Rigorous Derivation of the Degenerate Parabolic-Elliptic Keller-Segel System

from a Moderately Interacting Stochastic Particle System

Inauguraldissertation
zur Erlangung des akademischen Grades
eines Doktors der Naturwissenschaften

der Universitat Mannheim

vorgelegt von

Veniamin Gvozdik

aus Sotschi, Russland

Mannheim, 2022



Dekan: Dr. Bernd Liibcke, Universitdat Mannheim
Referentin: Professorin boshi Li Chen, Universitdt Mannheim

Korreferent: Professor Doktor Peter Pickl, Universitat Tiibingen

Tag der miindlichen Priifung: 28. November 2022




Abstract

The main goal of this thesis is a rigorous derivation of the degenerate parabolic-elliptic Keller-
Segel system of porous medium type on the whole space R? from a moderately interacting stochastic
particle system. After we review some existing results on this topic and introduce the setting of
the problem as well as the main results of this thesis, we establish the classical solution theory
of the degenerate parabolic-elliptic Keller-Segel system and its non-local version. This classical
solution theory is used later to obtain required estimates on the particle level. Because of the
non-linearity in diffusion and the singularity in aggregation we perform an approximation of the
stochastic moderately interacting particle system using the cut-offed potential. The stochastic effect
is introduced as a parabolic regularization of the system. Then we compare this new system with
another cut-offed system of mean-field type. We present the propagation of chaos result with two
different types of cut-off scaling, namely logarithmic and algebraic scaling. For the logarithmic
scaling we prove the convergence of trajectories in expectation. For the algebraic scaling we obtain
it in the sense of probability. Consequently, the propagation of chaos follows directly from these
convergence results and the vanishing viscosity of the system.

Key words: Moderately interacting particle systems; Stochastic particle systems; Mean-field

limit; Chemotaxis; Keller-Segel model; Degenerate parabolic-elliptic system; Propagation of chaos
Zusammenfassung

Das Hauptziel dieser Arbeit ist eine rigorose Herleitung des entarteten parabolisch-elliptischen
Keller-Segel Systems vom Pordse-Medien-Typ auf dem ganzen Raum R? aus einem miéfig wech-
selwirkenden stochastischen Teilchensystem. Als erstes erldautern wir manche bereits existierende
Resultate aus diesem Gebiet und préasentieren die Problemstellung und die Hauptresultate dieser
Arbeit. Danach leiten wir die klassische Losungstheorie fiir das entartete parabolisch-elliptische
Keller-Segel System und seine nicht-lokale Version her. Diese klassische Losungstheorie wird spéter
benutzt, um die notwendigen Abschatzungen auf dem Teilchenniveau zu erhalten. Wegen der Nicht-
linearitat der Diffusion und der Singularitdt des Interaktionspotentials muss man das méaflig wech-
selwirkende stochastische Teilchensystem mit Hilfe eines abgeschnittenen Potentials approximieren.
Der stochastische Effekt dient als eine parabolische Regularisierung des Systems. Dann vergle-
icht man dieses abgeschnittene System mit einem weiteren abgeschnittenen Teilchensystem vom
Mean-Field-Typ. Wir présentieren zwei Resultate der Ausbreitung des Chaos fiir unterschiedliche
Skalierungsresultate. Mit der logarithmischen Skalierung erhalten wir Konvergenz der Trajekto-
rien im Erwartungswert und mit der algebraischen Skalierung bekommen wir die Konvergenz in
Wahrscheinlichkeit. Ausbreitung des Chaos folgt direkt aus den beiden Konvergenzresulten und der
verschwindenden Viskositit des Systems.

Schliisselworter: Maflig wechselwirkende Teilchensysteme; Stochastische Teilchensysteme;
Mean-field Limit; Chemotaxis; Keller—-Segel Model; Entartetes parabolisch-elliptisches System;
Ausbreitung des Chaos
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Chapter 1
Introduction

Interacting particle systems of mean-field type belong to the well-known and fast growing fields
in mathematics. They are used to construct microscopic models of different physical and biological
phenomena, such as dynamics of ions in plasma, distribution of bacteria in fluids or flocking behavior
of animals. One of the easiest ways to describe this kind of behavior mathematically is to consider
a system of ordinary (or stochastic) differential equations with a suitable two-particle interaction
effect to describe the dynamics of a large group of identical particles. However, since the number of
particles could be very high, one would like to find a way to approximate these microscopic models
and so reduce their complexity. In order to achieve this goal, one can derive the scaling limit of the

interacting particle systems. This macroscopic model is often given by a partial differential equation.

1.1 Background and State of the Art

The idea of the mean-field theory comes initially from statistical physics. First kinds of such equa-
tions were introduced by Jeans in | , | as he studied stellar dynamics. A very successful
implementation of the mean-field theory was done by Vlasov in | , ] and [ : ], as
he studied evolution of plasma. He obtained that interaction of ions can be approximated by equa-
tions of Vlasov-type. For the general setting and background of Vlasov equations and the mean-field
theory we refer to | , 1, [ , | and | , ].

Although Vlasov’s first paper in this field was published in 1940s, the rigorous derivation of the
Vlasov equation as a mean-field limit for Coulomb interaction potentials remains a hot topic in
plasma physics. Let us recall some classical results from this field. Braun and Hepp in |

, | established a connection between Vlasov dynamics and particle systems with regular
interaction potentials. Then Dobrushin obtained in | ; | uniqueness of the solution
to the Vlasov equation from | , | with the help of the Kantorovich-Rubinstein
metric. An overview about Vlasov equations and some classical results in this field can be found in
[ , 2004].

Parallel to the mean-field theory, Kac studied in [I<ac, | interacting particle systems and
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introduced a mathematical definition of chaos. He proposed an idea that the independence of two
particles in the system is preserved in time as the number of particles tends to infinity. This effect
is now called propagation of chaos. The definition of Kac’s chaos and some extensions can be found
in | : Jor | : ]

A significant enhancement of the theory was done by McKean in | : | as he studied
new diffusion models which also satisfy propagation of chaos. McKean developed a so-called syn-
chronous coupling method which was later generalized by Sznitman in [ , ]. It allows
to approximate a system of stochastic interacting particle systems by another symmetric system
of stochastic differential equations. Thanks to this method, one can reduce this symmetric system
to only one equation. Then using Ito’s formula one obtains a mean-field equation from this single
stochastic differential equation. The proof of McKean as well as other details about this method can
be found in [ : ] and | : ].

Many important interaction potentials are not Lipschitz continuous therefore one needs to use
other techniques to handle them. Now we would like to mention some significant contributions for
the Coulomb potential. Lazarovici and Pickl in | , ] proposed a new method
which considers a particle system with a cut-offed potential and random initial data. They derived
a mean-field limit in the sense of probability for the Coulomb potential in three dimensions. Later
Leblé and Serfaty proved in | , | a version of the central limit theorem for 2-d
gases with the Coulomb potential. Moreover, Serfaty established in | , | the mean-field
limit for the particle system with the Coulomb-type potential in arbitrary dimensions. For further
recent results about particle systems with Coulomb interactions we refer to | , ].

The classical method of the mean-field theory, especially for smooth interactions, is based on
the direct trajectory estimates. For deterministic particle systems we refer to | , | and
for stochastic systems we refer to | , |. Many particle models contain singularity and
therefore one cannot apply classical methods. One needs to introduce additional assumptions or
apply regularization techniques in order to derive mean-field limits for this kind of particle systems.
This kind of results were studied in | : 1,1 , 1,0

, 2017], | , 2015] | , 2011], | , 2017, | ,
] with different cut-off techniques. For more information about interacting particle systems with
singular potentials as well as some generalizations see | , | and references therein.

Now we would like to draw attention to the relative entropy method which gives the strong
convergence in the propagation of chaos. Moreover, one can directly handle weaker interaction
potentials without mollification. In this case, instead of considering trajectories of the particles,
one studies directly a high-dimensional partial differential equation of the joint law of all particles.
Then one computes the relative entropy of the joint law and the factorized law from the limiting
equation. The relative entropy was used by H-T Yao in [Yau, | to study hydrodynamics of
Ginzburg-Landau and was later applied to other hydrodynamics limits which can be found in |

, ]. Then Serfaty introduced in | , ] the modulated energy approach

which was successfully used to derive mean-field limits for quantum vortices. This method was

2
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later used by Duerinckx in | , ] for the gradient flows with potentials of Riesz-type
and by Serfaty in | : | for the flows of Coulomb-type. In | , | Jabin
and Wang considered the second order interacting particle systems with the interaction potential K
which belongs to L*°. Jabin and Wang used the relative entropy in order to control the distance
between the N-particle distribution and the expected limiting equation which is nothing but the
solution to the corresponding Vlasov system. In | : | Jabin and Wang used the
same method and derived mean-field limits for the interaction kernel K such that K and V - K
belong to W1, Then Bresch, Jabin and Wang combined in [ , | the tools from
[ : | together with the modulated potential energy method from | : ]
and obtained mean-field filmits for two dimensional Keller-Segel systems or logarithm potentials in
higher dimensions. More precisely, they derived similar estimates as those in | , ]
for less singular parts of the potential and also used tools from | , ] to control logarithm
singularities of the potential. The application of the relative entropy method for the derivation of
the degenerate parabolic-elliptic Keller-Segel system seems to be challenging and will be covered in

our future projects.

1.2 Main Concepts of the Mean-field Theory

In this section we discuss the key ideas of the mean-field theory for both deterministic and stochastic

interacting particle systems.

1.2.1 Deterministic Models with Regular Potentials

We use the toy model from | , | in order to illustrate the deterministic theory. Denote by
R? the d-dimensional Euclidean space and by N the set of natural numbers. Consider a system of

N € N identical particles
(t) eRY, ie{l,...,N},

where z%(t) describes the position of the i-th particle at time point ¢. It is important to mention
that particles should be identical in order to describe the dynamics of the whole system by only
one individual particle. In this deterministic model we assume that only two-body interaction takes

place. The interaction force between the i-th and the j-th particle is denoted by K(x’, %), where

K :R?*xR?— RY,

(2°,27) = K(2',27).
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In this example we consider Newton dynamics. So, we need to take Newton’s third law of mechanics

into account and therefore assume that
K(z,2") = —=K(/,2)

holds for all z,2' € R% Moreover, for simplicity we assume that K € C*(R? x R4 R%) and there
exists L > 0 such that

sup |V K(z,2')| < L and sup|VyK(z,2")| < L.

z'€R4 zeR4

The dynamics of the particle system is determined by the system of ordinary differential equations

which is given by

da'(t)
dt

K(zi(t),2/(t)), ie{l,...,N}

oL, M Z

Sl
S

Now we need to rescale the time variable of this system in order to ensure that after this procedure
dz'(t)
dt

N
is bounded for every i € {1,..., N} as N tends to infinity. Since »  K(z'(t),27(t)) contains
=1
=
N — 1 terms, the desired property could be achieved by the new time scaling N
For the example above one obtains a classical result, which is stated in Theorem 1.3.1 and

Theorem 1.4.4 from | : ]:

1. For each N € N and each N-tuple X{¥ := (z{,-- ,2}’) the Cauchy problem for the system of

ordinary differential equations

A = Ll K (2 (t), 2 (1)),
J#i (1.1)
2(0) ==z}, i€{l,...,N},

has a unique C* solution on R which is denoted by

tes XN() = (2 (t), -, 2N (@) = T, XY

2. The empirical measure fir, Xy = % Z;V:l 0zi(+) is a weak solution of the Cauchy problem for

the mean-field partial differential equation which is given by

Of +V - (fKf) =0, (1.2)

f|t=0 = /JJXéV?
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where

K: Pi(RY - R
e Kp() = /Rd K(-, 2" )u(da"),

and P;(R?) denotes the set of Borel probability measures on R? with the finite first moment.

3. If fo is a probability density such that [pa|z|fo(z)dx < oo, then (1.2) has a unique weak
solution f € C(R?% L'(R?)). Let distyx; be the Monge-Kantarovich distance. If for fy it
holds that diStMK,l(H[),HXéV) — 0 as N — oo where dyy = fodzx, then pir,xy converges to
w(t,+) in the weak topology of probability measures where du(t.-) = f(¢,-)dx.

1.2.2 Stochastic Models with Regular Potentials

In real world applications it is natural to consider that particle dynamics is under the influence
of uncertainties. One of the possibilities to perturb the system is to add an independent noise to
each single particle. This kind of particle systems is typically described by a system of stochastic
differential equations.

At the same time we can consider a general type of stochastic interacting particle systems where
coefficients of stochastic differential equations depend on a probability measure. For the motivation

let us recall (1.1) and have a closer look at + >N K(2'(t),27(t)), i € {1,...,N}. One can see that
i
it is possible to redefine this sum as the convolution of K with pur, Xy = % Zév:l 0gi(t)- S0, using this

idea we consider the following type of stochastic interacting particle systems from sections 2.2.2 and
5.1 in | : ] . Let b: R? x P(R?Y) — R? and o : R? x P(RY) — R¥>? where
P(R?) is the set of probability measures on RY. The stochastic interacting particle system is given
by

dXi = b(X!, pN)dt + o (X}, plN)dBi,

' (1.3)
X{ are i.i.d. with the density uo, i€ {1,...,N},

where B ,i € {1,...,N} are N independent d-dimensional Brownian motions and z." := N Z Oxi
i=1

is the empirical measure of the above system. Moreover, we need to assume that B} ;i € {1,..., N}
are independent from the initial data.

If we compare (1.1) and (1.3), we recognize some significant differences. First, p is now a
measure-valued random variable, namely a random probability measure, and not a deterministic
function as it was before. Moreover, one cannot expect that ,uiv solves the mean-field partial differ-
ential equation for every N € N as it was the case in Theorem 1.3.1 from | , ]. However,
pl still gives us information about the N-particle distribution. We notice that Xg, i € {1,..., N}
are independent and identically distributed random variables and each of it has the same density

5
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function uy. Therefore, the density of the joint probability distribution is given by uy”. Moreover,
since Brownian motions are mutually independent, under some additional conditions on the coeffi-
cients b(-,-) and o(-,-) we are able to reduce (1.3) to the following symmetric system of stochastic

differential equations

dX} = b(X{, ult, X}))dt + o (X}, u(t, X}))dB},
X{ are i.i.d. with the density vy, i€ {1,...,N}, (1.4)
u(t,-) is the law of X}.

Since every equation in (1.4) is independent of each other, we can reduce it to one stochastic

differential equation

dXt = b(Xt, U(t, Xt>)dt =+ O'(Xt, U(t, Xt))dBt,
X has a density ug,
u(t,-) is the law of X;.

By It6’s formula we deduce that for f : [0, 7] x R — R where f is C* in the time variable ¢ and
C? in the space variable z it holds that

d
a7t X0) = 21, Xy g b(Xoult, X))t (1.5)
;Z f({x] Zau Ty, ult, X))o (Ko, ult, X))t

d d

Z ( (X, u(t, X,)) ;Jij()_(t,u(t, X.)))dBj.

=1 ’L

Then we write equation (1.5) in the integral form and take the expected value in order to obtain
that for 0 < s <r < T it holds that

E[f(r,)_(r)—f(s,)_(s)]:El/sraaf(t,Xt 1+El/ Zaxl (t, X)bi( XK u (t,)_(t))dt]

/T 1 Z axlaij t, Xt> Z 0'7;1<Xt, u(t, Xt))ajl(Xt7 U(t, Xt))dt]

2,j=1 =1

At this point we need to assume that u has a density function which is denoted by u as well. So, the

density function of the law of X, is a weak solution to the mean-field partial differential equation
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which is given by

d
oyu = Zaxi (bi(-,w)u) + = Z O, Or, (Z ogul-,uw)o(- )u) ,
i=1

1,j=1

u(0, +) = uy.

In this short example we only present a formal idea of the proof. In order to derive the mean-field
partial differential equation rigorously, one needs to ensure existence of density functions, to derive
their connection to partial differential equations and to prove that (1.3) can be in fact approximated
by (1.4). A common strategy to compare these two particle systems is to prove with the help of

Gronwall’s lemma that

sup sup IEUXZ X’

}—>OasN—>oo
t>0 i=1,...,N

So, one proves that the empirical measure u converges weakly to u(t,-) as N — co. As a byproduct
one obtains propagation of chaos, namely that the joint distribution of k particles from the system
(1.3) where k € {1,..., N} converges weakly to the the joint distribution of k particles from the
system (1.4) as N — oo.

1.2.3 Particle Models with Singular Potentials

In the past two subsections we considered only regular interaction potentials. Many particle models
contain singularities and therefore one cannot apply classical methods we discussed above. Now we
present some common strategies to overcome this difficulty.

The authors of | , | extended the classical McKean’s result to the locally Lipschitz
interactions with the polynomial growth by requiring additional moment estimates for the particle
system and for the limiting equation as well.

In | , | the authors derived a the so-called Keller-Segel model, which we explain

in the next section, from the following system of two dimensional stochastic differential equations:

, . 4 N oot , .
XV = Xj+ V2B + 1 Z/ K(XHN — X3¥)ds, i=1,...,N. (1.6)
j=1"70
In (1.6) x is a positive number, N > 2 and K(x) := o ’ |2 with the convention K (0) = 0 and B,
i€{l,...,N} are N independent 2-dimensional Brownian motions. Since K is singular, the authors
of | , ] proved in Proposition 4 that for any N > 2 and T > 0:

P(3te(0,T]:31<i<j<N:X/N=x")>o.

This means that the singularity of K is visited and consequently the model (1.6) is not well-defined.

7
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So, the authors considered a regularized system where K is approximated by K.(x) := Wgﬁg) It
allows to obtain a globally Lipschitz continuous kernel K. and therefore a global strong solution of
the interacting particle system. Then letting ¢ — 0 and N — oo the expected mean-field limit is

given by

O fe(x) + XVu - (K = fi@)) fi(z)) = Ay fe(z)
Jo = o

For more information about interacting particle systems with singular potentials as well as some
generalizations see | , | and references therein.

In this work we study so-called moderate interactions which we present in the next subsection.

1.2.4 Moderately Interacting Particle Systems

In the models described above only weak interaction of particles, namely the interaction of order
0 (%), has been considered. In | , | Oelschléger introduced and studied moderately
interacting particle systems which are used to obtain local non-linear partial differential equations.
The idea is to take a radially symmetric function V' and then consider the interaction potential
Ve(z) :== V(%) for e > 0, which converges to the Dirac delta in the sense of distributions. The
resulted interaction of particles is of order e *N~1. With an appropriate chosen scaling (NN) one
can obtain a non-linear diffusion equation by taking the limit ¢ — 0 and N — oc.

Oelschléger studied moderately interacting particle systems in | , | in order to
derive equations of porous medium type. The deterministic Oelschlager’s model was later extended
by Philipowski in | , | where he considered a system of stochastic interacting particles
in R? which is given by

dX{0 = — LN vve(x e — XN+ 6dB], i=1,...,N
X0 = ¢

Y

where (B%);ey is a sequence of independent Brownian motions and (¢;);en is a sequence of i.i.d.
random variables which are independent of the Brownian motions. The distribution of ((;)en is
given by a smooth density function ug. Philipowski proved that for each ¢ > 0 the empirical measure

N,
I

0,0 — 0 in a way that N >> é and € << §. The measure P, has a density u(t,-) which solves the

= % Zfil dynies converges weakly to a deterministic measure P; on R% as N — 0o, —
t

porous medium equation

dyu = 2 A(u?) in (0,00) x R?
u(0, ) = up.

He obtained the above result and the propagation of chaos for the logarithmic scaling. The Oelschléger’s
8
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approach was generalized by | , | to derive a cross-diffusion system, in | ,
| to obtain the SKT system where the moderate interaction appeared in the diffusion coefficient

and in | , ] to derive a non-local porous medium equation.

1.2.5 Choice of the Scaling

Let us come back to the question how we compare particle systems (1.3) and (1.4). In the subsections
2
by using Gronwall’s

before before we mentioned that we can derive estimates of E UXZ - X}
argument and obtain the convergence result. However, for moderately interacting particle systems
this procedure works only for the logarithmic scaling which yields a relatively slow convergence rate.
There exists another way how to establish that (1.3) can be indeed approximated by (1.4). However,
due to the singularity of the potential one cannot expect that the trajectories of the regularized
particle system and the particle system of the mean-field type remain close to each other on any
finite time interval. Nevertheless, one can prove that the probability of the event that the maximal
distance between these two trajectories is bigger than N~ where a is some real number between
0 and %,
[ , 1, 1 ; ] and | , ]. The main idea

is to define an auxiliary function to control the probability of the events described above and then

could be bounded by N~ for an arbitrary v > 0. This kind of results were studied in

precisely choose parameters of this function in order to bound it by N77.

1.3 Keller-Segel Model

In this section we present a heuristic mathematical model from biology which describes chemotaxis,
namely the collective motion of cells which are attracted or repelled by a chemical substance and
are able to emit it. From biology there are two types of chemotaxis. If organisms move from a lower
concentration towards a higher concentration of the chemical substance, it is called a positive chemo-
taxis. The opposite phenomenon is called a negative chemotaxis. Substances that induce chemotaxis
are called chemoattractants or chemorepelents. One of the easiest ways to model chemotaxis is to

assume that the chemotactic flux F' is given by
F = xuVv,

where u is the organism’s density, v is the chemical concentration and yx is a so-called chemotactic
sensitivity (see e.g. | ) ] ). So, if we choose x > 0 then we obtain positive
chemotaxis and vice versa. Since the chemical substance diffuses as well, one typically considers v
as a solution to some elliptic or parabolic equations which are coupled with w.

The so-called Keller-Segel model was introduced by | : 1, | :

] and | : |, which nowadays has many different modifications. Let us consider a general
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Keller-Segel model from | , ]

Ou =V - (¢(u,v)Vu — ¢(u,v) Vo) + f(u,v),
TOw = dAv + g(u,v) — h(u,v)v

(1.7)

In this system u denotes the density of organisms and v represents the concentration of some
chemicals substance on a domain 2 C R”. In the system (1.7) 7 is a binary variable, i.e. if 7 =0
then we call system (1.7) parabolic-elliptic and if 7 = 1 then parabolic-parabolic. Therefore, it is
clear that for 7 = 1 it is necessary to have information about initial conditions for both unknown
functions, namely (0, ) = ug and v(0, ) = vy, and for the case 7 = 0 only u(0, -) = ug is required.

Now we explain the remaining terms appeared in (1.7). ¢(u,v) describes organisms’ diffusion,
¥ (u,v) their chemotactic sensitivity and f(u,v) the growth rate. Therefore, we obtain the main
feature of this model, namely the competition between the aggregation term —(u,v)Vv and the
diffusion term ¢(u,v)Vu. So, the behavior of u depends on the choice of functions and parameters
in (1.7). Especially it decides whether the aggregation will be balanced by the diffusion term,
which ensures the global existence of u, or u will blow up. Moreover, g(u,v) and h(u,v) represent
production and degradation of the chemical substances. For concrete examples we refer to Section
1.3 of | , .

For higher dimensions the aggregation effect of the Keller-Segel system is stronger than the
diffusion effect, so the porous media type nonlinear diffusion has been introduced to balance the
aggregation. Let us consider the following classical degenerate Keller-Segel system with a non-linear

diffusion of porous medium type

Ou= -V - (uVe)+ V- (Vu™),
—Ac = u(t, ), (1.8)

uw(0,7) = up(z) xR t>0.

The main result of this work is to rigorously derive (1.8) from a stochastic interacting particle system
for the sub-critical m.
Now let us discuss one of the main properties of the Keller-Segel model, which is the conservation

of mass, namely

My = / uo(x)dx = / u(t, z)dz for t > 0.
R R

It is well-known that solution’s behavior depends on the quantity M. Choosing d =2 and m =1 in
(1.8) one obtains a system of partial differential equations which corresponds to the original work of
[ : |. The authors of | ) ] proved that for the sub-critical case,
namely 0 < My < 8w, the solution exists globally and for the super-critical case, that is M, > 8,

there is a blow up in finite time. The main tool of | , | is a so-called free energy

10
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which is defined as

1
F[u]:/ uln(u)dx—f/ ucdzx.
R2 2 Jr2

With the help this functional one obtains a priori estimates and then the asymptotic behavior of
u. Later using the free energy method the authors of | , | considered the critical
case, namely My = 8w, and proved that the solution of (1.8) for d = 2 and m = 1 exists globally
and blows up at the center of mass as time goes to infinity.

Let us now review some more general results. The behavior of the solution to (1.8) for d > 3

and m = Q(dfd_l) € (1,2) was studied in | , |. The main tool in this article is the

following free energy functional

u™(t, )

a m—1

t — Flu(t)] ::/R dx — C;d/Rd /]Rd ‘x_ly‘(”u(t,x)u(t,y) dx dy

(d/2+1)
d(d—2)md/2

connected to its time derivative which is the so-called entropy production

where Cy := as well as the entropy/entropy-dissipation relation. This means that F is

d
GFlu®) == [ ult.2)

2
dx

\Y ( m 1um_1(t,x) - c(t,x))

m —

where u is a positive fast-decaying solution to (1.8). Then using the Hardy-Littlewood-Sobolev

inequality (see Theorem 4.3 | : |) authors of | : | obtained a
critical mass M, and studied behavior of the solution to (1.8) for different M,. The scaling m = @

is invariant for the conservation of mass.
Authors of | ) 1, 1 : 1, 1 : ] and |
, | proved that if m > 2 — % then the uniqueness and existence of the solution to
(1.8) holds for any initial data and if 1 < m < 2 — % then one observers either global existence
or blow up for different initial data. Since the methods from | , | play an important
role in this thesis, we discuss them briefly here. The first step is to regularize degeneracy of the
studied system of partial differential equations which is caused by the porous medium term. Using
a fixed point argument one obtains a local solution to the regularized system. In order to obtain
global existence, one needs to establish uniform L™ a priory estimates and then perform Moser’s
iteration which yields an L* bound. Moreover, it is crucial to obtain estimates of the L> norm of
the gradient of the solution to the regularized problem. This is done by the so-called Bernstein’s
method which is explained in | , |. Then using standard estimates one
obtains a weak solution of the degenerate system as a limit case of the regularized system of partial
differential equations.
It was first proposed by Chen, Liu and Wang in |
2d

term with m. = £5 is also important for Patlak-Keller-Segel system from many points of view.

In this case, the system has a family of stationary solutions which are quite similar to the two

: ] that the nonlinear diffusion

11



CHAPTER 1. INTRODUCTION

dimensional case from | , ], which is also the sharp profile in Hardy-Littlewood-

. . . . . 2d 2(d+1)
Sobolev inequality. Moreover, the entropy is conformal invariant. For 55 < m < =5 a clear
criterion for the classification of initial data is given in | : |. We refer to |

] for detailed information about these two critical exponents , namely, the exponent ( 1) Wthh
comes from the scaling invariance of the mass, and the exponent -2 ) +2 which comes from the conformal

invariance of the entropy.

1.4 Problem Setting

In this section we introduce main assumptions and the problem setting of this thesis.
Let (2, F, (Fi>0), P) be a complete filtered probability space. Let N € N and d > 2. We consider
d-dimensional F;-Brownian motions {(B!);>o}*, which are assumed to be independent of each other.

Now we introduce uy.
Assumption 1 (Assumptions for ug). 0 < ug € LY(R?) N L>(RY),

For this given ug there exists a sequence of initial data {ul},, which satisfies the following
conditions:

Initial data u§

{ug}s € Co(RY), (1.9)
ug — ug in L*(RY) for s € [1,00) as 0 — 0,

g | Larey < [Juoll Loqrey for g € [1, 00].

Now we assume that {¢;}¥, are i.i.d. random variables, independent of {(B});>0}x; and have a
common density function uf.

Recall the fundamental solution of Laplace equation which is denoted by ®, namely

P if d >3,

a(a) = { |
—5-Infz|, ifd=2,

I'(d/2+1)
d(d—2)md/2 "

Let W(|z|) € C°(R?) such that W > 0, [ra W(z)dz = 1 and define V := W x W. Since
V € C°(RY), it follows directly that Vn € N: [pa |z|"V (x)dr < oo which means that all moments of

V' are bounded. Furthermore, we denote

where Cy :=

1

We(z) = E—dW(x/e),
Vi) = V(2.
O° =D x V=,

12
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Moreover, we obtain that V' is symmetric and VV is bounded and Lipschitz continuous with some
constant L. We also know that VV¢ is Lipschitz continuous with constant ed% and bounded by

YV, o0 _ DV,
”!L%“Rd). By the same argument we obtain that D?V¢ and D3V¢ are bounded by ”J%md) and

1D3V]| d .
——r5 = respectively.

In this thesis we consider different assumptions for p and m.

Assumption 2 (Weak assumptions for p and m).

m

p(u) = u™ " form =2 orm > 3.
m—1

Assumption 3 (Strong assumptions for p and m ).

— m m—1 g g
p(u) = —u"" form e (Nﬂ(1,2+3})u(2+3,oo).

Now let py be the approximation of p such that py € C*(R,) and

p(2/N), ifr>2/\
pa(r) = {p(r), if 20 <7 < 1/, (1.10)
p(A), ifo<r<A

So, we obtain that

! / 1\m-2
[P\ e @y < P(1/A) < C(m)(x) :
X /! 1" 1\ |m-3|
[l e.y < ma{p(20),5(1/0)} < C0m) (5)"
1)\m—4\

1PN | ooy < max{p™(2X), p"(1/A)} < € (m)(X

Since our model contains an aggregation term and a diffusion term, we introduce ¢, > 0 and
ep > 0. So, the regularized interacting particle system is described by the following system of
stochastic differential equations, namely for ¢ € {1,..., N} the equation for the i-th particle is given
by

Regularized Particle Model

. 1 N . A 1 N . . .
dXtN,z,e,o _ N Z VSl (XtN,z,e,a . XtN,J,e,o)dt . VP)\(N Z VEp(XtN,Z,s,a . XtN,j,a,cf)>dt + \/%de’
j=1
Xo"her = ¢, (1.11)

where o > 0 is a positive real number which corresponds to the individual noise of each particle.

Then we estimate the difference between (1.11) and the following particle system of mean-field

type.

13
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Intermediate Particle Model

X[ = VO s us (1, Xp=7)dt — Vpa (V5w (1, X757) ) dt + V20d B,

) | (1.12)
XO’E’U = <Z7

where u®?(t, x) is the probability density function of X7 and solves the following system of partial

differential equations

O = o Aus” — V(usVeo7) + V- (Vpa(VEr s us7)us7),
—Ac™? =us7 % VEr(t, x), (1.13)

us’(0,7) = uf(z), xeRLt>D0.

Then we estimate the difference between (1.12) and the particle system (1.14) for small e, €, and .
Final Particle Model

dX}7 = Vo« u(t, X 7)dt — Vp(u®(t, X}7))dt + /20d B,

N ' (1.14)
XO’O— = Cla

where u?(¢,x) is the probability density function of th and solves the following system of partial

differential equations

o’ =oAu’ — V- (u’Ve?) + V- (uVp(u?)),
—Ac =u(t,x), (1.15)

u(0,2) = u§(z), =xeR:Lt>D0.

Then we consider (1.15) and take ¢ — 0 on the PDE level and so achieve that for each ¢ > 0
the empirical measure p =7 = % >N, 5XtN,i,€,cr of the particle system (1.11) converges to u(t,z) , as
N — 00, €, = 0, A = 0 and ¢ — 0 in the weak sense and u(t, z) solves the following system of

partial differential equations

Ou=—V - (uVe)+ V- (uVp(u)),
—Ac = u(t, ), (1.16)

u(0,2) = up(z) = €R4LE>0.

As a corollary we prove propagation of chaos result.

14
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1.5 Organization of the Thesis and Main Results

In Chapter 2 we study existence, uniqueness and regularity of u® and u®?. First, we prove the

following theorem

Theorem 1.1. Let T > 0, uf be given by (1.9) and Assumption 2 holds, then (1.15) possesses a

unique global solution u® such that
o u € L0, T; Whe(R?)) N L>(0,T; L*(RY)),
e u” e WEH(0,T) x RY) for any 1 < q < co.

In order to prove this theorem we consider

o’ =V - (oVu® —uVeZ +V(ul)™),
—Ac” =u’(t,x),

u(0,7) =uf(z), xeR:t>D0.
and approximate it by

Opuy =V - (UVUZ —up Vo *uf + V(uj + n)m) ,

ur(0,7) = ug (@),

in order to handle degeneracy from the porous medium term. Since this partial differential equation
contains aggregation and diffusion terms, which are both non-linear, we need to perform a two-step
fixed point argument. We introduce two spaces Xr and Y7 and consider a linear parabolic partial

differential equation

Ow =V - (oVw —wV®*&+m(p+n)""Vuw),

w(0, ) = ug(x),

for z € R%,¢t > 0 and fixed £ € X7, p € Y, 7 > 0. Then we ensure that it has a non-negative weak
solution. Next, with the help of Schauder fixed-point theorem we handle the non-linearity caused
by the porous medium term. In order to apply this technique, we need to derive H® estimate for w,
which allows us to construct a map for Schauder fixed-point theorem. Using Aubin-Lion’s argument,

we prove that this map is a compact operator and so obtain existence of the local solution in X7 to

v =V -(oVv—oV®*&+V(v+n)"),
v(0,7) =uf(z), =zeR%t>0.

Then we ensure that the resulted fixed point is unique.
After we handle the porous medium term, we study the above equation for v in order to deal
with the non-linearity caused by the aggregation term. Here we construct another map and using
15
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Banach fixed-point theorem prove that it has a unique fixed point. In order to achieve it, we ensure
that this map is well-defined and choose t > 0 small enough such that it is a contraction. So, we
obtain that the partial differential equation for u; possesses a unique local solution in Xr.

The next step is to derive L estimate for u; using classical tools of the PDE analysis. Then we
perform Moser’s iteration technique in order to prove that the L> norm of u; is bounded. Next, we
show that the L> norm of Vuy is bounded. This procedure is quite technical. First, we assume that
uy can be written as uy = t(u) where ¢ is a function which will be determined later. Then using
some basic computations we determine a corresponding partial differential equation for |Vii|?. Next,

we decompose R? into finitely many sets and define a small number & as well as a family of sets
Qu(t) ={z € R | (k— 1)@ < u(t,x) < k&} for k € N.

