t

0

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣ ( ∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣+ 1
N

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣ )ds
≤ 2CI1

∫ t

0

( ∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣2 + 1
N

(N
2
∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2 + 1
2

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣2 ))ds
= 3CI1

∫ t

0

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣2 ds+ CI1

N

∫ t

0

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣2 ds,
which yields

E
[∫ t

0
2(XN,i,ε,σ

s − X̄ i,ε,σ
s )I1 ds

]

≤ E

3CI1

∫ t

0

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣2 ds+ CI1

N

∫ t

0

N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣2 ds


≤ 3CI1

∫ t

0
E
[∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2] ds+ CI1

N

∫ t

0
E

 N∑
j=1

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣2
 ds

≤ 4CI1

∫ t

0
sup

i=1,...,N
E
[∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2] ds.
Estimation of I2
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Next, we study I2.

I2 = −∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= −p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)
+ p′λ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)(
∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= p′λ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
) 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

− p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)
+ p′λ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)(
∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

− p′λ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
) 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

Then we split I2 and get that

I2 =
(
p′λ(V εp ∗ uε,σ(s, X̄ i,ε,σ

s )− p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)) 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

+
((
∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)
− 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)
p′λ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= I2,1 + I2,2.

Estimation of E
[ ∫ t

0 2(X̄ i,ε,σ
s −XN,i,ε,σ

s )I2,1 ds
]

First, we estimate
∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣ |I2,1| as follows

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣ |I2,1|

=
∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣ ∣∣∣∣∣p′λ(V εp ∗ uε,σ(s, X̄ i,ε,σ
s ))− p′λ

( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)∣∣∣∣∣

· 1
N

∣∣∣∣∣
N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣∣∣
≤
∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣ ‖∇V ‖L∞(Rd)

εd+1
p

‖p′′λ‖L∞(0,‖V εp‖
L∞(Rd))

·

∣∣∣∣∣∣V εp ∗ uε,σ(s, X̄ i,ε,σ
s )− 1

N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣∣∣∣
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Next, we define Zij := V εp ∗ uε,σ(s, X̄ i,ε,σ
s )− V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s ) and obtain that

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣ |I2,1| ≤
‖∇V ‖L∞(Rd)

εd+1
p

‖p′′λ‖L∞(0,‖V εp‖
L∞(Rd))

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣ 1
N

∣∣∣ N∑
j=1

Zij
∣∣∣.

If we multiply the last term by
√

2µ 1√
2µ and apply Young’s inequality, we obtain that

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣ |I2,1|

≤ µ
‖∇V ‖2

L∞(Rd)

ε
2(d+1)
p

‖p′′λ‖2
L∞(0,‖V εp‖

L∞(Rd))

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣2 + 1
4µ

1
N2

N∑
j=1

N∑
k=1

ZijZik,

since
∣∣∣∑N

j=1 Zij
∣∣∣2 = (∑N

j=1 Zij)2 = ∑N
j=1

∑N
k=1 ZijZik.

Similarly as in (4.1) we deduce that

E

 N∑
j=1

N∑
k=1

ZijZij

 ≤ CN
‖V ‖2

L∞(Rd)

ε2d
p

,

where we use the following estimate. For an arbitrary j ∈ {1, . . . , N} it holds that:

Z2
ij =

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )− V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)2

≤ 2|V εp ∗ uε,σ(s, X̄ i,ε,σ
s )|2 + 2|V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )|2

≤ C
‖V ‖2

L∞(Rd)

ε2d
p

.

This implies that

E
[ ∫ t

0
2(X̄ i,ε,σ

s −XN,i,ε,σ
s )I2,1 ds

]
≤ 2µ

‖∇V ‖2
L∞(Rd)

ε
2(d+1)
p

‖p′′λ‖2
L∞(0,‖V εp‖

L∞(Rd))

∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ 1
4µ

1
N2

∫ t

0
E
[ N∑
j=1

N∑
k=1

ZijZik
]
ds

≤ 2µ
‖∇V ‖2

L∞(Rd)

ε
2(d+1)
p

‖p′′λ‖2
L∞(0,‖V εp‖

L∞(Rd))

∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ 1
4µ

1
N2CN

‖V ‖2
L∞(Rd)

ε2d
p

∫ t

0
1 ds

= 2µ
‖∇V ‖2

L∞(Rd)

ε
2(d+1)
p

‖p′′λ‖2
L∞(0,‖V εp‖

L∞(Rd))

∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ C

µ

1
N

‖V ‖2
L∞(Rd)

ε2d
p

t.

Now we choose µ = ε
2(d+1)
p

2‖∇V ‖2
L∞(Rd)

‖p′′
λ
‖2
L∞(0,‖V εp‖

L∞(Rd))
and obtain that

E
[ ∫ t

0
2(X̄ i,ε,σ

s −XN,i,ε,σ
s )I2,1 ds

]
≤
∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ C
‖∇V ‖2

L∞(Rd)

ε
2(2d+1)
p

‖p′′λ‖2
L∞(0,‖V εp‖

L∞(Rd))
1
N
‖V ‖2

L∞(Rd)t.
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Estimation of E
[ ∫ t

0 2(X̄ i,ε,σ
s −XN,i,ε,σ

s )I2,2 ds
]

The procedure is similar to the one we used for the estimation of E
[ ∫ t

0 2(X̄ i,ε,σ
s −XN,i,ε,σ

s )I2,1 ds
]
.

First, we observe that
∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣ |I2,2|

=
∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣ ∣∣∣∣∣(∇V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

)
− 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣∣∣∣∣∣p′λ(V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

)∣∣∣
≤ ‖p′λ‖L∞(0,‖uε,σ‖

L∞((0,T )×Rd))

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣ 1
N

∣∣∣ N∑
j=1

(
∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )−∇V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)∣∣∣.

Now we define Z̃ij := ∇V εp ∗ uε,σ(s, X̄ i,ε,σ
s )−∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s ) and get that

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣ |I2,2| ≤ ‖p′λ‖L∞(0,‖uε,σ‖
L∞((0,T )×Rd))

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣ 1
N

∣∣∣ N∑
j=1

Z̃ij
∣∣∣.

As we did before, we multiply the last term by
√

2µ̃ 1√
2µ̃ , apply Young’s inequality and deduce that

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣ |I2,2| ≤ µ̃‖p′λ‖2
L∞(0,‖uε,σ‖

L∞((0,T )×Rd))

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣2 + 1
4µ̃

1
N2

N∑
j=1

N∑
j=k

Z̃ij · Z̃ik,

since
∣∣∣∑N

j=1 Z̃ij
∣∣∣2 = (∑N

j=1 Z̃ij) · (
∑N
j=1 Z̃ij) = ∑N

j=1
∑N
k=1 Z̃ij · Z̃ik.

Now we analyze the term ∑N
j=1

∑N
j=k Z̃ij · Z̃ik. By using the same technique as in (4.1) we get

that

E

 N∑
j=1

N∑
k=1

Z̃ij · Z̃ik

 ≤ CN
‖∇V ‖2

L∞(Rd)

ε
2(d+1)
p

,

where we use the following estimate. For an arbitrary j ∈ {1, . . . , N} the following inequality holds:

|Z̃ij|2 =
∣∣∣∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )−∇V εp(X̄ i,ε,σ
s − X̄ ,ε,σ

s )
∣∣∣2

≤ 2|∇V εp ∗ uε,σ(s, X̄ i,ε,σ
s )|2 + 2|∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )|2

≤ C
‖∇V ‖2

L∞(Rd)

ε
2(d+1)
p

.
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Consequently, we obtain that

E
[ ∫ t

0
2(X̄ i,ε,σ

s −XN,i,ε,σ
s )I2,2 ds

]
≤ 2µ̃‖p′λ‖2

L∞(0,‖uε,σ‖
L∞((0,T )×Rd))

∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ 1
4µ̃

1
N2

∫ t

0
E
[ N∑
j=1

N∑
k=1

Z̃ij · Z̃ik
]
ds

≤ 2µ̃‖p′λ‖2
L∞(0,‖uε,σ‖

L∞((0,T )×Rd))

∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ 1
4µ̃

1
N2CN

‖∇V ‖2
L∞(Rd)

ε
2(d+1)
p

∫ t

0
1 ds

= 2µ̃‖p′λ‖2
L∞(0,‖uε,σ‖

L∞((0,T )×Rd))

∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ C

µ̃

1
N

‖∇V ‖2
L∞(Rd)

ε
2(d+1)
p

t.

Now we choose µ̃ = 1
2‖p′

λ
‖2
L∞(0,‖uε,σ‖

L∞((0,T )×Rd))
and so get that

E
[ ∫ t

0
2(X̄ i,ε,σ

s −XN,i,ε,σ
s )I2,2 ds

]
≤
∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ 2‖p′λ‖2
L∞(0,‖uε,σ‖

L∞((0,T )×Rd))
1
N

‖∇V ‖2
L∞(Rd)

ε
2(d+1)
p

t

Combining the estimates for E
[ ∫ t

0 2(X̄ i,ε,σ
s −XN,i,ε,σ

s )I2,1 ds
]
and E

[ ∫ t
0 2(X̄ i,ε,σ

s −XN,i,ε,σ
s )I2,2 ds

]
together we obtain that

E
[ ∫ t

0
2(X̄ i,ε,σ

s −XN,i,ε,σ
s )I2 ds

]
= E

[ ∫ t

0
2(X̄ i,ε,σ

s −XN,i,ε,σ
s )I2,1 ds

]
+ E

[ ∫ t

0
2(X̄ i,ε,σ

s −XN,i,ε,σ
s )I2,2 ds

]
≤ 2

∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ CI2 ,

where

CI2 = 2
‖∇V ‖2

L∞(Rd)

Nε
2(2d+1)
p

‖p′′λ‖2
L∞(0,‖V εp‖

L∞(Rd))‖V ‖2
L∞(Rd)t+ 2‖p′λ‖2

L∞(0,‖uε,σ‖
L∞((0,T )×Rd))

‖∇V ‖2
L∞(Rd)

Nε
2(d+1)
p

t

=
2t‖∇V ‖2

L∞(Rd)

Nε
2(d+1)
p

(
1
ε2d
p

‖p′′λ‖2
L∞(0,‖V εp‖

L∞(Rd))‖V ‖2
L∞(Rd) + ‖p′λ‖2

L∞(0,‖uε,σ‖
L∞((0,T )×Rd))

)
.

