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1 Introduction

In this paper we study non-smooth convex composite optimisation problems of the form
inj{W(x):= ® , P
min{W(x) i= B(0 + R0 | ()

where X := argrnin{% |Az - b||?|z € R™}, and the functions ® : R” — R and R : R” —
(—00,00] are convex and additively decomposable of the form ®(x) := Zil ®;(x;) and
R(x) := Zil ri(x;). We assume that each function ¢; : R™ — R is smooth, whereas r;(-)
is only required to be proper convex and lower semi-continuous. We typically think of
the smooth component ¢;(-) as a convex loss function, whereas r;(-) can take over the role
of a regularising or penalty function. In particular, r;(-) can represent an indicator func-
tion of a closed, convex set KC; C R, representing individual membership constraints
of the decision variable x; € R™:. Thus, problem (P) can include certain separable block
constraints in addition to the non-separable constraints embodied in the set X'. This set-
ting gains relevance in distributed optimisation problems with joint coupling constraints,
such as multi-agent optimisation problems [1]. Other examples include convex penalty
functions, like the £;-norm on R™. The matrix A = [A;;...;Ay] is decomposed in g X m;
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matrices A; € R?™. Accordingly, we use the notation x = [x3;...;X,] with each x; € R™i
to represent the blocks of coordinates of x, and m = m; + - - - + m,. The joint restriction
X € X states that a feasible decision variable is a solution to a linear least-squares prob-
lem and could be equivalently described as the set of solutions to the normal equations
X = {x e R"|ATAx = A"b}. When b is in the range of A, then we can solve the linear sys-
tem Ax = b exactly, and the optimisation problem reduces to a linearly constrained convex,

non-smooth minimisation problem

n}{in{\ll(x) = ®(x) + R(x)} s.t:Ax=b. 1)
We call this the consistent case. Problems of type (1) are very general and include all generic
conic optimisation problems, such as linear programming, second-order cone optimisa-
tion and semi-definite programming. In particular, partitioning the matrix A into suitably
defined blocks, problem (1) is a canonical formulation of various distributed optimisation
problems, as the next examples illustrate.

Example 1 (Consensus) Consider the problem

min ri(x),
XeRP < T
i=

where r1,...,r, are closed, convex functions on R”. This problem is equivalent to

n

min E ri(X;) stiXi=Xp=---=X,.
Xl X e
i=

This can be written as a linear constrained optimisation problem with matrix A corre-
sponding to the Laplacian of a connected undirected graph and linear constraint Ax = 0.

Example 2 (Distributed model fitting) Problem (P) can also cover composite minimisa-

tion problems that canonically arise in machine learning. Consider the problem
in {(Ku-b ,
min (Ku—b) + p(u)

where £(-) is a convex and smooth statistical loss function of the form

q
((Ku-b)=>"t;(K u-b),

i=1

where £; : R — R is the loss for the ith training example, K; € R? is the feature vector
for example i, and b; is the output or response, for example i. Define the variable x =
(:) € R?*7 = R™ and the linear operator Ax = Ku — v. Define the functions ¢, : R — R and
ri: R — (~00,00] by

L(vy) ifp+1<i<p+d, pilu)) ifl1<i<p,
Bi(x;) = ri(x;) =
0 ifl<i<p, 0 ifp+l<i<m.
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Setting ®(x) = >_"; ¢:(x;) and R(x) = Y_", r;(x;) yields the convex optimisation problem
min ®(x) + R(x) s.t..Ax=0b.
X

Problem (P) is more general than the examples just presented, since we do not insist
on b belonging to the range of A. Hence, the optimisation problems of interest to us are
non-smooth convex problems with inconsistent linear restrictions under which the exact
condition Ax = b is replaced by the approximate condition Ax & b. This assumption gains
relevance in inverse problems and PDE-constrained optimisation, where problems of the
form (P) appear in the method of residuals (Morozov regularisation) [2]. Another instance
where ill-posed linear restrictions appear is studied in an application to power systems in
Sect. 5 of this work. Motivated by all these different optimisation problems, this paper
derives a unified random block-coordinate method that solves problem (P) under very
general assumptions on the problem data.

1.1 Related methods

Our algorithms are closely related to randomised coordinate descent methods, primal-
dual coordinate update methods and accelerated primal-dual methods. In this subsection,
let us briefly review these three classes of methods and discuss their relations to our work.