Later we show that there exists kg € N such that

ko
Q) NQ(t) =0Vi ke {l,... .k} and R = [ J Qu(t)

Then for any fixed t € [0, 7], we define the operator ¢ (u) as

k+1

up (t,x) = Pp(ut,z)) = (k — 3)w + dew /Ou(t’z) e dsinz e U Q(t)

i=k—1

and introduce ¢ (z) as a smooth function in C%(R?) such that 0 < ¢(z) < 1 and

1, for z € Qu(t),
P () == 1 A
0, for 2z € R\ UjE,_, (1)

After proving some basic estimates, we rigorously derive a Bochner type inequality for |Vu(t, z)[>¢y
on Q = UL Q(t) in order to ensure that

o(r

d = 24 . _1) = 2 512 3 = 27 3
o LIVt ) Poude < =S [ 9(Va(t @) P Fde + 1M [ |Vt o) ol da + M

where M is a positive number. Then using Moser’s iteration technique we prove that

1IVu(t, 2) Pk oo 0,115 i bounded. This property implies that supg.,r [|Vug (L, )| q,) 18
bounded and by repeatlng this argument in € for k € {1,...,ko} we obtain the bound for
SUPo<t<T ”vug(ta ')”LOO(Rdy

Combining all above arguments we define for s > % +3

Tnax := sup{T’ € (0,T) | (2.1) possesses solution u € L>(0,T"; H*(R))}.

16



CHAPTER 1. INTRODUCTION

and prove that
1w || oo 0,775 115 (Ry) < Oy VT < Tinax

and so obtain global existence of uj.

Later we take limit of u; as 7 — 0 and so obtain a solution u” to (2.1). Next, we derive L*
estimates of u” independent of o and establish its regularity results.

Next we study the non-local equation (1.13). Since u®? solves a non-local partial differential
equation, we use the perturbation method and study u® — u®?. Applying this technique we use
regularity of u? and the advantage of the initial data being 0. Furthermore, in order to get uniform
estimates, we consider only sufficiently small ¢, €, and A. In Section 2.2 we prove the following

theorem.

Theorem 1.2. Let T > 0, s > $+2, uf be given by (1.9) and Assumption 3 holds. For ey, €, and A
small enough there exists a unique global solution u° € L>(0,T; H*(RY)) of (1.13) and a constant
C > 0 independent of €i, €, and X such that

g

[u” — u=7| poo 0,115 () < Clek + €p).

The proof of this theorem is based on the fixed point argument. First, we study the following

linear partial differential equation

ou—ocAu=V- ((u +u”)V(pr —p) (Ve x (v+u?)) +uVp(V x (v +u))
1
+ u"V/ P (Ver s« u” 4+ sV x v)V xuds + u’ (Vp(VEP xu’) — Vp(u")))
0
v <uV(I>>|< Vo sv 4+ uVd # Vo %07 + u7VP % Vo % (u + u°) —u"V@*u")),

u(0,z) =0,

where v is a function from some space Y which we define later. Then we apply Banach fixed point

theorem and so obtain a unique local solution of the equation

ou—cAu=V- <(u +u”)V(py —p) (Ve x (u+u”)) + uVp(V? x (u+u?))
1
+ u”V/ P (Ve xu” + sV xu)V? xuds + u’ (Vp(Vap *u’) — Vp(u")))
0
v <uV<I’>kVE"‘ (U4 17) + VD %V ka1 (VD % Vo 50 — V@*u”)),

@(0,2) = 0.

17



CHAPTER 1. INTRODUCTION

Then we derive H® estimates for u and so prove that

ou—ocAu=V- ((u +u”)Vpr (Ve * (u+u”)) — u"Vp(u"))
- V- ((u +u”)uVe s V& x (u+u?) —u’ V(P * u”)),

u(0,z) = 0.

possesses a unique global solution in the strong sense. Then by Sobolev’s embedding theorem we
get the desired result.

In Chapter 3 we explain the connection between partial differential equations from Chapter 2
and our interacting particle systems. With the help of the theory of stochastic differential equations
and duality analysis we prove that density functions of (1.12) and (1.14) solve (1.13) and (1.15) re-

2
spectively. Then using results from Chapter 2 we derive estimates of sup E | sup ‘XZ S0 X
t€[0,T] i=1,...,

and prove the following theorem

Theorem 1.3. Let T' > 0 and assumptions from Theorem 1.1 and Theorem 1.2 be satisfied, then
there exists a constant C' > 0 independent of N, \, e, and e, such that

SupE[ sup ‘XZ” thz < Cler +&p)? exp(C’T).

te[0,T) i=1,...,

where X and X}° solve (1.12) and (1.14) in the classical sense with the probability density func-
tions (1.13) and (1.15) respectively.

In Chapter 4 we prove two important results. First, using standard techniques from analysis and

independence of stochastic differential equations from (1.12) we derive estimates of

N0 1,€,0 2
sup sup E UXt — X} }
te[0,T)i=1,...,

in order to obtain the logarithmic rate of convergence, namely

Theorem 1.4. Let T > 0, then for € (0,1) and N large enough there exits a constant C > 0
independent of N such that

sup sup IEDXN’” X””
tel0,T)i=1,...,

} <CN#

where X757 and X7 solve (1.11) and (1.12) respectively such that

Y L \etm L-d Mg
_ d _ dm—d+2 /\ — l 0 < < dm— +2
€k <1n(No‘k)) ,Ep (ln(NO‘p)) 9 , for o+ Qp (T

Here 6 > 0 is an arbitrary small number and C(T) s a positive constant which depends on T'.
18
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Secondly, using fine estimates we obtain convergence in probability result with the algebraic

scaling, namely

Theorem 1.5. Let T' > 0 and B, 8, and a be positive numbers such that the following condition is
satisfied

1 1
max{(d + 1), (djm — 4| +3(d+1))5,} <a < min{§ —(d—1)Bk, 5 (2d+1+d|m — 3|)B,}
Then for an arbitrary v > 0 there exists a constant C(vy) > 0, which is independent of N, such that

N _.
sup P| max ‘Xt mET X5
0<t<T ic{l,...N}

> N“) <C(y)NTT,
where X7 and X5 solve (1.11) and (1.12) respectively with e, = N=P g, = N=P and \ = ?
Remark 1.6. From Theorem (1.5) we see that the algebraic cut-off rate can be chosen such that

the following conditions are satisfied

1
2(dm — 4| +djm — 3| +5d +4)

0<6k<41d, 0< B, <
One of the main contributions of this thesis is the proof of Theorem 1.5. It is motivated by |
) 1, | ) | and | : ]. Since the interaction
potential is singular, one cannot expect convergence in expectation on the particle level. However,
using an appropriate algebraic cut-off, one can obtain convergence in the sense of probability. Using
the algebraic cut-off we construct a new framework to get the convergence rate in the sense of
probability. We build up a suitable stopped process and then apply Markov’s inequality, so that the
problem is reduced to the estimation of the expectation of the stopped process. Then we study the
time evolution of this expectation. Even for the dynamics of the stopped process we do not have
Lipschitz continuity, hence we apply Taylor’s expansion at the point which corresponds to (1.12).
Moreover, we use the regularity of the solutions from the PDE analysis to absorb the singularity
caused by the interaction potential. In the whole process we used several times a generalized version
of the law of large numbers which is presented in Lemma 4.2.

As a corollary we get that
Corollary 1.7. Let T > 0 and assumptions from Theorem 1.3 be satisfied.

(a) If the assumptions of Theorem 1.4 are satisfied then for N large enough there exists a constant
C > 0 independent of N such that

sup sup E UXtN’i’s’” — X

2
] < Cler +&p)?
t€[0,T)i=1,...,N
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(b) If the assumptions of Theorem 1.5 are satisfied then there exists a constant C' > 0 independent
of N such that

N .
sup P < max ‘Xt R i

0<t<T

min{ B, 6p}
>N 2 ) < Clex +&p).

Finally, in Chapter 5 we let ¢ — 0 and present the propagation of chaos result

Theorem 1.8. Let T' > 0 and Assumptions 1 and 2 be satisfied. Then there exists a subsequence of
(u®) which converges weakly in L4(0,T; LY(RY)), q € [1,00) to u as o — 0 where u is a weak solution
to (1.16) such that u € L*°(0,T; L*(R?)) and u™ € L*(0,T; H'(R?)).

Theorem 1.9. Let k € N and consider a k-tuple (X7, ..., XN*57). We denote by Py . . (t) the
joint distribution of (X157, ..., XP9) . Then it holds that

P]]ffjajg(t) convergres weakly to P®k(t)

as N — 00, €g,p, A — 0 in the sense of Corollary 1.7 (a) or 1.7 (b), and o — 0 where P(t) is
a measure which is absolutely continuous with respect to the Lebesque measure and has a probability

density function u(t,x) which solves (1.16) in the weak sense.

The results of this thesis are presented in the following two scientific articles: |
, | and | : ).
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Chapter 2

Estimates on the PDE Level

In this chapter we prove Theorem 1.1 and Theorem 1.2.
Remark 2.1.

1. Throughout this work we denote by C' a generic positive constant which can vary from line

to line. If we want to specify parameters which influence C' then we list them in the brackets

C().

2. For simplicity we focus only on the case d > 3. Using the same methods, we can easily obtain

the desired results for the case d = 2.
Here is some notation which is used in this thesis.

Definition 2.2 (Notation).

e | -] is the Euclidean norm,
_ (Ou Ou 2, 9%u 9%u 9%u 9%u
« Vu= (83;1’ T Gccd)’ D u = (leaa:l’ Ox10x2’ " " "7 OxgOrg_1’ (?ccdawd)’

o DYy = {% ’ for o] ;=g + ... + a4 and al,...,adeN},
. QT =R? x (O,T),
N HS(Rd) — WS,Z(Rd)7
e For p > 1 we define W, *(Qr) as
WiA(Qr) o= {u € D0, T WP ®RY) A W0, T I2(RY) | [ullygigy, < o0}

where [|ully120, = lullzo@r) + IVullzr@r + 1D*ullr @) + 100l Lo @r)-
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2.1 Partial Differential Equation from the Final Particle
Model

The main goal of this section is to prove Theorem 1.1.

2.1.1 Existence of the Local Solution to (2.1). H*(R%) Theory

First, we consider the approximation of (1.15), namely

atu;; -V (aVu;; —ug V& % ug + V(ug + n)m> ,
ug(0,z) = uf(z),

for z € R, ¢ > 0 and > 0.
Moreover, we take s € (4 +3,00) NN and denote M := 2||uf|

ms(rey + 1. We assume that n < M

and consider the spaces

Xr i={u € (0, T; H*(R")) ||[ul| o 7:1r(rey) < Miw > 0 in Qr}, (22)
Yri={u € L*0, T; H*(R") 0 L=(0, T; H* ™ (RY) |lullpa o715 rayyoe o msme ety < M;
u >0 in QT}.

For fixed £ € X, p € Y7 and 1 > 0 consider the following linear equation

Ow =V - (ocVw —wV®*&+m(p+n)""Vuw), 2.3)
w(0,2) = uf (=), |
for x € R% ¢ > 0. By the theory of parabolic differential equations (see for example | , )

it follows that there exists a weak solution w to (2.3).
Proposition 2.3. The weak solution w to (2.3) is non-negative.

Proof. The solution w to (2.3) is non-negative by the following argument. Let w be a solution of

2.3) and w~ := min{0. w}. If we multiply (2.3) by w~ and integrate it over R we obtain that
(2.3) : ply y g :

/ w” wdr = / w V- (an —wVdx&+m(p+ n)m_1Vw) dx
R4 Rd

=— [ oVw -Vw+ /d wVw™ - VO x &dr — m/d(p + )" 'Vw™ - Vwdz
R R

Rd

= _/]Rd <J+m(p+77)m_1) Vuw™ - deer/Rd wVw™ - VO x Edx
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So, computations above together with Young’s inequality imply that

1d, _ - ) o
sl H%z(Rd):—/Rd (0 +m(p+n)"") |V \2dx+/Rdw Vuw™ - VO« Edr

== [ (o mlp+m"") |Vu*da

12 1
T}

m— — 1 m— —
S—/Rd(a—i-m(p—l—n) N Ve |2dzv+§/Rd(a+m(p+n) N Ve Pde
1 1
_i_f
2 Jrt o +m(p+mn)mt

1 o B 1 .
-5 /.. (a+m(p+n) 1) |Vw |2d:c+%HV@*gH%m(O,T;Lm(M) /Rd w2z

1 _
%HV‘D * f”%w(o,T;Lw(Rd)) /Rd |w \de-

w Vw™ - V& x &dx

lw™ ||V ® * £]Pdx

IN

IN

Since £ € X and —A(P *x &) = &, there exists a constant C' > 0 such that

[V® &l Loo (0,115 mey) < ClIEl oo (0,115 (mayy < CM.

Since s > g, Sobolev’s inequality implies that

IV® * &]| oo 0,000 (ma)) < CIIVR # & Lo 0,751 (ma)) -

So, by Gronwall’s inequality we deduce that

_ 1 _
sup |[[w™ (¢, )|l r2rey < exp (UHV‘I) *§||%°°(O,T;L°°(Rd))T> [w™ (0, )| r2(rey = 0

te(0,T)

since w(0,-) = u(0,-) = 0.
This implies that w > 0 for all ¢ € [0,T).

Proposition 2.4. There exists Ty > 0 such that for a fived £ € Xp the following equation

v =V (Vo —oVPx&+V(v+n)"),
U(Oax) :Ug(fﬂ), JjERd,t>0-

posses a unique local solution in L°°(0,Ty; H*(R®)) N L%(0, Ty; H*T1(RY)).

Proof. First, we prove the existence of a local solution using Schauder fixed-point theorem (see e.g.
[ , | p. 72). Then we establish uniqueness of this local solution.
Existence

In order to apply Schauder fixed-point theorem we need to show that ||w(¢)]

Hs(R4) < M fort >0

small enough.
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Since, |D°(p + 7)™ || r2 ey and [|[D'"'(p + 1)||z2re) are not bounded, we need to handle the
cases = 0 and a = 1 separately.

Multiplying (2.3) by w and integrating it over R? we obtain that

2dt/ de:ana/ |Vw| d:r;+m/ (p+n)" | Vw|?dz

:/ wVoe x & - Vwdx
Rd

IA

g 2 2
§/Rd\va dx+C(0,m)/Rd WV % €[2dx

%/d \Vw|*dx + C(o,m)M?* | w’dx (2.4)
R

R4

IA

Then we see that

oD'w =V - (UVDlw — DY wV® &) +mD'((p+ n)m_1Vw)) .

If we multiply the equation above by D'w and integrate it over R?, we obtain by product rule and
Young’s inequality that

2dt/ |D'w|? dx—i—a/ |VD'w|? d:r:—i—m/ p+n)" VD w|? dx
<mm—1) [ (o 0)" V| - [Vu| - [VD'u| de
+/ D (wV # €)| - [V D w| do

< 7 [ IVD wldz + Clo,m)llo+ nlli LG Vol m e [, IVwfda
+C(o,m /Rd|D (wV® * &) 2dx

< g/ |V D 'w|*dz + O(o, m)MQ(m_l)/ |Vw|2dx+C’(0,m)M2/ | D w|?dx (2.5)
2 Jrd R4 R4

In this step we denote by C' a positive constant which depends on o,7,m,d and s. Let a be a
multi-index such that 2 < |a| < s. Now take the D® derivative of (2.3) and obtain

0,D°w =V - (aVD*w — D*(wV® % £) +mD*((p+n)" ' Vw)).

Then multiply the above equation by D®w and integrate it over R? in order to obtain that

1d o 2 o 2 _ o a
o7 Rd|D w dx+0/Rd]VD w daz——/RdVD (wVP &) - D*wdx

—m /Rd D*((p+ )™ 'Vw) - VDw da.

Now we are going to estimate the terms on the right-hand side. By Young’s inequality and
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Proposition 2.1 on page 43 from | , | there exists a constant C' > 0 such that

- / VD (wV *€) - D wds
R

IN

<

- / D(wV® *€) - VD wdx
R

1
g/ |VDawy2da:+—/ 1D* (wVP * €)2dx
4 Jrd o JRrd

9 (0% (0% (0% 2
% VD0 o 4 C (] oo | D (V8 5 ) ey + IV 5 €ll o | D0 12eer)

Using ||V @ *&|| poc (0.1 51 Re)) < CIE|| Lo 0,112 (r2)) < CM and the estimate above we obtain that

(0% (0% 9 o
_/Rd VDY (wV® x §) - D*wdx < Z/Rd |VDw|? dl"{’CMQHUJH%Is(Rd).

Now let us come to the next term

Using Young’s inequality and Proposition 2.1 on page 43 from |

—m [ D ((p+ )" Vw) - D w da
=—m [ (p+ )" D"V VD wds
R
—m [ (D*((p+n)""'Vw) = (p+ )" D"Vu) - VD"w d
; |, we have
—m /Rd D*((p+mn)""'Vw) - VDw dx
<—m [ (o0 (VD ufdr+ S [ VD wfd
Rd 4 Jrd
+C /Rd ID((p+n)""'Vw) — (p+n)"" ' D*Vw|*dx
< —m/ (p+n)" VD w|*dx + g/ |V Dw|*dx
Rd 4 Rd

- (0% (e m— 2
+C (IV (o + )" @ I Dwl 2@y + IVl oy | D0 + 1) | 2ty

So, combining the above estimate with (2.4) and (2.5) we deduce that

Tdy)
2t

< CM*™ V|

o . 8% . m— (6%
Ho @y + 5 > /Rd VD w[*dz +m ) /Rd(ern) YV DYw|*dx

|af=2 |af=2

%{S(Rd) +C Y D%+ 77>m71||%2(11§d)||w‘

|a|=2

?{S(Rd) +C|V(p+ U)mﬂH%oo(Rd) [w]

2
Hs (R4)

(2.6)

With the help of Gronwall’s lemma we obtain that

lw (@)1l

He(Rd) < [|ug]

t s
F1o (Rt €XD (C/O (M0 IV (p+ )™ oemay + 2 1D (0 + 0™ F2gay ) dT

la|=2
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Since p € Y, using Holder’s inequality we obtain that

t t
LI+ " s < € [0+ 0" 2 IVl

t
< Cess supl|(p + 77)’”_2||%00(Rd)/ ||p||%{S(Rd)dT
7€(0,t) 0

. 1
< Cless Sup||(pﬁL n)m_QH%oo(Rd) </ |

1
2 t 2

i d> (/ 1d>

(0 H(Rd)T ) T

= Cesz(gltl)PH(P +n)"" 2||L°° (R4) ts ||10||L4 (0,T;H*(R4))

_ 1
< Cess sup||(p + 7)™ || Foe may 2 M?
7€(0,¢)
< OM2my3,

Now let us consider the term [y || D%(p + 7)™ |2, (®aydT

t
L 1D o4y gy

<C /t (IGo+m™ Do+ 0)l[F2@ay + 1D (0 +m)" (0 + 1)) = (p+0)" 2D (p + ) |2 ey ) dT

t
< Cess sup||(p +n)™" 2||Loo(Rd /0 ||Da(ﬂ+77)||%2(uad)d7

7€(0,t)
- a— (0% m— 2
+ C/O IV (p+ )" 2| oo @) [ D (p + 0) |2y + [1(0 + 1)l Lo ey 1D (p + 1) ZHLQ(Rd)) dr.

Now using Holder’s inequality we deduce that

LD+ )™ gy < OOk Cess supllD~*(p+ 1) [ 19 o+ 02 ey
TE
t
+Cess supl(o + 1) mqey [ 0%+ )" uardr
t
< CM*™ Vg2 4 C(M + 77)2/0 1D (p + n)™ 2122 gaydr,

since ess sup|| D! (p + ) || 72 (gay < ess sup|[ D (p) |72 (ga) <
7€(0,t) 7€(0,t)
By iteration we obtain that

t t
1D o) ey < CMZ D42 O D (o4 )"

< C(M2(m—1) + M2(Lmj+s))t;

So, we deduce that

[ (?)]

_ m|+s), L
sy < ||ug || o (ray exp (CMQ(’” Ut 4+ op2ml+ >t2). (2.7)
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Therefore,

1
[w ()| 2o 013505 )y < [0 || e () exp <0M2(m_1)T1 + CM2(LmJ+S)T12> :

which is less or equal than M if we choose T} > 0 small enough.

Now we are able to construct a map

T: YTI - XTl - YT17 (28)

p = w.

Our goal is to apply Schauder fixed-point theorem, so we need to ensure that 7 is a compact
operator.

Let (p;)ien be a uniformly bounded sequence in Yz,. Consider w; := T (p;) for i € N. Since we
cannot apply Aubin-Lions Lemma (see for example | , | ) directly, we use the following
argument.

In order to prove that H*(RY) is compactly embedded in H* *(R?) it is enough to prove that
H(R?) is compactly embedded in L*(R?). From Lemma A.1 in Appendix A we should prove that
Jraw(,z)|z|dr < 0o. So, we multiply dyw = V - (6Vw —wV® % & +m(p+n)""'Vw) by |z| and

integrate it over R? in order to deduce that

d
—/ wlx|dr = —a/ Vw - V|z|dz +/ (VO « &w) - V|z|de — m/ (p+n)" 'V - V]z|dz
dt Jra R4 Rd Rd
< o—/ |Vw|dx+/ |V<I>*§w|dx+m/ (p+n)™ Y| V|da.
Rd Rd Rd

The fact p € L*>°(0,Ty; H*'(R?)) implies that Ap € L=(0,Ty; H*~3(R?)). Since s > £ + 3 we obtain
that L0, Ty; H*-3(R%)) < L>(0,Ty; L*®(RY)). So,

d m—1
G Joa 01810 < 0 [ Vuldo+ [ 190 €ulde o [ (o) Vulds

1 1
o) + (/Rd Vo *5]2(11:)2 (/Rd |w[2dx>2 +mllp + 7 /Rd Vw|de
<oM+ M +C(M+n)""'M
< oM+ M?*+CE2M)™
<CM™,

< ollw|

where we have used that

IVwlipige < ClIVwllwiagas < Cllwllwzags < Cllwllgo g

which holds by Sobolev’s embedding theorem.
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Therefore,

/ wlz|dx < <C’Mm+/ u8|x|d.r>,
Rd Rd

which is bounded since [pq uf|z|dr < c0.

Let us come back to the sequence (w;);en. Since (p;)ien is a uniformly bounded sequence in Yr,
we obtain by (2.6) that ||w;l|peeo,ry;ms®ay) + [|Will L2041 ®ayy < C and |[Oyw; || 20,1151 Ry < C
for all ¢ € N. By the argument which was discussed above we can use Aubin-Lions Lemma and
obtain that there exists w € Y, such that

w; — w in L0, Ty; HSH(RY) | wy — w in L*(0,Ty; H*(RY)) and w; = w in L>®(0, Ty; H¥(RY)).
This implies that

||w||L°°(07T1;HS(Rd)) < hirgi?f“wi||L°°(O,T1;HS(Rd)) <C
By interpolation (see for example Chapter 1 from | , ]) we obtain that
Vy € (0,1):
le — QIJHLoo(O’Tl;Hsf'y(Rd)) S sz - w”i:oe(QTl;Hs—l(Rd))||wi - ﬂ)”ioo((),Tl;Hs(Rd))

< Cl|lw; — w||;;9(0,T1;H5,1(Rd)) — 0 as i — 00,

where 6 satisfies s —y = (1 — 0)(s — 1) + fs. This implies that
w; — w in L0, Ty; H*~2(RY) N L2(0, Ty; H 2 (RY) as i — oo
and so by interpolation it follows that
w; — w in L0, Ty; H¥(RY)) as i — oo.

This proves that 7 : Y, — Y7, is a compact operator.

Therefore, by Schauder’s fixed point theorem we obtain that there exists a local solution of (2.3)
with p replaced by w which lies in X7, by (2.7).

Uniqueness

It remains to prove that the fixed point of 7 is unique. Let w; and wy be two fixed points of T .
So,

(w1 —wa) = V- (6V(w1 —wz) — (w1 —w2) VO £+ V (w1 + )™ — (w2 +n)™)),
wy(0,2) — wy(0,x) =0,

for z € R and t > 0.
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If we multiply the equation above by w; — w, and integrate it over R we obtain that
- / w1 — w2)vq) * f : V(wl — wg)dQE
- / (w1 +n)™ = (wa +n)™) - V(wy — wq)dz.
Since
1
(w4 )" (t,2) = (o + 1) (42) = [ mlan -+ 1) + (1= 2) (s + )™ (s +0) = (z + )
N / m(zwy + (1 = z)wy + )" dz(wi —wy),

we can rewrite the term — [pa V ((w1 +1)™ — (we +n)™) - V(wy — wy)dx as

~ /. \V/ </01 m(zw; + (1 — 2)wy +n)™ 'dz(w, — w2)> V(W) — ws)dz.

Therefore, since Vwy, Vwy € L>®(0,T; H*~H(R?)) < L>=(0,T; L= (R?))

- /R v (/01 m(zws + (1= 2)ws + 7)™ "dz(w; — w2)> Y (wy — wy)dz
-/ /1 m(zw + (1 — 2)ws +n)™Ld=|V (w1 — wy)|2dx

/R/ — 1) (zwy + (1 — 2wy + )" 2=V, + (1 — 2)Vws)dz(w) — wy) - V(w; — ws))da
<_ / / m(zw, + (1 — 2)ws + 7)™ dz|V (w) — wy)|*dz

H/ — 1)(zwi + (1 = 2)wa +0)"*(2Vwy + (1 = 2)Vws)dz

Lo°(R9)

. / ’U)l — w2] ’V(Ml — U)Q)‘dx‘
R4
1
= /Rd/o m(zwy + (1 = 2)wy + )" dz|V(w — wy)|*dz + CM™ /Rd [wi — wa| [V(wr — ws)|dx

< g/ |V (wy —w2)|2dx+CMm’1/ lwy — ws|*d.
4 Jrd R4

Let us now analyze the term [pa(wy —wq) VO£ - V(w1 —ws)dz. Since ||VO*E|| poo (0,1, 100meyy < CM,
we obtain by Young’s inequality that

/ (wy — wy)VP & - V(wy — wy)dr < g/ |V (wy — wg)]2dx + C’Mz/ lwy — @U2’2d2§'.
Rd 4 Rd Rd
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This implies that

1d 9 o 9
5%/}1@ [wy — wy d:zc+§/Rd |V (wy —wy)|“dx

< O(M™ ' + M?) /Rd w1 — wo|?da.

So,
! t LoPde+ 2 [ v 2dzd
5 L wit) —wa(t, )Pde+ 2 [ [ V() - wy)?deds
t
gC(Mm*1+M2)// w1 — wo[2dds.
0 JRd
Therefore,

» lwi (t,-) — wa(t, )|*dx < 0.

This proves that the fixed point of T is unique. It implies that (2.3) with p replaced by w possesses

a unique local solution in Xy, .

[
Proposition 2.5. There ezists Ty € (0,T1] such that (2.1) possesses a unique solution in Xr,.
Proof. We have proved so far that for a fixed £ € X, the following equation
0w =V -(cVv—ovVP* &+ V(v+n)m), (2.9)

v(0,2) = ug(z), z€R4t>0.

possesses a unique local solution in L>(0, Ty; H*(R?)) N L*(0, Ty; H*™(RY)).
Using the same technique as for the H® estimates of (2.3) which we obtained in (2.7), we deduce

that for ¢t > 0 small enough, the following operator is well-defined:

T/ : XT1 — XT17 (210)

& .

It remains to prove that 77 is a contraction. Let vy, vy € X7, are solutions of (2.9) for &,& € Xp,

respectively. We deduce that

Di(v1 —vg) = 0A(vy —v2) = V- (01 VO % &§ — 1 VO x &) + A((vr + )™ — (v2 +1)™)
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If we multiply the equation above by v; — v, and integrate it over R? we obtain that
2dt/ |vr — vs da:+0/ IV (v; — vo)|*dx
= /Rd v1V(I> * 51 — ’UQV(I) * 52) . (’Ul — UQ)dZL’ — [Rd V((’Ul + ﬁ)m - ("Uz + n)m) : V(Ul — ’Ug)dﬂf.

Since

(v1 +n)"(t, ) — (va +1)" / z(o1+1m)+ (1= 2)(v2+1)" dz((v1 + 1) — (12 + 1))
/ m(zv1 + (1 — 2)va +0)" " 'dz (v — v),

we rewrite the term — [pa V((v1 + 7)™ — (v2 +10)™) - V(v1 — v2)dx as

= | \V4 (/01 m(zvy + (1 — 2)vg + n)mfldz('ul — v2)> -V (vy — vo)da.

Therefore, together with the embedding Vv, Vv C L®(0,Ty; HSH(R?)) — L>®(0,Ty; L>=(RY)) it
follows that

1
- | V </ m(zv; + (1 — 2)vy + )™ tdz(v; — Ug)) -V (vy — vg)dx
Ré 0
1
= — /Rd./ m(zvy + (1 — 2)vg + 1) tdz|V (v — vy)|*dz
— /Rd/ — 1) (zv1 + (1 = 2)vg + 7)™ 2(2Vv1 + (1 — 2)Vuy)dz(vy — v3) - V(v1 — v3))dx
< — / / m(zvy + (1 — 2)vg + 1) 1dz|V(v) — vy)|[*da

H/ —1)(zv1 4+ (1 = 2)va + n)"*(2Vv1 + (1 — 2)Vuy)dz

/ 01 — va |V (01 — v3)|dx
Lo (Re) JRE
< — /]Rd/ m(zvy + (1 — 2)vg + 1) 12|V (vy — vp)|2dx + CM™ I/Rd |vy — ve| |V (v1 — vo)|dx
< —/ IV (v; — vy)|*dx + CMmfl/ [v1 — vo|*da,
4 Jra Rd
where C' appeared in this step denotes a positive constant which depends on o, d and m.
Let us now analyze the term [pa (11 V® * & — 0o VP % &) - V(v1 — vg)dx. Since —AD x ({1 — &) =
& — &, we obtain that
/Rd (VP & — 0V x &) - V(v — vg)dx
= /Rd(vl —v9)VO x & - V(vy —vg)dr + /Rd Vo(VP x & — VO x &) - V(v — vg)dx

< OM/Rd o1 — va] [V (v, — v3)|dz + CM /R VD # (&1 — &)||V (01 — v)|dz
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Since

[A® * (&1 — &)l 2@y < Cll1 — &l r2ray,
[V & || oo ey < ClI VP * &1 s ray < Cll&

Hs(R4)

we obtain that

ﬂ%@wrwﬂWM—wwm+m%@H@*@—&me—wwx
< C’MQ/ lv1 — vl + g/ IV (v; — vy)|*dx
Rd 4 Jrd
+CM/|&—&ﬁm+g/|mewmwm
Rd 4 Jra
This implies that

1d 9 o 9
5%/}1@ |1 — Vs da:—l—Z/RdW(vl—vg)] dx

< O(M™ ' + M?) /Rd lvy — vo|*dx + C M? /Rd &1 — & d.

So,
! t LoPde+ 2 [ v 2dzd
S L i) = et ) Pdr+ S [ [ 90 — ) Pdads
t t
gcwm4+M%//\m—WWMyHmﬂ//y&—@%ms
0 JRd 0 JRd
t
gowm4+Mﬁ//hmwﬁmw+me$wp €1 — &2 da
0 JRd re(0t) JRY
Therefore,
Rﬂﬁ@)—W@N”féCM%WKWM”4+M%M%ffM%mmpW»
Hence,

ig)WM@?—MUWMSCM%WWEWWA+MWB%—&Mmmﬂwn
te(0,1Ts

If we choose T; > 0 small enough we obtain that 7' is a contraction. So, (2.1) possesses a unique

local solution in X7. O
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2.1.2 L7 Estimates of (2.1)

Proposition 2.6. Let u; be the weak solution to (2.1). Then it holds that

sup “ug”Lq(Rd) < C(d,m,q, HUOHLl(Rd)a HUOHL‘I(Rd))‘
te(0,73)
Proof. If we multiply yu; = V- (aVug —ug Vo xug + V(uj + n)m) by (u7)9~" and integrate it over
R? we obtain that

1d

- oNG e _ oN\g—2 o2 . o ovg—1
i Jea e = —ola = 1) [ )i e+ [ V@ - V()

n

- / (ug +n)™ - V(u)* da
Since uy is non-negative and

2 (m+q_1>2 o\m+q—3 o2
= AT eyas gug .

12 _ 'm—i—q— 1<ug>m+2qf3vug

we deduce that

—/ (uy +n)™ V(u;;)q’ldx =—m(q— 1)/ (ug)q’Q(uf] + n)mﬁqu;\de
(ug) ™3| Vg | da

m+q 1

= V() dz.

Moreover,

/RdquV(I)*uf]-V( Voldy = (g — 1) / VP s ul (u2)"! - Vulda
— L Ve V()
_q/Rd * uy - V(uy)'dx

q—1 LAY
= — /]Rd AP * uy ) (uy)?dx

q
q—1 -
= 7Ad(un>Q+ldx.

q

Therefore, using interpolation (see | : | Theorem 1.49 page 47) and
Gagliardo-Nirenberg-Sobolev inequality (see | , | Theorem 1 page 263) we deduce that
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d, . - dmq(q — 1) oy mta=1
i ey + 00l = 1) [ )V P o B IV ) e
< (g = Dl % g
q+1
s@—)@wm&wqumu )
2 (Rd)
+1
= (g- 1) (gt )= )
L'(RY) Ld-2 (R)
ol 91 pf:zl 1 q+1
< Cd)(g— 1) [ llug 15208 19 () 57 | P
01
Where — = (1-6,) + 4ot
Smce m = 2 or m > 3, it follows that QGjF(rZH) < 2, so we can ensure that ng(mHl) > 1 and apply

Young’s inequality which implies that

1o q+m 1 +2911 q+1
(@ 1) (I 1 90) 5155

2mq(q — 1) oy EED=L
< (m +q— 1)2 Hv(un) 2 HLQ(]Rd) + C(d7 q,1m, ||u0||L1(Rd)>'
Therefore,
d o 2 o2 2mq(q 1) o qu
0 ey + o0t = 1) [ (g2 V P+ 2= gy =52

< C(d, q,m, |lug|| 1 wray)

By interpolation, Gagliardo-Nirenberg-Sobolev inequality and Young’s inequality it follows that

(o o 1 9 m q
g 120 ey < Cllug | g 11V () ™ ng
2mq(q — 1 mt
s——i——Jf [ IV )™ P+ Ol [l s
(m+q—1)?