Estimates for the whole diffusion term
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From estimates for E
[∫ t

0 2(XN,i,ε,σ
s − X̄ i,ε,σ

s )I1 ds
]
and E

[ ∫ t
0 2(X̄ i,ε,σ

s −XN,i,ε,σ
s )I2 ds

]
it follows that

E
[ ∫ t

0
2(XN,i,ε,σ

s − X̄ i,ε,σ
s )

(
−∇pλ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
))
ds
]

(4.3)

≤ 4CI1

∫ t

0
sup

i=1,...,N
E
[ ∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2 ]ds+ 2
∫ t

0
E
[ ∣∣∣X̄ i,ε,σ

s −XN,i,ε,σ
s

∣∣∣2 ] ds+ CI2

= (4CI1 + 2)
∫ t

0
sup

i=1,...,N
E
[ ∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2 ]ds+ CI2 ,

4.1.3 Grönwall’s Argument

Since we take 2
λ
≥ 1

εdp
, we obtain estimates of (4.2) and (4.3) which are independent of λ, i.e.

sup
i=1,...,N

E
[∣∣∣XN,i,ε,σ

t − X̄ i,ε,σ
t

∣∣∣2] ≤ (4C + 1
εdk

)∫ t

0
sup

i=1,...,N
E
[∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2] ds+ Ct

Nεd−2
k

+ (4CI1 + 2)
∫ t

0
sup

i=1,...,N
E
[∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2] ds+ CI2

≤ CG1

∫ t

0
sup

i=1,...,N
E
[∣∣∣XN,i,ε,σ

s − X̄ i,ε,σ
s

∣∣∣2] ds+ CG2 ,

where

CG1 = 4C + 1
εdk

+ 4CI1 + 2

= 4C + 1
εdk

+ 4
(
‖∇V ‖L∞(Rd)

εd+1
p

)2

‖p′′‖L∞(0,‖V εp‖
L∞(Rd)) + 4‖p′‖L∞(0,‖V εp‖

L∞(Rd))
‖D2V ‖L∞(Rd)

εd+2
p

+ 2

and

CG2 = Ct

Nεd−2
k

+ CI2

= Ct

Nεd−2
k

+
2t‖∇V ‖2

L∞(Rd)

Nε
2(d+1)
p

(
1
ε2d
p

‖p′′‖2
L∞(0,‖V εp‖

L∞(Rd))‖V ‖2
L∞(Rd) + ‖p′‖2

L∞(0,‖uε,σ‖
L∞((0,T )×Rd))

)

Now we apply Grönwall’s inequality, which results in

sup
t∈[0,T ]

sup
i=1,...,N

E
[∣∣∣XN,i,ε,σ

t − X̄ i,ε,σ
t

∣∣∣2] ≤ CG2 exp
(
CG1T

)
.
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Since

‖p′‖L∞(0,‖V εp‖
L∞(Rd)) ≤ C(m)‖V εp‖m−2

L∞(Rd) =


C, for m = 2,

C
‖V ‖m−2

L∞(Rd)

ε
d(m−2)
p

, for m ≥ 3,

‖p′′‖L∞(0,‖V εp‖
L∞(Rd)) ≤ C(m)‖V εp‖m−3

L∞(Rd) =


0, for m = 2,

C
‖V ‖m−3

L∞(Rd)

ε
d(m−3)
p

, for m ≥ 3,

we obtain that

CG1 ≤ C

(
1 + 1

εdk
+ 1
ε

2(d+1)
p

1
ε
d(m−3)
p

+ 1
ε
d(m−2)
p

1
εd+2
p

)
≤ C

(
1
εdk

+ 1
εdm−d+2
p

)

CG2 ≤ C

(
t

Nεd−2
k

+ t

Nε
2(d+1)
p

(
1
ε2d
p

1
ε

2d(m−3)
p

+ 1
))
≤ C

(
t

Nεd−2
k

+ t

Nε2dm−2d+2
p

)

for m ≥ 3 or m = 2. Therefore,

sup
t∈[0,T ]

sup
i=1,...,N

E
[∣∣∣XN,i,ε,σ

t − X̄ i,ε,σ
t

∣∣∣2] ≤ C(T )
(

1
Nεd−2

k

+ 1
Nε2dm−2d+2

p

)
exp

(
C̃(T )

(
1
εdk

+ 1
εdm−d+2
p

))
.

It remains to prove that for 0 < β < 1 it holds that

C(T )
(

1
Nεd−2

k

+ 1
Nε2dm−2d+2

p

)
exp

(
C̃(T )

(
1
εdk

+ 1
εdm−d+2
p

))
∼ O(N−β) as N →∞.

Let εk =
(

1
ln(Nαk )

) 1
d , εp =

(
1

ln(Nαp )

) 1
dm−d+2 where αk, αp > 0. Then it follows that

1
Nεd−2

k

exp
(
C̃(T )

( 1
εdk

+ 1
εdm−d+2
p

))
= 1
N

(ln(Nαk)) d−2
d exp

(
C̃(T )(ln(Nαk) + ln(Nαp))

)
= 1
N

(αk)
d−2
d (ln(N)) d−2

d exp
(
C̃(T ) ln(Nαk)

)
exp

(
C̃(T ) ln(Nαp)

)
= (αk)

d−2
d N−1+δ d−2

d
+C̃(T )αk+C̃(T )αp

and

1
Nε2dm−2d+2

p

exp
(
C̃(T )

( 1
εdk

+ 1
εdm−d+2
p

))
= 1
N

(
ln(Nαp)

) 2dm−2d+2
dm−d+2 exp

(
C̃(T )(ln(Nαk) + ln(Nαp))

)
= (αp)

2dm−2d+2
dm−d+2 N−1+δ· 2dm−2d+2

dm−d+2 +C̃(T )αk+C̃(T )αp

Since m = 2 or m ≥ 3, then it holds that d−2
d
≤ 2dm−2d+2

dm−d+2 .
Therefore, we need to ensure that

−1 + δ · 2dm− 2d+ 2
dm− d+ 2 + C̃(T )αk + C̃(T )αp + β < 0.
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This implies that

αk + αp <
1− δ · 2dm−2d+2

dm−d+2 − β
C̃(T )

.
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4.2 Convergence in Probability

Now we prove Theorem 1.5.

4.2.1 Preliminaries

Lemma 4.1. Let w ∈ L∞(0, T ;W 2,∞(Rd)) such that ‖D2w‖L∞(0,T ;L∞(Rd)) ≤ C. Then we obtain that

‖|D2V ε| ∗ w‖L∞(0,T ;L∞(Rd)) and ‖|∇V ε| ∗ w‖L∞(0,T ;L∞(Rd))

are bounded uniformly in ε. Moreover, it implies that

‖|D2Φε| ∗ w‖L∞(0,T ;L∞(Rd)) and ‖|∇Φε| ∗ w‖L∞(0,T ;L∞(Rd))

are bounded uniformly in ε as well.

Proof. We present the proof only for |D2V ε| ∗w. The arguments for the case |∇V ε| ∗w are the same.

|D2V ε| ∗ w =
∫
Rd
|D2V ε(x− y)|w(s, y) dy

= ε−(d+2)
∫
Rd
|D2V

(x− y
ε

)
|w(s, y) dy

= ε−2
∫
B1(0)
|D2V (z)|w(s, x− εz) dz

= 〈|D2V |, ε−2w(s, x− ε·)〉L2(B1(0))

= 〈L(L−1|D2V |), ε−2w(s, x− ε·)〉L2(B1(0))

where Lv = −∆v and L−1|D2V | is the unique solution ṽ ∈ C2(B1(0)) to

−∆ṽ = |D2V | on B1(0),
ṽ = 0 on ∂B1(0).

Using integration by parts we obtain that

|D2V ε| ∗ w = 〈L−1|D2V |, (−∆)(ε−2w(s, x− ε·))〉L2(B1(0))

=
∫
B1(0)

(L−1|D2V |)(z)(−∆z)(ε−2w(s, x− εz)) dz

=
∫
B1(0)

(L−1|D2V |)(z)(−∆w(s, x− εz)) dz

≤ ‖D2w‖L∞(0,T ;L∞(Rd))‖L−1|D2V |‖L1(B1(0))

The required assumption L−1|D2V | ∈ L1(B1(0)) is satisfied if V is a C2 function with a compact
support.
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Moreover, we get that

‖|D2Φε| ∗ w‖L∞(Rd) =
∥∥∥∥∫

Rd

∣∣∣∣∫
Rd
D2V ε(· − y − z)Φ(z)dz

∣∣∣∣w(t, y)dy
∥∥∥∥
L∞(Rd)

≤
∥∥∥∥∫

Rd

∫
Rd

∣∣∣D2V ε(· − y − z)
∣∣∣Φ(z)dz w(t, y)dy

∥∥∥∥
L∞(Rd)

=
∥∥∥∥∫

Rd

∫
Rd

∣∣∣D2V ε(· − y − z)
∣∣∣w(t, y)dyΦ(z)dz

∥∥∥∥
L∞(Rd)

=
∥∥∥∥∫

Rd
|D2V ε| ∗ w(t, · − z) Φ(z)dz

∥∥∥∥
L∞(Rd)

=
∥∥∥Φ ∗ (|D2V ε| ∗ w

)
(t, ·)

∥∥∥
L∞(Rd)

≤ C
∥∥∥|D2V ε| ∗ w(t, ·)

∥∥∥
L∞(Rd)

.

Now we define

τ(ω) = inf
{
t ∈ (0, T )

∣∣∣∣ max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̄ i,ε,σ

t

∣∣∣ ≥ N−a
}

St(ω) = Naκ max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t∧τ − X̄ i,ε,σ

t∧τ

∣∣∣κ .
We know that

sup
0≤t≤T

P
(

max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̄ i,ε,σ

t

∣∣∣ > N−a
)

= sup
0≤t≤T

P
(

max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̄ i,ε,σ

t

∣∣∣κ > N−aκ
)
.

(4.4)

Thanks to the stopping time τ it follows directly that St ≤ 1. This property implies that S2
t ≤ St,

which we are going to use later. Since St is a stopped process, it follows that

{
ω ∈ Ω

∣∣∣ max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t (ω)− X̄ i,ε,σ

t (ω)
∣∣∣κ > N−aκ

}
⊂
{
ω ∈ Ω

∣∣∣St(ω) = 1
}
.

So, together with Markov inequality we get that

sup
0≤t≤T

P
(

max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̄ i,ε,σ

t

∣∣∣ > N−a
)
≤ sup

0≤t≤T
P (St = 1) ≤ sup

0≤t≤T
E [St] .

The next step is to show the following version of the law of large numbers.

Lemma 4.2. Let (Ȳ i)i∈{1,...,N} be a collection of i.i.d. random variable with the density function v.
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Furthermore, let U ∈ L∞(Rd) and U ∗ v ∈ L∞(0, T ;L∞(Rd)). Define

Aiθ(U, v) :=
ω ∈ Ω

∣∣∣
∣∣∣∣∣∣ 1
N

N∑
j=1

U(Ȳ i − Ȳ j)− U ∗ v(Ȳ i)
∣∣∣∣∣∣ > 1

N θ

 ,
ANθ (U, v) :=

N⋃
i=1
Aiθ(U, v)

So we obtain that for arbitrary κ̃ ∈ N and θ ∈ (0, 1
2)

P(ANθ (U, v)) ≤ N max
i∈{1,...N}

P(Aiθ(U, v)) ≤ N2κ̃(θ− 1
2 )+1C(κ̃)

(
‖U‖2κ̃

L∞(Rd) + ‖U ∗ v‖2κ̃
L∞(0,T ;L∞(Rd))

)
Proof.