02
1 _ _ d(g+m—1)
where o = (1 — 6y) + <42

Since

oglg = 1) [ (uy)" 2V Pz > 0,

d

we deduce that

d g g
— gl Tegay < —llugllfamey + C(dym, g, [[uoll Ly gay)-
i ) S (RY)
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If we multiply both sides by e, it follows that

d g
= (sl ) < O
After applying integral on both side, we obtain that

etHugH%q(Rd) S HUOH%Q(Rd) + Cet.

After multiplying both sides by e*, it follows that

sup Huf;HLq(Rd) < C(d,m,q, HuOHLl(Rd): HuOHLq(Rd)>'
te(0,72)
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2.1.3 L™ estimates of (2.1)

Proposition 2.7. Let u; be the weak solution to (2.1). Then it holds that

[ug (¢, )| Loo(ray < C
fort € (0,Ty) where C is a positive constant which depends on d, o, m, ||ug|| 1wy and |uol| poo(ray but
is independent of 1.

Proof. In order to obtain the desired L™ regularity in time and W2 regularity in space we will use
Moser’s iteration technique. Let (gx)ren such that g, € (1,00) for all k € N and ¢, — oo as k — oo.
First of all, we multiply the first equation from (2.1) by gx(uJ)%~! and obtain

8tuqu(u;)q’f_1 = aAquk(ug)qk_l V- (u; VO * ug)qk(ug)q’“_l + V- (V(uy + n)m)qk(ug)q’“_l.

Then we integrate it with respect to x € R? and get

(g (0 2)) i = = oau(an — 1) [ (w7 (62)% 2 Vg 1, da (211)
(g — 1) /R (g (4, 2) "D g (¢, 2) - V() da
—aulae = 1) [ (gt 0) P2V (k@) 4+ )" - V(1) de

=L+ L+1;

dt Jra

We estimate (2.11) in three steps.
Step 1: Estimates of I, and I;.
Let us start with the estimates of the term I,. Taking |[[V®xug (, -)[| o (rey out and using Holder’s

inequality we deduce that

B = aulge = 1) [ (5 (t.)" V@ (1, 2) - V(b )da

< qr(ge — VIV * uy (£, ) || oo ey /Rd(uf](t, ;p))%—1|vuf](t,x)|dx

1

: :
< el = DIV® s+ a(t, Mooy ([ (g ta)ymde)” ([ )02 Vg 1,0 de
R R
Using Young’s inequality for oy > 0 we deduce that

oo~ DIV st e ([ 0 w) ([ (s, 0219 1,00l

2 2 o 2
C]k(Qk - 1) HV(I) * Uy (t7 ')HL‘X’(Rd) o q
= /R (g (1, 2)) .

<o [ (gl 2)" 2|V (t,) o +
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oqi(qr—1)

i we obtain that

Choosing o1 =

o~ DIV =5, ([ ¢ e ) ([ o, w9, )

oqr(qr — 1 - DY ar(qr — 1 - o -
- 'M)/Rd(un(t,x))% 2|Vun(t,x)]2d$+k(];)HVCD*Un(tf)H%OO(Rd) /]Rd(“n@@)q"d”

- 4

Furthermore, we notice that Z%®=1 (ug (t, )" ?|Vug (t, x)]*dz can be written as

oqr(gr — 1) o ~2 7,0 2, _ OQk(gk —1) 4 o % 12
f/ﬂw(un(t’x))qk |Vun(t,x)| dx = ?q—z y |V(un(t,m)) |“dx.

Since [; is nothing but
4 a
—0(qr —1) /Rd(uZ(t,x))q'f2|vug(t,m)|2dx = —oq.(q, — 1)q2/Rd IV (u(t, ) [Pde
k

and

oq(qr — 1) 4 4 (g — 1)
—_— - —1)—==-3
4 ql% UQk(Qk )q’% o U )

it follows that

d (@ —1)

o o Ik 9
- Rd<u"(t’x))qkdx <—-3c “ /Rd IV (up (t,2)) 2 [*dx

Qg — 1 o o
D 190 s 1) e [ st ) de
— qr(gx — 1) /]R (g (8, 2)) 72V (uf (t,2) + )™ - Vg (¢, x)de

Step 2: Estimates of [|[V® % uf(t, )| Lo (ray and fpa(ug (L, )% dx.
Choosing p > d we obtain by Morrey’s inequality (Theorem 9.12 p. 282 | ,
]), Calderon-Zygmund inequality (Theorem 9.9 p. 230 | , ]) and L

estimates from the previous subsection that

IV® 5wl (1, ) ey < CIV® 5wl (t, ) |wroey < Cllul (t, )| oy < C (2.12)

where C' appeared in this subsection denotes a positive constant which depends on d, m, p,

ol 1 (ray, [|uo]| Lray and o but independent of gx. It is important to mention that we can use
Theorem 9.9 p. 230 | , ] on R? since the constant there does not dependent
on the domain.

Moreover, for

L1
dk—1 dk
=" a3 (2.13)
Qk—1 dg,
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we obtain by interpolation that

L)) = [ 8, )
< Ut' 1-61 01 o*
=S (AR e GRS
2(Rd)
o 1-61 Ik 01@ o
ol LA e (AU i Y I

Ld Q(Rd
By Gagliardo—Nirenberg-Sobolev inequality we deduce that

0
ag -1

s DS <SR IV Gt ) F ik,

Ld-2 (Rd)

where S := @ﬁﬂ”ﬁ“(%)’% is the best constant of the Sobolev inequality (see e.g. |

, 2001]).
Therefore,

91

o T4k |),.0 - o L 91111 o
[ sty < (sd g (0, s e 190 1, ) Hm(ﬁ@)) (214
- 01) %
= S g (8, )1 7 €y (1)) % 1[5 e
So, (2.12) and (2.14) imply that
ar(qe — 1 - o
O D 100 g 1) ey [ (00,20l

q q _]‘ —U1 o 1 - 1
< B0 L) 6 (57 g0, 1 19 g0 ) % )

Using the following version of the Young’s inequality from | , | page 622.
l 171 1
ab < ciat + (aly) 7 l5 b where A + o= =1
1 2
with
= 7|20 — olae — 1) I, = 1 l, — b
@ = 195 ) F [Py e S

b= 2 =D g0z e, ) )

Lik—1 ]Rd
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we obtain that

q q _1 -1 o 1)4qk 9k 1
k(';)o(sd@ s (8, )| S 19 g () % [ )

U(q B 1) o k1
< kinv(un(t? )) 2 ||%2(Rd)

dk
_ 0 e
a<qk _ 1) 1 T Qk<Qk — 1) n 911 o
+ (%91 (1 — 91) fc Sd -0 H ( ’.)H%qu—l(Rd)-
Therefore,
de
dt/ v
—20 / |V & |?dx
o= D1 (e ) )P
+ <qk91 (1 — 91) fc Sd 1-6; Hun(t’ )l %qu—l(Rd)

—aulae— 1) [ (gt 2) "2V + )" (1, 2)) - V(8 @) e

Step 3 : Estimates of the porous medium term I3 and —20% Jra |V (ug (8, 7))% |2da.

Since

Iy = —qulae = 1) [ (6, )) "2V (ug + )" (¢, 2)) - Vi (¢, @) de
= —mqp(qp — 1) /Rd(ug(t,x))q‘“_Q(ug(t,x) + )"Vl (¢, x)[*de
< —mgq(qr — 1) /Rd(ug(t, x))m+q’“_3|Vuf}(t,:v)|2da:

dmar(qe — 1) - mtag—1
Tl g — D2 Jaa VD)

*dz,

it follows that

qkd
dt / v

< —za(* [ 192 Pa
dk Rd
91

olge—1) 1\ =% alan—1) \T7 O,
+<<k>> (1—61) (W@ Sa " g (& )N s gy

qk 01
_ Amgy(gr — 1)

o m+g’“71 2
T M CACs)

Now we handle the term —2¢ (q’“ Y [ |V (ug(t, 2)) % |2dz. Let us come back to the inequality
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(2.14), namely

[ e < 850 g 0, I 19 0, ) %

Using Young’s inequality

_ly 1 1
ab < cpah + (aly) 0 1y 12 where A + o= =1
1 L2
with
— V Ut 2 291 _U(Qk_l) l—l l— 1
@ = IV (gt ) * 2t AT T =g 2= g,
b= Sd_el”u ( )‘|quk911)(]1£d
we obtain that
o U(Qk — 1) o 9k
/Rd(un(t,x))qkd;p < THV@ﬁ(@ Sk H%?(Rd)
k
01
olgp —1) 1\ ™2 o .
+<gm91 (1= 60)8, ™" [l (t, )| % gy

Therefore,

—1

=T 190 1,) % [y < — 1))
2
o(gp—1) 1\ ™% “’11
+ (qkel (1= 0083 ™ sy (0, ) s e
Since
(g — 1) o LT (g — 1) . % o

o ‘édﬁmun@#ﬂ)2|dwfé—dm€”édﬁNunﬁgw)2|dx

and

Amgi (g — 1) - bl o
(i ge — 192 Jo |V (0 (5:2))
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we get that
— qk
o Rd(u (t,z))"dx
9k
< - [ @it 2)de
( 1) 1 _192 ( 1) T 19 01
0\dk — e qk\q Tl oI o
(HEEDL) T e ( ) ST e
dk 1
Step 4 : Conditions for (gx)ren-
11 1 d-2 2
Recall from (2.13) that 6; = %. Since 1 — §; = % _d& = w4
qk—1 dgx, k-1 dqy, qr—1 d
ensure that condition < d holds. Therefore,
—th
9k __ d—2
~ d
qk—1 5 S d
d
e d=2
k-1
2
et <oy -Z-3_Z
qr—1 d

So, we obtain that (gx)gen should satisfy

<1+01191>.

2
qr < (3 — d) Qp—1, for k> 2.

—, we need to

(2.15)

Let us choose (qx)ren as qr := 2% + 4d + 4 for k € N. Since d > 3, we obtain that 3 — % > 2. So
(3 — %) Qe—1 > 2qr_1 > qi. Therefore, (qr)ren With g := 2% + 4d + 4 for k € N satisfies (2.15).

Since

d(CIk - Qk—l)

0) =

d(qr — Qr-1) + 2qr—1

and qx(qr, — 1) < ¢2, then

d

Step 5 : Moser’s iteration.

<1,

9k

dat Jx ( (t I))qkdx < — / t x))qkdx + C’q (/Rd(uz(tﬂx»qkldx) =
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Let yi(t) := [Jug (¢, )| 7o (ga)- Since - < 2 we obtain that

s(t) = 5 [ (e a)rde

9k

< — | (u(t,x))"dz + Cqp’ (/Rd(ug(t, x))q"ldx> e

Ra

dk

= —y(t) + Cqpy (1)
< —yi(t) + Cqpmax{1, y;_,(t)}.

So, mathematical induction implies that
(e'yn(t))" = €' (yi(t) + yu(t))
< ' Cq’ max{1,supy;_(1)}
>0

< ' C(4d)*4% max{1,supyi_,(t)}.
>0
Then we integrate both sides and deduce that

t
e'yr(t) < ye(0) + C(Ad* 4% max{1,supy? (D)} [ e*ds
t>0 0

— y(0) + C(4d)4™ max{1, sup 2, ()} (" — 1).
>0
We know that by interpolation it holds that

yr(0) = [[uol| Ton (may
< (maxc{|uol| 1 ge), [[uoll ooy }) ™

I k k
<K = (K§")* =K%,
where Ko = max{l, HU()”LI(RCZ), HU()”LOO(Rd)}.
So, now we define ay, := C’(4d)2d4dk. Sincee?<land1l—et<1fort>0, wededuce that
y(t) < ey (0) + ap max {1, supy;_, (t)}e " (e' — 1)
>0
= ¢ "y(0) + armax{Lsupyi_, (}(1 - ™)
< 4x(0) + a max{1, sup Vi1 (1)}
< ap (K% +sup(y?_, (1))
>0

< 2a; max{K?" stgg(yi_l(t))}-
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Therefore, by iteration it follows that

yu(t) < 2ap max{K?, sup(yj_1 (1))}

T
L

j k k
< [Ty )" max{K* sup(y (1))}

> .
Il
= O

(20(4d)2d4d<’“—j>)zj max{K*", sup(yg ()}
t>0

ESIES
[l
- O

! (20 (4d) 2d4dk> lf[ ( ) maX{KQk,stl;%)(ygk (1)}

<.
Il

Since

2k:

f[ (20 4d 2d4dk) (20(4d)2d4dk>25_3 2 (20<4d)2d4dk> 1 2 (20(4d)2d4dk>2k_1

and

k

I
—

. k—
@—dj)” _ H1 9-24j27 _ 2o ~2djY _ o=2d3 7 2 _ 5=2d Y171 jY _ o-2d((k-2)25+2)

)

<.
I
o

by Z§:1 §27 = (k — 1)2%! + 2, we deduce that

k_
yk(t) < (2C<4d>2d4dk>2 1 (272d((1€—2)2k+2)) maX{KQk, igg(ygk (t))}

(20(4d)2d) 2k 1 (4d>k(2k_1) (4d)—(k—2)2k_2 maX{KQk, Stgg(ygk(t))}

(20(adpt)™ ™ ()" max{ K sup(u3 (1)),

t>0

So,

2k 1 2kl k2 ok 2k

g (£, )| pow ey < (2C(4d)>) - (47) % max{Ka,igg<y57<t>>}.

Since g = 2F +4d + 4 for k € N, it follows that 2t _1 <1, 2k+ _k' 2 <2 < 1 therefore

g (&, )| Lar (ray < 2C(4d)**4* max{ K, sup(yo(t))}.

t>0
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2.1.4 L™ Estimates of the Gradient of (2.1)

Proposition 2.8. Let u; be the weak solution to (2.1). Then it holds that

sup. Vs (t, )| ey < C
0<t<Ts
where C'is a positive constant which depends on d, o, m, |[uol| L1 (raynree ey and ||[Vug || L1 ayn oo may

but is independent of 1.

Proof. In this subsection we adapt the proof of Lemma 13 from | , ]. The main
difference is that we use cAu and not A(u + 1)™ to control some terms as we derive the required
estimates. Therefore, the resulted constant does not depend on 7.

Step 1 : Some basic computations.

Let uj = 1 (u). So, we obtain that

3tu;77 = w/(ﬂ)atl_«l,

oV -Vuy = oV - (¢'(4)Vu)
= oy (W) V- Vil + 0/ (1) V - Viu
= o (V'(W)|Vi]® + ¢/ (W) Ati) ,

=V (u; VO xu)) = =Vuy - VO« u) — u] A® * uy
= — (Y@ Vii- VO xuf + ufAD %7 ),

V-V(uy +n)" =V (m(uy + 77)m_1VuZ)
=m(m — 1)(uy + n)m_Q\VuZF + m(u; + n)" IV - (Y (1) Vi)
=m(m —1)(u; + n)m”\VuZ]Q + m(uy + n)" ! (zﬁ”(ﬁ)\VﬁP + w’(ﬁ)Aﬂ) .

This implies that

v (@)

|V (2.16)

ou = (U + m(ug + T])mfl) Au + (O’ + m(ug + n)mfl)
m(m — 1) (uy +n)"?|Vuy? V- (ugVe*uy)
Y'(u) Y ()

Now we take the derivative of (2.16) with respect to zj for k € {1,...,d}.

+
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Since

@)\ _ (")) — (¥ (w)? .
aw’f(@b'(a))‘( IO )8”“’
O, |VU? = 2V - VO, 1,

we obtain that

O, ((a +m(u; + n)m_l) Aﬁ) = (m(m — 1) (uy + n)m_2¢'(ﬁ)azkﬁ) Au
+ (U + m(uy + n)mfl) [PANTS

w/l(a)
' (u)

0, (om0 ) SR =l = )05 + 020 @[ V0,8

P () — (@)
(o ()2 ) On
Vit - Vo, i,

+ (0 + m(ug + n)m_l) |Vul? (

V" (w)

+2 (o + m(ug +n)"") e

O,

m(m — 1)(“; +77)’”_2|VUZ|2 o o m=3/ 11 (s 2 [V 129 o
( e ) = mlon = 1) = 205 4 @

+2m(m — 1) (uy +n)™" Vit - Vo, ul

Tk n

—m(m — 1)(uy +n)" " ()| V"0, 1

Since the term (m — 1)(ug + 7)™ *¢" ()| Vut|*0,, 1t cancels out, we deduce that

On, 04t = (m(m — 1)(ug + 7)™/ ()0, 1) All + (a +m(ug +n)"") O, Al (2.17)
+ (a +m(u + )" ! |Vu|2 (Wﬁ Wl( )* ) Oy, U
+2 (a +m(uy +n)"" 1) ((u))

+m(m —1)(m = 2)(uy +n)" (@' (W))*|Vu* o, u
+ 2m(m — 1)(u] +n)" >V - VO, uf

:Ekn

1
- (Va ul V@*ui%—VU -Vo, (I)*u +0 u”ACD*u —i—u"E) ACID*U)

g YOt i
w”<ﬁ> T g g e o
+ (w,(ﬁ))28zku (Vun VO xuy + uy A * un) .

Now we multiply (2.17) by 9,1 and denote |9, 1t|> by i, then we obtain that
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1 - _
5Ol = (m(m — 1) (ug +n)™ ¢ (W) At L + (0 +m(ug +n)" ") O, Atid,, 1 (2.18)

+ (0 +m(uy + n)ﬁhl) (W”(ﬁ)lp(/z(;zﬁ—))giﬁ”(ﬁ)) ) V|24,

+2 (0 + m(ug +n)"" 1) ZZNE ;Vu VO, u0;, u

+m(m —1)(m — 2)(uy +n)" (' ())*| Vi Ll
+ 2m(m — 1) (uf +0)"?Vu - Vo,ug Oy

a g g ag g
_ ¢’(u) (V&Ckun VO xuy + Vug - VO, ® * up + O ug AP x up + up 0, AP * u )

1//’() o o AT
+(¢’(u)) (Vu V@*un+unA<I>*un)ilk.

One can see that

ALl = A(9,,11)2 = 2V - (0, iV, 1) = 20, Alid,, 1t + 2|0, V|,

Oy AliOy, 1t = = ALl — |y, Vit|?,

— o =

1 -
Oy, VU, 1t = =V (0,,1)° = 5 Vil

[\)

and therefore
= 0y, (V' (W)Vu) O, u

= (" ()0, uVu 4+ ' (1) VO,, 1) O,
=" (u )Vuil;ﬁ— d’( )Vﬂk-

Dy, VT Do

Moreover,
VO, ul - VO *u? 1
— — L0, U = = "WV, u+ " ()0, uVi) - VO x uld,, u
¢/(u> 77Z}/(u) (w( ) w ( ) ) n

0V Vb ul f}(( ))|axk Vi VO« u

_ J RS o w”<> o
——2V£lk Vo xu w()ilkVu V& s uy.
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So, we obtain that

;atﬂk = (m(m — 1)(ug +n)™ 29 (W0)) A W + (o +m(uf +n)" ") @Aﬂk - |8szu|2) (2.19)
P (WY () = @"(W)*\ o o
) IV

+ (o + m(ug +n)") (

+2m(m — 1) (ug 4 7)™ 2" (@) [Vul sl
+m(m —1)(m — 2)(uy +1)" > (' (W) V[,
+ (o +m(ug + )" 1)‘5)((@) Vil - Vil

+m(m — 1) (ug + )" (W) Vi - Vil
U7 0y AP 5 uZ Oy, 11

' ()

1 _
— §V5J,k VO xuy — Vu- VO, @ xuydy, u —

@,
" ((w’(u»?u”

We denote Y°¢_, i, = |[Vai|?> by ©. Since Y°¢_, 42 < D2, we obtain that

1) AD x uf]ﬂk

;at@ < (m(m —1)(ug + n)’n—?w'(a)) AuD + (o +m(u +n)"") (;AQ - ; yarkvm?) (2.20)
(W) () — (" (W)% Y e
+(a+m(u +n)" )( CIOE )@
= 2)(ug +n)" (W (@)D + 2m(m — 1)(uy +n)" " (1)D?
,é/}” u
W' ()

+m(m —1)(m

m=2 (W) Vi - VD

+(a+mu +nm1> Vu- VD +m(m — 1)(uy +n)

1 d U D, AP * 170,
— VD VO ul — 3 Vit VO, # uld,, i Z O D0 ¥ 4 O
2 k=1 (u)
¢//( )
" 1) AD % ueD.
* ((W(ﬂ»?”ﬁ D
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Step 2 : Decomposition of R?
Let t € [0, T3] be fixed. Define @ > 0 such that

min Vo 3 g 3
. — m=3 16 el o - m=2 (>
w = 16e m(m—l)(m—?)(?Hu%HLOO(O’TZ;LOC(]Rd))) 7] em(m )( ||u7]||L (0,To;L (Rd)))

o
16em(m—1)°’

for m > 3,

for m = 2.

(2.21)

Now we define
Qu(t) = {z e R | (k— 1)® < u(t,x) < kd} for k € N. (2.22)

Since | || oo (0,520 (rey) < 00 there exists ky € N such that
- - ko
Qk<t) N Qj(t) = (Z) VJ7 ke {1, Cey ko} and Rd = U Qk<t)
k=1

For any fixed t € [0, T3], we define operator 1 (1t) as

k+1

uy (t, ) = Y (u(t, z)) = (k — 3)& + 4ew /Ou(t’z) e dsinx € U Ql(t)

i=k—1

Moreover, let ¢x(z) be a smooth function in C?(RY) such that 0 < ¢x(z) < 1 and

1, for & € Qu(t),
Pr(x) = B+l O
0, for x € R%\ Ujik—l Q;(t).

Then there exists a constant C, (dist(flk, 8Qk_1), dist(Qk, 0§2k+1)> such that

Vo (z)] < Co(dn)1,  |Adi(@)] < Cyy

For details about the existence of this cut-off function we refer to | , ] and [

, 2013] .

Step 3 : Lemma for the coefficient before D2

Now we are going to prove that the coefficient of ©? in (2.20) is negative.
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Lemma 2.9. For x € UL Qi(t) it holds that

- 1 /// ¢ 9
(o e + 0 )< (LR <>>>©

+m(m = 1)(m = 2)(ug +n)" > (5(W))*D* + 2m(m — 1) (uy + )" ¢y (w)D*
1
8

< —200% = 2m(u] + )" 'D? + ~0D?

< 0.

Proof. Let x € UM | Qi(t) and recall that Qi (t) :== {z € R? | (k — 1)@ < ug(t,r) < kw} for k € N,
We know that for any fixed ¢ € [0, 5], it holds that

k+1

uy (t, ) = P (u(t, z)) = (k — 3)& + dew /Ou(t’m) e ¥ dsinz e U Q@)

i=k—1

First, we prove that 1)y is injective. Take without loss of generality u; (¢, z) and uy(¢, ) such that
uy(t, z) < uy(t,z) and ¢ (uy(t, z)) = Pr(usz(t, ). So it implies that

5 5 ﬁl(t,a:) 2 B 5 ﬁg(t,r) 2 . k+1 -
(k—3)w+4ew/ esds:(k—S)w+4ew/ e*dsinze |J Q)
0 0

i=k—1

Hence, it should hold that f“l ttf)) ~5*ds = 0. So, e~ > 0 implies that (¢, z) = 1 (¢, z).

Moreover, since

0 up(t,x) — (k= 3)@ <1§\/2E
e

dew -

we obtain that v is surjective. This implies that 1 is a bijection.
Since e** > 0 for all s between 0 and u(t, z) we obtain that 1 is non-decreasing in u. Therefore,
if up(t,z) = Yp(u(t,z)) = (k — 2)w, then u(t,z) is the minimum in this case. Moreover, since

“1((—a Cave
(k=20 = (k—3)@ +de [ 99 =24 it follows that [+ (F9%) gt s = G=20-0-32 _ 1
All together it yields

min b H(k=2)@) 1 rr rr
/(k_mgu"g(k“” e~ ds =/ k e ds = — = /4 1ds > /4 e~ ds
0 0 4e 0 0

Let us now analyze the upper bound. Since s* < 1, so é < e% Moreover, since (k + 1)@ =

(k—2)w + 4ew fow’; (k12 a2 ds, it follows that fd)’“ (kD) e ds = brhe—(k-2)o _ = . Therefore,

dew

we deduce that

—1 ~ 3 3
/(k_mg‘%qu“)’“u e ds < /% (0 e ds = 3 _ /4e 1ds < /4 e ds < /1 e % ds
0 0 4e 0 0 0
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Therefore, we obtain that

1 k+1
= <ultz) =¢ ' (w)) <linze [J U
4e K i=k—1

This implies that

0 < (1) = dedve™ < ded,
11 2

"= ~= 2 ~ -
u) = —8ewue < —8ew— - -—=——w<0
k(1) - de e e ’

(1) = 8ewe ™ (2u? — 1).
Therefore,

Z’(ﬁ)wk(_) — ( ],g/(ﬁ))Q _ 86@€_ﬁ2 (2ﬁ2 — 1)46&)@‘ﬁ2 — (—86@ﬁe‘ﬁ2)2
(. ()2 (dewe—v*)2

= —2.
Since

m(m — 1)(m — 2)(uf +n)" P (L @))° < 1660 m(m — 1)(m - 2)(uy + )"

< 16e*@*m(m —1)(m — 2) (2lJug || oo (0,710 (may) )™

we need to ensure that 16e*@*m(m — 1)(m — 2)(2]|ug || oo (0,131 (e)))™ > < §0, s0 We obtain that @

should satisfy the inequality

(‘D S \/E m—3 °
8V2ey/m(m — 1) (m — 2)2lug | 10 1z ) T

Finally, we obtain that

(o + m(ug +m)"") ( b &f:zu_))g ‘ (u))2> D’

+m(m — 1)(m — 2)(uy +n0)" " (U (W) *D* + 2m(m — 1) (uy) +n)" ) (1) D
< =2 (o +m(uf +n)"") D 4+ m(m — 1) (m — 2)(ug + )" (4(1))*D

< —2090% — 2m (u; + "D+ ;0©2

i=k—1

Step 4 : Bochner type inequality for Vj := [Vu(t, z)|?¢

In order to simplify the notation in this step we use ¢ and v instead of ¢, and ), respectively.
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Multiplying (2.20) by ¢ and using Lemma 2.9 together with

U (1) < dew, Y1) < " (1) = 8ewe ™ (2u% — 1),
(W) — (W) P e
(W' (1))2 = —2, 2< ) 2u < e’

we obtain that

1 d 1 d
50V < (m(m — 1) (ug + n)™*dew) > 9hiti| Vi + (o + m(ug +n)™ ") <2A©¢ -y |aka|2¢>
k=1

o (2.23)

v (w)

—2(o+mug+n)"") D%+ 0 Vii-VD ¢ + oD%

v'(w)
1/}// o i . i
+m <(u +?7)¢((11)) + (m —1)a (u)) (uf + )" 2V - VO ¢
- *V@ VE*up — Z Vi V0, @ 0,5 — Y 0B D 0
k=1 Y'(u)

*‘Qgﬁ$“ﬁ_l>A®*%©¢

Now we multiply (2.23) by V; =" and integrate it over Q.= Ufi,i_l Q,(t). Since

m /Q (u? + )" ADG(V,) = m /Q (u? + )" AV(V)
—om /Q (u + )" VD - V(Vy) d
—m / (uf + )" DAG(V,) da
— —m(m— 1)/(u )"V YV (V) da
—m(r = 1) [ (g +0)" IV Vo[E(V) 2 da
_om /Q w7+ )" IVD - Ve(V,) da

—m /Q (ug + )" DAG(V,) d,

U/QA@gb(Vqﬁ)r_ldx — —ofr— 1)/Q|VV¢|2(V¢)T_2dx - QU/QVQ (V) Ldx — U/QZ)AQS(V(b)T_ldx
and

VV, = VD¢ + VéD
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we deduce that
1 d r m—1 r—2
g Vellir@y < —m(r = 1) | (ug +m)" 7 [VV; (Vo) 2 da (2.24)
dt ( )
—o(r—1) /Q |VV¢|2(V¢)T_2dx
d ) d ) )
- 2m/ﬁ(ug ) ];1 10y, V|6V d — 20/9; 10y, V26V da
1
4 m—1 T T T
—4m/@(u,,7—|—n) @V¢d$—40/ﬁ©v¢dx+zd/ﬁ©v¢dx
—m(m—1) /Q (U7 + )" 2Vug - VV(Vy) " da
_om /Q (g +n)""'VD - Vo (V,) " 'de —m /Q (g + )" DAG(V,) da

~ % /Q VO - Vo(V,) e — o /Q DAG(V,) " Ldz

d
+ (8ewm(m — 1)) /Q(ug + )" 0] Vyd
i=1

+ Qm/Q ((u; + n)wu(j)) (m — 1)w’(ﬁ)> (upy + n)" V- VV (V) lde
D)
—Zm/ (u +n)¢(u)
+20 /Q ‘i ) Y VValVe) e — 20 /Q

(m — 1)1&’(&)) (upy + n)"2Vu - VoD (Vy) tdx

7ﬂ”(ﬁ) 5. r—1 T
o VoD (V)

_ /Q YV, - VO s ul (V) da + /Q DV Vb xuf (V) da

d
_ 22 / Vit VI, ® * ufd,, up(Vy) " dw

+2 /<¢ e )A(I)*u(w))d

w20y, A® x uZ0,, u
_9 n- Tk - n - Tk Vv T_leE
Sl )
Since
_Qm/ ul 4 )" IVD - Vo (V,)ldx = 2m(m —1)/(u + )" 2DVAS - V(V,) da
+2m / u + )" DAG(V,)
+om(r — 1)/(u ) ID (V) 2V - VVda,
and

wy /Q VO - Vo(V,) ldr = 20 /Q DAG(V,) "z + 20(r — 1) /Q D(V,) "2V - VVda,
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we deduce that

1d
gpVellzr@) < —m(r =1) | (ug +n)"" YV (V) 2d
dt @) =
—o(r—1) /Q |VV¢|2(V¢)T_2dx
d d
_om / (g + )™ S |0y, Vil eV da — 20 / S |0, V2V da
Q k=1 Q=1
ag m— T T 1 T
—4m/~(u17 +7) 1©V¢dx—4a/ﬂ@v¢dx+ia/§29‘/¢dx
+m(m 1)/(u + )" 2V - VV(Vy) Hda
+om(r — 1)/0( ) TID(V,) Ve - VVda
20 (r — 1) /Q D(V,) "2V - VVyda
+m /Q (g + )" DAG(V,) da

‘o /Q DAG(V,) " \dx

d
+ (8e@m(m — 1)) [ (ug +n)"2 > 10at Vyds

w//
—I—2m/ﬁ(uf]+77)m !

||Vu| TV [Vl

+za/ﬂ|i((3))‘ Vi) \VV¢HV¢\T_1dx
+2m/Q(u;+77)m ! 70
20 [ |8 vl (Do)

G >| V| [V[D(V,) " da

_ /Q YV, -V (V) " da + /Q DV Vb xul (V) " \da
d
=23 [ Vi V0, i0(Vo) e
k=179
+ 2/~ ( w/ (_L;))2u;'7 - 1) A * up (Vy) dx
-9 Z/

"&CkA(I)*u"@xku
1
=: —[1—I{—12—I;—13—I§,+1—6[§+Ul+Hz+Hg+U4+H5+IU

O(Vo)''da

+ IV + IV + IVo + IVy + J + JF + o+ J3 + Jy. (2.25)

Now we are going to estimate 15 terms.

By Young’s inequality we obtain that
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11, = m(m — 1) /Q(ug + n)m—2Vug . VV¢(V¢)T—1dx

— m(m —1) /Q (uZ + )™ 2/ (8) Vit - YV (V) da

o(r—1 r—2 m(m — r
< (”2)%) 2 |vv¢|) (ng+n>m—2¢'<u>|w||v¢|z) i

a(r—1) -2 2
< N 7 T
< S /ﬁyv¢| YV, [2de
2m2(m — 1)?
o(r—1)

g

(7’ 1)/ -2 2
< —= Vo l" IV Vy|°d
= 3 - | ¢| | ¢| T

2m2(m — 1)?

o(r—1)

o 2(m—2) _ _ -
(@l lleomineeeny) @ @IVl d

o 2(m—2) o _on N
(@l lleomieme) [ 166202 DIVl da.

Since e~2¥ < 1, at this step we need to ensure that

327”2(7” - 1)262@2(2Hug||L°°(0,T2;L00(Rd)))2(m_2)

o(r—1)

4020

< o
- 2

ool —

which is equivalent to

- < (U o(r—1) )
o< |=-
2 32m%(m — 1)2e2(2[|ug|| Lo (0,15 100 (Raty) ) 2™

ovr—1

8m(m — 1)e(2[|ugl| 2o o,ryiz00 ray)) ™2

[N

So, the above condition is satisfied if

~ g
w <

8m(m — 1)e(2||ug || Loo(o,1; 000 (ay)) ™2

Therefore,

1, 1
I < oI+ 2 1. (2.26)
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Il =2m(r —1) /Q (uf + )" D (Vy) 2V - VVda

m(r —1 mt e m_ =
<[ (<2>(ug+n)2(v¢)z|vv¢|> (4\/m(UZ+n)2©(V¢) 2 |V¢I> dz

I+ 8m(r — 1) /Q (ug + )" DA(V,) 2 Ve[ da

m—1

L+ [ (Vg +m) T D1 (V)%) (8vim(r — 1)(ug +0) "7 DH(1,)i 2| Vo]?) do

11
< Z - o m—1 r o 2 o m—1583 r—4 4 )
<sh+ Qm/ﬁ(un )™ D (V) da + 32m(r — 1) /Q(u,7 + ) ID3 (V) A Vgl

Since [V¢|* < C4¢°, we obtain by Hélder’s inequality that
1 1 o m—1|0)| % r—
I, < gh + §I3 + 32m(r — 1)°C(2]|u || oo (015100 (may) )™ ||V¢>||LT(IQ), (2.27)
For 115 we obtain similarly that

Iy = 20(r — 1) /Q D(V,) "2V - VVdz

glr — 1 — r—2
<[ (“2)%) : \VV¢I> (4y/otr = DD V4l ) da

1 -~
< Sli+80(r - 1)/@@2%) 21V p[2da

< Sl [ (VoRR()E) (8valr — 1@ (V)52 |VeP) o

1
<< +% /Q D(V,) dz + 320(r — 1)? /Q D3 (V) 4|Vl da.
So, by Holder’s inequality it follows that

1 1 ~p L
Ils < I+ Sl + 320 (r — 1)*CRIQ7 ||V

(2.28)

r—1
L ()
Next, we come to [1;. First, we see that
II,=m /Q (g + )" DAG(V,) da
— —m(m—1) /Q (ug + )™/ (@) Vit - DVG(V,)da
—m /Q (g + )" VD - Vo (V,) e

—m(r—1) /Q (g + )" DV - (V) "2V Vda.