P(Aiθ(U, v)) ≤ N2κ̃θE


∣∣∣∣∣∣ 1
N

N∑
j=1

U(Ȳ i − Ȳ j)− U ∗ v(Ȳ i)
∣∣∣∣∣∣
2κ̃
 = N2κ̃θE


 1
N

N∑
j=1

h(Ȳ i, Ȳ j) 1
N

N∑
l=1

h(Ȳ i, Ȳ l)
κ̃


where h(Ȳ i, Ȳ j) := U(Ȳ i − Ȳ j)− U ∗ v(Ȳ i). So, we deduce that

We now look at terms in E
[(∑N

j,l=1 h(Ȳ i, Ȳ j)h(Ȳ i, Ȳ l)
)κ̃]

where one index j ∈ {1, . . . , N} only

appears once and j 6= i:

E
[
h(Ȳ i, Ȳ j)

2κ̃−1∏
m=1
`m 6=j

h(Ȳ i, Ȳ `m)
]

=
∫
Rd
v(x)

∫
Rd
v(y)h(x, y) dy E

[ 2κ̃−1∏
m=1
`m 6=j

h(x, Ȳ `m)
]
dx

= 0,

since
∫
Rd
v(y)h(x, y) dy =

∫
Rd
v(y)(U(x− y)− U ∗ v(x)) dy

=
∫
Rd
v(y)U(x− y) dy −

∫
Rd

∫
Rd
v(y)U(x− z)v(z) dz dy

=
∫
Rd
v(y)U(x− y) dy −

∫
Rd
U(x− z)v(z) dz

= 0.

In order to estimate E
[(∑N

j,l=1 h(Ȳ i, Ȳ j)h(Ȳ i, Ȳ l)
)κ̃]

, we need an upper bound for the terms which
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do not vanish. These terms have the following form:

N := N1 ∪N2,

N1 :=
{ 2κ̃∏
j=1

h(Ȳ i, Ȳ ij) ij ∈ {1, . . . , N} such that all appearing indices ij appear at least twice
}
,

N2 :=
{
h(Ȳ i, Ȳ i)

2κ̃−1∏
j=1

h(Ȳ i, Ȳ ij), i 6= ij ∈ {1, . . . , N} such that all

appearing indices ij appear at least twice
}
.

Since for N > κ̃ big enough we get that

|N1| =
(
N

1

)
+ . . .+

(
N

κ̃

)
,

|N2| =
((

N

1

)
+ . . .+

(
N

κ̃− 1

))
·N,

so the number of elements in N is bounded by

|N | ≤ C(κ̃)N κ̃.

Since E
(∏2κ̃

j=1 h(Ȳ i, Ȳ ij)
)
≤ C

(
‖U‖2κ̃

L∞(Rd) + ‖U ∗ v‖2κ̃
L∞(0,T ;L∞(Rd))

)
, it follows that

P(Aiθ(U)) ≤ N2κ̃θE


 1
N

N∑
j=1

h(Ȳ i, Ȳ j) 1
N

N∑
l=1

h(Ȳ i, Ȳ l)
κ̃


≤ N2κ̃θ 1
N2κ̃C(κ̃)N κ̃

(
‖U‖2κ̃

L∞(Rd) + ‖U ∗ v‖2κ̃
L∞(0,T ;L∞(Rd))

)
= N2κ̃(θ− 1

2 )C(κ̃)
(
‖U‖2κ̃

L∞(Rd) + ‖U ∗ v‖2κ̃
L∞(0,T ;L∞(Rd))

)
This implies the desired result.

4.2.2 Main Estimates

Now we come back to the estimates of E[St].
Since the initial data of XN,i,ε,σ

t and X̄ i,ε,σ
t are the same we deduce that

XN,i,ε,σ
t − X̄ i,ε,σ

t =
∫ t

0

( 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
)
ds

+
∫ t

0

(
−∇pλ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
))
ds
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and therefore

St = Naκ max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t∧τ − X̄ i,ε,σ

t∧τ

∣∣∣κ ≤ C(I1 + I2 + II1 + II2)

where

I1 = Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1

(
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)∣∣∣∣∣∣
κ

ds,

I2 = Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

ds,

II1 = Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣∇pλ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)
−∇pλ

( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)∣∣∣∣∣∣
κ

ds,

II2 = Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
−∇pλ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣∣∣∣
κ

ds.

Estimates of the Aggregation Term

Step 1 Estimation of E[I1]
Using Taylor’s expansion we obtain that

I1 := Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1

(
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)∣∣∣∣∣∣
κ

ds

≤ Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1

D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )
(
XN,i,ε,σ
s − X̄ i,ε,σ

s −XN,j,ε,σ
s + X̄j,ε,σ

s

)∣∣∣∣∣∣
κ

ds

+ C(κ, T )Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
‖D3Φεk‖L∞(Rd)

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s −XN,j,ε,σ
s + X̄j,ε,σ

s

∣∣∣2
∣∣∣∣∣∣
κ

ds

≤ Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1

D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )
(
XN,i,ε,σ
s − X̄ i,ε,σ

s

)∣∣∣∣∣∣
κ

ds

+Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1

D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )
(
XN,j,ε,σ
s − X̄j,ε,σ

s

)∣∣∣∣∣∣
κ

ds

+ C(κ, T )‖D3Φεk‖κL∞(Rd)N
aκ · 2κ

∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣2κ ds
With the help of triangle inequality and the definition of St we deduce that

I1 ≤ C(t, κ)(I11 + I12 + I13)
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where

I11 =
∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1

D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣∣∣∣
κ

Ssds,

I12 = Naκ
∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1

D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )(XN,j,ε,σ
s − X̄j,ε,σ

s )
∣∣∣∣∣∣
κ

ds,

I13 =
∫ t∧τ

0
‖D3Φεk‖κL∞(Rd) max

i∈{1,...,N}

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣κ Ssds.
Now we are going to estimate these three terms separately
Step 1 (a) Estimation of E[I11]

E [I11] = E

∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1

D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣∣∣∣
κ

Ssds


≤ C(κ, T )E

[∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣D2Φεk ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣κ Ssds
]

+ C(κ, T )E
∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1

D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )−D2Φεk ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣∣∣∣
κ

Ssds


Recall Lemma 4.2 and consider

A(1)
θ(1)

(s) := ANθ(1)
(D2Φεk(·), uε,σ(s, ·)) with (Ȳ i)i∈{1,...,N} = (X̄ i,ε,σ

s )i∈{1,...,N}.

Therefore,

E [I11] ≤ C‖D2Φεk ∗ uε,σ‖κL∞(0,T ;L∞(Rd))

∫ t

0
E [Ss] ds

+ C(κ, T )E
 ∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1

D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )−D2Φεk ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣∣∣∣
κ

Ssds


Since Ω = A(1)

θ(1)
(s) ∪ (A(1)

θ(1)
(s))c it implies that

E [I11] ≤ C(κ, T )
(
‖D2Φεk ∗ uε,σ‖κL∞(0,T ;L∞(Rd)) + 1

N θ(1)κ

) ∫ t

0
E [Ss] ds

+ C(κ, T )
(
‖D2Φεk‖κL∞(Rd) + ‖D2Φεk ∗ uε,σ‖κL∞(0,T ;L∞(Rd))

) ∫ t

0
P(A(1)

θ(1)
(s))ds

Step 1 (b) Estimation of E[I12]
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Since

I12 = Naκ
∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1

D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )(XN,j,ε,σ
s − X̄j,ε,σ

s )
∣∣∣∣∣∣
κ

≤ Naκ
∫ t∧τ

0
max

i∈{1,...,N}

 1
N

N∑
j=1

∣∣∣D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣
κ max

j∈{1,...,N}

∣∣∣XN,j,ε,σ
s − X̄j,ε,σ

s

∣∣∣κ ds
=
∫ t∧τ

0
max

i∈{1,...,N}

 1
N

N∑
j=1

∣∣∣D2Φεk(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣
κ Ssds.

So, we obtain that

E[I12] ≤ C(κ, T )E
[∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣|D2Φεk | ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣κ Ssds
]

+ C(κ, T )E
∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1
|D2Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )| − |D2Φεk | ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

Ssds


Recall again Lemma 4.2 and consider

A(2)
θ(2)

(s) := ANθ(2)
(|D2Φεk(·)|, uε,σ(s, ·)) with (Ȳ i)i∈{1,...,N} = (X̄ i,ε,σ

s )i∈{1,...,N}.

So we deduce that

E[I12] ≤ C(κ, T )E
[∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣|D2Φεk | ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣κ Ssds
]

+ C(κ, T )E
 ∫ t∧τ

0
max

i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1
|D2Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )| − |D2Φεk | ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

Ssds


≤ C(κ, T )

∫ t

0

(
‖|D2Φεk | ∗ uε,σ‖κL∞(0,T ;L∞(Rd)) + 1

N θ(2)κ

)
E[Ss]ds

+ C(κ, T )
(
‖D2Φεk‖κL∞(Rd) + ‖|D2Φεk | ∗ uε,σ‖κL∞(0,T ;L∞(Rd))

) ∫ t

0
P(A(2)

θ(2)
(s))ds

Step 1 (c) Estimation of E[I13]
Together with Lemma 3.1 and definition of the stopping time τ we obtain that

E[I13] = E
[∫ t∧τ

0
‖D3Φεk‖κL∞(Rd) max

i∈{1,...,N}

∣∣∣XN,i,ε,σ
s − X̄ i,ε,σ

s

∣∣∣κ Ssds
]

≤ C(κ, T )
∫ t

0
E
[
‖D3Φεk‖κL∞(Rd)

1
Nκa

Ss

]
ds
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So, together with Lemma 4.1 we obtain the following bound for E[I1]:

E [I1] ≤ C(κ, T )
(
‖D2Φεk ∗ uε,σ‖κL∞(0,T ;L∞(Rd)) + 1

N θ(1)κ

) ∫ t

0
E [Ss] ds

+ C(κ, T )
(
‖D2Φεk‖κL∞(Rd) + ‖D2Φεk ∗ uε,σ‖κL∞(0,T ;L∞(Rd))

) ∫ t

0
P(A(1)

θ(1)
(s))ds

+ C(κ, T )
∫ t

0

(
‖|D2Φεk | ∗ uε,σ‖κL∞(0,T ;L∞(Rd)) + 1

N θ(2)κ

)
E[Ss]ds

+ C(κ, T )
(
‖D2Φεk‖κL∞(Rd) + ‖|D2Φεk | ∗ uε,σ‖κL∞(0,T ;L∞(Rd))

) ∫ t

0
P(A(2)

θ(2)
(s))ds

+ C(κ, T )‖D3Φεk‖κL∞(Rd)
1
Nκa

∫ t

0
E [Ss] ds

≤ C(κ, T )
(

1 + ‖D3Φεk‖κL∞(Rd)
1
Nκa

) ∫ t

0
E [Ss] ds

+ C(κ, T )‖D2Φεk‖κL∞(Rd)

∫ t

0

(
P(A(1)

θ(1)
(s)) + P(A(2)

θ(2)
(s))

)
ds

Step 2 Estimation of E[I2]
Recall again Lemma 4.2 and consider

A(3)
θ(3)

(s) := ANθ(3)
(∇Φεk(·), uε,σ(s, ·)) with (Ȳ i)i∈{1,...,N} = (X̄ i,ε,σ

s )i∈{1,...,N}.