Let us now estimate these three terms of I1,. Since ¢/ (1) < dewe™, |Vii| < D2 and |[V¢| < C¢¢%
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we obtain that

—mlm = 1) [ (uf +0)" (@) Vi DV(V,)  da

< m(

<

S

| N

IN

IN

m—1) / dew(uy + n)m_2@%C’¢¢%(V¢)T_ldx

/ ( V¢ 5) <8edjm(m - 1)\/13(ug + n)m_2©C¢¢i(V¢);_l> dx

— 40/ D(Vy) dx + 32e*0*m*(m — 1)2i_(QHUZHLOO(O,TQ;LOO(Rd)))Q(m2)Cq25/~ ©2¢%(V¢)r72d33
71/ / ( (V) ;> (6462@27”2(“1 —1)? glg (2|t | e (0,750 ety 2™~ 02©2¢3(V¢)2) da
116], + 64%e*'@'m* (m — 1)401(2||”‘~‘U||L°o 0T2~L°°(Rd))>4(m_2)c4/(V¢>T_1dm

116[/ + 64%*m*(m — 1)* Ul(QHU || oo 0,13 10 (rety) ) P C | Vil Q)\Q\

Since VO = V|Vu|? = 2(Vu)(D*11) we obtain that

—m /Q (g + )" VD - Vo (V,) e
<m [ (uy +n)" " [VDICu0H (V)

< 2mC,y [ (i 4+ )" (V| | D2Vl da

</< (ug +1)" | D% >(2¢§\/ﬁc¢(u;+n)m‘

T‘;l) d:L-

< § m/ (uy +n)™" lkf:l|V8$ku|gz§|V¢|T 1dx—|—4m0¢/(u + )™ 1@¢2|V " tdx
g;m/ m(ug + ) T DH(V,)F) (/O3 (g + )T DIH|V, 57 da

< éb + 8]3 + 8mCy (2]|ug || oo 0151 (Re))) _1/ Vsl d

< ;IQ+513]3+8m0§(2”u;HL°°(O,T2;L°°(Rd)) _1HV¢>H ’ alr,
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For the third term we deduce that

—m(r 1) /Q (g + )" DV - (V) 2V Vda

mi\r — 1 m—1 r—2 m—1 3 r—2
(<2)(Uf§ +m) 2 (V¢)2|VV¢|) (2\/7”(7’ = 1)Cy(uy +n) = Dp1(Vy) 2 ) dx

IN
@z\

1
< m(r = 1) [ (g +0)" Vel 2 WV, fda
+2m(r —1) C¢[(ug +n)m_1@2¢5(v¢)“2dm
1 et
§§11+/ )T DE(V)E) (2vm(r — DO (ug + 1) T DE6F (V)52 da
1 m—
<gh+ 813 + 2m(r — 1) CH 211 | o 0z @)™ IVl iy |-
Therefore,
1. 1. 1 1
IL <L+ =L+ -1 I 2.2
4 < 81+82+43+16 (2.29)
1 o m— r— AL
+64264m4(m - 1)4;(2”%’|L°°(0,T2;Loo(Rd)))4( 2)C$ LTSQ)|Q|T
+ 8mC (2| || o f0,ry510 ) )™ I VIl iy 12U
+2m(r — 132l ug | oo 013500 i)™ VoIl ) 12
Similarly,
r—1 1 / 1 / 1 / 1
115 = a/Q@A¢(V¢) do < oI+ ol + el + (320C% +320(r — 1°C4) [Vl 0y |27 (2:30)

Now consider 111].

i1

d
I11 = (Sem(m — 1)) /Q (u? + )23 |sti| Vida
=1
</ d r—1 1 8\/5 - ( 1)( 0.+ )m_QQL(V)E d
2 —= ewom(m — 1)(u 2 7 | dr

= Jg \/— \/E n T f

< 12 d a“_ 2 V T‘*ld %~2 2,2 -1 2 ) o 2(m—2) v Td

< 3% QZ| 0| Vol e + —&%ePm? (m — 1)2(2]|uf || 0,13, () [ D(V,)dr.

=1

In order to ensure that

64 _ o
o w2€2m ( — 1)2<2||Ug |L°°(O,T2;L°°(Rd)))2(m 2) S 5,
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@ should satisfy

o? >
W<
<2 -64e>m?(m — 1)%(2|ug || oo (0,750 (ray) ) 2™
g

<
8v/2em(m — 1) (2|ug || oo (0,75 2.00 (mety) )™

1
2

So, we obtain that
L, 1,

Now we focus on I'V;.

[‘/1 — Qm/ﬂ(u;_i_n)mfl i’/’((_)) rfldm

< dm [ (ug+0)" |V [VV| Vol de

T—l 8 m . m—1 _ T
</( (g + )T |Vl 7 rvw) (ngm = v rw)dw

m(r — 1) o m—1 r—2 2 32m o m—1 r

Choosing r > 65 we obtain that 32 T < % -4m. Therefore,
m < 11 .y (2.32)
1= gh+ols .
Similarly,
IV = 20 /‘||Vu| V||V da

< 40/Q|Vu| IV, |V~ Lz

g/ﬂ(“(g—” 7 )(j@lmmﬁ)dx

< e = [ oW

Therefore,

1, 1
IV < oI+ 0, (2.33)
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¥ (W)
Y’ (W)

Since

<2, |Vi| <Dz and |V¢| < Cyoi, we deduce that

¢//
szI%ﬂ[(UZ—i—ﬂ)’” !

vl VoV ds
<4mC¢/(u +p)me 1@ D61 |V, da
< / (Y + )P DUV ) (SviCatu + )T Do) o

< 33 s +32mCE [ (g 4+ )" D V| e

| /\

3+/< (uy +n)"T D2 2|Vyl2 )(64\/_C¢(u +) T Dige |V¢|’_2)

IA

E13+642m6’¢ / (ug + )" D3V,

So,
1
IV < 1y + 64°mC (2)|uf | oo 0,150 may) ™ 1Vl Q)|Q| (2.34)

Similarly,

1

1 1
(V| [Vo|D(Vy) tda < 17),1’ —|—64200¢HV¢|| | 7. (2.35)

//
v 2/‘¢”
u

Recall that there exists a constant C' > 0 such that for ¢ > d we obtain that

[V ® s up || oo (01510 () < ClIVP * up || Lo 0/ mmsmra(ray) < Cllug || oo 015 L0may) < C.
So we obtain that

- / YV, - Vb (V) " da

2 s
_/ ( v ) (o(r—l)w@*u"' v, )d

1 2\|V<I>*u"\|ioo0T2,Loo R ;
I+ U"(T_<1’) L ))[yv¢\ dz.

IN

Hence,

pelp IV s ] |10 0,1, 200 )
1 =gl 320

IVoll7r @) (2.36)
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By the same argument it follows that
J? = /Q@ng VD ul (V) da
T 1 1 3 T
< D:|Vy|3) | —=D32C,01 VD xuf| [Vyl2 1] d
_/Q(\/E |¢!)<\/5 o0 [V x gl |Vl )w
1 L 3 o2 r—2
<3 g+%c¢/@©¢z\v¢*un\ V|7 —2da

1 L o2 r—1
< gI?H” %OQSHVCD*unHLOO(O,TQ;LOO(]Rd))/Q|V¢>| dz.

So,

~ L
-

1 1 - r—
Tt < gl + o OV 5 6l 0,152 o Vo |2
Next, we analyze Js.
d
B= =2 [ Vit V0,® % g, uo(V) " do
k=19
d
=2 Z/ VO, 1+ VP s u 0y, (V) da
k=17
d
= o o r—1
+ 2]; /Q V- VO« uj 0y, 0, up(Vy) da
d
_ o = r—1
+ 2}; /Q Vi - VO x up 0y, u0y, 6(Vy)" ™ d
d
2 =13 / Vit - VO % ug 8y, g (Vy) 20y, Vdr.
k=17
Now we are going to estimate these four terms

d
2% /Q VO, 1 VP 5 uf 0y, (V) dx
k=1

d

el

=1

NG

1 d ol r— 4 (o T—

< 8~2<7/ka::1]V81ku]2¢\V¢| 1dx+;/fl\vq>*un|2®¢yv¢\ L
1 AV 5 ud |17 oo (0. 1y: 100 (R ;

§§I§+ . . et ))HV¢HLT(S~2)’

\/E _ 1 r—1 2\/5 o _ 1 r—1
< -— 2 2 2 2
<> <\/§|Vﬁmku|gb V) VP ug| |Valg |V T ) do

(2.37)
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d
Z / Vit VO 5 070y, 0, (V)

d \/E 1 r—1 2\/_ r—1
< / V@mﬁ¢2v2>< Vs uf 2>d:v
> [ (Gvoasi= ) (22
1 d
<520 2 VoLV et ~ [ 1V ug PRIV, da
1 4||V(I) *UUHLOO ;L0 (R9))
<gh+ R Vollr @)

d
23" /Q Vit VO 5 470y, 110y, (V)
k=

< 2@/ ©|vq>*ug|¢%|v "d

</( 2v2

><O¢© ‘VCI)*UU|¢ |V¢| )
< - 40—/ DV, |"de + J¢/§2©\vq>*ug|2¢3lv¢l“2dx

75

1 , ACSIVO 5 || e (0.1 )

~ 1 .
163 . ‘Q‘T”V¢HLT(Q)7

<

d
2 — 1) Z / Vit VO s ul 0y, u(Vy) 20y, Ve

</ ( Dy, ) (M O vap v « ) V] 7 )

6(r — 1 i
< TGU (r—1) / Vil 2|VV¢|2dx+Ta>/ﬂ¢2|Vu]4|V®*ug|2|V¢|’“2dx
1 167| VO * u?||7 o
g—[{ H HL (0,T2;L>° (R4)) /’V‘rdl’
16 o

Therefore, we obtain that

1 1 1
— I+ —1 2.
= — 16 Jr4 16°° (2.38)
o el Lr(Q)
405V ug || 700 o
o LT = iy gy
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We handle the last two terms of J3 and Jy (2.25) together. First, we rewrite J; and obtain that

d ul0,, AD *xu?0, u
_ Z nYx n Yz r—1

_ 22 / » (Ja””k%(vd,) )ACD »uld.

Since
WG N (@)% 0 — ut (@
0 I Ay e B A K AT
W) V(@) i T gy e ¢
and
4 (0))%00 6 — g (@)D, 8 ()AL —u @IV (@) ) )
Z( (@) )a’”f”‘ (@) ‘(1 wme) Ve

we obtain that

—9 / ( - W g) (V) AD # uf

1 (_;lc;S(V(b)’”_lA(I) *uyd

UV Vu
42 / VGV T AD + ufda + 2(r — 1) [ Z)’Y/(u;‘ (V) 2V V,AD # ufda
= _9 o _ 1 TA(I) ad 1 2 3

[<WN®V% )@w *updr + Jy + Jy + J)

where

1. quﬁ r—1 o
J ._2/Q 12 6(V,) T AD % ulda,

! v'(u)
u?Vu Tﬁ "
Ji =2 A J’(ﬁ) Vo(Vy) AP s ufde,
uZVu 7,_ -
Jii=2(r—1) A J,(ﬁ) - O(Vi) PV VAP % uf da.

From the definition of J3 we deduce that

J3+J4_2/<Zf” )))2 >A¢*U(V¢)d

B ¢()u0—_ r w uCda 1 2 3
2/ﬁ<(@b’( e 1>(v¢) AD s uld + J}+ J2 + J;

=Ji+J; + J.
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Let us now estimate these three terms.

"A
2/ u ) TAD % u”dx

-/ (“f;muwvw

20 [ 1ARPGIV [ da + ©

uO'
) <\/2a€we i
2(u -1)

dow
ot - 1 T— g
20 [ |Aaf6|v;| T / ()01 Vl | AD % g Pda

¢2|V¢| 2 |A<I>>x<u”|> dx

IN

/Q(ug)%m,y’“—lm@ il 2da

IN

r—1

o (f1sw i) ()

1 o o i
+ ool AC x uf o2 [ g Vol

IN

+

o

I

N~

0| — 0ol oo\»—too\r—t

LT(Q

) 1A<I>>x<u dx

"Vu -
- 2/ e VOV T A g (V) pde

T VU 9 o .
S/Q|V¢| dx+/9m|v¢‘ [Vs|" " |A® x uy |*dx

" (UU)2@ r—2 o
S/Q|V¢| dr + Qm%é V| 2 |AD 5 uf|*da

2

4 L X 6 5
2 1 r—1

C 1, r T r T
< [Worde+ (/( Z)2T|A<I>*ug|2”¢42 dx) (/va¢| dx)

02

)2 H Vol A s g P

LT(Q)?
uZVu B -
JP=2(r—1) i J/(a) - O(Vy) PVVAD % uf da
o(r—1) VR Y 2(r — Lug |Vl VS IAD « 0l | d
= (s W TIN5 e o) T AR g |
1 r— r—1 o = r— o
< ool =) [ Vel 29Vl + —r [ )V Vol 2 AR + ug P da
1 r— —1 o r— o
— colr=1) / A 2|VV¢]2dx+m/Q(un)2¢\V¢] AP % u7 [2da
1 —1 ) ) z =
< I+l oz </Q(u") "AD £ | Tgb’"dx) (/ \V¢|T’da:)
1 g g
161/ "’ Hu A u ¢ HL2r(Q)HV¢”
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Therefore, we obtain that

1 1
J3+Jy < =1 + =1, +TC||u"A(I>*u"¢4||L2, ||V¢||

2.39
1671 82 (2:39)

LT(Q)

where C' is a positive number depending on o, Cy, m, [|u7 || 1o (o 1,:1.00(cr))- Moreover, it holds by inter-

polation that

g g ag 1
g A® # g  | par sy < IAP * gl iy |05 97 | ar )

o o 1
< gl par @yl | e @ |07 [ oo 3y

< Cllug |l
< Cllugllzromsimr @y 1l Lo 01510 (ra))-
Finally, combining (2.26) - (2.39) and

o(r o(r

—1) r—2 2 —1) 4 T2
SIS [l Vade = =T [V (Va)$ P,

we get that

”W'” =7 /'V (Vo)2 (t, 2) Pz + * M| Vgl g + M

where M is a positive number which depends only on d, o, Cs, m, [[uf || 110,111 c2)) s 195 ] 10 (0,7 200 () €]
This implies that

dt/ Vy|rde < — / IV (V)3 (t, )] dx+r3/\/l/ Vy|rde + 3 M (2.40)

It remains to prove that ||Vy|| Leo(0,7510(€)) 18 bounded. We are going to apply the same technique
as we used proving that the L> norm in ¢ and x of u; is bounded.
Let q; := 2¥ +4d 4+ 4 for k € N and k& > 6. We obtain that

dt/ |V, der < — / V) ¥ ()P + GiM [ V| da + giM
1 1
Recall that #, = %. Using the following inequality
Qk—1 dgy,

Iy
ab < Cra + (C1ly) 015 10",
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where
11 olgy—1) 1
— 4 —=1 Ci=——= lh =—
ll + l2 y 1 2(]k ) 1 917
) L (1-64)
a= V) EIRhe, b= Sih MV

we notice that

M /Q V|t da < s;el 3M||v¢r|§qfa IV (Vo) #1122

/|V 2|dx

(qk' - ]‘) ]‘ ﬁ 61 1— 91
+(2qk~91 (=0 (S260M) ™ Vol

This implies that

d
dt/ﬁ|v¢‘qkdx§_(/|v V¢, 2|dx—|—q/\/l

2

J(Qk — 1) 1) =% 01 - 91
+ (2% ' 91> (1—06) (Sd M) Vol For ()

Moreover,

Vel < S70 Vol a2 IV (V) #1122,

o(gr — 1) o olge —1) 1\ ™7 =%
< 70D [ vt - o) (75D L) T ST,
This implies that

d
- Uy < _ k 3
= [ Waprdr < = [ Vol da + gim

[4

olge—1) 1\ ™% =%
b= (TBZDL )T ST (1 @A) Il

<~ [ Valtdo + @M+ Oal T IVt

where C' appeared in this step denotes a positive constant independent of ¢;.
Recall that =5~ < d.
Let yi(t) == ||V, (t, )Hqu . Since %= < 2 we obtain that
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d
! [ dk
shlt) = = [ Vot )l da

_ak
< —y(t) + O (yp_1(t)) %1 + Cg?
< —yi(t) + Cqp max{1,y;_, (t)}.

This implies that

(e'yi(t)) < €' Cgp max{1, sup Y1 (1)}

< €e'C(4d)*16™ max{1,supy; ,(1)}.
>0
So,

¢
e'yr(t) < yr(0) + C(4d)**16™ max{1, sup yz_l(t)}/ e*ds
>0 0

= 4(0) + C(4d)*16™ max {1, supy;_, (t)}(e" — 1),
>0

We know that

vi(0) = [[1D(0)l| 75, @

%2’6 2k
< K§ = (K" = K”,

where Ko := max{1, [|D(0)¢| 11 q), [D(0)¢| o q)}-
Now we define aj, := C'(4d)3¢16%. Since e < 1and 1 — et <1 for t > 0 we deduce that
yr(t) < e”'yr(0) + ap max{1,sup yi_,(t)}e""(e' — 1)
>0

= ¢ 'y (0) + aj max{1, Stg%) i ()1 —e™)

< 4(0) + a max{1, sup Vi1 (1)}

< ap(K? +sup(y}_,(t))

>0

< 2a; max{K?", stgg(yi_l(t))}-

Therefore, we obtain that
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yu(t) < 2ap max{K?, sup(yjc_1 (1))}

k

j k
< [1(2ax—)* max{K* ,Stgg(ygk(t))}

|
—

>~ .
Il
= O

(20(4a)*16°%) " max{ K", sup(y? (t))}
t>0

> .
[
- O

(2C(4d) 3d16dk> r:[ (16~ df) ¥ max{K? , sup(y? ())}.

>0

<.
Il
o

Since

2 3d 7 dk iy i) =0 2’
H(z() (4d)*'16 ) = (2C(4d)*16%) =

1—2k

= (2C(4d)*16%) 77

— (20 (4dy16™)"
and

Y

k—1 ) ) )
H (16 dg) H A= 2dj29 422“;5 —2dj27 _ 4—2d2§;3j27 _ 4—2d25;11j27 _ (16d)2k+1_k2k_2

by Z§=1 §29 = (k — 1)281 4+ 2, we deduce that

k_ 1
yi(t) < (20(4d)*16™)° 7 (1672 2 max{ K sup(3" (1)) )

t>0

2k—1 D
= (20(4d)3d) (16d) max{K?", st1>1103(y(2)lc ()}

So,

ok _ ok+1l_p o 2k

Vot Moy < (20(4d)*) * (16d) " maX{K% Sup(yo ()}

Since g = 2F +4d + 4 for k € N and k > 6, it followsthat% <1, % <9, % <1

therefore

IV (t, )l w0y < 2C(4d)*'16* max{ K, sup(yo(t))}.

t>0
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Therefore, we get that
1Vt ')HLOO(O,T;LOO(Q)) < 20(4d)3d162d max{ K, iglé’(yo(t))} = Cw (2.41)

where C, is independent of 7.
Recall that uf = ¢ (u) and ® = |[Vu|*. So, we proved that

sup [ Vg (t, )| ey = sup [[¢"(W)Vul| oy, (2.42)
0<t<T 0<t<T

[N

By repeating a similar argument in Q, for k € {1,...,ko} we obtain the bound for

suPg< i<t [V (L, )l Lo e)-
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2.1.5 Global Existence of the Solution to (2.1)

Proposition 2.10. For any T > 0 (2.1) possesses a weak solution ug on [0,T].

Define
Tnax := sup{Ts € (0,T) | (2.1) possesses solution u € L>(0,Ty; H*(R%))}.
In order to obtain Ty, = T we only need to prove that
[ug || o (0,105 10 (Rey) < C5 VT < Thnax,

where C' appeared in this subsection is a positive constant which depends on o, d, m, s,
HUOHLl(Rd)ﬁL‘”(Rd)a ||vug|lL1(Rd)ﬁL°‘7(Rd) and n.
We take the D derivative of Qyuj =V - (O’VU% —up VO xuy + V(ug + n)m), multiply the equa-

tion by D”u7 and integrate it over R? in order to obtain that

1d a, 0|2 a, 0|2 al, o o a, o
s LD de+o [ VDU e = [ D (ug Ve s uf) - VDG da
. /R DOV ((ug +m)™) - VD ug da.
Let us start with the term [pa D*(uy V® * u7) - VD% dz which can be estimated as follows
/Rd D*(ugV® xuy) - VD dx
< |[VDup || 2wy [| D (ug VO * ug ) || L2 (may
< |IVDu7 | L2 (ray (||UZ||Lm(Rd)||Da(V(I) Uy )| 2may + ([ DY) || p2(ray | VP * UZHLoo(Rd))

Since we know that ||uy || qge) is bounded for any ¢ > d and so
[V x up|[ oo may < OV * g |[yramay < Cllug || paway < C,
we obtain that

[, DoV < up) - Vg da

< C|IVD*up |l p2mey [ D* (VP * up) || L2mey + C|V D up || 12wy | D up || 12 (re)
g o, 0|2 « o\ |2 a, 0|2
Z/RdyVD u?| dm+C/Rd]D (VO )| dx+C/Rd\D u[2de

IN

IN

g a, 0|2 a, 0|2
Z/Rd’VD un]da:+C/]Rd]D up|“dx

Now we consider the term — [pa D*V((uy +n)™) - VD% da.
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— [, DV +m)") - VD da
= —m [ D (g + )" Vug) - VDug da
= —m [ (w5 + )" VD g P
—m /R (D ((ug + )™ 'Vug) = (ug + )" ' VDug) - VDS dx
< -m /Rd(ug + 'r])m*1|VD°‘ug\2d:U
+2 /Rd VD" 2z + C /Rd D% (w4 )™ 'Vg) — (g 4 )™V D

o m—1 a, 0|2 g a, 0|2
< —m/Rd(un—i—n) IV D%y | d:r;—l-Z/Rd\VD up|“dx

2
dx

+ CIIV (ug + )" e ey | DU | 2y + Co, m) IV g [ ey | D () + 1) 12 gy

So,
ld/ | D*u? |*dx + g/ |VD°‘u°\2dx+m/ (u? + )™ VD’ 2dx
2 dt Jra K 2 Jrd K RE g "
< C/ | Du [*da
R4
+ OV (g +10)" 7o ey | D5 T2y + ClIV U o0 ey [ D (5 4+ 7)™ 2
Therefore,
1i||u"| 2 ®d) 2 i / |VD*ul|*dx +m i / (uZ +n)" VDl |*dx
Hs(R
2" 2 a0 /R ! a0 R !
o o 2(m—2 o o
< Cllug ey + Cllug + nl 7 G 1V I ety 14 e
+C YD (ug + )™ e ray-
lal=1
Hence,

1D (s + 1) 22y
< |[(ug +n)™ 2D (u] +n) ||%2(]Rd)

+ 1D (g +m)™ (g + 1)) = (ug + )™ 2D (g + )32
< C||D* (g + )32 e

— oa— g o (07 o m— 2
+C (HV(UZ +n)" 2HL°°(Rd)HD l(un + M zeey + llug + 1l oo ey [[ D (ugy + 1) 2||L2(Rd)) :
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Since
19+ 1) 2oty < (m = D1+ )™ ey [V | gty < C.
we obtain that

[ D (g + U)m_IH%?(Rd)
< CID?(ug + 1)y + CID (g + ) Faqmay + ClD* 1+ 0)™ [y

This implies that

DY /Rd VDS Pl +2m Y /R (ug + )™ |V Dl [2da

|a|=0 |or|=0

oy + CID* (g + 1) [ o)

d ag
]

< Clug|

Therefore, by Gronwall’s inequality we deduce that

sug ) [Jup| %,s(Rd) < (C’ + ||uo| ils(Rd)) e“Tmax for any Ty < Tinax.
2

te(0,

So, we obtain that

Huf]HL"o(O,TQ;HS(Rd)) < C) V15 < Tiax-
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2.1.6 Limit of (2.1) asn— 0

Now we consider the weak formulation of (2.1) and let n — 0. Let us start with the following lemma.
Lemma 2.11. Let uy be the solution of (2.1). Then the following estimates hold
(i) 1wl oo 0.z wroomay) + [[Uf | Lo 0,:20(rey) < € Vg € [1, 00],
(@) [|® * ug|| Lo o, rw2amayy < C Vg € (1,00),
(iti) ||ugll 2.1 may) < C
where C' is a positive constant independent of n.
Proof. (i) This is a direct consequence of subsection 2.1.4

(ii) Using basic results from the theory of elliptic partial differential and (i), we obtain (i¢) directly

as well.
(iii) Multiplying equation (2.1) by u; and integrating over R?, we deduce that
1d S o ) o
5%/]1@ |un| d:L‘—i—a/Rd|Vun’ d$+m/ﬂ§d(un+77) |Vw7| dx
= /Rd uy VO x uy - Vugdr

o , i )
= 2 /Rd ]Vun\de T C”uﬁH%“(Rd)uvcI> * UHH%Q(Rd)

Using (i) and (ii) we obtain (4i7).

Now we are ready to prove next result.

o

7) and a function u® such that

Lemma 2.12. There exists a subsequence of (u
(i) uf = u? in LI((0,T) x RY) for q € (1, 0],
(it) uf — u” in L*(0,T; L*(RY)),
(iii) V(ug +n)™ = V(u?)™ in L*(0,T; L*(R?)),
2wl din L0, T; W24(RY)) Vg € (1, 00).

Proof. (i) and (iv) are direct consequences of Lemma 2.11 (i) and Lemma 2.11 (7i7) respectively.

Since

uy =V - (UVuZ —uy VO * ul + m(uy + 77)’”_1Vuz>
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and using Lemma 2.11 we obtain that
||atug||L2(07T;H—1(Rd)) S C (243)

Estimates from Lemma 2.11 (i7) and (2.43) allow us to use Aubin-Lions Lemma and so obtain (i).

Since it is not possible to apply Aubin-Lions Lemma directly one needs to consider 2.11 not on the

whole space but on the sequence of growing d-dimensional balls and then use diagonal argument.
From Lemma 2.11 (i) and Lemma 2.11 (i7) we deduce that

IV (g +0)" | 2022y < mll(ugy + 1) oo, zoe @y 1 Vg L 220,702 ey < C-

This estimate together with (i) we obtain that for any ¢ € C$°((0,T) x R?)

// (uy +mn)"dv dt = —m/ / (uy +n)"Vipdz dt.

converges to

—m/OT/Rd(u"mvwdxdt m// (w®)™ep dx dt,

as 7 — 0, which implies (7). O

So we proved that we can let n — 0 in the weak formulation of (2.1). More precisely, for any

0 € C°((0,T) x RY) it holds that

T
//Rd@‘,’]&ggo—l—uqu)*u;-Vgo—aV Vo — V(ul + )" w)dxdt+/ ()0 (0, x)dz = 0,
0

T
/0 i (V@*uZ~Vg0—uf)g0)dxdt:O.
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2.1.7 L* Estimates of (1.15) Independent of ¢

Proposition 2.13. Let u? be the weak solution to (1.15). Then there exists a positive constant C

which depends on d,m and |[uol| L1 (raynpe ey such that
[u?[] Lo (0,75L0 (RaY) < C.
First of all we multiply the first equation from (1.15) by qx(u”)% ! and obtain
O’ qp(u”) = o AuT g (u”) = = V- (VD x u”)qr(u”) %+ V- (V(u)™)gp(u”) %
where g, = 2% + 4d + 4 for k € N. Then we integrate it with respect to € R? and get
(" (@) da = —ogulge = 1) [ (u7(t,2))% 2 Va7 (¢, ) Pda

+ qe(qe — 1) /Rd(u"(t, )V x u (t, x) - Vu (t, )dz

— qe(qe — 1) /Rd(ua(t,x))q’“_2V(uU(t,x))m -V’ (t, z)dx
=L +1+ 1

dt Jra

Let us now analyze the term Is.
ae(qe — 1) /d(ua(t,x))q’flvcb s« u’ (t,x) - Vu(t,x)dx
R
m+q
< gl = DIV (8, ) oy [ (07 (82)) 5

-1
< 7mqk(qk ) /d(u”(t,x))m+q’“_3|Vu”(t,x)|2dx
R

qp— m+1

|Vu (t,z)|(u’(t, )) dx

- 2
Qk(Qk—1>2 —m+1
+ 0= 7t x)) T d
e [ (k)

_ mqk( dk — 1) o m+qr—3 o 2 Qk(Qk B 1) o qr—m—+1
= PR () Ve () P+ CIRE (1)

where C' appeared in this subsection is independent of ¢.
1 1

Since for gy = —2- q’“:;:m it holds that

Q-1 d(m+qp—1)

—1

qu(qk)/ (W (¢, )+ Ldy

m R
92(q —m+1)

qq_l T mtqp—1 o 2)(qgg—m
< OB =D ¢ 1, s O (1,)

L%k—1(R4)

262(qk—m+1)
m+qk71

m+qk 1
oy

using the following version of the Young’s inequality

l
ab S 016LZ3 + (Cﬂg)iﬁlzlbu
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where
+q.—1 M -1 _w .
0= [Vt ) b—qu(qfn>5d S [,
C:w I, = m+qr — 1 lzl_lzl_ez(qk—m—i—l)
' (m+qp —1)% ’ Or(q —m~+1)" I3 m+q, — 1

we obtain that

@lar =1) [ o0 Vyaemtt
o /Rd(u (t,2)) dz

2

m+gq—1
dx

(u?(t, )

mar(ge — 1)
(m+ q —1)2

<

92(q—m+1) (1=02) (g —m+1)ly

_la I
ka(Qk - 1) i3 Qk(q 1) T mtap—1 o dk—1 (T)
i (92( )) l4 <Cde Hu (t> .)Hqu—l(Rd) .

g —m+1)(m+q —1

Since I; < 0 and

Iy = —gi(gr — 1) / (u (t,2)) %>V (u (¢, )™ - Vur (¢, 2)da

we deduce that

jt Rd(u"(t,x))q’“dx
-1
< —mq’“(qz’“) [t @)y (4, @) P
R
max(qr — 1) mtq—1 |2
N g t ) d
(m+qr — 1)% Jre (u(t, ) t

. (M)

mar(qr — 1) 5 (qs — 1) -~ f2lammin i -
+ qr\4k l_l CMS m+qp—1 Hu”(t )“ ) ] qh_1
O2(qr —m + 1)(m +q, — 1) 4 m d N Lak—1 (ray

m

2 = |%’“_1Vu“(t,x)(u"(t,x))%ig|2 it implies that

m+qp—1
2

Since |V (u?(t,x))

—1
- 0= D) [ (o (g eS| Tur e, 0) P
R

2

- 1 4 m —
_ka(Qk ) » YV (¢, 7)) TR
m"qu 1

2 (m+q, — 1)?
2may(qx — 1) -
“mt g 1) ) IV @(t, )

?dx
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Therefore,
de
dt / v
ka(Qk 1) mtay—1 o
s V(u?(t,x 2
l
" mar(qe — 1) B - Cws_%;im la e )qul((l—%)(q(:c—lm“)hx)
92<Qk —m + 1)(m + qr — 1) 4 m d ) qu—l(Rd)
Performing the same calculation as in Section 3 of | , ] we know that
Iy <d,
(1 —05)(gx —m + 1)y 5
qrk—1 -

On the other hand we know that

014p 2019k

m+qk

o Tm — o 1-60 m
[ ) < ST (1 [ (1) R
1 _ 1
where 0 = — q’“_’l T
qe—1 d(m+g—1)
Now using the following version of the Young’s inequality
7 I, 15,
ab S C’la + (Clll) 1l2 b
where
. - e = (1-61)ax
a=|vt) " ||L2 gy b=15, [[w” (s )| Loy (gay,
Ch m(Jk(Qk—l) I _omtqr—1 L m+qr — 1
1= 7 gy U=—7Fp  ——, =
(m+qp —1)2 014k m+ (1 —61)gx — 1

we obtain that

[t a))da

mqi(qe — 1) mtap=1 o
< — V(u’(t,x 2 dz
< pl s [V ) T
m -1
n m(qe — 1) % m+(1—0))q —1 S_milqik—l (e )H (=61 T
u :
01(m + g, — 1) m4+q — 1 d L%—1(R4)
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So,
q}cd
di / .

< AJ 7(¢, )% dz

_l m
( m(qr — 1) ) hom+4(1—0))q — ISJ#{%HUU( qr—1- q;il 1?},31’?5 ;%’;knl)
01(

mt g — 1) P Moo
_la —m l (1=65)(qp, —m+1)1
N Tan(Clk _ 1) i3 l—l CQk(Qk o 1>S_92::§-qk—+11) 4 “u0<t .)qu71 (42 q(;k,l + 4)
9 ql
Hz(qk—m—i—l)(m—i—qk—l) 4 m d Lk=1(R4)

1-0)g m+q —1

Now we need to prove that
@1 m+ (1 —6)g —1

< 2. Since

(1-=0)g m+q —1 <9

@1 mA+(1—0)g—1"
S (1-=0Dg(m+q —1) <21 (m+ (1 —601)q. — 1)
< (1-0)gm+qg —1) <g(m+(1—0)g —1)
S1-0)m+qg—1)<m+(1—-0)g—1
s (1-0)(m—-1)<m-1

1—4 m -1
we obtain that ( 14k Rl < 2 holds. Therefore, it implies that there exists a
Q-1 m+(1—01)g —1
constant C' independent of ¢; such that

CZ ( (¢, 2))%dr < — / 7(t,x))*dx + Cqg? </}Rd(uo<ta$))qkld$>2

Now we are ready to do Moser’s iteration as we already did before.

Let ye(t) := |Ju?(t,-)||* Lax (ay- Choosing - < 2, we obtain that

Yi(t) = u?(t,x)) " dx

i Jud
dk

_/ t .Z' qkdx + Cq (/d(ua(t7 Qj))Qk—ldx> k-1
R

9k

—yi(t) + Cqply 1t (1)
< —y(t) + Cqp’max{1,y;_,(t)}.