Since

I2 = Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
∇Φεk(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

ds

we obtain that

E[I2] ≤ C(κ, T )
(
Naκ 1

N θ(3)κ
+Naκ

(
‖∇Φεk‖κL∞(Rd) + ‖∇Φεk ∗ uε,σ‖κL∞(0,T ;L∞(Rd))

) ∫ t

0
P(A(3)

θ(3)
(s))ds

)
≤ C(κ, T )

(
N (a−θ(3))κ +Naκ‖∇Φεk‖κL∞(Rd)

∫ t

0
P(A(3)

θ(3)
(s))ds

)

Step 3 Estimation of the whole aggregation term
So we obtain that

E

Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

ds


≤ C(κ, T )

(
1 + ‖D3Φεk‖κL∞(Rd)

1
Nκa

) ∫ t

0
E [Ss] ds

+ C(κ, T )‖D2Φεk‖κL∞(Rd)

∫ t

0

(
P(A(1)

θ(1)
(s)) + P(A(2)

θ(2)
(s))

)
ds+ C(κ, T )Naκ‖∇Φεk‖κL∞(Rd)

∫ t

0
P(A(3)

θ(3)
(s))ds

+ C(κ, T )N (a−θ(3))κ
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Therefore, choosing εk = N−βk we obtain that

E

Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
∇Φεk(XN,i,ε,σ

s −XN,j,ε,σ
s )−∇Φεk ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

ds


≤ C(κ, T )

(
1 +Nκ((d+1)βk−a)

) ∫ t

0
E [Ss] ds

+ C(κ, T )Ndκβk

∫ t

0

(
P(A(1)

θ(1)
(s)) + P(A(2)

θ(2)
(s))

)
ds

+ C(κ, T )Nκ((d−1)βk+a)
∫ t

0
P(A(3)

θ(3)
(s))ds

+ C(κ, T )Nκ(a−θ(3)) (4.5)

Estimates of the Porous Media Term

Step 1 Preliminaries
First, we need to recall some computations from Subsection 4.1.2 .

−∇pλ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= −∇pλ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

+∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)

︸ ︷︷ ︸
=:A1

−∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

︸ ︷︷ ︸
=:A2

= A1 + A2.

Recall that

A1 = ∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
−∇pλ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

= p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

− p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)
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Therefore,

A1 = p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

− p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

+ p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

− p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)

Now we factor out 1
N

∑N
j=1∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s ) and p′λ

(
1
N

∑N
j=1 V

εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)
in order to

obtain that

A1 =
(
p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
− p′λ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
))

· 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

+
(( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)
−
( 1
N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

))

· p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

= A1,1 + A1,2
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Moreover, recall that A2 can be written as

A2 = −∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= −p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)
+ p′λ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)(
∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= −p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

+ p′λ(V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)

− p′λ(V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)
+ p′λ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)(
∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

Therefore, we obtain that A2 is nothing but

A2 =
(
p′λ(V εp ∗ uε,σ(s, X̄ i,ε,σ

s )− p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)) 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

+
((
∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)
− 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)
p′λ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

= A2,1 + A2,2

Step 2 Main Estimates
We begin with the term A1, namely

A1 = ∇pλ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
−∇pλ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

First, we see that
∫ t∧τ

0
|A1|κds ≤ C(κ, T )

(∫ t∧τ

0
|A1,1|κds+

∫ t∧τ

0
|A1,2|κds

)

Step 2(a) Estimates of A1,1

Using Taylor’s expantion of the second order of p′λ at the point 1
N

∑N
j=1 V

εp(X̄ i,ε,σ
s − X̄j,ε,σ

s ) we
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deduce that
∫ t∧τ

0
|A1,1|κds

≤
∫ t∧τ

0

∣∣∣∣∣∣p′′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
· 1
N

N∑
j=1

(
V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )− V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣∣∣∣
κ

ds

+
∫ t∧τ

0
‖p′′′λ ‖κL∞(R)

∣∣∣∣∣∣ 1
N

N∑
j=1

(
V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )− V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)∣∣∣∣∣∣
2κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣∣∣∣
κ

ds

=: B1 +B2

Now we study B1. Using Taylor’s expantion of the second order of V εp at the point X̄ i,ε,σ
s − X̄j,ε,σ

s

we deduce that

B1 =
∫ t∧τ

0

∣∣∣∣∣∣p′′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
· 1
N

N∑
j=1

(
V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )− V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣∣∣∣
κ

ds

≤ C(κ, T )
∫ t∧τ

0

∣∣∣∣∣∣p′′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

(
(X̄ i,ε,σ

s −XN,i,ε,σ
s )− (X̄j,ε,σ

s −XN,j,ε,σ
s )

)∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣∣∣∣
κ

ds

+
∫ t∧τ

0
ε−dκ|m−3|
p ‖D2V εp‖κL∞(Rd) max

i∈{1,...,N}
|X̄ i,ε,σ

s −XN,i,ε,σ
s |2κ‖∇V εp‖κL∞(Rd)ds

≤ C(κ, T )
∫ t∧τ

0

∣∣∣∣∣∣p′′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1

∣∣∣∇V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣ max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |

∣∣∣∣∣∣
κ ∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣∣∣∣
κ

ds

+
∫ t∧τ

0
ε−dκ|m−3|
p ‖D2V εp‖κL∞(Rd) max

i∈{1,...,N}
|X̄ i,ε,σ

s −XN,i,ε,σ
s |2κ‖∇V εp‖κL∞(Rd)ds

≤ C(κ, T )
∫ t∧τ

0
|a · b · e|κ ds

+ C(κ, T )Nκ(βpd|m−3|+βp(2d+3))
∫ t

0
max

i∈{1,...,N}
|X̄ i,ε,σ

s −XN,i,ε,σ
s |2κds
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where

a := p′′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)

b := 1
N

N∑
j=1

∣∣∣∇V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣ max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |

e := 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

A := p′′λ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)

B := |∇V εp| ∗ uε,σ(s, X̄ i,ε,σ
s ) max

i∈{1,...,N}
|X̄ i,ε,σ

s −XN,i,ε,σ
s |

E := ∇V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

We now that

a · b · e = A ·B · E + (a −A)b · e + (b−B)A · e + (e− E)A ·B

Since

b ≤ ‖∇V εp‖L∞(Rd) max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |,

B ≤ ‖|∇V εp | ∗ uε,σ‖L∞(0,T ;L∞(Rd)) max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s | ≤ C max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |,

e ≤ ‖∇V εp‖L∞(Rd),

E ≤ ‖∇V εp ∗ uε,σ‖L∞(0,T ;L∞(Rd)) ≤ C,

A ≤ ‖p′′λ(V εp ∗ uε,σ)‖L∞(0,T ;L∞(Rd)) ≤ C,
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we obtain that
∫ t∧τ

0
|a · b · e|κ ds

≤ C(κ, T )
∫ t∧τ

0
|A ·B · E|κ ds+ C(κ, T )

∫ t∧τ

0
|(a −A)b · e|κds

+ C(κ, T )
∫ t∧τ

0
|(b−B)A · e|κds+ C(κ, T )

∫ t∧τ

0
|(e− E)A ·B|κds

≤ C(κ, T )
∫ t∧τ

0
|A ·B · E|κ ds

+ C(κ, T )
∫ t∧τ

0

∣∣∣∣∣∣p′′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
− p′′λ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣∣∣∣
κ

· max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |κ‖∇V εp‖2κ
L∞(Rd)ds

+ C(κ, T )
∫ t∧τ

0

∣∣∣∣∣ 1
N

N∑
j=1

∣∣∣∇V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣− |∇V εp| ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣
κ

· max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |κ‖∇V εp‖κL∞(Rd)ds

+ C(κ, T )
∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

· max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |κds

≤ C(κ, T )
∫ t∧τ

0
max

i∈{1,...,N}
|X̄ i,ε,σ

s −XN,i,ε,σ
s |κds+B1,1 +B1,2 +B1,3

where

B1,1 = C(κ, T )
∫ t∧τ

0

∣∣∣∣∣∣p′′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)
− p′′λ

(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣∣∣∣
κ

· max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |κ‖∇V εp‖2κ
L∞(Rd)ds

B1,2 = C(κ, T )
∫ t∧τ

0

∣∣∣∣∣ 1
N

N∑
j=1

∣∣∣∇V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣− |∇V εp| ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣
κ

· max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |κ‖∇V εp‖κL∞(Rd)ds

B1,3 = C(κ, T )
∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

· max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |κds.

Denote for (Ȳ i)i∈{1,...,N} = (X̄ i,ε,σ
s )i∈{1,...,N}
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A(4)
θ(4)

(s) := ANθ(4)
(V εp(·), uε,σ(s, ·))

A(5)
θ(5)

(s) := ANθ(5)
(|∇V εp(·)|, uε,σ(s, ·))

A(6)
θ(6)

(s) := ANθ(6)
(∇V εp(·), uε,σ(s, ·))

So,

E
[
Nκa max

i∈{1,...,N}
B1,1

]

≤ C(κ, T )E
 max
i∈{1,...,N}

∫ t∧τ

0
‖p′′′λ ‖κL∞(R)

∣∣∣∣∣∣ 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )− V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣∣∣∣
κ

· ‖∇V εp‖2κ
L∞(Rd)Ss ds


≤ C(κ, T )

(
ε−dκ|m−4|
p ‖∇V εp‖2κ

L∞(Rd)
1

N θ(4)κ

∫ t

0
E[Ss]ds

+ ε−dκ|m−4|
p ‖V εp‖κL∞(Rd)‖∇V εp‖2κ

L∞(Rd)

∫ t

0
P(A(4)

θ(4)
(s))ds

)
≤ C(κ, T )

(
Nβpdκ|m−4| ·N2βp(d+1)κ 1

N θ(4)κ

∫ t

0
E[Ss]ds+Nβpdκ|m−4| ·Nκ(2βp(d+1)+βpd) ·

∫ t

0
P(A(4)

θ(4)
(s))ds

)
≤ C(κ, T )Nκ(βpd|m−4|+2βp(d+1)−θ(4))

∫ t

0
E[Ss]ds+ C(κ, T )Nκ(βpd|m−4|+βp(3d+2))

∫ t

0
P(A(4)

θ(4)
(s))ds

Moreover, since Ss ≤ 1 we obtain that

E
[
Nκa max

i∈{1,...,N}
B1,2

]