IN
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This implies that
(e"yw(t)) = €' (y(t) + yu(t))
< e'Cqp max{1,supy;_; (1)}
>0

< e'C(4d)**4% max{1,supy?_,(t)}.
>0
So,

¢
e'yr(t) < yr(0) + C(4d)**4™ max{1, sup yi_l(t)}/ e*ds
>0 0

= y1(0) 4 C(4d)**4™ max{1,supy? ,(t)}(e" —1).
>0
We know that

Ye(0) = ||u0H%qu(Rd)
< (masc{ |uol| 1 gy, [[uoll o }) ™

q % 2k: 2k:
< Kgt=(Ki" )" =K~
where Ko := max{1, [[uo||,1(ra), [|o]| Lo (e }-
Now we define aj, := C(4d)?¥4%. Since e™* <1 and 1 —e~! <1 for t > 0 we deduce that
yr(t) < e "yr(0) 4+ ax max{1,supy;_,(t)}e " (e’ — 1)
>0
= u(0) + o mas{Lsup s, (D) (1 )
< 94(0) + @ max{1, sup yr 1 (1)}
2k 2 .
< ap(K* +sup(y;_, (1))
>0

< 2a;, max{K?", Stglg(’yiq(t))}-
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Therefore, we obtain that

yu(t) < 2ap max{K?, sup(yj_1 (1))}

T
L

j k k
< [Ty )" max{K* sup(y (1))}

> .
Il
= O

(20(4d)2d4d<’“—j>)zj max{K*", sup(yg ()}
t>0

ESIES
[l
- O

! (20 (4d) 2d4dk> lf[ ( ) maX{KQk,stl;%)(ygk (1)}

<.
Il

Since

2k:

f[ (20 4d 2d4dk) (20(4d)2d4dk>25_3 2 (20<4d)2d4dk> 1 2 (20(4d)2d4dk>2k_1

and

k

I
—

. k—
@—dj)” _ H1 9-24j27 _ 2o ~2djY _ o=2d3 7 2 _ 5=2d Y171 jY _ o-2d((k-2)25+2)

)

<.
I
o

by ¥, j27 = (k — 1)2""! 4 2, we deduce that

k_
(1) < (200d)4%)" 7 (27402242 ) mad K sup (' (1))
t>0

(20(4d)2d)2k71 (4d)k(2k,1) (4d)f(k—2)2k72 maX{K2k7St121€<y(2)k ()}

(20ap)™ (4 ma (2 suptof (),

>0

So,

2k 1 2kl g o 2k

ok 2-
w7 (£, )| g ey < (2C(4d)*) % (49) % max{K o, sup(yg* (1)) }-
t>0

Since ¢ = 2% 4+ 4d + 4 for k € N, it follows that 2’;;1 <1, 2k+1q;k_2 <2, 3—: < 1 therefore

[u (£, )| pow (rey < 20(4d)**4** max{K, stgg(yo(t))}-
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2.1.8 Regularity of the Solution to (1.15)

Proposition 2.14. Ifu’ is a weak solution to (1.15), then u” € W' ((0,T)xR?) for any 1 < q < co.

Proof. So far we have proved that u® € L>°(0, T; Who°(R%)) N L>=(0, T; L}(R?)).

Using the same arguments as in subsection 2.1.5 we get that
u’ € L>*(0,T; H'(RY) N L*(0,T; H*(RY))
and applying theory of the elliptic partial differential equation we deduce that
® xu” € L0, T; W*4(R%)) for all ¢ € (1, 00).
Recall that
o’ =V - (oVu? —u’VP xu® + V(u?)™).
So it implies that
o’ € L*(0,T; L*(RY)),
and therefore
u’ € WH(0,T; L*(RY)).
Noticing that
o’ — (o +mu”) ™ HAu —m(m — 1)(u?)" 2Vu’ - Vu’ + VO xu” - Vu —uu’ =0 (2.44)

we combine it with u® € L>(0,T; WH*(R¢)) and Theorem 9.2.2 from [ , | in order to
obtain that

u? € W2((0,T) x R?) for any q € (1, 00).
Let v7 := 0,,u’, then it holds that

O — (o 4+ m(u”)" A" —m(m — 1)(u”)"*Au’ 0, ,u’
—m(m —1)(m — 2)(u”)"?|Vu?0,,u” — 2m(m — 1)(u”)"*Vu’ - VO,,u’
+ VO xu? - Vo, u” + Vu - VO x 0, u’ — 2u’0,,u’ = 0.
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By means of Theorem 9.2.2 from | : ] we deduce that
Opu’ € Wf’l((O,T) x RY) for any ¢ € (1, 00).
Therefore,
Vu” € W2((0,T) x R?) for any ¢ € (1, 00).
Hence,

u” € W2((0,T) x R?) for any 1 < ¢ < oo.

(2.45)
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2.2 Partial Differential Equation from the Intermediate Par-
ticle Model

In this section we present the proof of Theorem 1.2. Under the assumptions of Theorem 1.2, we
know that u? € L>(0,T; H*t?(R%)).
Take s > g + 2 and define
Y = {v € L0, T; H*(R") N L*(0, T; H**'(RY))|

HVH%OO(O,T;HS(RUZ)) + HVVH%Q(O,T;HS(Rd)) < ey +¢p and v(0,z) = 0}
For any v € Y we consider the following linear partial differential equation

ou—ocAu=V- ((u +u?)V(pr —p)(VF x (v+u?)) +uVp(V * (v +u7)) (2.46)
+u’V /01 P (VP xu” + sV« v)V xuds + u’ (Vp(VEP ku’) — Vp(u")))
-V- (uVCD* Ve s v +uVe * V& % u” +u' VO« V% (u+ u?) —u”V@*u”)),
u(0,z) = 0.
The linear problem (2.46) possesses a unique global solution u € L>(0, T; H*(R?))NL*(0, T'; H*H(RY)).

Let a € N? be a multi-index of order |a] < s. We apply D* to (2.46), multiply the resulting

equation bu D®u and integrate over R? and so obtain that

1
2 dt Jrd
- /Rd Da((u + u”)V(p/\ —p)(Vsp * (V + u"))) . VDY dr

|Du|*dz + a/d |V D*u|*dx
R

— / DO‘ qu(VEP * (v + u"))) - VD% dzx

—/ D (u Uv/ (Vs u” 4 2V« V)V % udz) - VD ude
Ré

— /IR{d Do‘(u" Vp(VEr s u®) — Vp(u® ))) -VD%dzx

—i—/ D“ (chID * VEk % v) VD%udx
R4

—i—/ Da(uVCID * V% ) VD%udx

+ /dDa uUVCID * Vs (u+u’) —u’VOo u”)) -VD%udx
R

=L+ I+ I3+ 1y+ 15+ I+ I7.

Since || V|| pooo,r;r00(re)) and [|u?|| oo (0,110 (rey) are bounded, by definition of py we can take A
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small enough such that
oo . oo <
Ivllz (0,T;L° (R4)) = %
u =S (O,T;LOO (Rd)) 2)\ .

Therefore, it follows that I; = 0.

Next, we estimate I5.

Iy

IA

4 « « (3 g
VD uliege + ClID (uVp(Vr 5 (v + ) 2 g
o « « (3 o
< SIVD ullzza) + Cllulze @ [|D* VPV 5 (v + u7))[z2(ze)
+ ClID*u Loy [ VPV 5 (v + 07) [ oo ()

g « « g
< GIVD Ul ey + Cllullhe g [ D*Vp(V 5 (v 4+ 07)) 2y

+ C||u]

s [PV (v + 7))
g (e
< SIVD ullZzga) + Clu]

2
Hs(R4)

2 2 2
s (®re) T CH“”HS(Rd)||VV||HS(Rd)
where C' in this section denotes a positive constant which depends on o and s.

1
Iy =— /d D“ (u"V/ PV xu” 4 2V % v)V x udz) -VD%dx
R 0
1
=— /d/ D~ (u"V (P (Ve s u® + 2V % v) Ve x u)) -VD%dzdx
R Jo
1
=— /d/ u’VD (p' (Ve xu” + 2V x v)V xu) - VDudz dx
R Jo
1
— / / (Da (u"V(p’(VEP xu” + 2V % V)V % u))
re Jo
—u’VD" (p’(VEP xu” + 2V v)VE x u)) -VD%dz dx
=A+DB

Therefore,

g «
Z3j§ §6H‘7l) u”%2@W)
+ C sup ||D* (u“V(p’(Vap xu” + 2V % V)V x u)) - u”D“V(p’(VEP xu? + Vo« V)) ||%2(Rd)
0<z<1
o
< 361V D i + CIVE i sup 1DV (p(VF 0”2V 4 v)V o) [y
+ || D*ul[f2(psy sup ”V(p/(va” *u” + 2V vV ‘1) [
0<z<1

g o
< §6H‘7l) uH%z@W)—%(jﬂu\

2
Hs(R4)
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1
=— /d/ u’p (Ve s u” + 2V xv)V « (VD) - VDY udz dx
R
— / / VD“ (VP s u” 4+ 2V 5 vV u)
R4

P (Ve sl + 2V« v)VD Vo su) - VDudz da
=G+ D

So, it follows that

o «

+ C sup [[u’ (VDO‘ (p’(VEP xu” + 2V % v)VEP x u) —p' (Ve s u” 4 2V x v)V DV % u> ||%2(Rd)

0<z<1

g (0%
< %HVD ul|72za
+ CIV (P (V5 u” + V5 9)) [}y | DUV 503
+ cnvm( (Vs u” + V% 3)) [Foa [V 5 0] e ey

< 36 VDl gty + Cllale gy + Cllal e [V 3o
and
/d/ Wer s+ (w7 (Vo % u” + 2V« v)VD"u) - W VD udz do
R
=— /d/ u’p (Vs u” + 2V % v)|We x VDu|* dz dx
R Jo
1
— / / <W5P * (u"p’(VEP sk u” + 2V V)VDO‘u)
Rre Jo
— uTW*r x ( (VP s u” 4 2V « v)VD“u)) -VD%udzdx
/ / (Wsp x (p' (VP xu? + 2V V)VDO‘u)
R4
PV 50 4 2V 5 V)W VD“u) VD udzda
<0+E+F
Therefore,

E < sup HWEP * ( 7D (Ve s u? + 2V % V)VDO‘u)

0<z<1

wWe s (p/(Vr s u? + 2V % v) VD) VDu

L2(R4) L2(R)

< Cep|| VU7 pooway | VD | f2ray sup [[p' (V™ * u” + 2V % v)V D[ 12 (ray

0<z<1

<Cg Sup, ' (VP 5 u” + 2V % V)HLO"(Rd)HVDauHL?(Rd)

< CprVDauH%?(Rd)-
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and

F < sup HWEP * ( "(VEr su? + 2V V)VDO‘u>

0<z<1

g

—p' (Ve xu” 4+ 2V x v)IW x« VD%u u VD%u

L2(RY)
< Cep sup |p" (VP xu® + 2V % V) || oo (rey || VD ul|%, (R)

0<z<1

Lo (R%) L2(R4)

< CprVDau“fﬁ(Rd)-

where we used the following lemma.

Lemma 2.15. Let € > 0, ¢ € [1,00), f € LY(R?) and g € WL*°(R4). Then the following inequality
holds

Ve (fg) — (V= f)QHLq(Rd) = CEqHVQHLoo(Rd HfHLq(Rd

Proof.

IV % (£9) = (V% )l

L Ve =) (fw9) - f@)gta)) dy| da

L@ =)' (Vi@ =) (9(0) — 9(2)) (v dy| " da

(L vea =) ([ Vi = o) - 9@l @)l dy) do
V(@ —y)lfW)?|g9(x) — g(y)|? dy dx

L V@U@l + 2) = o)l dy da
[ VeI g,

|2

<V ([ 17N dy) ([ Vo) d)

1 z
= IV e 5 [ VOl d:

Z/

= IV 1 Wy [, V(72

15
< Cel|Vg||? . Rd)Hf”Lq Rd)

So, we obtain that

?qs(Rd) + C'||u]

o ! o
Ig < TS”VD U.“%2(Rd) + C||U| ?’{s(ﬂ@!)”VVl ?{s(Rd) + CngVD 11“%2([@:1)
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Now take €, small enough such that C¢, < % and deduce that

%IS(Rd) + Clul

g e!
]3 < EHVD 11||%2(Rd) + O||U| %{s(Rd)||VV| %{S(Rd).

Next, we handle I, using Lemma 2.15.

Ii=— / D (u*(Vp(V* % ) = Vp(u”))) - VD ude
< SIVD gy + CIID* (u” (Vp(V x u”) = Vp(u”)) [F2qes)
< NV D™l + CID U e VPV 5 07) = Vp(u) [y
Cllu ey | DV (V7 5 0”) = p() 72 me

EHVD ul|7. Rd)—i-C'HV/ P (Ve s u” + (1 —2)u”) (Vo xu” —u )dz’Hs(Rd)

+

IN

§i||VDauHL2Rd)+CH/ 2Ver s u” 4+ (1 — 2)u”) (Ve x u” — u’ d‘

Hs(Rd)

—I—CH/ (VTP xu + (1 — 2)u )V(zVap*uUjL(l—z) )(Vap*u —u’ dzHH%Rd)

< 12 HVDO‘uHLz ®e) T Ce?.

For I5 we get the following estimate

Iy = / D* (uV@ x V' % V) -VD%udx
Rd

IN

o
VD e + 1D (aV 8 % V5 V) 20

IN

g P a «a
VD l[Za gy + CID 2y VR # Vs Vet + [0y [ D (VR 5 V5 V) 2

IN

g (0%
EHVD uH%Q(Rd) + Clul %IS(]Rd)'

Similarly, we obtain that

Is = / D*(uV® « V¥ % u7) - VD ude < VD3 + Clulf?
R¢ 12

Hs (R
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Next, we estimate I;

Ir = /d D (u7V® % Ve % (u+u”) —u Vo xu)) - VD ud
R

IN

%HVDO‘uH%Q(Rd) + C||D* (uUV@ *« Ve s (u4u?) —u' VO u")) H%Q(Rd)

IN

IV D oy + CID (w7 (V@ 5V x (u +u7) = V5 Vo %)) [

+ || D* (u"(VCI) « Ve xu” — Vo u")) H%Q(Rd)

< %HVD&UH%%W) + C||DQUU||%2(Rd)||V(I) * VR ok uH%OO(]Rd)

+ C”UUH%OO(W)HDQ(V@ * VE x u)H%Q(Rd) + C||D°“u"||%2(Rd)||V8k * VO *u” — VO UU)HQLOO(Rd)
+ O[3 s gy | D (V5 VB 517 = V@ 5 0 ) |2 g

o et
< EHVD UH%Q(Rd) + C||U| %{S(Rd) + Oéi

Therefore, we deduce that

1d

5zl ey + Cler + €)%

?{S(Rd)val

?{s(Rd) + CHU’

g
Home) T §HVu\ Tromay < [l

Integrating the above inequality from 0 to ¢, it follows that

?{S(Rd)) ds + Clep + Ep)2.

%{5(Rd>(1 + HVV‘

[[u(®)]

o [t . t
e + g [ IVUPds <C [
0 0
By Gronwall’s inequality, we obtain that

r v||? 5
?qs(Rd) < Clep + €p)2ecf0 (HIVYIys gy @ < Clegp + ep)2,Vt € [0,7].

[[u(?)]

Therefore,

T
[ Ivu
0

We can take €, and ¢, small enough such that

T
Tre(ray 45 < Cleg + 5p)2/0 (L4 IVl aoray) d5 + Clex +5)* < Cleg + )

O(Sk + €p)2 < et
This implies that u € Y. Hence, we can define an operator

T:Y =Y

Vi u

where u solves (2.46). In order to apply Banach fixed-point theorem, it remains to prove that 7T is

a contraction.

87



CHAPTER 2. ESTIMATES ON THE PDE LEVEL

Let u;, uy € Y be solutions of (2.46) for vy, ve € Y respectively. Then u; —us solves the following

equation

Oi(uy —u2) —oA(u; — uy) (2.47)
=V ((111 +u”)V(pr = p) (V7 x (vi +u7)) = (uz + u”)V(pr — p) (V= * (v2 + u”))

+w Vp(V * (vi +u”)) = waVp(V x (vo + 7))

+u’V /01 PV xu + 2V x v )V xu; dz — u’V /Olp’(Vap x u” + 2V % vy )V % uy dz)

v, (ulvcb £V 5 v — wpVO * Vo 5 vy + (W) — )V # Vo % 1% + 1V # Vo % (uy — u2)>,

(u; —uy)(0,2) =0.

Multiplying (2.47) by u; — uy and integrating it over R%, we deduce that

th/ y — w? dx—l—a/ IV (w1 — up)[? de
—/ (ug +u”)V(pyr — p) (VP x (vi + 1)) - V(u; — up)
+ (ug + u?)V(py — p) (V% (va +u?)) - V(u; — up) de
— /Rd(ul —w)Vp(Ve % (vi +u?)) - V(ug — ug) do
— / 'LI2 Vp(Vep * (vi+u”)) — Vp(V x (vo + u”))) -V(ug —ug)de
= “V/ '(VEr su? + 2V x v )V % (up — ug) dz - V(ug — ug) do
- /Rd UV/ "(VEr su? + 2V xvy) — p/ (VP su? + 2V VQ))VEP Uy dz - V(u; —ug) dx
+ /Rd u — u) VO x Vo xviV(u; — uy)dr
+ /R WV % Vo % (v — vy) - V(uy — up) da
+ /Rd(ul —w)VO *« V* xu? - V(g — uy) dx
+ - u’VO % V% (u; —uy) - V(uy — ug) do

= J1—|—J2+J3+J4+J5+J6+J7+J8+J9.
First, we can take A small enough such that

Ji = /]R ~(w + )V (pxr — p) (V% (vi + 1)) - V(g — )

+ (g +u”)V(py — p)(V*# x (vo +u?)) - V(uy —ug)de =0

88



CHAPTER 2. ESTIMATES ON THE PDE LEVEL

Next, we handle J5.

Jy = — /Rd(u1 ) Vp(VE x (vi + 7)) - V(g — ws) dx

g 2 A 2
§1—6/Rd|V(u1—u2)| dx—i—C’/Rd|u1—u2| dx.

where €' in this subsection denotes a positive constant which depends on o, s and ¢,. Similarly we
obtain that Jg, J7, Js and Jy are bounded by

i/ |V (u; — uy)|? do + CA'/ lu, — uy|? da.
6 Jre Rd
Next, we estimate .Js.
Jy = — /Rd uy (VP(VEP * (vi+u’)) — Vp(Ver x (vy + u(’))) V(w — wp) dz
o .
<16 /Rd V(a1 = w2)[* dx + Cllua||Loe ) | VPV 5 (v +u%)) = VP(V 5 (vi +u7)) [ ey
o
< [V - w)de

+ CA(/Rd ‘V /Olpl(zvap k (vo+u?) + (1 — 2)V x (vy + u“))VEp * ((Vg +u’) — (v + u")) dz’z dx

o
~ Iéu/?|Y7(u1-— UQ)| dI

A ! 1" €p o €p o
+C » /Op(zV *(vo+u”) + (1 —2)V *(V1+u))

-VV % (ZV2 +(1—2)vi + u")VEp % (Vg — Vl)‘Q dzdx

ZVSP * (vo+u?) 4+ (1 — 2)V % (v + u"))VVSP % (v — Vl)’2d2’ dx

—JWVm—mnm+@+h2
6 Jrd
Then by Young’s convolution inequality we obtain that

Js1 < C sup |[VV x (zv2 +(1—2)vy + u")Vap * (Vo — V1)||%2(Rd)
0<2<1

< C sup [VV 5 (2vo + (1= 2)vi + 07) [ V2 = Vil 72y
0<z<1

< CHVVE”H%l(Rd)HW +vi+ UUH%&(Rd)HVZ - VlH%Q(Rd)

< C|lva = vil[72(gay.
For J35 we deduce that

Tz < CIVVE 5 (vi = V)| azay < CIVV L zay V2 = VillZagay < Clive = villZagpa).
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This implies that
o R
Ja < 75 L,V = wa)? de 4 Cllva =i
Next, we estimate Jj.

1
Jy = —/d u"V/ "(VEr su? + 2V % v )V % (up — ug) dz - V(ug — ug) do
R

E/ |V 111—112)|2dl’

+ Cu’)? &)l / PV s u? + 2V % v )V % (ug — 112)) dz|| 72 gy
o
S E/d |V 111 —UQ)|2dl'

.
+ | / '(Ver s u” 4+ 2V x v )VV? % (1) — uy) dZ”%Q(Rd)

+C| / "(Ver s u + 2V vV % V(u” + 2v)V x (u; — uy) dZHLQ(Rd

< 16 /]Rd IV (u; —uy)|? dz + CHVVEP * (uy — u2)”%2(Rd) + C’HVEp * (uy — u2)||%2(Rd)
g N N

< [ 19— w) P de + GV i = s + Cllun = ualFagea
g N

< 15 10 = ) P Oy — e
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For Js we obtain that

J5:—/Rd ”V/ "(Ver su” + 2V % vy) — (VEP*u"+zV€p*Vg))Vap*ugdz-V(ul—ug)dx
gE/|Vm—me
+cmu|hwmdn/ ( (Vo %4 + 2V %ovy) — (V%*u”+zV%*vgﬁﬁp*mJddﬁ%W)
1 / IV (u; — wp)|? dz
C’|/ V/ i V":P*u +ZTVP*V1+Z(1—T>VP*V2)ZVp*(Vl—Vg)deZHLz(Rd
s%/|vm—mﬂ@
C|/ / " Vsp*u +ZTV5P*V1+Z(1—T)V6”*VQ)

>

-VVeEr (u +z7vy + 2(1 — T)VQ)ZV Pk (v — va)dr dzH%z(Rd)
gl
+ O / / p” Ver s u® 4+ 27V kv + 2(1 — 1)V % V2>ZVVEP * (Vi — vo)dT dZH%Q(Rd)

__m/|VurﬂM|M

+C sup ||V« V(u + z7vi + 2(1 — T)VQ)HLOO(Rd |VEr % (vq — V2>HL2(Rd

0<z,7<1
+ C||V1 — V2||%2(Rd)

O- A
= 16 /]Rd V(= )" dz + Clvi — V2H%2(Rd)

Therefore, it follows that

d o A N
—llw = |72 gy + S5 IV~ W)|[72ey < Cllur — we||72ggay + Cflvi — val[f2(ga).
So,

2 o [t 2 A [ 2 A [ 2
I =) (O + 5 [ 19 =) o ds < € [ = walfaguay ds +C [ v = VallFaqeay ds
By Gronwall’s inequality

t A N t A N
[ (u; — 112)@)”%2(]1@) < efO CdsC'/O [vi — V2||%2(Rd) ds < 8CT*CT*HVI - VQH%‘X’(O,T*;L?(]Rd))’ vt € [0, T3]

We can take T (e,) small enough such that CT-CT, < 1.
Therefore, the operator 7 possesses a unique fixed point u such that 7 (u) = u. So, we find a
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unique solution u € Y on [0, 7] to the following system.

ou—ocAu=V - <(u +u”)V(py —p) (Ve x (u+u?)) +uVp(V? x (u+u?)) (2.48)
+u’V /01 P (Ve s u® + 2V xu)Vr xudz + u’ (Vp(Vsp ku’) — Vp(u")))
v <uV<I>*V5k (U4 07) + VD % Vo 51+ 17 (VD % Vo 50 — vmm),
u(0,z) = 0.
Therefore for any ¢t € (0,7) we obtain that

1d
2dt Jrd
- /Rd D“((u +u”)V(px — p)(V" x (u + u"))) - VD*udx

|Duf? d + a/d IV Du|? da
R

—/ Da qu(VEP * (u+u"))) -VD%dzx

- dDa( "V/ (VP su? + 2Ver xu)Ver *udz) VD%udz
R

— /Rd Da(u" Vp(VE s u?) — Vp(u® ))) - VDY dz

+/ Da<u * V% (u+u )) - VD% dzx
Rd

+/ Da< ”V@*Vsk*u) VD%udx

+/ D*(u* (VO V* 5 u” — VO %)) - VD udx

= Kj + Ky + K3+ Ky + K5 + K¢ + K.

Since ||V * (u + u”)|| oo ((0,1)xre) is bounded, we can choose A small enough in order to ensure
that K7 = 0. For K, we get that

Ky < 1— |VDO‘u\2 dr + C||Da(qu(V5P * (u+u ))) 172 (may
< 7 [ 10D e+ Pl PV (04l
+ CHDQUHL?(Rd)”Vp(Vap *(u+u ))”Loc(Rd)

g o N .
< E/R IVD*ul? dz + C|[ulf} ey (C + Cl[ VD0 32za)) + Cl D032y

o N )
< 7 [ 19D dz + Clul + Cler + ) VD™ ey
where we used that ||11||3;oo(0 7.1 rd)) < €k +Ep. Then we take e 4 ¢, small enough such that

g
Ky < ||Vl

?—IS(Rd) + CHU.‘ %{s(Rd).
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Next, we analyze K.
1
Ky =— /d/ u’VD* (p’(Vap s« u” + 2V xu)Ver « u) -VD"udzdz
Rrd Jo
1 /
_ DO[ O'V V:Sp g VEP VEP
/Rd/o ( (u (p( xu? 4+ 2V % u) *u))
—u’VD* (p/(VEP ku? + 2V xu)V u)> -VD%dz dx
=: K31 + KgQ.
So,
Kz < ||VD*ul| p2(ray sup ||Vu"]|Loo(Rd)]|Da’1V(p’(V€P s u” + 2V xu)Ver u) | 22(Ra
+ VD[ 12 gay sup. 1D || o |V (P (V5 07 + 2V 5 @) VP 1) || oo

g o
< %HVD 11”%2(]1@) + C||11|

2
He(Rd)-
Now we handle Ka;.
1
Ky = — /d/ WP (V5 u® + 2V« u)VE % VD - VD udz do
R Jo
1
- / / u’? (VDO‘ (p’(VEP xu” 4+ 2V xu) VP u)
R Jo
—p (Ve xu” 4 2V xu)V*PV D x u) - VD% dzdx
=: K311 + Ko
Then we obtain that
Kz < [IVD*] 2y [07 | oo ey [ DV % ull ey sup VPV #6 + 2V 4 0) | oo e
+ [V D*ul| 2 (ray ||| oo ey [V * uf| oo (ray ol IVDP' (Vs u” 4+ 2V« u)|| p2(ra)
< [VD*ul| p2(ray||u” | Lo (za) [[ DV * | p2(ray S VD' (VT s u” + 2V 5 )| poo ey

+ [IVD*ul| gy ||| oo ) [V * 0] oo ey (C'+ Cl| D*Vu|| 2 ey )

g
< §||Vu| %Is(Rd) + C||u] %{s(Rd) + C(ek, +,)||Vul qu(Rd).

So, we can take ¢ + ¢, small enough such that

g
Kz < %HVUHESW) + Clu|

2
H (Rd)-
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Then consider K3q.

1
K31 = —/d/ u’p (Ve s u” 4+ 2V s« )W « W x VD% - VD%u dz dx
R Jo
1
// W s (up/ (V¥ % 0 + 2V % 0)VDu) - W= % VD udz dx
R Jo
1
/d/ up'(Ver s u” + 2V xu ‘WEP *VDO‘u‘ dz dx
R Jo
1
— / / (WEP * u"p’(VEP ku” + 2V % u)VDO‘u)
R Jo
— W (P (V4 2V u)VDau)) W« VD udz do
- / / <W€P x (p/ (VP xu? + 2V % u)VDO‘u)
Rd
PV R 4 2V R )W VDau) W % VD dz de

< 0+ Kz + Kziio.
So, using Lemma 2.15 we obtain that

Kz < ||VDu||p2gay sup [|[We x ( (Ve xu” + 2V u)VDau)

0<z<1

—uTW*r x (p’(Vap xu” + 2V« u)VD"u) || £2(Ray
< C|\VD™l| 2gayep|| VU7 || pooray sup [[p' (VP u” + 2V u) VDU 12(ra)
0<2<1

< C’sp||VDO‘u||%2(Rd).

and
Kaip < |[We « VD r2(ray sup [|[We % (p’(VaP s u” + 2V % u)VD"“u)
0<z<1
P (Ve s u” 4+ 2V x )W « VDU 12(ra
< CIVDu|| p2raye, | VD[ 2 (ray sup |V (V5 u” + 2V 5 u) || foo (ra)y
< Oy |V D"z,
Taking €, small enough such that Ce, < %, it follows that

g
K% S IiH‘7u|

12LIS(Rd) + C|[u ?{S(Rd)-
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Since Vp(Ver x u) — Vp(u?) = V [ p' (Ve % u 4 (1 — 2)u) (Ve % u — u®) dz, we deduce that

Ki=— /Rd D (u* (Vp(V  u”) — Vp(u®))) - VD udz

IN

5 [ IVDf? d + D7 (u (Vp(Ver % %) = Vp(u)) [
g
< E/R IV Du|? de
+ C| D% || Z2ray |V /Olp’(zv% wu” + (1= 2)u”) (V5 u” — u) dz]|]w (ga
+ Cl|u||Zoe ey | DV /Olp’(zV’f” wu” 4 (1= 2)u”) (V" * u” —u”) dz| 72 e
<= /R VD di+ OV 5 — 1|y + CIT (V50 — ) o
+C /O oo (P/(2VE xu” + (1= 2)u”) (V5 u” = u”) )| p2eey d2
< % o IVD*u|?dx + C||V % u” — UUH?{S(Rd)
+ C/O1 (HD““p’(zVEP s u” + (1= 2)u”) 2o IV # 17 — 7|2 o)

+ 1P (Ve u” + (1= 2)u”) [ Lo gy | DV 07 — U")Hiz(Rd)> dz

IN

g 6 g g
E/Rd |VDul*dx + C||V* xu” —u ||§{S+1(Rd)

g o2 2
SE/WWD ul“dr + Ce,,.

Next, we estimate K.

Ks

= / D® (uV(ID * Vo % (u+ u”)) -VD%dx
Rd
o
< —
12
g (6 (634 € (63 (3 g
<5 /Rd VDl dz + C||D*|Zaga [[V® % Vo 5 |7 gay + Clluf|Zoe oy | DOV 5 V5 07 |72y

/Rd VD*ul? dz + C|| D*(uV® 5 V* s u) |7 ey + C[ D (aV D 5 V5 u7) |72

O D0 [V %V 0| gy + Clu 3y [ DUV 5 V5 7B
g «
< [ IVDuf dz + Cllul g

Now we estimate Kg and K.

K

IN

% /Rd |VDu|* dx + C||D*(uV® * Vo x U)“%Q(Rd)

IN

o
12 /Rd [VDa|? da + CHDQUH%?(RGZ)HV‘D * Vo u||%oo(Rd) + OHUJH%OO(W)HDGV% * VO * uH%Q(Rd)

IN

g «
= [ VDl do + Cllul g
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K= /d b (uU(V(p * Vs — VP« ua)> - VD% dx
R
g a o ju - " ,
< E/Rd|VD ul?*dz + C||D (u (VP + Vo %0 — V% u )>||2L2(Rd)
o N i 6 ) ]
I 107 (95 4V 1004 o

o
< « 2
< —12/Rd|VD u|dz + C||u]

2
Hs (Rd)-

From estimates of K; — K, we obtain that

1l
dt

g
Hra(raty T §||Vu| Herey < Cllullfegey + Cler + )7

By Gronwall’s inequality it follows that

[[u()]

HS(]Rd) S @CTCT(Sk + 613)2’ Vt E [07T*]
Therefore, we can construct a solution u to the following partial differential equation

ou—ocAu=V- <(u +u”)Vpr (Ve * (u+u?)) — u"Vp(u"))
- V- ((u +u”)uVe * V& x (u+u”) —u’V(P * u")),

u(0,z) = 0.

on (0,7) for any T' < oo.

So, we obtain that
d
||uH%°°(O,T;HS(]Rd)) < C(5k + €p)2, s > 5 + 2.
Then by Sobolev’s embedding theorem we get that

[0” = 1| oo 0w o0 (ray) < Cllull oo o.rims ey < Clew + ).
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Chapter 3

Connection between PDEs and Particle

Systems

In this chapter we explain why the systems of stochastic differential equations (1.12) and (1.14) have
densities with respect to the Lebesgue measure and how to identify them with the solutions to the
partial differential equations (1.13) and (1.15) respectively. We present the proof only for (1.14) and
(1.15). The same arguments work for (1.12) and (1.13).

3.1 Preliminaries and Useful Tools

First, we need to derive some important estimates for ®°.

Lemma 3.1. There exist a positive constants C' > 0 such that

C

g C € C €
V|| oo (may < g [ D?®° | oo (ray < o 1 D?®° | oo (ray < g

d—1’

Proof. Since V& = C’dﬁ, we obtain that there exists a constant C' > 0 such that

1

/ = /Iy\<s ﬁdy+/|y|<s ﬁdy
lvl<e !x—y! atoise [T =yl aaiee 1T =Yl
1

<(C <€d_1V0l(|y| <e)+ ﬁd(x - y))

e—yl<e |2 —y

<C (d +Vol(By(0)) /0 ﬁw)

< (Ce.
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So, we obtain that there exist a constant C' such that

V0] e, = | [, VOl — )V (o)dy

Loo(RY)
Cyq
</ V6<y>‘ dy
R? |(L’ - y|d_1 Lo (R4)
1 1
d_d / d—1 V(y>’dy
el || lyl<e v — y|*= € Loo(Rd)
1V || oo ey 1
coMlman [ 1,
= gd l<e |v — y|d1 Y
V| foe
< oWl
€
< C
— €d717
Cy
| D?®° | oo (rty < / VVE(y)‘dy
I L T L)
1 / 1 Y
— S ()‘dy
€d+1 lyl<e ’fﬂ - y’dil € Loo(Rd)
VV| e 1
<oVl "
gdtl ly|<e |$ — y|d_1
[VV]| oo may
< Ca cd+1 Ce
<&
Cy
1D 0 e < | | Do) ay
(=9 Rd |‘r_y|d_1 Loo(R4)
1 / 1 o (Y
ol v (2
2 || fy1<e |2 — y[@ ! - L)
D2V || 1
< CdH Iz (R7) / dy
cd+2 <= |z — y[@ !
|1 DV || oo (me)
< Ca cd+2 Ce
<2
= cdt1
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CHAPTER 3. CONNECTION BETWEEN PDES AND PARTICLE SYSTEMS

3.1.1 Existence of Density Functions
For i € {1,..., N} consider

dXP7 =V xw(t, X77)dt — Vp(w (t, X}7))dt + v/20d B,

o (3.1)
x5 = ¢

where w? is a weak solution to

Ow’ = cAw? =V - (wVe) + V- (wVp(w?)),
—Ac” =w’(t,x), (3.2)
w?(0,2) =ud(x), xR t>0.
Using Section 2.3.1 from | , ] we want to prove that (3.1) is absolutely continuos with
respect to the Lebesgue measure. So, we need to ensure that V& * u(t,-) — Vp(u?(t,-)) is globally
Lipschitz continuous for any ¢ € [0, 7] and that V®xu?(t,-) — Vp(u?(t,-)) has at most linear growth
for any t € [0, 7.
Global Lipschitz continuity for all z,y € RY,

VO« w?(t,2) = Vp(w”(t,z)) = (VO w”(t,y) = Vp(w’(t,y)))l
< VO w(t, ) = VO w(t,y)| + [Vp(w (¢, 2)) = Vp(w’ (t,y))l

< (||D2<I> 5 W7 | oo 0,13200 (Ra)) 191200 0,107 1 o o0 gt | D707 | 2o (0,7 200 )

12" 2 007 e g ety HV’LUUH%OO(O,T;LOO(RUZ))> |z —yl.
The boundedness for all € R,

VO % w(t,x) — Vp(u” (t,2))|
<[V« wUHLw(o,T;Loo(Rd)) + HVp<wU>HL°°(O,T;L°°(Rd))

S IV w7 || oo 0,7 m00 ret)) + VW || o0 0,7 100 (Ret)) [P 20 0,10 1 0 oo )

So we obtain that the solution of (3.1) has a density function u® € L*>(0,T; L*(R?)) with respect

to Lebesgue measure on R? x R, .

3.1.2 Connection between Density Functions and PDEs

Now we want to prove that u” can be identified with w?.
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CHAPTER 3. CONNECTION BETWEEN PDES AND PARTICLE SYSTEMS

Let p € C5°(]0,T] x RY). Using It6’s formula and taking the expectation of (3.1) we obtain that

[ ettty = [ o000t + [ [ 0l wu(s,a)dsda

¢
+ /d/ VO xw(s,x) - V(s z)u’(s,z)dsdx
R Jo

_ /Rd /Ot Vp(w’ (s, z)) - Vo(s, 2)u’ (s, z)dsdx + /Rd /Ot o Ap(s,x)u’(s, xr)dsdx

Therefore, u® € L>(0,T; L'(R?)) is a weak solution to the linear partial differential equation

(3.3)

o’ =oAu’ =V - (u'Vexw?) + V- (u"Vp(w?)),
u(0,7) = u§(z), xeRLt>D0.

where w? € L>(0,T; W1*°(R?)) is the unique solution to (3.2).

Now we prove that the weak solution to (3.3) is unique. We show that if uJ(z) = 0, then
u?(t, ) = 0 which implies uniqueness of the solution to (3.3).

Let 0 < u? € L>(0,T; L'(R?)) be a solution to

T
/ /Rd u (Opp + 0 Ap + VO xw” - Vi — Vp(w?) - Vo)dzdt =0, Ve € CP([0,T) x RY). (3.4)
0
First, we prove that u” € LI((0,T) x R?) for ¢ € (1, 5%). Fix M > 0 and define g : [0, 00) — [0, 00)

such that

v for 0 < v < MaT,
g(v) = 1
M, for v > MaT.

Since u” € L®(0,T; L*(R%)), it follows that g(u”) € L77((0,T) x R%). Now consider a sequence of
functions (g, )nen C C5((0,7) x RY) such that

Gn — g(u) in LT ((0,T) x RY), (3.5)
||§n||LOO((0,T)de) <C, VneN, (3.6)
gn = g(u?) in L2((0,T) x RY) (3.7)

where C' is a positive constant which depends on M. From (3.5), (3.6) and interpolation inequality

we obtain that

Gn — g(u?) in L7((0,T) x R?) for r € [q—ll’ 00). (3.8)
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CHAPTER 3. CONNECTION BETWEEN PDES AND PARTICLE SYSTEMS

Let us consider the backward heat equation

Oypn + 0Ap, = g, in (0,T) X RY,
on(-,T) =0 in RY.

Since C3°([0,T) x RY) is dense in {¢ € CP'([0,T] x RY) | ¢(T,-) = 0}, it implies that (3.4)
holds for any ¢ € C2'([0,7] x R%) such that ¢(T,-) = 0. Choosing ¢, in (3.4) and using
Gagliardo—Nirenberg—Sobolev inequality we have that
T T
/ / u’ g dx dt = / / (—u'Vo*xw” -V, +u’Vp(w?) - V,) drdt
0 JRd 0 JRd
T
< [ 10 |0l (190 0 ety + 170007 )
T
< C/ ’Vg@n“Loo (R4) dt

<O [edll 1Dl

1 (Rd

q—1+2
1 2
E+q+gf2

where § = q_il >d, 0= € (%, 1) and C appeared in this subsection is independent of n and

M.
Holder’s inequality yields that

I [ wadedt < Cllonll 2, 1D%n a0 1y

I((0,T)xR4)

Then using parabolic regularity theory we have that

//ugndxdt<0||gn||1 "

01 )“gn”%q((O,T)de)'

Taking n — oo on both sides of the above inequality together with (3.7) and (3.8), we obtain that

0 AN o\ |0
[ sty ded < Clae) L, ol o < Cllate)aoryesey

Young’s inequality yields

/OT/ g(u)dedt < C + - //|g )| de dt
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CHAPTER 3. CONNECTION BETWEEN PDES AND PARTICLE SYSTEMS

From the definition of g(u”) and ¢ = _%; we have that

0< o (Wh)ldxdt+ M L u’dxdt
{uc<mMa-1} {ue>Ma-1}

1 1
§C+—/ S (u")qudt—l——Mﬁ/ o ldxdt
2 J{ue<MaT} 2 {ue>M71}

Moreover,

1 1
“MiT — u") drdt < C.

1
0<
{u">M<I%1} <2

< - L (WO)idzdt < C+ M
2 Jur<ma-T}

Therefore, we are allowed us to take the limit M — oo in the above inequality and so deduce

||UU||L4((0,T)de) <C.

Let us now recall (3.4). By the density argument we have that (3.4) holds for ¢ € W2 ((0,T)xR?)
for G > d and (-, T) = 0 on R% Now let g € C5°((0,T) x R?) and consider

O+ oA+ VO xw’ -V — Vp(w’) -V =gin (0,T) x RY,
o(T,-) =0 in R%.

Then we have that ¢ € W;’l((O, T) x R?) and therefore
T
/ / u’gdzdt = 0.
0 JRd
Since g is arbitrary, we get that
u” =0 a.e. in (0,7) x R

Hence, u?(t,z) = wo(t,x) a.e. in (0,T) x R4

3.2 Intermediate Particle Model
vs. Final Particle Model

Step 1 1t6’s formula
Since the diffusion coefficient /20 is the same one for (1.12) and (1.14), using It6’s formula we
deduce that

X% = | (X257 — K1) (= Vpn (Vw5 X5)) 4 Vp(u (s, X57))) ds

t _ . A _ . A
+ [ 2(XiEe - Xio) (VO «us (s, Xi2) = Vb xu”(s5, K1) ) ds.
0
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Step 2 Estimates of the aggregation term

Using triangle inequality, we obtain that

|VOT s u™ (s, Xﬁ’s"’) — Vo xu’(s, X;”)| < |V *u”(s, X;") — VO xu (s, X’;")]
+ |VO 5 u?(s, X27) — VO % u” (s, X15)|
+ [ VO % 17 (5, X057) — VO % 47 (5, X057

Step 2(a) Estimation of |V® % u? (s, X27) — VO* % 4 (s, X7)|

Since

VO 5 u” (s, X07) = VO™ 5 u7 (s, X))

= (VO xu(s, X27) — (Vo % (VO % u”)) (s, X;”)‘

— /Rd VR () (VP u (s, X;”) — Vo xu(s, X;U — y))dy’

- Vo xu’ S,X;"U — Vo *xu? S,X;"’—y

= V’“(y)ly|< ( ) ( )>dy :

R Y|
we obtain

[V (s, X27) = VO wu(s, X2)| < D20 5 (5, )Ly [ V)l

<[ @ % D2 | o 0.1 () £ /R V(@)[zldr.

Step 2(b) Estimation of |V®* s u”(s, Xo7) — VP % 47 (s, X1o0)|

Here we take the L*° norm out and deduce that

VO« (s, Ki7) = VO (5, Xi°)|
= |® % Vu * Vo (s, X27) — VO % u” % Vo (s, X15)|
S ||¢ * D2UU * Vak ||L°°(O,T;L°°(Rd)) ‘X;’E’O- — X;’U

<@ % D*u” | oo (0 100 () ‘Xsi’s’o - Xir

Step 2(c) Estimation of |V® % u?(s, Xo57) — VO % u= (s, X57))|

We estimate this term directly with the L> norm

(VD% & (5, KE57) — GO 515 (5, KE)| < (|0 Vo 5 (V0 — u) || g o1 ay
<[ (V(u” = u™7)) [ Lo 0,751 (me))
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Combining steps 2(a) — 2(c), we obtain that

to A .y A
/ (XL — X17) (VO™ 5 u7 (s, X157) — VO 5w (s, X27) ) ds
0

Xieo — Xiolds

t
< 20+ D | pgoraemaper [V @)lalde [

A |2
Xieo — Xie"ds

+2[|® % D | oo 0 1:100 (R /

Xieo — Xl ds

+ 20 5 (V(u” = 1)) || e 0,100 ) /0

Step 8 Estimates of the diffusion term
First, we use triangle inequality as we did for the aggregation term and so get that

Vp(u7 (5, X37)) = Vpa (Ve 207 (s, X077 )| < |Vp(u (5, K37) = Op(u (5, X3°0))
* ’W’< 5, Xi57)) = Vp(uf"’(s,)?;vsva))‘
V(07 (5, X37)) = U (077 (. X177
+ [T (167 (5. X57)) = O (V9 5w (5, K25

Step 3(a) Estimation of ‘Vp( X“’)) — Vp(uff(S?)_(SivaU))

Since
Vp(u(s, X17)) = Vp(u7 (s, X177))
=/ (u (s, X07)) Va5, X07) = ! (u7 (5, X177) ) Vi (5, X2°)
_p( (s, Xﬁ’”))Vu"(s,)A(;'"’) —p’(u"(s X“’))Vu (s, X2%7)
9 (u” (5, X37)) Ve (s, X17°) —p'( (s meu (5, X°°)
L X07))

we obtain that
’(u”(s, X;”)) (Vu"(s, X;") — Vu(s, )_(;“’))
(p'(u”(s, X;”)) - p'(u"(s, )_(;5")» Vul (s, X559)]

<

‘Vp( s X“’)) - Vp(u"(s,)_(;’s’”))

Now we study all terms from the above inequality

o [p'(u(s, XE7))| is bounded by |19z (0, jur

oo 0,75 1.00 may))

o |Vu(s, X17) — Vo (s, Xi5)| < [ D7 || oo (0,110 (retyy | X 27 — X157

o [Vu’(s, X157)

< |NIVu || oo 0,105 (R
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o With the help of the mean value theorem we obtain that

(7 (s, X27)) =0 (0 (5, XE5) )| <D e (00 e g et 17 (55 X27) = 0 (5, X25)|

S Hp//“L°°(0=||U"||Loo(0,T;Loo(Rd))) HVUUHL‘X’(O,T;L‘X’(Rd))|X§’U — X7

Therefore,

‘VP( s, X07)) - VP(UU(&X?E’U))) <D 2 01 oo gt | D207 W 20 0,700 ) | X7 = X35
1D 252 0,10 o g oo gty ) | VU W 20 0,17 200 () | X ST = X357

= |37 = X177,
where
C3a = Hp’HL°°(O,IIuGIILOO(O,T;LOO(Rd)))HDQUUHLw(o,T;LW(Rd)) + Hp”HL°°(0,||u0HLOO(O,T;LM(M)))HVUUHLOO(O,T;LOO(Rd))-

Step 3(b) Estimation of ’Vp(u"(s,)_(;'fv‘fn — Vp(uiﬂ(s,)_(zﬁﬂ))‘
Using similar computation as in Step 3(a), we obtain that

Vp(u"(s Xi’a’”)) - Vp(ua"’(s X“"’))

s, X”U ) (s, X”U —p'(ua’”(s,Xﬁ’a’”))Vua’“(s,)_(i’a’”)
5, Xb7) ) (5, X159 —p'(u”(s,)_(;’5’0)>Vu6’0(s,)_(2’5’0)
Xbeo) )VUEU Xy — p’(us’”(s, Xﬁ’g’g))Vue’”(s,)_(?E’”)
Xie )(Vu 5, X557) — Vu (s, Xz’s’o))

)

P (us’”(s, X;“’))) Vus(s, X;'@").

:p/

770

(w
=9/ (u(s,
+ /(w0 (s,
=9/ (u”(s,

(o e
This implies that

’VP( S X150>> — vp(u‘fﬂ(s’)?;,s,a))‘ < p'(u"(s,Xﬁ"s’”D (VUU(S,X;"E’U) . Vugyg(&x_?g’g))‘

+ |<p' (u"(s, Xﬁ’s"’)) —9 (us"’(s,)_(2’5"’))>Vu€"’(s,)?§’€"’) .

Since

’(u"(s, X;“’)) ‘ < ||p/||Loo(07HUU”L°0(0,T;L°°(R‘1)))7

(Vu? (s, X297) = Ve (s, Xi2)| < ||V (u” = u) || o o.1000 ety
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e by the mean value theorem

p,(uU(S,Xi’s’U)) —p/(UE’U(S,Xé’E’U)N

/!
S ||p HLOO (0,max{|[u” ”LOO(O’T.,LOO(Rd))a”uE’J”LOO(O’T;LooURd))})

UU(S, X;ﬁ,e,cr) o UE’U(S, X;’,s,a)‘
S Hp”HLOO(OumaX{”uo”Loo(O’T;Loo(Rd))1||u€’0||L00(07T;L00(Rd))}) ||ug - uE’UHLOO(QT;LOO(Rd))?

. |VUE’U(S,X;’E’U)| S ||VU8’U||L00(O7T;L00(R¢1)),

we get that

‘Vp (u“(s, X;’E’”)) —Vp (us"’(s, Xﬁ’s"’))

<Pl 2oe 01w e o e i) |V (17 = 657 W o 0,750 (et

+ [IVUS | oo 0,720 ety 12" [ 22 (0.manc 11471 o o g gty 1557 o 0.0 gty D 147

= Cgb

- UE’UHLw(o,T;Loo(Rd))

Step 3(c) Estimation of ‘Vp(ue’”(s,)?jg"’)) — Vpa (uE’U(S,X;7E7‘7))‘

Since

Vp(ue’”(s, X;E”)) — Vpa (ue"’(s, X;“’))
=7 (ue"’(s, Xﬁ’e’”))VUE’U(s, X7y — ph (ug’”(s, Xﬁ’s"’))VuE’”(s, Xbe)
=y (ug’”(s, X;“’)) — (ua’”(s, )_(;5”)>> Vu? (s, Xb57),

and

P (us"’(s,f(ﬁ’e’”)) - (uE’U(S,Xg’e’”))’ = 0 by the definition of py if [|u=7|| (0. 1,15®a)) < 3,
. ‘Vue"’(s, Xi50)

< NVU?| poo (0,1 100 (ReY) 5

we obtain that

Vp(u (5, X357)) = Va (w7 (5, X35) )| = 0 3 || owgorizoe ey <

> =

Step 3(d) Estimation of ’Vp,\ (uE’”(s,X§’5’0)> — Vp/\(vep " u€70(37)2'§,8,0))‘
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Since
Vpa (ua’”(s, _2’5’”)) — Vpa (VEP *u7 (s, X?“’))
= p) (us’”(s, Xﬁ’g"’))Vue’”(s X7y — ph (Vsp x u7 (s, X’;‘N))v% x Vu7 (s, X57)
= p) (uE"’(s, U))VUE 7(s5, X557) — ply (ue"’(s, X;’E"’DVEP * Vus7 (s, Xo57)
+ pl\ (ug"’(s, ))VEP * Vu™ (s, X’E 7) =l (Vap xus7 (s, Xﬁ’”))V‘EP x« Vu™(s, Xﬁ’f’”),

we obtain that

Vo (15 (s, XE)) = Uy (V7 # w5 (5, Kie)
=p) (u‘g"’(s, )_(2’67(’)) (Vu‘f"’(s, )_(g’a’”) — Ve % Vu™ (s, X;’vava))

+ <p')\ (ua,a(s7 X—;’,s,g)) . p//\ (Vsp % UE’G<S, X;’,s,a))>vap % Vua,a(s, X—;’,E,U)
Now we study all terms from the above inequality as we did before

o DA (5 XE) S NP N 0 e e )

 Since [pa V*(y)dy = 1, we obtain that

’VUE’U(S, Xi’f"’) — Ve % Vu™ (s, Xﬁ’g’”)

— VUE’U(S,X;"E’U) o /Rd Vi-?p (y)vus,a(s,xz,s,a o y)dy’
= | [ VoV (s X dy — [ Vo) Ve (s, X057 — y)dy
= | [ Vo) (Ve (s, Xieo) = Vue (s, X0 - )y

R4
Vus? (s, X057) — Vuso (s, X057 —
Y|

=| [ V) y))!yldyl-

R4
Therefore, it yields
[Tl (5, X297) = Vo 5 Tl (5, X29)| < | D20 oo pipoequy [,V |y|dy

1

—V(=
Re € sp ep

= Lo (0,T;L>(R4))Ep Y
1 D*u=| £ Y

= |D*u™ || oo 0,130 (R)) €1 Rdv x)|z|d.

o With the help of the mean value theorem we obtain that

/ (UE’U(S,X?E’U)) _p/>\ (Vap " UE’U(S,X2’87U)>’
u™(s, Xg’a’”) — Ve sk u9(s, )_(;5")‘

< 0" || oo (0, jus

||Loo<0,T;Loo<Rd)))
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CHAPTER 3. CONNECTION BETWEEN PDES AND PARTICLE SYSTEMS

Since [ra V*(y)dy = 1, we obtain that

us,a(s’ X;’E’U) o Vap ” ua’a(S,Xi’s’U)
u (s, XE) = [ Va5, X2 — y)dy)

— ‘ Vsp( ) ea(s Xzaa dy / Vap E’U(Xz’s’a—y>dy’

‘/]Rd Ver(y (5, X057) — 47 (5, X157 — y))dy}.

This implies that

w5, X10) = Vo 4 (5, X19)| < V0 ey [, V(0 |y|dy
1

v ~ v 2Ll
[Vu® HL°°OTL°°Rd)5p Rdég €p 5p|y

= ”VU HLoo 0,T; L (R4)) 5p n V ‘x’dl'
Thus,

M (5, X57%)) = DA (Vo % 0 (5, X057)) |

<D oo 1= e g 0 ) | VU7 0 (0,75 200 (1)) Ep /Rd V(w)|x|d.

o |VEr % Vus(s, Xsi’g"’)

< ||VU€’U||L°°(0,T;L<><>(W))-

Therefore, we obtain that

(0 )0
S Hp/HLOO(O’HHS’UHLOO(O,T;LOO(]Rd») HD2uE,O'HLoc(0’T;Loo(Rd))€p /l%d V(a;-)‘x|dx

1P | 2o (0,101 o 0 ) | VU5 N o 0,500 (1)) E /Rd V(@)|zldr =: Csq

Combining all previous estimates from steps 3(a) — 3(d) we deduce that

-----

i=1,...N

,,,,,
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CHAPTER 3. CONNECTION BETWEEN PDES AND PARTICLE SYSTEMS

where

Csq = ||p/||L°°(0,||u"||LOO(OVT;LOO(Rd)))”DZUJHLOO(O,T;LOO(RCI)) + ”p””L°°(O,||u"HLOO(O’T;LOO(W)))||vua||L°°(0,T;L°O(Rd))7
Cap = ||p/HL°°(O,||u"||LOO(O’T;LOO(Rd)))||V (u” = u™%) [ oo (0,310 (R2))
+ VU Lo (0,710 () Hp//HLOO(Ovma‘X{“uU”LOO(O ruzoe iy 157 o o 1,00 ey DI = U7 L0132 e,

25,

G = 17200, |y s i 1 P20 e sz ey [ V(@) alda

12" 2o 0,101 o g ) | VT [ 0,732 Ry E /Rd V(@)|z|dz.

il

HUOHLOO(O,T;LOO(Rd [Vu7|| oo (0,T;L< (R9)) s 1D oo (0,T;L°° (Rd)) < OO

sup ’X 1T XZ
i=1,.
Since the following condltlons are true

Step 4 Estimation of E [

* ||UE’U||LOO(0,T;LOO(Rd))» ||VUE’U||LOO(0,T;LOO(Rd))> ||DQUE’(7 |L°°(0,T;L°°(Rd)) <0

e JC > 0 such that
— [Ju” — UEJHL"O(O,T;LN(Rd)) < COlep +¢p)

— IV (u” —u®7) ||L°°(0,T;L°°(]Rd)) < Cleg +€p),
— [|@* (V(u” —u™7)) < Clex + &)

||pl)\||LOO(O,“UE,UIILOO(O’T;LOO(Rd)))7 Hp/)(HLoo(()a”us’o‘|L00(07T;L00(Rd))) <0

1w || oo (0.1 200(RY) < 5

| D % D?u?|| oo (0.1, 100 (RE)) < OO,

combining the estimates of Step 2 and Step 3, we obtain that there exists a constant C' > 0 such

that
] s

_ .
1,6,0 1,0
Xieo — X0

-----

t
SC/ l sup ‘Xzaa XZO'
0 i=1,...,.N

t
+ C(ex +¢p) /0 E [‘slupN’

| as

] ds + C(er, + ,)*.

Using Young’s inequality we obtain that

E[ sup ’Xzsa Xie
i=1,...,.N

] <C/ l sup ‘X”” X“’
Gronwall’s inequality yields

sup ’XZ 6 )2}“’

i=1,....N

< Clep +¢p)? exp (CT).

sup E l
te[0,T7]
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Chapter 4

Regularized Particle Model
Intermediate Particle Model

4.1 Convergence in Expectation

In this section we prove Theorem 1.4. Since the diffusion coefficient v/2¢ is the same one for (1.11)
and (1.12), using 1t6’s formula we deduce that

‘ xNieo _ ieo 2

t2 XNiEU XiEO‘ 1
/0 ( s T s )(W

N
Vs (XN - XNGET) G x (s, X05)) ds
j=1
N

b [ 2005 X120) (= U VKIS — XN999)) £ U (Ve (s, X25)) ds
j=1

4.1.1 Estimates of the Aggregation Term

First, we rewrite + ;,Vzl Voo (X Nieo — X Nieo)y — TPk x &7 (s, X057) as

1 al € 1,€,0 ic.o e co Sieo
LS ) T s, K
1 X , , N B
- LS e e - LS v (e )
j=1 =
1 ¥ . _ N
S 30 V(XIS — XUT7) = VO w0t (s, Xi2)
j=1
= Al + AQ
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CHAPTER 4. REGULARIZED PARTICLE MODEL VS. INTERMEDIATE PARTICLE MODEL

Now we handle A,

1 Y , A -
|A1| = N Z YV Oc* (XsN,z,s,o . XSNJ,E N AN Z V(I)ak Xz &0 Xie,g)
j=1 ] ‘
1| . n ‘ |
N Z (VCDE’“ (X;,a,a — Xg,a,a) — V(I)ak (XéV,z,a,a . X§7]76’0))‘ .
7=1

Since by Lemma 3.1 there exists a constant C' > 0 such that

C
||D2¢)6k||L°°(Rd) < —,
k
we obtain that
C o v N.i N.i — .
|A1‘ S W Z (|X;’E’U o Xs ,Z,e,cr| 4 |Xs JhET X?E’UD
k j=1

Combining estimates for |A;| and Young’s inequality yields

s

2‘(}(5\7,1’,5,0 . Xi,s o (]17 iV: vq)sk XNZ £,0 Xé\/,j,s,a) - V(I)sk % UE’U(S, Xg,s,r?)) ’

N,i,e,0 _ Y0 \ET Nie,o N,je,o _ Yo N,i,e,0 _ Yi,E0
<2|x] X —Ngd Z (|xier — x b= 4 |X] xi=o|) +2|x| Xioo| | Ay
k j=1
20 . _ 2 20 X . _ . _ . _
_ N,ieo i,&,0 N,i,e,o i,&,0 N,je,o J,E,0 Njie,o i,&,0
- be X+ a2 X} X ‘Xs X7e7| +2|X] X027 | Ayl
6kj:1
2C _. 2 C 4 _ . 2
Nyie,o 1,€,0 ~ N,ie,o z,s,a N,je,o j £,0
<7 | xNier - Xiee| 4 = X! X! Z e
k k

) _ 2 1
+ 2% ‘XsN,z,s,o' o X;’E’J + 27‘142‘2
K

2 Nieo  wieol? L L4 2
+ 25| X] X[+ oAl

3C : _.2 X . _
. Niie,o _ 1,€,0 N,j.e,0 _ J,€,0
= |x: X! +Nd§:‘XS X7
€k €k j=1

2 C

= (3 4 20) [xprsee _ 00" 4 i xvoe — ool 4 Ly

d
€k Neg

The constant x will be determined later. After taking the expected value of both sides we get that

E

t ) _ 1 X . . _
/ Q(XSN,z,a,a o X;,e,o) (N Z VL (XsN,z,s,a . Xs]V7]7E,0') — Vo % u6,0'<87 X;’8’0)>d8]
0 e

</ +2;<;)]EUXN”” Xieo ]d5+ dZ]EUXN]EU Kieo
et

2:| d
o Neg ; i

—E[| Ay
+ [ 5Bl AaP)ds
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CHAPTER 4. REGULARIZED PARTICLE MODEL VS. INTERMEDIATE PARTICLE MODEL

Now we handle the term |A,|?. For simplicity we introduce

Zij — VPek (X;‘,e,a o Xg‘,a,cf) B v £ ue,a(s7 X;’,s,a).

Therefore, we obtain that

2

N
’A2’2 1 Z( v pek Xzsa . Xg,s,a) — VPk % UE’U(S,X?E’U)>
]:1
N 2 1 N N R R
== — 22
N; NQJE:U; gk

For i # j we know that (B!);>o and (B});> are independent Brownian motions. Recall that ¢; and
¢; are independent and identically distributed. Therefore, we obtain that X and X7 are also

independent and identically distributed. It implies that

E[Z;] = E[V®* (X157 — XI87) - VO = (5, X0
= VO (x — y)u™ (s, x)u™(s,y)dx dy — / ( ) VO (z —y)u ’”(s,x)dx) u™?(s,y)dy
R

R2d

=/ (| VO*(x —y) u(s,x)dzr)u’ y)dy — - (/ VO (x (s,x)dw) u?(s,y)dy

R JRE
=0.
Recall that by Lemma 3.1 there exists a constant C' > 0 such that

C
VO oo (ray < =5
k

Moreover, for j # k, j # ¢ and k # ¢ it holds that

E(Z:; - Zun]
= E[(VOH (X7 — XI97) — VO % u7(s, X097)) - (VOH (X7 — XF7) — W 547 (s, X7))]
= /Rd /Rd /Rd(VCI)‘E"(a: —y) — VO % u(s, 7))
(VO (x — z) — VOTF x u™ (s, 2))u (s, 2)u” (s, y)u™ (s, z) dr dy dz
/R (VO (x —y) — VO™ % u™ (s, x))u™ (s, y)dy)

VO (z — y)u™(s,y)dy — /]Rd V& (z — w)u (s, w)dw)

/Rd VO (x — 2)u™? (s, z)dz — /]Rd Vo (x — v)u™ (s, v)dv) ~u (s, x) dx
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CHAPTER 4. REGULARIZED PARTICLE MODEL VS. INTERMEDIATE PARTICLE MODEL

Since V¢ (0) = 0, we get for j =i and k # ¢ that

A

E(Zii - Zu]
=E[(—VO* x u™ (s, )_(;5‘7)) . (VCIDS’“()_(;"E’” — )_(f’a’”) — VO % u7(s, )_(;EU))]

= /Rd /Rd(—vw xu™?(s,x)) - (VO*(x — z) = VO % u™ (s, 2))u™ (s, x)u™ (s, z) dx dz
= /Rd = V& (x — w)ue"’(s,w)dw)

: ( o Vo (x — 2)u™ (s, z)dz — /Rd V& (x — v)u™ (s, U)dv) cu (s, x) dx

Il
=

For k =14 and j # ¢ we have also that

For k =4 and j = ¢ we obtain that

E(Zii - Zi]
= E[(=VO™* % u™(s, X;7)) - (VO™ % u™(s, X;°7))]
< K[|V % u®7 (s, X05) 7]

Therefore,

N1 ¢
Vsl I IR < S

E[|A2*] = -5 E (4.1)

since for an arbitrary j € {1,..., N} there exists a constant C' > 0 such that the following
inequality holds:

A _ . _ _ . 2
ij — <V(I)z-:k (X;’E’U . Xg,s,o) B v UE’U(S, X;,g,g))
< 2’v®6k (X’;’,s,a _ X?E’U)‘z + 2‘vq)5k % UE’U(S, X;’,s,g)‘z
2
< 2| VO[T oo (ay + 2 (HuO”Ll(JRd)‘|V(I)€kHL°°(Rd))

2 \?
< C(Jluoll7rgey + 1) <d—ls€—1
€k
< ¢
= 2
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CHAPTER 4. REGULARIZED PARTICLE MODEL VS. INTERMEDIATE PARTICLE MODEL

So, we obtain that

t . _ 1 X . : _
E / Q(XNza o X;,a,a) (N Z v Pe (X;V,ua,a . Xé\ﬂj,a,a) B v UE’U(S, X;’E’0>)d8

j=1

} ds +/ —z upNE []XSN”"E"’ — X;’E’”|2} ds

,,,,,

+ -
2/1N5,€(d b

= (& 1) / " sup E UXN” — xieo|’
ed 0 i=1,..N

Ct
2(d—1
2/@N€k( )

]ds+

Choosing k = é we see that

¢ , _. 1 N . _
E / (XN Xieo) (N Z Vo (X Nieo - XNIeo) TP « ua"’(s,X;’E"’»ds (4.2)
0 :
4C +1 , _ Ct
< E l:XN,z,a,a o Xz,sa :| d 4
<= ) e BIXE - X s o

4.1.2 Estimates of the Diffusion Term

First, we rewrite —Vp,\(% ;\/:1 Ver(XNieo Xév’j’s’o)) + Vpa (Vep *us (s, Xﬁ’e’o)) as

— Vpx(]i[ g: Vap(XsN”"a’“ - ijv’j’s’”)) + Vp, (VET’ *u™7(s, )_(;6“))

j=1
— Vi (~ % ver(xNiee — xNier)) 4 v (i i (Xie7 — XI5))
A N = s s P N “ = s
=1
N
—VPA(;T Zl V(X097 = X157) ) + Vs (Vo (s, X))
P

=:1s

= [1 +[2

Estimation of I,
Applying chain rule we deduce that

1 X . _ 1N , ,
T SV ) (& S v — )
j=1 j=1

, N _ 1 XN _ _
— _ Xl ,E,0 XJ,E,O' . VVEp Xz,a,a _ X],&‘,U

A(N 2:: s )) (N ]221 ( s s ))

1 N ) 1 N . .

_ p)‘(N Z Ver XNZ €,0 Xﬁ]ﬁﬂ)) (7 Z ver (Xiv”’s"’ _ Xi\’,],e,cr))

N =~
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Since we can write I; as

L =p; (]1V ﬁ; Ve (X - X199)) (]1V i V(X0 — X3))
(VA < X)) (SR 52)
+ (le ]ﬁvjl Ver(xNieo - xNier)) (;f ijl VVE(XP57 = X797))
A VR ) (1L WV e - )

<
I
—
<.
Il
-

we can factor out % Y0, VV& (X199 — X797) =: ; and p’/\(% SN, Ve (X Nher — X;V’j"f’”)) =: Qo

in order to obtain that

)

[1:< (1 ngp X'L{—:U Xg,aa) (

j=1

Z\H Z\H
Mz

+Q2<( ZVVEP (Xi27 = X7=7)) — ( ZNj VVer(xNieo va’j’”)))

Applying the mean value theorem we get that

1 Y _ . 1 ,
N Ver( X450 Xj,aa _ = Ver XNzaa XN,j,e,a
p>\<N]§1 ( s s ) <N; s ))
HVVHLOO R4) al i,&,0 V ],E,0 1,€,0 ,€,0
= cd+1 ( [P o (O1V=Pll oo zay) 77 Z‘ X ST — XPE) — (XSN €0 _ X;V,J,s, )
p j=1
HVVHL"O(Rd 1 i,6,0 i,6,0 N NNes
S T 12X 22 1V #P e ) 77 ( ‘X — XN+ Z ‘XNJ — X )
p
||VV||L°°(Rd Y RNed Njie,o N,je, 0 " JhE50
= —Egﬂ 12X £ 0,17 oo JRm)(’XS - X + N]; ‘XS - X] )

Now we study other terms from ;.

. Q1] = ’N VVer (X0 — Xg’e’”)‘ is bounded by ”W”d%““”

o Q2 _ pg\(% ;Y:1 Ver (XSZV,i,s,o _ XSN’j’E’G)> is bounded by Hp/)\HL°°(07||VE”||L00(Rd>)'
« The term Z;V:l VVer(Xier — X7e0) — L Zév:l VVer(XNieo — XNieo) s estimated by

1 [|D*V|| e N _ 4 ,
- H HL (R4) Z |(X;’E’U . Xg’s’a) . (XéV,z,a,a o XéV,j,s,a)|

A A=t
||D2V||L°°(Rd) Vi.E.0 N,i.e,o 1 al N,je,0 " J5E,0
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Therefore, we obtain that

1] < Oy, (|Xier — xNiee

1 & o _
J— JE,0 1,€,0
+»Af;;]x; X

)

where
IV e} 1DV e
CIl = (e’;‘dﬂ Hp/A/”LOO(O’”VEPHLOO(Rd)) + ”pI)\HLOO((L”VEp”LOO(RC[))T
P p
So,
¢ Nje,o _ yiEo
2(XS X,s )]1 ds
0
N i o , 1 & . .
< 20[1 / ‘XSN,ue,a o X;,a,a (‘X;7£,U . XéV7Z7E7U + N Z ’XSN,],a,U o Xg,g,g )dS
0 .
7j=1

fg%h%foﬁmﬁ_X?J2+;Anggmﬂ_X?p2

LR _
— 3J,€,0 1,€,0
+—2§2jx; X7

2)>ds

t . .
= 30[1/ ’XSNJ,E,U —X;’E’U 2d8+ Ch / Z XN_]EO’ X][—:a‘
0

ds,
which yields

t . o
0

t . .
<E |30y, [ |[x¥iee - Xieo
0

2d8+Cll/Z‘XN]€0' X]sa

ds]
] .