= C(κ, T )E
Nκa max

i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣ 1
N

N∑
j=1

∣∣∣∇V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣− |∇V εp| ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣
κ

· max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |κ‖∇V εp‖κL∞(Rd)ds


= C(κ, T )‖∇V εp‖κL∞(Rd)E

 max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣ 1
N

N∑
j=1

∣∣∣∇V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
∣∣∣− |∇V εp | ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣
κ

· Ssds


≤ C(κ, T )

(
‖∇V εp‖κL∞(Rd)

1
N θ(5)κ

∫ t

0
E[Ss]ds+ ‖∇V εp‖2κ

L∞(Rd)

∫ t

0
P(A(5)

θ(5)
(s))ds

)
≤ C(κ, T )Nκ(βp(d+1)−θ(5))

∫ t

0
E[Ss]ds+ C(κ, T )Nκ(2βp(d+1))

∫ t

0
P(A(5)

θ(5)
(s))ds
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E
[
Nκa max

i∈{1,...,N}
B1,3

]

≤ C(κ, T )E
Nκa max

i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

· max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |κds


≤ C(κ, T )N−θ(6)κ

∫ t

0
E[Ss]ds+ C(κ, T )‖∇V εp‖κL∞(Rd)

∫ t

0
P(A(6)

θ(6)
(s))ds

≤ C(κ, T )N−θ(6)κ
∫ t

0
E[Ss]ds+ C(κ, T )Nκβp(d+1)

∫ t

0
P(A(6)

θ(6)
(s))ds

All together this implies that

E
[
Nκa max

i∈{1,...,N}
B1

]

≤ C(κ, T )
(

1 +Nκ(βpd|m−4|+2βp(d+1)−θ(4)) +Nκ(βp(d+1)−θ(5)) +N−θ(6)κ +Nκ(βpd|m−3|+βp(2d+3)−a)
) ∫ t

0
E[Ss]ds

+ C(κ, T )Nκ(βpd|m−4|+βp(3d+2))
∫ t

0
P(A(4)

θ(4)
(s))ds+ C(κ, T )Nκ(2βp(d+1))

∫ t

0
P(A(5)

θ(5)
(s))ds

+ C(κ, T )Nκβp(d+1)
∫ t

0
P(A(6)

θ(6)
(s))ds

For the term B2 we obtain that

B2 ≤ C(κ, T )
∫ t∧τ

0
ε−d|m−4|κ
p ‖∇V εp‖3κ

L∞(Rd) max
i∈{1,...,N}

|X̄ i,ε,σ
s −XN,i,ε,σ

s |2κds

≤ C(κ, T )Nκ(βpd|m−4|+3βp(d+1))
∫ t∧τ

0
max

i∈{1,...,N}
|X̄ i,ε,σ

s −XN,i,ε,σ
s |2κds

Therefore,

E
[
Nκa max

i∈{1,...,N}

∫ t∧τ

0
|A1,1|κds

]

≤ C(κ, T )E
[
Nκa max

i∈{1,...,N}
B1

]
+ C(κ, T )E

[
Nκa max

i∈{1,...,N}
B2

]

≤ C(κ, T )
(
1 +Nκ(βpd|m−4|+2βp(d+1)−θ(4)) +Nκ(βp(d+1)−θ(5)) +N−θ(6)κ

+Nκ(βpd|m−3|+βp(2d+3)−a) +Nκ(βpd|m−4|+3βp(d+1)−a)
) ∫ t

0
E[Ss]ds

+ C(κ, T )Nκ(βpd|m−4|+βp(3d+2))
∫ t

0
P(A(4)

θ(4)
(s))ds+ C(κ, T )Nκ(2βp(d+1))

∫ t

0
P(A(5)

θ(5)
(s))ds

+ C(κ, T )Nκβp(d+1)
∫ t

0
P(A(6)

θ(6)
(s))ds
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Step 2(b) Estimates of A1,2

Now let’s estimate
∫ t∧τ
0 |A1,2|κds

∫ t∧τ

0

∣∣∣∣∣∣p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣
( 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

)
−
( 1
N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)∣∣∣∣∣∣
κ

ds

≤
∫ t∧τ

0

∣∣∣∣∣∣p′λ
( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)
− p′λ

( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )− 1

N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

∣∣∣∣∣∣
κ

ds

+
∫ t∧τ

0

∣∣∣∣∣∣p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )− 1

N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

∣∣∣∣∣∣
κ

ds

=: L1 + L2

So,

L1 ≤ ε−dκ|m−3|
p

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )− 1

N

N∑
j=1
∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )− 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
∣∣∣∣∣∣
κ

ds

≤ ε−dκ|m−3|
p ‖D2V εp‖κL∞(Rd) · ‖∇V εp‖κL∞(Rd)

∫ t∧τ

0
max

i∈{1,...,N}
|X̄ i,ε,σ

s −XN,i,ε,σ
s |2κds

≤
∫ t∧τ

0
Nβpd|m−3|κN (2d+3)βpκ ·N−2aκS2

sds

This implies that

E[Naκ max
i∈{1,...,N}

L1] ≤ N (βpd|m−3|+(2d+3)βp−a)κ
∫ t

0
E[Ss]ds
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For the L2 term we do the following estimates

E[Naκ max
i∈{1,...,N}

L2]

≤ C(κ, T )E
Naκ max

i∈{1,...,N}

∫ t∧τ

0
‖p′λ(V εp ∗ uε,σ)‖κL∞(R)

·

∣∣∣∣∣∣ 1
N

N∑
j=1

(
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)∣∣∣∣∣∣
κ

ds


+ C(κ, T )E

Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣p′λ
 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
− p′λ (V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)∣∣∣∣∣∣
κ

·

∣∣∣∣∣∣ 1
N

N∑
j=1

(
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇V εp(XN,i,ε,σ

s −XN,j,ε,σ
s )

)∣∣∣∣∣∣
κ

ds


≤ C(κ, T )E

Naκ max
i∈{1,...,N}

∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1

D2V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s ) ·
(
(X̄ i,ε,σ

s −XN,i,ε,σ
s )− (X̄j,ε,σ

s −XN,j,ε,σ
s )

)∣∣∣∣∣∣
κ

+ ‖D3V εp‖κL∞(Rd) max
i∈{1,...,N}

∣∣∣X̄ i,ε,σ
s −XN,i,ε,σ

s

∣∣∣2κ ds


+ C(κ, T )ε−dκ|m−3|
p ‖D2V εp‖κL∞(Rd)

∫ t

0
E

∣∣∣∣∣∣ 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )− V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣∣∣∣
κ

Ss

 ds
Since Ss ≤ 1 we deduce that

E[Naκ max
i∈{1,...,N}

L2]

≤ C(κ, T )E
 ∫ t

0

(
‖D2V εp ∗ uε,σ‖κL∞(0,T ;L∞(Rd)) + ‖|D2V εp | ∗ uε,σ‖κL∞(0,T ;L∞(Rd))

+ ‖D3V εp‖κL∞(Rd) ·
1

Nακ

)
Ss


+ C(κ, T )E

 ∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1

D2V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )−D2V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣∣∣∣
κ

Ss


+ C(κ, T )E

 ∫ t∧τ

0

∣∣∣∣∣∣ 1
N

N∑
j=1
|D2V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )| − |D2V εp | ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ

Ss


+ C(κ, T )Nβpdκ|m−3| ·N (d+2)βpκ

∫ t

0
E

 ∣∣∣∣∣∣ 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )− V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣∣∣∣
κ

Ss

ds
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Denote for (Ȳ i)i∈{1,...,N} = (X̄ i,ε,σ
s )i∈{1,...,N}

A(7)
θ(7)

(s) := ANθ(7)
(D2V εp(·), uε,σ(s, ·)),

A(8)
θ(8)

(s) := ANθ(8)
(|D2V εp(·)|, uε,σ(s, ·)),

A(9)
θ(9)

(s) := ANθ(9)
(V εp(·), uε,σ(s, ·)),

Without los of generality we choose θ(7) = θ(8) = 0 and so obtain that

E[Naκ max
i∈{1,...,N}

L2]

≤ C(κ, T )
(
1 +N (βp(d+3)−a)κ +N (βpd|m−3|+(d+2)βp−θ(9))κ

) ∫ t

0
E[Ss]ds

+Nβp(d+2)κ
∫ t

0
P(A(7)

θ(7)
(s))ds+Nβp(d+2)κ

∫ t

0
P(A(8)

θ(8)
(s))ds

+N (βpd|m−3|+(d+2)βp)κ ·Nβpdκ
∫ t

0
P(A(9)

θ(9)
(s))ds

This implies that

E
[
Nκa max

i∈{1,...,N}

∫ t∧τ

0
|A1,2|κds

]
≤ C(κ, T )E[Naκ max

i∈{1,...,N}
L1] + E[Naκ max

i∈{1,...,N}
L2]

≤ C(κ, T )
(
1 +N (βpd|m−3|+(2d+3)βp−a)κ +N (βp(d+3)−a)κ +N (βpd|m−3|+(d+2)βp−θ(9))κ

) ∫ t

0
E[Ss]ds

+Nβp(d+2)κ
∫ t

0
P(A(7)

θ(7)
(s))ds+Nβp(d+2)κ

∫ t

0
P(A(8)

θ(8)
(s))ds+Nκ(βpd|m−3|+(2d+2)βp)

∫ t

0
P(A(9)

θ(9)
(s))ds

Therefore we deduce that for A1 it holds that

E
[
Nκa max

i∈{1,...,N}

∫ t∧τ

0
|A1|κds

]

≤ C(κ, T )
(
1 +Nκ(βpd|m−4|+2βp(d+1)−θ(4)) +Nκ(βp(d+1)−θ(5)) +N−θ(6)κ

+Nκ(βpd|m−3|+βp(2d+3)−a) +Nκ(βpd|m−4|+3βp(d+1)−a)

+N (βpd|m−3|+(2d+3)βp−a)κ +N (βp(d+3)−a)κ +N (βpd|m−3|+(d+2)βp−θ(9))κ
) ∫ t

0
E[Ss]ds

+ C(κ, T )Nκ(βpd|m−4|+βp(3d+2))
∫ t

0
P(A(4)

θ(4)
(s))ds+ C(κ, T )Nκ(2βp(d+1))

∫ t

0
P(A(5)

θ(5)
(s))ds

+ C(κ, T )Nκβp(d+1)
∫ t

0
P(A(6)

θ(6)
(s))ds

+Nβp(d+2)κ
∫ t

0
P(A(7)

θ(7)
(s))ds+Nβp(d+2)κ

∫ t

0
P(A(8)

θ(8)
(s))ds+Nκ(βpd|m−3|+(2d+2)βp)

∫ t

0
P(A(9)

θ(9)
(s))ds

(4.6)

Step 2(c) Estimates of A2
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Now we are going to study A2. Since

|A2,1| =
∣∣∣∣∣∣p′λ(V εp ∗ uε,σ(s, X̄ i,ε,σ

s )− p′λ
( 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )
)∣∣∣∣∣∣ ·

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )

∣∣∣∣∣∣
≤ ‖p′′λ‖L∞(R)‖∇V εp‖L∞(Rd)

∣∣∣∣∣∣ 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )− V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣∣∣∣
we denote for (Ȳ i)i∈{1,...,N} = (X̄ i,ε,σ

s )i∈{1,...,N}

A(10)
θ(10)

(s) := ANθ(10)
(V εp(·), uε,σ(s, ·))

in order to get that

E
[
Naκ max

i∈{1,...,N}

∫ t∧τ

0
|A2,1|κds

]

≤ C(κ, T )ε−dκ|m−3|
p Nβp(d+1)κ ·Naκ ·

∫ t

0
E

 max
i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1

V εp(X̄ i,ε,σ
s − X̄j,ε,σ

s )− V εp ∗ uε,σ(s, X̄ i,ε,σ
s )

∣∣∣∣∣∣
κ ds

≤ C(κ, T )Nd|m−3|βpκ ·N (βp(d+1)+a)κ
(
N−θ(10)κ +Nβpdκ

∫ t

0
P(A(10)

θ(10)
(s))ds

)

Let’s analyze A2,2. We denote for (Ȳ i)i∈{1,...,N} = (X̄ i,ε,σ
s )i∈{1,...,N}

A(11)
θ(11)

(s) := ANθ(11)
(∇V εp(·), uε,σ(s, ·))

and so obtain that

E
[
Naκ max

i∈{1,...,N}

∫ t∧τ

0
|A2,2|κds

]
≤ ‖p′λ(V εp ∗ uε,σ)‖κL∞(0,T ;L∞(Rd))N

aκ

·
∫ t

0
E

 max
i∈{1,...,N}

∣∣∣∣∣∣ 1
N

N∑
j=1
∇V εp(X̄ i,ε,σ

s − X̄j,ε,σ
s )−∇V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
∣∣∣∣∣∣
κ ds

≤ C(κ, T )Naκ
(
N−θ(11)κ +Nβp(d+1)κ

∫ t

0
P(A(11)

θ(11)
(s))ds

)

So we obtain that

E
[
Naκ max

i∈{1,...,N}

∫ t∧τ

0
|A2|κds

]
≤ C(κ, T )

(
Nκ(d|m−3|βp+βp(d+1)+a−θ(10)) +Nκ(a−θ(11))

)
+ C(κ, T )

(
Nκ(d|m−3|βp+βp(2d+1)+a)

∫ t

0
P(A(10)

θ(10)
(s))ds+Nκ(βp(d+1)+a)

∫ t

0
P(A(11)

θ(11)
(s))ds

)
(4.7)
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Step 2(d) Final result for porous medium term

E

Nκa max
i∈{1,...,N}

∫ t∧τ

0
| − ∇pλ

( 1
N

N∑
j=1

V εp(XN,i,ε,σ
s −XN,j,ε,σ

s )
)

+∇pλ
(
V εp ∗ uε,σ(s, X̄ i,ε,σ

s )
)
|κds


≤ C(κ, T )

(
1 +Nκ(βpd|m−4|+2βp(d+1)−θ(4)) +Nκ(βp(d+1)−θ(5)) +N−θ(6)κ

+Nκ(βpd|m−3|+βp(2d+3)−a) +Nκ(βpd|m−4|+3βp(d+1)−a)

+N (βpd|m−3|+(2d+3)βp−a)κ +N (βp(d+3)−a)κ +N (βpd|m−3|+(d+2)βp−θ(9))κ
) ∫ t

0
E[Ss]ds

+ C(κ, T )
(
Nκ(βpd|m−4|+βp(3d+2))

∫ t

0
P(A(4)

θ(4)
(s))ds+Nκ(2βp(d+1))

∫ t

0
P(A(5)

θ(5)
(s))ds

+Nκβp(d+1)
∫ t

0
P(A(6)

θ(6)
(s))ds+Nβp(d+2)κ

∫ t

0
P(A(7)

θ(7)
(s))ds

+Nβp(d+2)κ
∫ t

0
P(A(8)

θ(8)
(s))ds+Nκ(βpd|m−3|+(2d+2)βp)

∫ t

0
P(A(9)

θ(9)
(s))ds

+Nκ(d|m−3|βp+βp(2d+1)+a)
∫ t

0
P(A(10)

θ(10)
(s))ds+Nκ(βp(d+1)+a)

∫ t

0
P(A(11)

θ(11)
(s))ds

)
+ C(κ, T )

(
Nκ(d|m−3|βp+βp(d+1)+a−θ(10)) +Nκ(a−θ(11))

)
(4.8)
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Final Estimate for S

E[St]

≤ C(κ, T )
1 +Nκ((d+1)βk−a) +Nκ(βpd|m−4|+2βp(d+1)−θ(4)) +Nκ(βp(d+1)−θ(5)) +N−θ(6)κ

+Nκ(βpd|m−3|+βp(2d+3)−a) +Nκ(βpd|m−4|+3βp(d+1)−a)

+N (βpd|m−3|+(2d+3)βp−a)κ +N (βp(d+3)−a)κ +N (βpd|m−3|+(d+2)βp−θ(9))κ

 · ∫ t

0
E[Ss]ds

+ C(κ, T )
Ndκβk

∫ t

0
P(A(1)

θ(1)
(s))ds+Ndκβk

∫ t

0
P(A(2)

θ(2)
(s))ds

+Nκ((d−1)βk+a)
∫ t

0
P(A(3)

θ(3)
(s))ds

+Nκ(βpd|m−4|+βp(3d+2))
∫ t

0
P(A(4)

θ(4)
(s))ds

+Nκ(2βp(d+1))
∫ t

0
P(A(5)

θ(5)
(s))ds

+Nκβp(d+1)
∫ t

0
P(A(6)

θ(6)
(s))ds

+Nβp(d+2)κ
∫ t

0
P(A(7)

θ(7)
(s))ds

+Nβp(d+2)κ
∫ t

0
P(A(8)

θ(8)
(s))ds

+Nκ(βpd|m−3|+(2d+2)βp)
∫ t

0
P(A(9)

θ(9)
(s))ds

+Nκ(d|m−3|βp+βp(2d+1)+a)
∫ t

0
P(A(10)

θ(10)
(s))ds

+Nκ(βp(d+1)+a)
∫ t

0
P(A(11)

θ(11)
(s))ds


+ C(κ, T )

(
Nκ(a−θ(3)) +Nκ(d|m−3|βp+βp(d+1)+a−θ(10)) +Nκ(a−θ(11))

)
(4.9)
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Estimates of the Probabilities

Using Lemma 4.2 we obtain that

P(A(1)
θ(1)

(s)) ≤ N2κ̃(1)(θ(1)− 1
2 )+1C(κ̃(1))

(
‖D2Φεk‖2κ̃(1)

L∞(Rd) + ‖D2Φεk ∗ uε,σ‖2κ̃(1)
L∞(0,T ;L∞(Rd))

)
P(A(2)

θ(2)
(s)) ≤ N2κ̃(2)(θ(2)− 1

2 )+1C(κ̃(2))
(
‖D2Φεk‖2κ̃(2)

L∞(Rd) + ‖|D2Φεk | ∗ uε,σ‖2κ̃(2)
L∞(0,T ;L∞(Rd))

)
P(A(3)

θ(3)
(s)) ≤ N2κ̃(3)(θ(3)− 1

2 )+1C(κ̃(3))
(
‖∇Φεk‖2κ̃(3)

L∞(Rd) + ‖∇Φεk ∗ uε,σ‖2κ̃(3)
L∞(0,T ;L∞(Rd))

)
P(A(4)

θ(4)
(s)) ≤ N2κ̃(4)(θ(4)− 1

2 )+1C(κ̃(4))
(
‖V εp‖2κ̃(4)

L∞(Rd) + ‖V εp ∗ uε,σ‖2κ̃(4)
L∞(0,T ;L∞(Rd))

)
P(A(5)

θ(5)
(s)) ≤ N2κ̃(5)(θ(5)− 1

2 )+1C(κ̃(5))
(
‖∇V εp‖2κ̃(5)

L∞(Rd) + ‖|∇V εp | ∗ uε,σ‖2κ̃(5)
L∞(0,T ;L∞(Rd))

)
P(A(6)

θ(6)
(s)) ≤ N2κ̃(6)(θ(6)− 1

2 )+1C(κ̃(6))
(
‖∇V εp‖2κ̃(6)

L∞(Rd) + ‖∇V εp ∗ uε,σ‖2κ̃(6)
L∞(0,T ;L∞(Rd))

)
P(A(7)

θ(7)
(s)) ≤ N2κ̃(7)(θ(7)− 1

2 )+1C(κ̃(7))
(
‖D2V εp‖2κ̃(7)

L∞(Rd) + ‖D2V εp ∗ uε,σ‖2κ̃(7)
L∞(0,T ;L∞(Rd))

)
P(A(8)

θ(8)
(s)) ≤ N2κ̃(8)(θ(8)− 1

2 )+1C(κ̃(8))
(
‖D2V εp‖2κ̃(8)

L∞(Rd) + ‖|D2V εp| ∗ uε,σ‖2κ̃(8)
L∞(0,T ;L∞(Rd))

)
P(A(9)

θ(9)
(s)) ≤ N2κ̃(9)(θ(9)− 1

2 )+1C(κ̃(9))
(
‖V εp‖2κ̃(9)

L∞(Rd) + ‖V εp ∗ uε,σ‖2κ̃(9)
L∞(0,T ;L∞(Rd))

)
P(A(10)

θ(10)
(s)) ≤ N2κ̃(10)(θ(10)− 1

2 )+1C(κ̃(10))
(
‖V εp‖2κ̃(10)

L∞(Rd) + ‖V εp ∗ uε,σ‖2κ̃(10)
L∞(0,T ;L∞(Rd))

)
P(A(11)

θ(11)
(s)) ≤ N2κ̃(11)(θ(11)− 1

2 )+1C(κ̃(11))
(
‖∇V εp‖2κ̃(11)

L∞(Rd) + ‖∇V εp ∗ uε,σ‖2κ̃(11)
L∞(0,T ;L∞(Rd))

)
Choosing εk = N−βk and εp = N−βp it follows that

P(A(1)
θ(1)

(s)) ≤ N2κ̃(1)((θ(1)− 1
2 )+dβk)+1C(κ̃(1))

P(A(2)
θ(2)

(s)) ≤ N2κ̃(2)((θ(2)− 1
2 )+dβk)+1C(κ̃(2))

P(A(3)
θ(3)

(s)) ≤ N2κ̃(3)((θ(3)− 1
2 )+(d−1)βk)+1C(κ̃(3))

P(A(4)
θ(4)

(s)) ≤ N2κ̃(4)((θ(4)− 1
2 )+dβp)+1C(κ̃(4))