C 11

s

t . o
§3CE/E“X§“”—X§U
0

]d + =t Z‘XNJEU_ Xieo

t ) o
< 40[1 / sup E |:’ X’é\f,l,s,a' o X’;,s,o’
0 ;—

.....

Estimation of I,
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Next, we study Is.

i P(XE7 = XI97)) + Upa (V5w (s, X057))

I, = _VP’\(]if

— (i i\f: X@e o Xj,s,o)) (i i\f: Vvsp(Xi,s,a B Xj,s,a))
Py N “ = s N = s s
+ p)\ (Ve” * u=7 (s, X”"E"’)) (VVEP * u=(s, )_(i’e"’))

_ p/}\ (Vap % ufs,a(s7 X;’,e o ) Z VVEp Xz £,0 Xg’,e,o)

j=1

/ 1 al €p ( YV 5,E,0 " JhE,0 1 al Ep ( YV 1,E,0 " J,€,0
Iy VR - 5) (VR - X))

J=1

(
+ i\ (V‘EP * u”7 (s, )_(i’e’”)) (VVE” *u”7(s, )_(i’s’”))
(

_pl)\ Ver « us,U(S’Xzaa ) Zvvep Xzaa Xg‘,e,a)

Then we split I, and get that

. 1 N _ 1 N _ _
I,= (pgw% o (s, X077) = ph (5 2 VR (XS X&&“))) = VYK - X{E)
j=1

j=1

+ ((VVsP * us’”(s,Xsi’E"’)) — ;f% VVer(Xbee — XIe0) )p (VEP xu”7 (s X”“))

=1

= ]271 + ]2’2.

FEstimation ofE{fO 2(Xbeo — xNieoy, ds]

First, we estimate ’X;’W — XNieo

|I5.1] as follows

\1,E,0 N,ie,o
‘Xs” — XN

|l2,1’
, =i , ] N i, o
p)\([/ Pxu (S7XS7 ’ )) pA(N z i (X X87 ’ ))

7j=1

_ | vieo N,ie,o
_‘XSH XsH,

N
Z \VAVES (X;l,z—:,cr o Xg,s,o)

J=1

< ‘Xi,e,a _ xNieo
— S S

N

IVV oo ety
THP [z 0, v Pl oo (rd))

N
€ £,0 1\, a e i,&,0 " J,E,0
AV w7 (s, X057) — g Ver(Xbso . X7E)
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Next, we define Z;; := V& x 4= (s, X057) — Ver (X557 — X7 and obtain that

IVV ][ oo ra)

Xoor = X Do | < DK 2 1V e gy [ K257 = X2
p

¥ %%

If we multiply the last term by +/ 2/1% and apply Young’s inequality, we obtain that

‘X;"E’U _ XN,i,a,a |I271’

< H ‘/HLoo (R4) Xi,a,a XN,Z',E o Al

S 2(d+1 ||p ||L°O(0 |ve P”LOO(]Rd)) s R + @FZZ Zk’
p =1 k=1

since ‘ E?le Z

= (T3 Ziy)* = il il Zig Za
Similarly as in (4.1) we deduce that

B
— ggd ]

N N
5|33 2,2,

where we use the following estimate. For an arbitrary j € {1,..., N} it holds that:

— . — . 2
— (vsp * uaa S XZEO’) V6p<X;,€,U _ Xg,e,o‘))
Q‘Vsp * us o( Xﬁz,s,o),Z 4 2’V5p()_(;',s,o o X£’€’0)|2

V1170 (gay
< C?.
This implies that
t _ . )
E[ [ 2(Xi07 = XNy, ds
0
IVVIZo@a) o Lol vico _ yNico L1 sy
S 2u—€?)(d+1 H HL°°(07||VEPIILOO(R4>)/O E|: X87€7 — XS )4,y :| ds =+ 4/11]\[2/ E{z:lkz:lzwzzk} ds
< 2 || VHLOO Rd) H ||2 /t]E|: X”L’,E,O’ _ XN,’L’,E,O’ 2i| d _'_ iLCN HLOO Rd) / 1d
= Ep(dJrl AL (0,IVEPl oo (ay) 0 s s ° 4p N?2
IVVI7 o gty b e o Nieol? C1 HVHLOO(Rd
= 2N€I)(T”p (s onwan(Rd))/ B[ [Xier — xeer|ds + — N e

22(d+1)
Now we choose u = “

2VV2 and obtain that

ooy IPAI1Z oo 0 v ep
£o0 ) PANLo0 (0,1VEP I g a))

E| / “o(Xier — xNicoyT, ds]
0

}d —i—C” HLOQ (R9)

1,€,0 Nyie,o 2
</ | X - X] 2e+1) DXz 0,120 1 e gty 7 1V N et
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FEstimation ofE{fO 2(Xbeo — XNieoL,, ds]

The procedure is similar to the one we used for the estimation of E[fot 2(Xbeo — xNieay, ds}.

First, we observe that

‘Xéz;,s,o o X;V’i’a’o |IZ,2|

= ’X;}&U . XéV,i,a,a (Vvap % ue,o(S’ Xi,e,a)) _ ;/vi vVer (Xze o X;’,e,a) pf\ (Vap * ua,a(s’ X;"s’a))‘

o XN,i,s,o

1 Y _ _ .
g PR R P D ¢ N’ > (VVE s us (s, Xi97) = VYV (X197 — X797)) .

Now we define Z;; := VVe % 457 (s, X157) — Ve (X7 — X7%7) and get that

" ,E,0 N,ie,o \1,E,0 Njie,o
Xsyz _X8777 XS’» _st’»

Lo ((0,1) xmd)) ‘

[I2,2] < [IPAll 2o (0, fus

1 NZ
¥ 2 2

As we did before, we multiply the last term by /2 \/1271, apply Young’s inequality and deduce that

\V1,E,0 Nyie,o
‘Xs” — XN

2] < ﬁ”p&"%oo(o,||us,o||Loo((0,T)XRd)) ‘Xi’a’a — XN+

. nd 2 e e
since | o3 Zy| = (S35 Zy) - (S Zg) = S35 S 2y - Za

Now we analyze the term Z] 12] ke Z - Zix. By using the same technique as in (4.1) we get
that

LINELN U IVVIZe ey
E (S5 Zy - Zu | < ON——pi ™,
j=1k=1 Ep

where we use the following estimate. For an arbitrary j € {1,..., N} the following inequality holds:

_ - N o
12 = [VVo 5™ (5, X297) = YV (X057 = X°)

< 2IVVE x4 (s, X§757°)|2 + 2|V Ve (X;}a,o . Xg,a,a)|2
IV e ey

2(d+1
200

<C
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Consequently, we obtain that

E| / t XL — XN Iy ds|
0

12 Lol e Nyeo|?] d 11 t N N > 14

< 7 - co 1,€,0 y4,E,0 - i i

< DA 0 gy BL[KE5 = XN s+ o | B[325 2 Zu] ds
t r| —. . 27 1 1 HVVH2 d t

~1 12 1,6,0 Njie,o T Loo(R4)

< QA ey |, B[ K257 = X209 s + N | 1d
t ry —. . 2 C HVVHLOO Rd

o~ (12 1,€,0 Nyie,o ~ - )

— 2’u||p>‘||Lw(07uE’oLOO((o,T)de))/O E Xs - Xs la N ;(d+1)

1
2
2le)\||LOO(O’”uEyO'”

Now we choose i = and so get that

L°°((0,T)><]Rd)>

e[ (i - XN ds]
0

1 IVV|I2 .
} ds + 2||P\[|7 5 0. fruere *—H i oo
AL O M=l oo (0, ryxmt) N S2(d+1)
p

3 —ie Nicol?
Z? 70- 727 70-
</0 E[|Xio7 - X]

Combining the estimates for ]E{fg (X — XNveo) [y, ds} and ]E{f(f 2(Xbeo — XNieo],, ds}
together we obtain that

E| / t 2(X1=7 — XNeo) I ds|
0

_ . ) 3 . .
—E| /0 XL — XNy ds| + E| /0 (X1 — XM7Y Iy ds]
<2 / Hxlsa XN’LEO' }ds‘i‘cjm
where
IVV 7o e IVVI 20 ey
L, =2 Ns 2d+1) Hp HLOC 0,|ve P||L00(Rd))HVHL°° Ryt + 2HID,\HLOO 0,14l oo 0.1y xrdy) N€]2D(d+1)

2t VV e e v
N2 deP 120 0,121 ) 1V oo )+ NPANZo (0,05 1 e ) |
p

Estimates for the whole diffusion term
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From estimates for E UO (X Nieo _ Xieo) [ ds} and E { Jy2(Xieo — X Nieo) ], ds} it follows that

E{ / (XN - Xiee) (= Ty (= zNj Ver(XNeo - XNG2)) 4 Vpy (Vo s (s, X15) ) ) ds}

0 N =
(4.3)
t . .2 t — S 2
< 40, / sup B[ |xNVoe — Xieo| ]ds +2 / E[[Xier — XMoo ] ds+ Cn,
0 i=1,.,N
= (4Cy, —|—2)/ sup EHXN”” Xieo }ds%—C’[w
0 i=1,...,
4.1.3 Gronwall’s Argument
Since we take 2 > 4, we obtain estimates of (4.2) and (4.3) which are independent of ), i.e.
Njie,o 7,802 4C+1 t Nyie,o \1,E,0 Ct
s gl i) < () [ e o
N,i.e,0 Vi,E,0 2
+ (40, +2)/ sup B ||xMer - e[| ds + O,
0 i=1,...,
t
< C’Gl/ sup E UXN”" Xieo } ds + Cg,,
0 i=1,...,
where
4C +1
Ca, = ——5— +4C +2
€k
AC+1 IVV ][ oo ra) " / | D2V || o (et
g ( e+l e L O e
and
Ct
Co, = 35 +CI
® Net? ’

_ Ot AV e (L) e VI e+ 112
- Ngz—z ng(d-f—l) ggd p Loo(()?”VEpHLOO(Rd)) Leo(R4) p LOO(O,HuE*UHLOO«O’T)XRCZ))

Now we apply Gronwall’s inequality, which results in

N .
sup sup E UXt mET XS
te[0,T)i=1,...,N

2} < Cg, exp (CclT)-
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Since
C, for m =2,
OO €p VEp oo =
0, for m = 2,
1" | oo 01vor o ) < CODNV T ey = 1 vy

d
C'id(fjo(f) L for m > 3,

we obtain that

1 1 1 1 1 1 1
Co, <C(1+—+ + <C|\=+——>5
G = ( e €I2D(d+1) Eg(m—s) cdm=2) €g+2> = (E% 8gm—d+2>
t t 1 1 t t
Co, <C + —= +1) | <C +
G2 > ( N 6Z—2 Ng}Q)(dJrl) ( 5}2)d ggd(me) > = Naﬁ_2 Nggdm—2d+2>

for m > 3 or m = 2. Therefore,

2 1 1 ~ 1 1
E || XN — X”"}<CT cml=+——1).
ti}é%] slup U ¢ ¢ < C( ><Nai_2 + Nggdm—2d+2> exp ( ( )<€g + ggm—d+2>>

It remains to prove that for 0 < 8 < 1 it holds that

1 1 ~ 1 1 _
C(T) (Né“g_Q + N€2dm2d+2> exp (O(T) (6% + M)) ~ O(N B) as N — oo.
p p

Let e = ( . )E, Ep = ( . )dm*d“ where ay, o, > 0. Then it follows that

In(N“k) In(NeP)
1 - 1 1 1 ey 422 - o N
oz O (O (5 + g )) = 7y (MN)T exp (C(T) (In(N) + In(N°)) )
k
1 - - ~
= (@) T (In(N) T exp (C(T) In(N*)) exp (C(T) In(N*))
_ (awdffoHé%%é( Jog+C(T)
and
1 - 1 1 1 o Zm=2di2 - o N
N a3 P (C(T)(gz + W)) = N(m(zv ")) exp (C(T)(In(N*) + In(N°r)))
p p
= (a,) Hnmare NI AR HOMant C(Tey

Since m = 2 or m > 3, then it holds that d 2 < 2@?"%.
m—d-+2

Therefore, we need to ensure that

2dm —2d +2 - ~
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This implies that

5 2dm—2d+2
1 dm—d+2 5

c(T)

ap + ap <
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4.2 Convergence in Probability

Now we prove Theorem 1.5.

4.2.1 Preliminaries

Lemma 4.1. Let w € L>®(0,T; W»>*(R%)) such that | D*w|| poo o 1:100ra)y < C. Then we obtain that
|HD2V€\ * w||Loo(o,T;Loo(Rd)) and ||[VVE] % w||L°°(0,T;L°°(Rd))

are bounded uniformly in €. Moreover, it implies that
|HD2(I’5\ * w||Lo<>(o,T;Loc(Rd)) and ||[VO°| * wHLoo(o,T;Loo(Rd))

are bounded uniformly in € as well.
Proof. We present the proof only for | D?*V¢|+w. The arguments for the case |VV¢|*w are the same.
D2V s = [ DV (@ = y)lw(s,y) dy
R
— ¢ (d+2) / p(t—Y d
2 o ( . Jw(s,y) dy
= 6’2/ | D2V (2)|w(s,x — €z) dz
B1(0)
= <’D2V|, 872'11}(8, xr — 8')>L2(Bl(0))
= <£(‘C71’D2VD7 87221)(87 T — 5')>L2(Bl(0))

where Lv = —Awv and L7} D?V| is the unique solution o € C*(B1(0)) to

—AD = |D*V| on B;(0),
v=0o0n 831(0)

Using integration by parts we obtain that

|D2VE| xw = (L7YD*V], (=A) (e *w(s, z — €))) L2(B1(0))

= [ o EIDVDE (A s, a — 22) dz

= BI(O)(ﬁfl]D2V\)(z)(—Aw(s, r—ez))dz

< ND?wl| oo (0.7, wap 1L DV || 181 (0))

The required assumption £~ D?V| € L'(B;(0)) is satisfied if V is a C? function with a compact
support.
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Moreover, we get that

D?VE(- —y — 2)®(2)dz

|||D2@6| * wHLO"(Rd) = /d 4 w(t7y>dy’
R R

<Lk

Lo (R4)

D*VE(- —y — z)‘ O(2)dzw(t,y)dy

Lo (Rd)
= / / D?Ve(-—y — z)‘ w(t,y)dy ®(z)dz
Rd JRd Loo(R4)
— / ID2VE| 5 w(t, - — =) B(2)dz
R L (RY)
_ 2y/¢e .
=@« (ID*ve| + w) (¢, )HLOO(M)
2v7€
< cHyD 1% ]*w(t,~)HLoo(Rd).
O
Now we define
7(w) = inf {t € (0,7) ieglﬁ.}jv} ‘XtNﬂea Xieo| > N—a}
Si(w) = N* ieg?{N} ‘Xﬁ}i’s’a - X
We know that
sup P| max ‘XtN’i’E’U — X7 >N = sup P| max ’XtN’i’E’U — X} TS N
0<t<T €{1,...,N} 0<t<T €{1,...,N}
(4.4)

Thanks to the stopping time 7 it follows directly that S; < 1. This property implies that S? < S,

which we are going to use later. Since S; is a stopped process, it follows that

{wEQ

le«flll,a},{N} ’XtN,i,g,U(LU) - X:’610<w)‘” > N_ali} C {w € Q‘St(w) = ]_}

So, together with Markov inequality we get that

0<t<T ie{l,...N} 0<t<T 0<t<T

sup IP( max ‘XtN’i’e’” — X7 > N_a> < sup P(S;=1) < sup E[S].

The next step is to show the following version of the law of large numbers.

.....
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Furthermore, let U € L*®°(RY) and U x v € L*>(0, T; L>=(R?)). Define

AL (U, v) = {w G Q’ ZU —Uxv(YH| >

1
NO [
A (U0) = U A(U.0)

i=1

So we obtain that for arbitrary & € N and 0 € (0, %)

~ _l - R
P(AéV(U, v)) <N max }]P)(Ae(U v)) < NZRE Q)HC(R) <||U||2L00(Rd + U *UHLOO OTLDO(Rd)))

ie{1,..
Proof.

2%
1

P(Ay(U,v)) < N**E = N?™E

= \

N K
S h(YLY! )
=1

Z — U xv(Y?)

1M

_ 1 J

NZI:h(Y YY)
]7

where h(Y",Y7) := U(Y" = Y7) — U xv(Y"). So, we deduce that
We now look at terms in ]E[(Z;V’lzl h(Y? Y)Y, )71))“] where one index j € {1,..., N} only

appears once and j # i:

Lm#j
= /Rd v(x) /Rdv(y)h(x,y) dyErj_;[: h(x,Yg’")] dx
o Ln#J
/]Rdv( :/Rdv —y)—U=xv(x))dy
:/Rdv Uz —y)dy — /Rd/Rd U(r — z)v(z)dzdy
= Rdv y)dy — /}R U(r — 2)v(z) dz
= 0.

In order to estimate E [( SN RV YI)R(YY, }71))1 , we need an upper bound for the terms which
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do not vanish. These terms have the following form:

N = Nl UNQ,
%
N = { H h(Y"',Y") i; € {1,..., N} such that all appearing indices i; appear at least twice},
j=1
Ny = {h(Y’,YZ) I A(Y*,Y"%), i #4; € {1,..., N} such that all
j=1

appearing indices i; appear at least twice}.

Since for N > & big enough we get that

wit= (V) (),
ol = <<T>++<KJ_VI)> N

so the number of elements in A/ is bounded by

N| < C(R)N
Since E(H?il h(f”,f”ﬂ)) <C (||U| Te@ay + U * 0|75 (07315 (R2)) ), it follows that
1 N

(}V S h(YL V) Zh(ffﬁ%)

j=1 =1

P(AL(U)) < N*E

ro 1 R
< N? 0N2g0( k)N (HUHLOO(Rd + U * |75 OTLm(Rd)))

= NFO-DOE) (U sy + 1V 5 0o

This implies the desired result. [

4.2.2 Main Estimates

Now we come back to the estimates of E[S;].

Since the initial data of X" and X/**° are the same we deduce that

: _ t N . : _.
XtN’Z’E’O _ Xz,a,a — /0 (]1[ Z V(I)Ek (X;V,LE,O' o XSN,],E,J) o V(I)Ek * UE’U(S, X;’E’G))ds
j=1
[ (= I VXN — X2920)) 4 U (Vo w0 (s, X)) ) ds

] 1
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and therefore

Sp = N _max_ 'XZX;"E"’ Xt <o + I + I + 11)

ie{l,...,

where

K

ds,

™M=

tAT
I, = N** max /
i€{1,..,N} Jo

1 . . . _ .
N (V(I)ek (Xé\f,z,e,cr o XéV’J’E’U) . vq)sk (X;,s,cr o Xg,s,a))

I
i

J
K

tAT
I, = N** max / ds,
0

V(XL = XPOT) = VO (s, Xi)
ie{1,...,N}

HMZ

1
N ¢

==
™M=

tAT
Il = N* max / Vp,\(

ie{1,..,N} Jo = j=1
II,=N NG (L S V(i - g Vpa(V xiee))|
— ak - €p 1,6,0 JE,0 . €p €,0 1,€,0 ]
2 ieg?(]v}/o p/\<sz::1 (X, 5 )) P,\( s« u”7 (s, X2 )) s
Estimates of the Aggregation Term
Step 1 Estimation of E[I4]
Using Taylor’s expansion we obtain that
I N max /t/\T i i (V(I)gk (XN,z‘,a,a _ XN,j,e,o) o V@sk (Xz‘,a,a _ Xj,a,a)) " ds
b ieft,..Ny o |N s s s 5

Jj=1

Z I - . . _ , .
2 R = N777 ™= N777 =
< N max /O N 2 DAOH(X = Xg) (X[ — XKoo - X(MIS 4 Xe)

ie{1,...,N}

tAT 1 N
+ Ok, T)N™  max / = 2D gy
0 =

K

tAT _ . . — .
S Ntm max / DQ(I)sk Xzecr Xg,s,o) (Xé\f,z,e,cr - X;,E,G) ds
0

i€{l,..,N}

5
5

tAT
+ N max /
0

D> (X157 — X]57) (XM= — X[=7)| ds
i€l s N} s s °

2K

ds

tAT ] _
C(x, T)HDSCI’E’“HEOO(W)NM ' ZH/ max ‘Xév’z’e’” — X5

0 ie{l,..,N}

With the help of triangle inequality and the definition of S; we deduce that

Il S C(t, Ii)(]n + ]12 -+ ]13)

Vap(XNzaa Xé\/,j,a,a)) B Vp)\< Zvep Xzaa Xg,a,a))

XN,'L',E,U . Xi,s,o’ o XN,j,E,O' 4 Xj,s,a 2
s s s s

K

ds

ds

ds,
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where

K

tAT 1 N .
_[11 = / max N Z D2(p€k (XZ i Xg’ao') Ssds,
0
j=1

ie{1,...,N}

tAT N "
— ark - €k 1,€,0 J,€,0 N,j.e,o J,E,0
Io=N /0 s N; 2ok (X0 _ XIeo)(xNdeo _ xieo)| g,
L _/ [D*®% ey max \XNW X0 8, ds.
Now we are going to estimate these three terms separately
Step 1 (a) Estimation of E[I11]
tAT N 9 _ . > j " S d
Ell]=E|[ =3 D2 (X  Xie)| g,
[111] | emax, szl (X3 7)) Ssds
tAT
<C(k,T)E [/ max ‘DZQE’“ *u™ (s, X”")‘ S ds]
o ie{l,..,
_|_C’( T)E /t/\T 1 ZD2®5k(Xigg Xjaa) D2q)€k aa( Xisa) HS d
m — S0 X6 * U e §
o 0 ie{lf.l.),(N} szl s s Uois s s
Recall Lemma 4.2 and consider
1 € €,0 : Ve 1,E,0
Ag) (5) = AN (D@ (), u(s,-)) with (V)ieq, ny = (X27)ieqr, v
Therefore,
t
E [[11] < C||D*®%* « UE’UHZMO,T;Lw(Rd))/O E [S;s] ds
cTE| [ S~ D205 (i< — Xi0) _ D2y 2100)| 5.4
- £l 1,6,0 E0\ £k €,0 1,€,0
+OWDE| [ o |53 D0 (32 - X47) wu (s, X150)| S.ds

Since Q = A9(1)( s) U (Ag?)( ))¢ it implies that
2 HEk £,0||K 1 t
Ellu] < €, T) (I1D%6% 5 0™ [ o rmaty + s ) [, E 1S4 ds

t
eI € £,01|K 1
+ O T) (1D 0 [y + D20 5w o eay) | BLAGE) (5))ds

Step 1 (b) Estimation of E[l12]
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Since

K

1 N _ _ . _
N Z D2(I)ek (X;’E’G o Xg,s,o)(XéV,g,s,a . Xg,s,a)

Jje{t,..,

1
i\D%ﬁk(}‘(;W—XgW)\) max_ \XNJW Xi=o|" ds

tAT
= / max
0 ie{1,...,.N}

So, we obtain that

)

o
%
=

o

K]
>5

(T)
-

N——————
BN
W
QU
)

tAT _
E[Ilg] S C(Ii, T)]E [/ max |D2¢)6k| % ua,a(s7 )f;7570’)
0

e{1,..., N}‘

HSsdsl
1 al 2K E \1,E,0 V" J,E,0 2% E £,0 \1,E,0 "
+ C(k, T)E NZ|D<I>’“(XS” — X759 = | D*®%F| % u™7 (s, X2°7)

J=1

Ssd3]

tAT
/ max
0 ie{1,...,N}

Recall again Lemma 4.2 and consider

AR (s) 1= A (|DP07 ()|, us (s, ) with (Yi)jeqy

So we deduce that

tAT o
Ellp] < C(k, T)E V max \IDQWI xu™7(s, X0™7)
0

1e{1,...,

" SSdS}

+ C(k, T)E Z |D2q>€k (sz _ Xj,s,a)| _ |DQCI>€k| « UE,G<S’X§,5,U)

S

S.ds

tAT
[ max
0 ie{l,.,.N} | N
t 2FHE £,0||K 1
< O, T) [ (D™ 5 w5 e o pomqaty + g ) EISLJds
t
ek ||k € £,0||k 2
+ O T) (1D 0 [y + 1D 0] 5w o my) | BOAG (5))ds

Step 1 (c) Estimation of E[l,3]
Together with Lemma 3.1 and definition of the stopping time 7 we obtain that

.....

<) [ B [||D3<I>5 ||Lw<Rd

S ds]

1

o 58} ds
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So, together with Lemma 4.1 we obtain the following bound for E[[;]:

3 E,0||R 1 t
E[1] < C(x,T) (1D 50 i gy + o ) [, EISi)ds

t

kK € £,0||k 1

+ C(5, T) (| D% |5 o gty + | D% 5 4 [ Fc oo ) ) /0 P(A (s))ds
t € E,0||R 1
+ORT) [ (1100 0 ey + a7 ) ELS:Jds
t

crl|K € £,0||k 2

+ C(k,T) (HDQ‘I) F\| oo ey + || D? @ | % u® HLoo(o,T;Loo(Rd))> /0 P(AL) (s))ds

1> K 1 ¢
+C(H,T)||D3(I) k||L°°(Rd)W/O E[Ss] ds
1 t
< C(k.T (1 D3O |5 )/]ESSd
<OT)(1+] 7 ®) Nra ) o [Ss] ds

t
+ Ok, T)|| D[ e gy [ (P(AS) (5)) + P(A) (5)))ds
0 eh) @)

Step 2 Estimation of E[I]

Recall again Lemma 4.2 and consider

3 € €,0 : Ve i,E,0
A (5) = AN (VO(),u™ (s, ) with (V)ieqnxy = (X2, vy

Since

K

tAT
I, = N** max / ds
0

€{1,...,.N}

1 X _ .y .
7 2o V(XIS = XP57) = VO s u (s, X177)
Jj=1

we obtain that

t
BlL] < Cln, T) (NS + N (190 ey + V0% 5 05 ey | POAR) (5))ds)

N@(g)li
t

< O T) (N0 4 NS00 ) [ BOASD (5))ds)
0

Step 3 Estimation of the whole aggregation term

So we obtain that

tAT ]_ N . i _ . "
ak = £k N,i,e,o N,je, o\ _ €k £,0 1,€,0
E (N max /0 szlvq) (X! XNGET) LGP xS (5, X50) ds]
1 t
< C(k,T) (1 + HDS@sngw(Rd)Nm)/o E[S,] ds

O, T) |00 ) [ (P (5)) + PAD ()))ds + Clk, T)N|| VD™ / "PAD (s))ds
’ L=(®Y) [, (1) 0(2) ) Le®Y) [, 0(3)

+ C(k, T)N@0s)x
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Therefore, choosing €, = NP we obtain that

E

1 X . : _
N Z V(I)Ek (X;V,Z,E,O’ o X;V,],E,O') o vcpsk % UE’U(S, X;,E,O’)
7=1

t
< O(k,T) (14 NH(@+D-) / E[S,] ds

0

t
+ Ol TIN [ (BAG) (5)) + P(AS) (5)))ds
+ O, T)NE D PAY (s))ds
0

+ C(k, T)N*@b)

Estimates of the Porous Media Term

Step 1 Preliminaries

First, we need to recall some computations from Subsection 4.1.2 .

~n(y SOV (XN XNGY) 4 Tpy (Vo w7 (5, X55)

j=1
- _V (i iv: Ver (XN,i,a,a _ XN,jﬁ.‘,O’)) +V (i iv: Ver (Xi,a,a _ X—j,a,a))
P N = s s P N = s s
—A,
N
(g S VR X)) 4 T (V5 e s 525)
j=
=4,
= Al + Ag.
Recall that
A — V (i i\f: Vsp (Xi,z—:,o' o Xj,s,a)) - V (i iv: Vsp (XN,i,E,U - XN,j,z—:,a'))
1 P N = s s D N = s s
— 1 al Ver Xi,a,a Xj,a,a 1 al Vvep Xi,a,a Xj,e,a
—mw; (X7 — X] MN§ (X177 — X77))
o 1 i Ver (XN,i,s,o o XN,j,s,a) 1 i \VAVE (XN,i,:-:,a o XN,j,s,a)
p)\(ﬁ = s s ) (N = s s )

ds}

(4.5)
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Therefore,
1 X . _ 1 N .
Av=h(5 > V(R - X (5 2: UV (Xieo — Xie))
| | | 1 N -
-n(5 §_1j Ve XN - X)) (S §_1j TV (X0 — X3))
1 J;[ - , 1 ];f .
+ (5 DLV X ) ) (5 S V(R — X35))
- . . - |
_ p/’\(ﬁ E pr(XéV,z,e,o _ XSN,J,E o ) (N E :vvsp Xst o XéV,],&U))

<
I

—_
<.
I

—

Now we factor out 3 S, VVer (X7 — X/47) and p’/\(% YN, Ve (XN — Xévvj’av")) in order to
obtain that

=
I
/N

/

1 XN _ _ 1 XN . .
Ph(y oV = X390)) =g (5 o Ve X;va@“)))
j=1 j=1

. Vvsp (X;’,s,a . Xg’,s,a)

<
Il
-

2= ==
™=

TV = ) - (§ LIV - x|

Jj=1

_|_
VN
N
1=

s
S~

ST
-

<
I
—

vsp (X;V,i,s,a . X;V,j,a,a))

|
=
+
=
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Moreover, recall that Ay can be written as
1 Y _ _
— 7 ,E,0 12,€,0 Ep E,0 1,€,0
Ay = =Vpa( 5 }Zj DX = X397)) + Upa (V5w (s, X157) )

1 X 1 X _. _
=y VT - ) (5 B Ve - )

+ i\ (st' s u7 (s, X;’E’”)) (VV":P * ue"’(s Xi’s’”))
N
= —p&(;[ > V(XS = X1 )( Z VVE(XD57 — X79))

7=1 J=1

N
AV (s, K2 (5 SOV - X))

7j=1

— (VP w7 sX”U( iVV‘EP Xbeo Xg?‘f»"))
+p’A<V5P*u 3X”")<VV€P*U sX’”))

Therefore, we obtain that Ay is nothing but

€ €,0 \ 1,E,0 1 al € 1,€,0 50' 1 Y € 1,€,0 " J,E,0
A= (V0070 K2) = (7 VR = X85) ) OV (27 — 52

7=1
+ ((VVEP * uE’”(s,)_(ﬁ’aa ) — i\[: Ver X”U )_(g"” >p (Vap * U X;“’))
= Agq + Az

Step 2 Main Estimates
We begin with the term A;, namely

A=n(y S VE(Ri - Xi) - (5 S V(e - xNien)

Jl Jl

First, we see that

tAT tAT tAT
[ < ots ([ 1aras + [ agras)

Step 2(a) Estimates of Aj
Using Taylor’s expantion of the second order of p at the point % ;\/:1 Ver(Xbeo — X797) we
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deduce that

tAT
/ ’Al,l |nd8
0
tAT
<) b

K

1 N 1 N _ , ;
N z_: XlEO’ sta ) N Z (Vsp Xzsa Xg,s,a) o VEP(X;V,Z,E,O' o X;V,],e,cr))

7=1
Z vvep Xzs O Xg‘,s,o) ds
1 N _. N N 2
+/ || WHLOO(R N Z (Vap Xzea Xg,a,a) - VEP(XS deo Xs ,],5,0))
j=1

Z Vvap Xz E,T Xg’,a,a) ds

j 1
= Bl —|— BQ

Now we study B;. Using Taylor’s expantion of the second order of V*» at the point X7 — X/

we deduce that

tAT "
B, = / Dy
0

1 X . _
. N Z vvep (X;,a,a _ Xg,a,a)
7j=1

tAT
<Cw1) [

L Z Vvsp X’L E,0 Xg’,z—:,a’) ((X;’,E,U o Xé\/,i,e,cr) o (Xg,s,o - X£N,j,€,cr))

j 1

K

ﬁ\/: (Vap Xz &0 Xg,s,a) _yer (X;V,i,e,a . X;V,j,e,a)>

Jj=1

1
N

(i ﬁ\f: Ver (Xi,a,a o Xj,s o )
N = s s

ds

K

1 X _ _
(ﬁ Z_: Ver(Xgo7 — Xi’”))

K

K

ds

1 _ . _ .
| — § vap X W80 _ XI:E0
N — ( S S )

N / & DV gy x| X057 = XTI VV o gy s
1 N e 1,6,0 75,0 "
Ay TV (X - X))

7=1

tAT

< C(K,T)/O

K K

1 N _. _
— S VVE (X - XI5 ds
et

s [ A DY ey K5 = XYYy

Z’vvsp Xzecr stcf)  max ’X;,E,O’_Xév,i,670'|

tAT
§C(/<;T)/ la-b-e|" ds

T C(R T)Nn(ﬁpcﬂm 3|+B8p(2d+3)) max ‘Xi,s,a . XN,i,s,0'|2ndS
0 ie{l,.,.N} °® s
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where
1 X _ _
(Ve - o)
j=1
s €p Xzao 7,€,0 1,6,0 J,E,0
=N Z\ 4 X9 e max, | 1X057 — X5
1 X _
- Vsp Xu—:o X &0
- F LY =
A = pf (Vep *u® (s,)?ﬁ’s’”))
B = |VV| xu™ (s, X?*?) max |X057 — XxNieo
ie{1,..,N}
E = VV % u& (s, X157)
We now that
a-b-e=A-B-E4+(a—A)b-e+(b-—B)A-e+(e—E)A-B
Since