P(A(5)
θ(5)

(s)) ≤ N2κ̃(5)((θ(5)− 1
2 )+(d+1)βp)+1C(κ̃(5))

P(A(6)
θ(6)

(s)) ≤ N2κ̃(6)((θ(6)− 1
2 )+(d+1)βp)+1C(κ̃(6))

P(A(7)
θ(7)

(s)) ≤ N2κ̃(7)((θ(7)− 1
2 )+(d+2)βp)+1C(κ̃(7))

P(A(8)
θ(8)

(s)) ≤ N2κ̃(8)((θ(8)− 1
2 )+(d+2)βp)+1C(κ̃(8))

P(A(9)
θ(9)

(s)) ≤ N2κ̃(9)((θ(9)− 1
2 )+dβp)+1C(κ̃(9))

P(A(10)
θ(10)

(s)) ≤ N2κ̃(10)((θ(10)− 1
2 )+dβp)+1C(κ̃(10))

P(A(11)
θ(11)

(s)) ≤ N2κ̃(11)((θ(11)− 1
2 )+(d+1)βp)+1C(κ̃(11))
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Recall that

‖D2Φεk ∗ uε,σ‖L∞(0,T ;L∞(Rd)), ‖|D2Φεk | ∗ uε,σ‖L∞(0,T ;L∞(Rd)), ‖∇Φεk ∗ uε,σ‖L∞(0,T ;L∞(Rd)),

‖V εp ∗ uε,σ‖L∞(0,T ;L∞(Rd)), ‖|∇V εp | ∗ uε,σ‖L∞(0,T ;L∞(Rd)), ‖∇V εp ∗ uε,σ‖L∞(0,T ;L∞(Rd)),

‖D2V εp ∗ uε,σ‖L∞(0,T ;L∞(Rd)), ‖|D2V εp | ∗ uε,σ‖L∞(0,T ;L∞(Rd))

are all bounded and

‖∇Φεk‖L∞(Rd) ≤
C

εd−1
k

, ‖D2Φεk‖L∞(Rd) ≤
C

εdk
,

‖V εp‖L∞(Rd) ≤
C

εdp
, ‖∇V εp‖L∞(Rd) ≤

C

εd+1
p

, ‖D2V εp‖L∞(Rd) ≤
C

εd+2
p

Choice of Parameters

Now we need to choose required parameters in (4.9).
Step 1 Coefficient in front of E[S]
Step 1 (a) Restrictions for a
Aggregation Term
For a given βk we choose a such that

(d+ 1)βk ≤ a. (4.10)

Therefore, we obtain that N (d+1)βk−a is bounded.
Porous Medium Term
For a given βp we add another restrictions on a such that

βpd|m− 3|+ βp(2d+ 3) ≤ a,

βpd|m− 4|+ 3βp(d+ 1) ≤ a,

βp(d+ 3) ≤ a.

We can see that βpd|m − 4| + 3βp(d + 1) ≤ a is the strongest restriction, so we obtain that βp
should satisfy:

βpd|m− 4|+ 3βp(d+ 1) ≤ a. (4.11)
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Step 1 (b) Restrictions for θ(4), θ(5), θ(6), θ(9) Next, we see that

βpd|m− 4|+ 2βp(d+ 1) ≤ θ(4) <
1
2 , (4.12)

βp(d+ 1) ≤ θ(5) <
1
2 ,

0 ≤ θ(6) <
1
2 ,

βpd|m− 3|+ (d+ 2)βp ≤ θ(9) <
1
2 .

should be satisfied.
Step 2 Constant terms
If the following conditions

a < θ(3) <
1
2 , (4.13)

d|m− 3|βp + βp(d+ 1) + a < θ(10) <
1
2 ,

a < θ(11) <
1
2 .

are satisfied, then for an arbitrary γ > 0 we can choose κ > 0 such that

Nκ(a−θ(3)) +Nκ(d|m−3|βp+βp(d+1)+a−θ(10)) +Nκ(a−θ(11)) ≤ CN−γ.

Step 3 Probability terms
Let us analyze probability terms
Aggregation Term

C(κ, T )
Ndκβk

∫ t

0
P(A(1)

θ(1)
(s))ds+Ndκβk

∫ t

0
P(A(2)

θ(2)
(s))ds+Nκ((d−1)βk+a)

∫ t

0
P(A(3)

θ(3)
(s))ds


≤ C(t, κ̃(1)) ·Ndκβk ·N2κ̃(1)((θ(1)− 1

2 )+dβk)+1

+ C(t, κ̃(2)) ·Ndκβk ·N2κ̃(2)((θ(2)− 1
2 )+dβk)+1

+ C(t, κ̃(3))Nκ((d−1)βk+a)N2κ̃(3)((θ(3)− 1
2 )+(d−1)βk)+1

Now we choose θ(1), θ(2), θ(3) such that

θ(1) = θ(2), (4.14)

θ(1) −
1
2 + dβk < 0,

(θ(3) −
1
2) + (d− 1)βk < 0.
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Then we choose κ̃(1), κ̃(2), κ̃(3) big enough such that

C(t, κ̃(1)) ·Ndκβk ·N2κ̃(1)((θ(1)− 1
2 )+dβk)+1

+ C(t, κ̃(2)) ·Ndκβk ·N2κ̃(2)((θ(2)− 1
2 )+dβk)+1

+ C(t, κ̃(3))Nκ((d−1)βk+a)N2κ̃(3)((θ(3)− 1
2 )+(d−1)βk)+1

≤ CN−γ

Moreover, we establish now the range for βk. Recall (4.10) and (4.14). and deduce that

(d+ 1)βk ≤ a

θ(1) −
1
2 + dβk < 0

(θ(3) −
1
2) + (d− 1)βk < 0.

We choose θ(1) = θ(2) = 0. Since a < θ(3) <
1
2 , we deduce that if we choose

βk <
1
4d, (4.15)

then we can choose a such that

(d+ 1)βk ≤ a <
1
2 − (d− 1)βk (4.16)

and so ensure convergence in probability.
Porous Medium Term
Now we study probability terms for the porous medium part.

Q̃ :=Nκ(βpd|m−4|+βp(3d+2))
∫ t

0
P(A(4)

θ(4)
(s))ds

+Nκ(2βp(d+1))
∫ t

0
P(A(5)

θ(5)
(s))ds

+Nκβp(d+1)
∫ t

0
P(A(6)

θ(6)
(s))ds

+Nβp(d+2)κ
∫ t

0
P(A(7)

θ(7)
(s))ds

+Nβp(d+2)κ
∫ t

0
P(A(8)

θ(8)
(s))ds

+Nκ(βpd|m−3|+(2d+2)βp)
∫ t

0
P(A(9)

θ(9)
(s))ds

+Nκ(d|m−3|βp+βp(2d+1)+a)
∫ t

0
P(A(10)

θ(10)
(s))ds

+Nκ(βp(d+1)+a)
∫ t

0
P(A(11)

θ(11)
(s))ds
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Therefore,

Q̃ ≤C(t, κ̃(4))Nκ(βpd|m−4|+βp(3d+2))N2κ̃(4)((θ(4)− 1
2 )+dβp)+1

+ C(t, κ̃(5))Nκ(2βp(d+1))N2κ̃(5)((θ(5)− 1
2 )+(d+1)βp)+1

+ C(t, κ̃(6))Nκβp(d+1)N2κ̃(6)((θ(6)− 1
2 )+(d+1)βp)+1

+ C(t, κ̃(7))Nβp(d+2)κN2κ̃(7)((θ(7)− 1
2 )+(d+2)βp)+1

+ C(t, κ̃(8))Nβp(d+2)κN2κ̃(8)((θ(8)− 1
2 )+(d+2)βp)+1

+ C(t, κ̃(9))Nκ(βpd|m−3|+(2d+2)βp)N2κ̃(9)((θ(9)− 1
2 )+dβp)+1

+ C(t, κ̃(10))Nκ(d|m−3|βp+βp(2d+1)+a)N2κ̃(10)((θ(10)− 1
2 )+dβp)+1

+ C(t, κ̃(11))Nκ(βp(d+1)+a)N2κ̃(11)((θ(11)− 1
2 )+(d+1)βp)+1

Now choose θ(4), θ(5), θ(6), θ(7), θ(8), θ(9), θ(10), θ(11) such that

0 <θ(4) <
1
2 − dβp,

0 <θ(5) <
1
2 − (d+ 1)βp,

0 = θ(6) <
1
2 − (d+ 1)βp,

θ(7) = θ(8) = 0,

0 = θ(7) <
1
2 − (d+ 2)βp,

0 <θ(9) <
1
2 − dβp,

0 <θ(10) <
1
2 − dβp,

0 <θ(11) <
1
2 − (d+ 1)βp.

Then we choose κ̃(4) − κ̃(11) big enough such that

Q̃ ≤C(t, κ̃(4))Nκ(βpd|m−4|+βp(3d+2))N2κ̃(4)((θ(4)− 1
2 )+dβp)+1

+ C(t, κ̃(5))Nκ(2βp(d+1))N2κ̃(5)((θ(5)− 1
2 )+(d+1)βp)+1

+ C(t, κ̃(6))Nκβp(d+1)N2κ̃(6)((θ(6)− 1
2 )+(d+1)βp)+1

+ C(t, κ̃(7))Nβp(d+2)κN2κ̃(7)((θ(7)− 1
2 )+(d+2)βp)+1

+ C(t, κ̃(8))Nβp(d+2)κN2κ̃(8)((θ(8)− 1
2 )+(d+2)βp)+1

+ C(t, κ̃(9))Nκ(βpd|m−3|+(2d+2)βp)N2κ̃(9)((θ(9)− 1
2 )+dβp)+1

+ C(t, κ̃(10))Nκ(d|m−3|βp+βp(2d+1)+a)N2κ̃(10)((θ(10)− 1
2 )+dβp)+1

+ C(t, κ̃(11))Nκ(βp(d+1)+a)N2κ̃(11)((θ(11)− 1
2 )+(d+1)βp)+1

≤ CN−γ.
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Recall (4.12) and (4.13). Therefore, we obtain the following restrictions for θ(4) − θ(11)

βpd|m− 4|+ 2βp(d+ 1) ≤θ(4) <
1
2 − dβp, (4.17)

βp(d+ 1) ≤θ(5) <
1
2 − (d+ 1)βp,

0 = θ(6) <
1
2 − (d+ 1)βp,

θ(7) = θ(8) = 0,

0 = θ(7) <
1
2 − (d+ 2)βp,

βpd|m− 3|+ (d+ 2)βp ≤θ(9) <
1
2 − dβp,

d|m− 3|βp + βp(d+ 1) + a <θ(10) <
1
2 − dβp,

a <θ(11) <
1
2 − (d+ 1)βp.