B < IV llimo oy o [X057 = XI5 < O max X057 = X702,

e < [[VV| Lo (may,
E < ||VV8P * U&O—HLO‘)(O,T;LOO(]R‘Z)) S C,
A <[PV 5 4™ || Lo 0,1 L00my) < C,
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we obtain that

tAT
/ la-b-el” ds
0

tAT

tAT
< C(f@,T)/ A-B-E[f ds+C’(/<,T)/ (a— A)b - e|*ds
0 0
tAT tAT
+C’(/£,T)/ \(b—B)A-e]”ds+C(n,T)/ (e — E)A - B|*ds
0 0

tAT
< C(H,T)/ A -B-E[" ds
0

K

+Cw 1) [ v p&’(}v i Ve (X157 — X397)) — py (Ve s us (s, X))

max ])?2’” XN”U\ HVVEPHLooRd S

i€{1,...,N}
AT | ] N o N N "
+ C(K, T)/o N Z ‘VVEp (X;,a,a _ Xgﬁ,a) _ |Vvsp| % uE’U(S, X;,g7o’)
j=1

- max XI5 — XVEEOEITVE o gy ds

1 N - . "

=3 VVE(XIO - XIE) GV kyt (5, X160)
j=1

maX ’XZ E,0 X;V,i,e,a‘nds

tAT . .
< C(k,T) / max | X559 — XNieo|5ds + By + By + By
0o ie{l,.,N} ’ ’ ’

where

K

_ AT " l al Ep( YHeET _ Y IhET /i Ep £,0 \1,E,0
By =C(k,T) ; p)\(NZV (X, X! )) pA(V *u™7 (s, X ))

- max | X557 — XNieo|s| e (Re)dS
K

tAT | ] N _ . _ . .
By = C(k, T)/o N Z ‘VV%(X;’E’U — XD — |[VVE | 5 u™ (s, X257

max IX”" X[ VV || gty

K

s

N Z Vvap (X;’,a,a - Xj,a,a) - vvap % UE’U(S, X;’,E,U)
=1

max |X§’E’U — Xév’i’s’al“ds.
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Al () 1= A, (VEr (), w7 (s,))

04

AP (s) =AY (IVV ()]0 (5,)

0s)

AR (5) =AY (VVor(), 0 (s, )

So,

E [Nﬁa max B1 1]
€{1,...,N}

1 Y iy N

N} : Ver Xzaa Xg,a,a) —Ver UE,U(S’ XQ&O‘)

tAT
<CwDE| max [ 1)
0

ie{1,...,.N}

IVVeER|is (R)Ds ds

1 t
< O, T) (& ™" [TV 35 oy s [ EISds

N6 4>Ii
e Y | TV ey [ AR (5))ds)
K|m— K 1 t Kk|m— K ¢ 4
< C(k,T) (Nﬁpd AL N2Bp(dD) e / E[S,]ds + NPpdslm=4] . Nr(25p(d+1)+5pd) . /0 P(Ag(i)(s))ds)
t t
K (Bpd|m—4|+28, (d+1)—0(4 #(Bpd|m—A4|+Bp(3d+2)) (4)
< C(k,T)N ( <>)/0 E[Ss]ds + C(k,T)N /OP(A9(4)(3))d5

Moreover, since Sy < 1 we obtain that

E[N"‘“ max Bm]

ie{1,...,N}

tAT
N™ max /

ie{l,..N} Jo

K

=C(k,T)E

N
& 3 [V (REST — X5 — [9V (5, K25)
=1

IIl&X |Xzeo X;V,i,e,o|n||vv€p||/Zoo(Rd)dS]

K

N
= C(5, T)|VV [ (B Z}vw (X127 — XJ97)| = [VVo| 5 ut7 (s, X)) - Sads
=1

1
N

K ]' t (3
<C(k,T) (HVVEPHLOO(Rd)W/ E[S,]ds + [[VV pHLOO (R4) / (A(()?;>( ))d )

t
S C(K’T)Nfi(ﬁp(d-i-l)_e(S))/ E[S ]dS + C(/i T)NN(QBp(d+1) / (Ag?;)( ))
0
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E[N"’”“ max 313]
ie{l,...,.N}

AT
N™  max /
i€{1,...N} Jo

K

1 Y _ .
< C(k,TE N Z vVer( X“?U XF99) = GV 545 (5, X057)

max |XZEO’ XsN,i,e,olndS

t
< O TN ["BIS Jds + Cls, TNV [y [ B (9)ds

0

t
< Ok, T)N~P0* / E[S,]ds + C(k, T) N*#(@+D / P(AY) (s))ds
0 0
All together this implies that

ElN““ max 31]

ie{1,...,N}

< C(x,T) (1 + NE(Bodim—al+26,(d+1)~6(4) ) + Ne(Bp(d+1)—0s)) + N-0or 4 Nn(ﬁpdm—3+6p(2d+3)—a)> /tE[S \ds
- Y 0 S

t
+ C(k, T) N*Bpdlm—41+5p(3d+2) /0 (,49(4)( s))ds + C (s, T)N*5r(d+1) /O P(Agjg)@))ds

+ C(r, T)N*H (@) / (AR (s))ds

For the term By we obtain that

tAT .
By, < C(k,T) / g, I TVEr |3 gy ) lax }\X”" XNieo|2k g

tAT
< C(k, T)N"Prdim=Aal+35,(d1) / 7 max [Kiew — xNieo|ngs
- ’ o ie{l,.,N} ° s

Therefore,

< C(k,T)E lN’“‘ max Bl} + C(k,T)E [N’m max BQ]
i } ie{l,..,N}
< C(k, T)(l + N#(Bodim—al+26,(d+1)~6() ) + N#(Bp(d+1)—0(s)) 1 N~

+ N E(Bpdm—=3|+5p(2d+3)—a) + Nﬁ(ﬁpd\m*4|+3ﬁp(d+1)*a)) /tE[Ss]dS
0

t
+ Ok, T) N Brdim—il+5,(34+2) / P(AS) (5))ds + C(k, T) N=Co(D) / P(AY) (s))ds
0

+ Ok, T)N*P#(d+D) /0 P(AY (s))ds
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Step 2(b) Estimates of Aj 2

Now let’s estimate [3"\" | A; o|"ds

1 X "

p}\(N Zvap(XNzaa XéV,j,a,a))

7j=1

/t/\T
0

N N
( 2_: Vap Xzsa Xg’,aa > o ( Z_: Vap XN’LEO’ XSN,j,a,U))

tAT
<)

K

ds

K

N N _ _
p}\ Z Ver (XéV,Z,s,a . XéV,j,s,a)) o pI)\(N Z Ver (X;’E’U o Xﬁ’s’”))
j=1 =1

_ 1 N . . :
Z Vvsp X’L £,0 Xg,e,o) . Z Vvsp (Xé/\f,z,s,a o X‘;/V,],E,U) ds
N: N &
tAT — . g
+ / Z Vep Xz ,E,0 Xg,a,a))
_ 1 X , . :
Z vvep Xz ,E,0 Xg,a,a) - Z Vvap (X;V,z,a,a _ X;V,j,e’;‘,o') ds
N J=1 N J=1
=: Ll + L2

So,

K

L < —dk|m—3| AT i al ver Xi,s,o _Xj,s,a - i a vier XN,i,e,cr _XN,j,e,U
1> 5p 0 N Z ( s s ) Z ( s s )

N =
N K
jifz Ver Xzao sta o Zvap XNzacr X;V,j,e,a) ds
dr|lm—3[|| 2 tAT . Nico
—dk|m— ep ||k ep ||k 1,€,0 J1,6,0 | 2K
< & M INDV ) IV ey [ e X557 — XN s
< AT Nﬁpd\m73|HN(2d+3)ﬁpﬁ i NannSadS
— S
0

This implies that

]E[Nan max I ] < N(ﬁpd\m73\+(2d+3),ﬁpfa),{ /tE[S ]ds
ie{l,.. N} o
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For the Ly term we do the following estimates

E[N® max Ls]

e{1,...,N}
O tAT ,

< C(k,T)E|N* / Ve s )|
<C(x,T) ief{{?}fN} ) [F2Y xu7)||7 (R)

1 al Ep ([ YW H,E,O " J,E,0 € Nyie,o N,je,0 "

N;(VVP(XS” — X]=0) = VVE (X Niee - xNeo))| ds

ak AT / 1 al Ep [ Vi,E,O " J,E,0 / € £,0 \ 1,E,0 "

+C(r,T)E (N iefﬁf“?fiv}/o 2 N;VP(X;’ = X377) | = (Vo7 xus7 (s, X177))

1 al Ep ([ Y i,E,O " JHE,O € 1,€,0 j,€,0 "
: N;(VVP(XS” — X787y — Ve (X Nbeo — xNie )) ds]
- C( T)E N /t/\T 1 iDQVe: (Xiea stcr) ((Xiso XNiso) (Xjeo Xsto)) "
K max — P(XDE7 — XI5 €T — WET) — T —
) ie{l ..... N} 0 Nj:1 s s s s S S
31/€p ||k \,E,0 Nyie,o 25
DVl  pnax Xl — x| ds
—dr|m—3| 21/¢ep||R ¢ 1 al Ep (Y 4,E,0 75650 € €,0 Y 6hE,0 ’
+C(k, T); 1D Vp||Loo(Rd)/0 E NZ;VP(XS” _XIE0) _ Ve ko (s, X90)| S, | ds
]:
Since S, < 1 we deduce that
E[N® max Ls]
ie{1,...,N}
t
<C(k,T)E /0 (HDQV&Z’ # U7 || Foo 0., Lo (me)) [|D?Ver] U7 || F oo (0,73 100 (R4))
DV ey - s ) S
( ) Nom
[ rinr 1 N _. _ _. "
+C(k, T)E / & 30 DAV (XET < XJ97) - DAV st (s, XS,
0 ‘
L J=1
[ pinr 1 XN _ _ _. "
F O TIE| [ | S DAV (X — Kiem)| = |DRVer| s (s, Xi5)| S,
0 ‘
I =1
t 1 XN _ _ _ :
+ C(H, T>Nﬁpdn|m—3\ . N(d+2),8pn/ E N Z Ver (X;’E’G . Xg,s,o) —_Ver « uE,O'(S?X;,E,U) S, |ds
0 ¢
7=1
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.....

A(7) (S) — ./4.3?7)(D2V€p('>7u€70(8, ))7
AR () = AN (IDPV ()]0 (s, ),
AP (5) =AY (VER(), ™7 (s,)),

0(9)

Without los of generality we choose 67y = 0(s) = 0 and so obtain that
E[N® max L]
€{1,...,N}

< C(x,T) (1 + NBpld+3)=a)s | N(ﬁpdlm*3l+(d+2)ﬂp*9<9))K) /tE[Ss]ds
0
t
N2 [TB(AT) (5))ds + N [BAR (5))ds

| N Bedlm=31+(d+2)8y)x | By / Py A@(Q)( s))ds

This implies that

tAT
E [N”a max / |A1,2|”ds]
i€{1,...,.N} Jo

< C(k, T)E[N* max L]+ E[N* max Lo
ie{l,...,N} ie{1,...,N}

< C(k,T) (1 + NBpdlm=3[+@2d+3)Bp—a)s | N (Bp(dt3)=a)s 4 N(ﬂpdlm—3l+(d+2)ﬂp—9<9))H) /tE[SS]dS
0

t
4 NPe(d+2)k / («49(7)( ))ds—i—Nﬁp(d”)“/ P(Aé? (s ))d5+Nn(de|m 3|+(2d+2)Bp) / (Ae(g)( s))ds
0 0 0

Therefore we deduce that for A; it holds that
tAT
E [N’m max / |A1|“ds]
ie{1,..,.N} Jo
< C(m,T)(l 1 Nn(ﬁpd\m—4|+2ﬁp(d+1)—9<4)) 4 Nn(ﬁp(d+1)—9(5>) 1+ N-ben
4 N*(Bpdim=3|+5p(2d+3)—a) | NA(Bpdlm—4]+3B,(d+1)—a)

+ N(ﬁpd|m*3|+(2d+3)5p*a)“ + N(Bp(d+3)*a)“ + N(ﬁpd|m*3|+(d+2)ﬁp*9(9))“) /t ]E[Ss]ds
0

K m— K 4 K ¢ 5
+ Ok, T) N Brdlm—4+5,(34+2) /0 P(AG) (5))ds + C(k, T) N=Co(D) /O P(AY) (s))ds

+ Ol TN [ (A (5))ds
t t
+Nﬂp(d+2 / (-’49( )( ))d8+ Nﬁp(d+2)m/0 P(Aéiz)(s))ds+Nﬂ(5pd|m—3l+(2d+2)5p)/0 P(Aé?;)(S))dS

(4.6)

Step 2(c) Estimates of As
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Now we are going to study A,. Since

. 1 N _ _ 1 N _. _
[Agal = [PV s (5, X27) = ph (5 2o Vo (X297 = Xz”))‘ | ‘N VY (XET - X

j=1

j=1

1 N _. _ _
< IPM L@ I VV (| oo (may N D OVE(XHT = X157) = Vo xu (s, X05)

in order to get that

tAT
E [NGH max / |A2’1
ie{l,...N} Jo

1 XN _ _ _
N Z Vsp (X;’E’J o Xg,z—:,a) o Vsp * uz—:,cr<87 X;’E’U)

=1

”ds]
¢

< C(H, T)ggdn|m73|Nﬁp(d+l)n . NO< . / E
0

max
ie{1,...,N}

]ds

< C«(H’T)Nd\m—?)\ﬁpﬁ . N(Bp(d—i-l)—i—a)f@ (N—H(IO)H + N,den /t P(Aélo) (8))d8)
0

(10)

A () 1= AR (V2 ()07 (s,)
and so obtain that

tAT
ElN“” max / ]Ag,g\”ds]
ie{l,...,.N}Jo

ar

< PNV u) (| Toe (0.7, oo (mayy NV

t
./E
0

t
< C(k, T)N™ (N—emw 4 NPoldt D / P(Aéﬁ(s))ds)
0

max
ie{1,...,N}

1 N _ _ _
v STVVE (XD — XI9T) — YV 5 07 (s, X090)
j=1

] ds
So we obtain that

tAT
E [N % max / | As |“d31
i€{1,..,.N} Jo

< C(KJ, T) (Nﬁ(d|m—3\5p+5p(d+1)+a—9(10>) + Nﬁ(a—ﬁ(u)))

t t
+ C(I{, T) (Nn(dm—3|/3p+5p(2d+1)+a)/ ]P)(Aéi?g)(S))dS + Nn(ﬁp(d—&-l)-i-a)/ P(Aéilll))(s))dg) (47)
0 0
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Step 2(d) Final result for porous medium term

N

N e /t/\T | v/ (i Z Ver (XN,i@,o- o XN,j,a,o')) + \v4 (VEP % ua,U(S Xi,&,tf)) ‘Hds
‘ 0 Db N s s Dx » g

J=1

E

< O(m,T)(l + N#(Bpdim—al+28p(d+1)~0(4) ) + NE(Bo(@+1)—0(s)) 4+ N%on
+ N“(ﬂpd|m_3|+ﬁp(2d+3)_a) + N“(ﬂpd|m—4|+3ﬁp(d+1)_a)

+ N(ﬂpd|m—3|+(2d+3)5p—a)’f + N(ﬁp(d'f‘?))—a)"f + N(ﬁpd‘m—3|+(d+2)5p—9(9))“) /t ]E[Ss]ds
0

t t
Gl ) (et [* B () ds 4 N0 1B (5
0 0
i t 6 w1 7
LN ﬁp(d-i-l)/o P(Aé(i)(s))ds—l—]\fﬁp(d”) /0 ]P’(Aé(g)(s))ds
t t

NP [TRAD (5))ds N Grm= ) R (s))ds
L NA(im =318 By (2d+1) +a) / tP(Aéf(?)(s))ds + NHrld+D)+a) / "P(ALY (S))d8>

0 0

+ C(/ﬁ, T) (Nﬂ(d|m—3|f3p+5p(d+1)+a—9(10)) + N’i(a—9<11))) (4.8)
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Final Estimate for S

E[S]
< C(k,T) (1 + Nr(d+DBe—a) 4 Nn(ﬂpdlm—4l+2,8p(d+1)—0(4)) + Nﬁ(ﬁp(d+1)—9(5)) + N %er

| NFBodim=3+8,(24+3)=a) | pr(Bydim—4l+36,(d+1)—a)

+ N(de|m*3|+(2d+3)ﬁp*a)“ + N(ﬁp(d+3)*a)“ + N(de|m3|+(d+2)5p9(9))”> . /t E[Ss]ds
0

+c<n,T>(Nd“ﬁk [ A (s + N [ EAR (5))ds

r((d— a 3
4+ NR(d=1)Bk+ )/0 ]P’(Aé(;)(s))ds

t
N TR (s))ds
0

+ N (Bpdlm=3|+(2d+2)5p) / (A((;?) ( ))
(9)

+Nn(d\m 3‘6p+ﬁp(2d+1)+a)/ AQIO)( ))dS
(10)

an)

+ B d+1)+a)/ ./4911)( ))ds)

+ O(K,T) (Nm(a79(3)) + N’{(d|m73|ﬁp+,8p(d+1)+a79(10)) + N“(G*Q(ll))> (49)
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Estimates of the Probabilities

Using Lemma 4.2 we obtain that

P(Aéﬂ)(s)) < NF0Co-HO(R ) (||D2q>fk||i*”;§5Rd + | D@ *uwuj'zglg“w(w)
P(AG) (5)) < N0 C(F ) (D20 |} + 11D20% | 5w [0 1 e )
P(AS) (5)) < N¥@ 0= (Fgg) (VO] + 1V 51750 1) y)
P(ASY (5)) < NF0CO3H0(F ) (I[V7 700 + 1V 5 ™[0 e )
P(AS) (5)) < N*0C0- D10 5) (V00 + IV 5 0|75 e )
P(AF) (s)) < N#0 0000 g) (| TV ) + 1TV 5 02250 1o ey )
IP’(A§2>(S)) < N2R<7>(9(7)—§)+1C( )<||D2VEPIIL00(Rd + || D2V *ua’a||iii7()0TLoo(Rd)))
P(A) (s)) < NF@O=DC(Fg) (| D2V || + 1DV 5 w2725, g )
P(AS) (5)) < NFOC@=2FC(Fg) (VoIS + [V 5 0 75 e )
P(AG (5)) < NZFao o210 ) ([[VE7 0y + 1V U0 o ey
P(AG) () < NP0 DO G (I9V [ Gy + VY 5 0 I ey

]P(Aé&(s)) < N2 =)+ O (R )
P(AS) () < N0 @D ric ()
IP’(A%)(S)) < N6 (O =)D+ O (R o))
P(AS) () < NP0 @D 110z )
IP’(A((;?Q)(S)) <N 2R (5)((0(5)—3)+ (d+1)ﬁp)+1c(,z;(5))
p(Aé?;(s)) < N2©)(O0 =) HEHDIH O (7 )
P(AT) (s)) < NP (- Drarmni )
P(AS) (5)) < NP0 0o DD g )
BLAY) (5)) < N%0 0~ H0 410 )
P(Aéfc)))(s)) < N%a0)(Cao) =)+ 10 (7 1)
P(A$111)>(8)) <N "‘(11)((9(11>_%)+(d+1)’8’7)+10(’%(11))
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Recall that

[ D2®%% 5 w7 || oo (0 10w ety I D2 | 5 4™ | oo 0 v00 Rty |V B 5 U= || Lo (0,70 )
IV s ™7 || Lo 0,150 Ry VYV | 5w oo (0,7, 100 Ry [[VVE 5 0”7 || poo 0,710 (R4

D2V % = || oo 0,70 ey 1DV | 5 0 || oo 0 700 (Rt

are all bounded and

C C
VO™ || oy < =70 1D?@% || poeey < =,
€k €k
C C C
V|| oo (ray < o [VVEP|| poo(ray < P ||D2V8p||L°°(]Rd) < )
p p p
Choice of Parameters
Now we need to choose required parameters in (4.9).
Step 1 Coefficient in front of E[S]
Step 1 (a) Restrictions for a
Aggregation Term
For a given B, we choose a such that
(d+1)6 < a. (4.10)

Therefore, we obtain that N(@+1)8=¢ is hounded.

Porous Medium Term

For a given (3, we add another restrictions on a such that

Bpd|m — 3| + 5,(2d + 3) < a,
Bpdlm — 4| + 358,(d + 1) < a,
B,(d+3) < a.

We can see that §,d|m — 4| 4+ 35,(d + 1) < a is the strongest restriction, so we obtain that j,
should satisfy:

Bpdlm — 4| +38,(d + 1) < a. (4.11)

147



CHAPTER 4. REGULARIZED PARTICLE MODEL VS. INTERMEDIATE PARTICLE MODEL

Step 1 (b) Restrictions for 64,0, 0 ), 0(9) Next, we see that

1
ﬂpd|m — 4]+ Qﬁp(d +1) < 9(4) < 5 (4.12)
1
ﬂp(d-i- 1) < 9(5) < %
1
0< 9(6) < 5,

1
ydlm = 3] + (d +2)6, < o) < 5.

should be satisfied.
Step 2 Constant terms

If the following conditions

a < 6(3) < (413)

57
1
dim — 3|8, + Bp(d + 1) + a < gy < 9’
1
a < (9(11) < 5

are satisfied, then for an arbitrary v > 0 we can choose x > 0 such that

Nﬁ(a—9(3)) + Nﬁ(d\m—?)\ﬁp—i-ﬁp(d+1)+a—0<10>) + Nr{(a—H(n)) S CN™.

Step 3 Probability terms
Let us analyze probability terms

Aggregation Term

01) 0(2)

C(k, T) (Nd“ﬁk [ POASD (5))ds + N5 [V BAR) ()5 + N5 [ pA) (s>>ds)
0 0 0

< C(t, kay) - NBr . N2R@) (0= 5)+dBr)+1

+ C(t, Rg)) - NP N2 (02— 5)+dBr)+1
+ C(t, /?0(3))]\7”((‘1_1)‘3”“)]\72’%(3)((9(3>—%)+(d—1)ﬂk)+1

Now we choose 01y, 0(2), 0(3) such that
9(1) = 9(2), (414)
1
9(1) — 5 +dfk < 0,

(0) — ;) +(d—-1)B, <0.
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Then we choose F (1), K(2), f(3) big enough such that

C(t, Ry) - Nk . N2 (B =3)+d0k)+1

+ C(t, R2)) . NBr . N2 ((O)— 3)+dBr)+1
+ C(t R(3 )N”((d D)Br+a) Nr2R(s) ((0(3) — $)+(d—=1)Bx)+1

<CN™
Moreover, we establish now the range for 5;. Recall (4.10) and (4.14). and deduce that

(d+1)Br<a
1
9(1)—§+dﬁk<0

(9(3) - ;) + (d — 1)Bk < 0.

We choose 01y = 02y = 0. Since a < 3y < %, we deduce that if we choose

1
B < 1 (4.15)
then we can choose a such that
1

and so ensure convergence in probability.

Porous Medium Term

Now we study probability terms for the porous medium part.

O = N (Bpdim={+8, (30+2)) /0 " AD (5))ds
+ N [ "PAD (s))ds
0
+ N [ "PAYD (s))ds
N2 TR ()ds
+ NPe(d+2)r / P( Aéfi (5))ds
| NA(Bpdim=3]+(2d+2)8,) /0 P( Agfg)(s))ds

+ N r(dlm=3|6p+Pp(2d+1)+a) /t P(“L‘éi?(?)(s))ds
0

t
N TR (5))ds
0
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Therefore,

Q SC(t Foay) NP Ppdim—a145p(3d42)) £r25 o) (O~ 1) 4dg,)+1

C(t, k) N” (28p(d-+1)) N2 (5) ((0(5) = 3)+(d+1)Bp)+

C(t, F(s)) NPt N2 (O~ DHd+1)By)+1

C(t, fi(p)) NP (28 N2 (O =) +d+2)5p)+1

C (¢, Fg)) N (+2m N2 (O~ 5)+(d+2)8p)+1

(t, )Nﬁ (Bpdlm—3|+(2d+2)Bp) N72F(9) ((0(9)— D) +dpp)+1
C(t, & 10))]\75 (dlm—3|Bp+Bp(2d-+1)+a) Nr2R(10) (O 10y~ Dy4+dBy)+1
C(t, R )N”(BP d+1)+a) 2Ry (01— 3)+(d+1)Bp)+1

Now choose 9(4), 9(5), 9(6)7 9(7), 9(8)7 9(9), 9(10), 9(11) such that

0 <0 < ; — dpy,

0 <s) < ; — (d+1)B,,
0= @) < ; —(d+1)5p,
Oy = 0s) = 0,

0= 0 < ; — (d+2)B,,
0 <b9) < ; — dp,,

0 <0y < ; —dB,,

1
0 <0(11) < 5 — (d—f- 1)617
Then we choose k4 — A(11) big enough such that

Q SC(t Fo(ay) NP Ppdim—al45p(3d42)) £r25ca) (O~ 1) 4dg,)+1

C(t, ) N" (28p(d+1)) \2(5) (0(5)— 3)+(d+1)Bp)+

(t, )Nﬁﬁp (d+1) N2 (6) ((O(6) — D)+ (d+1)Bp)+1

C(t, & )N,Bp (d+2)r £T2(7) ((07) = 3)+H(d+2)Bp) +1

C(t, & )Nﬁp (d+2)r £72R(s) ((0(5)— 3)+(d+2)Bp) +1

C(t, 7 )Nn (Bpd|m—3|+(2d+2)Bp) N25(9) ((B(9) — ) +dBp)+1
C(t, R )Nn(dlm 38p+8p (2d-+1)+a) N2 (10) ((0(10)—3)+dBp)+1

+ C(t R )NH(BP d+1)+a) 2Ry (01— 3)+(d+1)Bp)+1
<CN™.
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Recall (4.12) and (4.13). Therefore, we obtain the following restrictions for 64 — 6(11)

Bydlm — 4] + 28,(d + 1) <O < ; _ds,, (4.17)
Bp(d+1) <) < ; —(d+1)By,
0=0) < ; — (d+1)By,
Oy =0 =0,
0="0n < ; — (d+2)py,
Bydim — 3 + (d +2)8, <0g) < ; _ds,,
dim — 3|8, + B,(d + 1) +a <Oy < ; _ds,,

1
a <9(11) < 37 (d+ 1)613.

Now we study all restrictions from (4.17). From conditions for ), 6), 0(7), sy we obtain that [,

should satisfy

1
b < SmiT2)

Since the condition for 6 is stronger than for 6 ), it follows that

1
djm — 4] + 3d + 2)

Bp < 3
should be true as well. Then we see that the restriction for 60y is stronger than for 611, therefore
a<;—(2d+1+dlm—3\)ﬂp

Recall (4.11) and obtain that
(dim — 4] +3(d+1))8, < a < ; —(2d+1+djm—3])3,. (4.18)

Hence, 3, should satisfy

1
dm — 4| +d|m — 3| + 5d +4)’

Bp < o (4.19)

which is the strongest restriction for 3,.

Now we combine (4.16) and (4.18) and so obtain that in order to find a valid a, the following
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inequality should be satisfied:

max{(d + 1), (dm — 4| +3(d+1))5,} <a < min{; — (d— 1)k, ; —(2d+1+dm —3|)5,}.
(4.20)

Therefore,
t
E[S,] < C / E[S,]ds + CN~.
0
Applying Gronwall’s inequality we deduce that

sup E[S;] < CNVexp(C-T)

0<t<T

This implies the desired result.
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Chapter 5
Propagation of Chaos

Remark 5.1. In order to prove Corollary 1.7, one needs to combine Theorem 1.3 with Theorem 1.4
and Theorem 1.5 respectively. For the logarithm scaling it is trivial. For the algebraic one we obtain

that for 0 < & < a there exists a constant C' > 0 independent of N such that

> Nd>

> N_d> +P < max ‘Xti’e’g — Xt”

i€{1,...,N}

v .
P( max |x"7 — X7
ie{1,...,N}

<P ( max ’X{V’i’s"’ — X} > N‘d>

ie{1,...,N}

2 N26
ie{1,...,N}

. N
<P ( max | X007 — X

> N_“> +E l max ‘Xf’s’o G
ie{1,...,N}

< ON77+C(ey, +g,)° N>

For 2& < min{B, B,}, e = N~% and £, = N~% we deduce that

> N‘S‘> < Cleg +¢gp).

i€{l,..,N}

o y
P ( max | X007 — X0

Now we prove that we can take the limit as ¢ — 0 of (1.15) and so arrive at (1.16)

Proof of Theorem 1.8. We have proved before that
w7 || Lago,myxray < C, for g € [1,00].

where C' which appears in this proof is a positive constant independent of o.

153



CHAPTER 5. PROPAGATION OF CHAOS

Now we multiply (1.15) by u? and integrate it over R? in order to get that

2dt/ |u"|2dx+a/ |Vu”|2dx+m/ u?)™” 1V(u")2dx—/ u’Vo xu? - Vu’ dx

/VCID*U u”)? da
:—5 ACID*U( 7% dx
1 o\3
=35 Rd(u) dx
< C.

Combining this estimate with

dm mt1
Um—lv 0|2 _ V O’T2
m/Rd(u) | u’dx_(m+1)2/u§d‘ (W)= de,

we derive that

U7 | oo (0,7 xRy < C,

Vo [Vl || 2 omyxrty < C

m+1
IV (u”) "2 || L2(0,r) xray < C.

Using ||u”||La¢o,r)xrey < C, for g € [1,00] and ||V (u” e | 20,7y xre) < C we have that

HV(UU)mHLQ((O,T)XRd) = m”(Ua)m_IVUUHLZ((o,T)de) (5.1)
oym=1, 6 5\m=1
=ml(u”) 7z (u?)" 2

m oy m=1 o m+1
= m”(u )T V(u?) 2 HL2 (0,7) xR4)

o\ mtl
< OV(u”) 2 || 2¢0,1) xre)

V|| 20,1y xr4)

<C.
So, we infer that
10007 (| 20, mw—12(may) < C. (5.2)
The inequalities (5.1) and (5.2) allow us to use Theorem 3 from | , | in growing

d-dimensional balls Br and use the diagonal argument to obtain that

u’ — uin L*™((0,T) x RY) as ¢ — 0.
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Moreover, |[u”|s(0,mxrey < C, for q € [1, 00] implies that
u’ = in L0, T; LY(RY)), ¢ € (1,00). (5.3)
Since ||V (u”)™| r2(0,1)xre) < C, it follows that
V(u®)™ — ¢ in L*((0,T) x R%).

Using (5.2) it holds for any v € C5°((0,T) x RY) that

/OT /Rdv(ug)mzb dr dt = —/OT /Rd(uff)mwp de di

converges to

_/()T/Rdumvwdxdt:/OT/Rqumwdxdt

as 0 — 0. Therefore,
V(u?)™ — Vu™ in L*((0,T) x RY). (5.4)

Now using (5.3) and (5.4), we can take ¢ — 0 in the weak formulation of (1.15). So, for ¢ €
Cs2([0,T) x R?) it holds that

T
/ /R (u"@tgo +u'Ve*xu’ -V —oVu® - Vo —V(u)™- ch) dx dt
0 d
+/ uo(z)p(0,z)dx =0,
Rd

T
/0 /Rd (V@*u”-Vgp—u"@)dmdtzO.

converges to

T
/ /d (u@tgo—l—uVCI)*wch—Vum-ch)dxdt
o Jr

+ /Rd uo(z)p(0,z) dx =0,

T
Vo xu-Veo—up)drdt =0.
o L )

as 0 — 0.
O

Proof of Theorem 1.9. Now we show the propagation of chaos result. In this part the limit N — oo;
€k, €p, A — 0 should be understood in the sense of Corollary 1.7 (a) or 1.7 (b).
We proved in Section 4.2 that X}V converges in probability to X;*” as N — oo. This implies
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that for k € N, (X157, ..., X"®97) converges in probability to (X7, ..., X;*7) as N — co. We
denote by P}, ,(t) the joint distribution of (XN1e XS and by PF_(t) the joint distribution
of (X7, ..., X["®°). Since convergence in probability implies convergence in distribution, we obtain
that

A}im P __(t) = PF_(t) locally uniform in ¢.
—»00 = )

For the logarithmic scaling from Section 4.1 we obtain the same result since convergence in L2
implies convergence in distribution.

The independence of {X}*7};ey implies that
Py .(t) = P2 (1),

where P. ,(t) is the distribution of X;*7.

We proved in Section 3.2 that X, converges in L? to X, as e, g, — 0 and A — 0. Since
convergence in expectation implies convergence in distribution and {Xf’”}ieN are independent, we
obtain that

lim P2F(t) = PEF(¢
dm P (t) =P

where P, (t) is the distribution of X}
Applying Theorem 1.8 we obtain that

P]@,E,U (t) convergres Weakly to P®k' (t)

as N — 00; €k, €p, A — 0 in the sense of Corollary 1.7 (a) or 1.7 (b) ; and o — 0 where P(?) is a
measure which is absolutely continuous with respect to the Lebesgue measure and has a probability
density function u(¢, z) which solves (1.16).

m
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Appendix A

Compact Embedding

Lemma A.1. Let g € [1,d) and k € (0,q]. Forr > 1 consider the following space
X@g::lVL%Rd)ﬂlﬁGRﬂ\de@:::{fezﬂﬂﬂﬂwﬁ‘(/dfﬂﬁﬂxfdr<cm}.
R

Then Vi, is compactly embedded in LI(RY) for G € [max{k, 1}, ddf‘{l).

Proof. We adapt the proof of Lemma 1 from | , |. Let (fn)nen be a uniformly
bounded sequence in V.. Firstly, we know that there exists a subsequence still denoted by (f,)nen

such that
fo— f € WH(RY) < Lo (RY)

Let Br be an open ball centered at 0 € R? with radius R > 0. Since W'9(Bg) is compactly
embedded in L(Bg) for q € {1, ddqu), there exists a subsequence still denoted by (f,,)nen such that

_ d
fn— f € LYBg) for any q € [Ld—qq)

Thanks to the Cantor diagonal argument, we can choose (f,,)neny which is independent of R. Uniform
boundedness of (f;)nen in Vj 14 and Fatou’s lemma imply that f € Vi ,.
Next we show that |f,, — f|* converges strongly in L'(R?). Since for n big enough we deduce that

Jou V= fldr = [ = ffdet [ fld

€ 1
< Z il r - kd
_2+Rr/{|x|>R}|x| |fu — fI"dx
<e,

by choosing R big enough. Interpolation between L%(Rd) and Lmax{kvl}(Rd) implies that for any
Jge {max{k, 1}, dd—_qq) the sequence (f,,)nen converges to f € LI(RY). O
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