Now we study all restrictions from (4.17). From conditions for θ(5), θ(6), θ(7), θ(8) we obtain that βp
should satisfy

βp <
1

2(2d+ 2)

Since the condition for θ(4) is stronger than for θ(9), it follows that

βp <
1

2(d|m− 4|+ 3d+ 2)

should be true as well. Then we see that the restriction for θ(10) is stronger than for θ(11), therefore

a <
1
2 − (2d+ 1 + d|m− 3|)βp

Recall (4.11) and obtain that

(d|m− 4|+ 3(d+ 1))βp ≤ a <
1
2 − (2d+ 1 + d|m− 3|)βp. (4.18)

Hence, βp should satisfy

βp <
1

2(d|m− 4|+ d|m− 3|+ 5d+ 4) , (4.19)

which is the strongest restriction for βp.
Now we combine (4.16) and (4.18) and so obtain that in order to find a valid a, the following
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inequality should be satisfied:

max{(d+ 1)βk, (d|m− 4|+ 3(d+ 1))βp} < a < min{1
2 − (d− 1)βk,

1
2 − (2d+ 1 + d|m− 3|)βp}.

(4.20)

Therefore,

E[St] ≤ C
∫ t

0
E[Ss] ds+ CN−γ.

Applying Grönwall’s inequality we deduce that

sup
0≤t≤T

E[St] ≤ CN−γ exp(C · T )

This implies the desired result.
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Propagation of Chaos

Remark 5.1. In order to prove Corollary 1.7, one needs to combine Theorem 1.3 with Theorem 1.4
and Theorem 1.5 respectively. For the logarithm scaling it is trivial. For the algebraic one we obtain
that for 0 < α̃ < a there exists a constant C > 0 independent of N such that

P
(

max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̂ i,σ

t

∣∣∣ > N−α̃
)

≤ P
(

max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̄ i,ε,σ

t

∣∣∣ > N−α̃
)

+ P
(

max
i∈{1,...,N}

∣∣∣X̄ i,ε,σ
t − X̂ i,σ

t

∣∣∣ > N−α̃
)

≤ P
(

max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̄ i,ε,σ

t

∣∣∣ > N−a
)

+ E
[

max
i∈{1,...,N}

∣∣∣X̄ i,ε,σ
t − X̂ i,σ

t

∣∣∣2N2α̃
]

≤ CN−γ + C(εk + εp)2N2α̃.

For 2α̃ ≤ min{βk, βp}, εk = N−βk and εp = N−βp we deduce that

P
(

max
i∈{1,...,N}

∣∣∣XN,i,ε,σ
t − X̂ i,σ

t

∣∣∣ > N−α̃
)
≤ C(εk + εp).

Now we prove that we can take the limit as σ → 0 of (1.15) and so arrive at (1.16)

Proof of Theorem 1.8. We have proved before that

‖uσ‖Lq((0,T )×Rd) ≤ C, for q ∈ [1,∞].

where C which appears in this proof is a positive constant independent of σ.
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Now we multiply (1.15) by uσ and integrate it over Rd in order to get that

1
2
d

dt

∫
Rd
|uσ|2 dx+ σ

∫
Rd
|∇uσ|2 dx+m

∫
Rd

(uσ)m−1∇(uσ)2 dx =
∫
Rd
uσ∇Φ ∗ uσ · ∇uσ dx

= 1
2

∫
Rd
∇Φ ∗ uσ · ∇(uσ)2 dx

= −1
2

∫
Rd

∆Φ ∗ uσ(uσ)2 dx

= 1
2

∫
Rd

(uσ)3 dx

≤ C.

Combining this estimate with

m
∫
Rd

(uσ)m−1|∇uσ|2dx = 4m
(m+ 1)2

∫
Rd
|∇(uσ)m+1

2 |2 dx,

we derive that

‖uσ‖L∞((0,T )×Rd) ≤ C,
√
σ‖∇uσ‖L2((0,T )×Rd) ≤ C,

‖∇(uσ)m+1
2 ‖L2((0,T )×Rd) ≤ C.

Using ‖uσ‖Lq((0,T )×Rd) ≤ C, for q ∈ [1,∞] and ‖∇(uσ)m+1
2 ‖L2((0,T )×Rd) ≤ C we have that

‖∇(uσ)m‖L2((0,T )×Rd) = m‖(uσ)m−1∇uσ‖L2((0,T )×Rd) (5.1)
= m‖(uσ)m−1

2 (uσ)m−1
2 ∇uσ‖L2((0,T )×Rd)

= 2m
m+ 1‖(u

σ)m−1
2 ∇(uσ)m+1

2 ‖L2((0,T )×Rd)

≤ C‖∇(uσ)m+1
2 ‖L2((0,T )×Rd)

≤ C.

So, we infer that

‖∂tuσ‖L2(0,T ;W−1,2(Rd)) ≤ C. (5.2)

The inequalities (5.1) and (5.2) allow us to use Theorem 3 from [Chen et al., 2014] in growing
d-dimensional balls BR and use the diagonal argument to obtain that

uσ → u in L2m((0, T )× Rd) as σ → 0.

154



CHAPTER 5. PROPAGATION OF CHAOS

Moreover, ‖uσ‖Lq((0,T )×Rd) ≤ C, for q ∈ [1,∞] implies that

uσ
∗
⇀ u in Lq(0, T ;Lq(Rd)), q ∈ (1,∞). (5.3)

Since ‖∇(uσ)m‖L2((0,T )×Rd) ≤ C, it follows that

∇(uσ)m ⇀ ζ in L2((0, T )× Rd).

Using (5.2) it holds for any ψ ∈ C∞0 ((0, T )× Rd) that

∫ T

0

∫
Rd
∇(uσ)mψ dx dt = −

∫ T

0

∫
Rd

(uσ)m∇ψ dx dt

converges to

−
∫ T

0

∫
Rd
um∇ψ dx dt =

∫ T

0

∫
Rd
∇umψ dx dt

as σ → 0. Therefore,

∇(uσ)m ⇀ ∇um in L2((0, T )× Rd). (5.4)

Now using (5.3) and (5.4), we can take σ → 0 in the weak formulation of (1.15). So, for ϕ ∈
C∞0 ([0, T )× Rd) it holds that

∫ T

0

∫
Rd

(
uσ∂tϕ+ uσ∇Φ ∗ uσ · ∇ϕ− σ∇uσ · ∇ϕ−∇(uσ)m · ∇ϕ

)
dx dt

+
∫
Rd
u0(x)ϕ(0, x) dx = 0,∫ T

0

∫
Rd

(
∇Φ ∗ uσ · ∇ϕ− uσϕ

)
dx dt = 0.

converges to
∫ T

0

∫
Rd

(
u∂tϕ+ u∇Φ ∗ u · ∇ϕ−∇um · ∇ϕ

)
dx dt

+
∫
Rd
u0(x)ϕ(0, x) dx = 0,∫ T

0

∫
Rd

(
∇Φ ∗ u · ∇ϕ− uϕ

)
dx dt = 0.

as σ → 0.

Proof of Theorem 1.9. Now we show the propagation of chaos result. In this part the limit N →∞;
εk, εp, λ→ 0 should be understood in the sense of Corollary 1.7 (a) or 1.7 (b).

We proved in Section 4.2 that XN,i,ε,σ
t converges in probability to X̄ i,ε,σ

t as N →∞. This implies
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that for k ∈ N, (XN,1,ε,σ
t , . . . , XN,k,ε,σ

t ) converges in probability to (X̄1,ε,σ
t , . . . , X̄k,ε,σ

t ) as N →∞. We
denote by P k

N,ε,σ(t) the joint distribution of (XN,1,ε,σ
t , . . . , XN,k,ε,σ

t ) and by P k
ε,σ(t) the joint distribution

of (X̄1,ε,σ
t , . . . , X̄k,ε,σ

t ). Since convergence in probability implies convergence in distribution, we obtain
that

lim
N→∞

P k
N,ε,σ(t) = P k

ε,σ(t) locally uniform in t.

For the logarithmic scaling from Section 4.1 we obtain the same result since convergence in L2

implies convergence in distribution.
The independence of {X̄ i,ε,σ

t }i∈N implies that

P k
N,ε,σ(t) = P⊗kε,σ (t),

where Pε,σ(t) is the distribution of X̄ i,ε,σ
t .

We proved in Section 3.2 that X̄ i,ε,σ
t converges in L2 to X̂ i,σ

t as εk, εp → 0 and λ → 0. Since
convergence in expectation implies convergence in distribution and {X̂ i,σ

t }i∈N are independent, we
obtain that

lim
εp,εk,λ→0

P⊗kε,σ (t) = P⊗kσ (t)

where Pσ(t) is the distribution of X̂ i,σ
t .

Applying Theorem 1.8 we obtain that

P k
N,ε,σ(t) convergres weakly to P⊗k(t)

as N → ∞; εk, εp, λ → 0 in the sense of Corollary 1.7 (a) or 1.7 (b) ; and σ → 0 where P (t) is a
measure which is absolutely continuous with respect to the Lebesgue measure and has a probability
density function u(t, x) which solves (1.16).
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Appendix A

Compact Embedding

Lemma A.1. Let q ∈ [1, d) and k ∈ (0, q]. For r ≥ 1 consider the following space

Vk,q := W 1,q(Rd) ∩ Lk(Rd, |x|rdx) :=
{
f ∈ W 1,q(Rd)

∣∣∣ ∫
Rd
fk(x)|x|rdx <∞

}
.

Then Vk,q is compactly embedded in Lq̃(Rd) for q̃ ∈ [max{k, 1}, dq
d−q ).

Proof. We adapt the proof of Lemma 1 from [Caffarelli et al., 2020]. Let (fn)n∈N be a uniformly
bounded sequence in Vk,q. Firstly, we know that there exists a subsequence still denoted by (fn)n∈N
such that

fn ⇀ f ∈ W 1,q(Rd) ↪→ L
dq
d−q (Rd)

Let BR be an open ball centered at 0 ∈ Rd with radius R > 0. Since W 1,q(BR) is compactly
embedded in Lq̄(BR) for q̄ ∈

[
1, dq

d−q

)
, there exists a subsequence still denoted by (fn)n∈N such that

fn → f ∈ Lq̄(BR) for any q̄ ∈
[
1, dq

d− q

)

Thanks to the Cantor diagonal argument, we can choose (fn)n∈N which is independent of R. Uniform
boundedness of (fn)n∈N in Vg,k,q and Fatou’s lemma imply that f ∈ Vk,q.

Next we show that |fn−f |k converges strongly in L1(Rd). Since for n big enough we deduce that
∫
Rd
|fn − f |kdx =

∫
BR
|fn − f |kdx+

∫
Rd\BR

|fn − f |kdx

≤ ε

2 + 1
Rr

∫
{|x|≥R}

|x|r|fn − f |kdx

≤ ε,

by choosing R big enough. Interpolation between L
dq
d−q (Rd) and Lmax{k,1}(Rd) implies that for any

q̃ ∈
[
max{k, 1}, dq

d−q

)
the sequence (fn)n∈N converges to f ∈ Lq̃(Rd).
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