Linear constrained minimisation From the theoretical standpoint, one could formulate
problem (P) as a linear constrained optimisation problem of the type (1), with linear re-
striction AT Ax = AT b (the normal equations). Hence, one could approach problem (P) via
primal-dual techniques directly. While we will show that our main algorithmic scheme
(Algorithm 1) is indeed equivalent to a suitably defined primal-dual method, it can be
argued that this connection is not always a recommended solution strategy in practice.
First, a primal-dual implementation has to deal with the symmetric matrix AT A, whose
dimension is m x m. If q is much smaller than m then primal-dual methods would have
to process many more data points than direct approaches. Secondly, if A is a sparse ma-
trix, then AT A is usually no longer sparse, which leads to heavy use of numerical linear
algebra techniques. Finally, it is often not known a-priori whether the linear system is de
facto consistent with the given inputs. This is in particular the case in the application mo-
tivating the development of the numerical scheme to be presented in this paper, which is
concerned with the distributed optimisation of an electrical distribution system within an
AC-optimal power-flow framework [3, 4]. A basic stability desideratum on a numerical
solution method (acting as a decentralised coordination mechanism in our application)
is therefore that overall system convergence is guaranteed even if the linear constraints
are not satisfied with equality. Our method exactly achieves this. Section 5 illustrates the
performance of our method on a 15-bus AC-OPF problem taken from [5].

Primal penalty methods An alternative and popular approach to solve (P) is the penalty
method. It consists in solving a sequence of unconstrained optimisation problems
miny, W(x) + %k |Ax — b||?, where oy is a positive and increasing penalty parameter se-
quence. Intuitively, it is clear that, by choosing oy larger, the more importance the optimi-
sation gives to the constraints. Since penalty methods are entirely primal, they do not use
duality arguments, and hence they are in principle able to solve the inconsistent case as
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well. However, their implementation usually involves two loops: an inner loop solving the
minimisation problem for a fixed parameter oy to some desired accuracy, followed by an
outer loop describing how the penalty parameter is updated. Viewed from this perspec-
tive, our algorithm is performing these operations in a single-loop fashion.

Randomised coordinate descent methods In the absence of the linear constraints, our al-
gorithm specialises to randomised coordinate descent (RCD), which was first proposed in
[6], and later generalised to the non-smooth case in [7, 8]. It was shown that RCD features
sublinear rates of convergence with rate O(1/k), k being the iteration counter. Acceleration
to a O(1/k?) complexity and even linear rates for strongly convex problems has been ob-
tained. Extensions to parallel computations, important for large-scale optimisation prob-
lems, were first proposed in [9].

Primal-dual coordinate update methods To cope with linear constraints, a very popular
approach is the alternating direction method of multipliers (ADMM). Originally, ADMM
[10, 11] was proposed for two-block structured problems with separable objective. The
convergence and complexity analysis of this method is well documented in the literature
[12]; see [13] for a survey. Direct extensions of the ADMM to multi-block settings such
as (P) are not straightforward, and indeed even may fail to converge [14]. Very recently,
[15] proposed a randomised primal-dual coordinate (RPDC) update method, whose asyn-
chronous parallel version was then studied in [16]. It was shown that RPDC converges with
rate O(1/k) under the convexity assumption. Improved complexity statements for multi-
block ADMM can be found in [17].

Accelerated primal-dual methods Itis possible to accelerate the rate of convergence from
O(1/k) to O(1/k?) for gradient-type methods. The first acceleration result was shown by
[18] for solving smooth, unconstrained problems. The technique has been generalised to
accelerated gradient-type methods on possibly non-smooth, convex programs [19, 20].
Primal-dual methods on solving linearly constrained problems can also be accelerated by
similar techniques. Under the convexity assumption, the augmented Lagrangian method
(ALM) is accelerated from O(1/k) to O(1/k?) in [21].

1.2 Contribution

Methodological contributions We propose a block-coordinate implementation of the
method developed by [22] for linearly constrained optimisation, lying midway between
the celebrated primal-dual hybrid gradient algorithm [23] and Tseng’s accelerated prox-
imal gradient method [24]. Specifically, our proposed method is a distributed interpre-
tation of the primal-dual algorithm of [23] that operates on randomly selected coordi-
nate blocks. A parallel between the Chambolle-Pock method [23] and the accelerated
proximal gradient of [24] was already drawn in [22, 25]. Reducing the primal-dual algo-
rithm to an implementation of Tseng’s method enabled [25] to derive new convergence
results based on primal arguments, thus departing from strong duality requirements and
the ergodic rates typically issued for primal-dual methods. Our developments revisit the
coordinate-descent implementation proposed in [26] for the basic algorithm of [22], to a
block-coordinate descent setting featuring a Nesterov-type acceleration. In particular, in
the strongly convex case, we derive a new step size policy that achieves an accelerated rate
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of O(k~2). In addition to the recent preprint [27], we are not aware of a similar algorithm
achieving the accelerated convergence rates O(k™2) in a fully distributed computational
setting. Thus, our main contributions in this paper can be summarised as follows:
(i) In the convex case, provided problem (P) possesses a saddle point (defined in
Sect. 2.6) our main result is Theorem 6 that establishes an O(1/k) iteration
complexity in terms of the objective function gap and convergence of the last iterate.

(i) In the strongly convex case and uniform sampling of coordinate blocks, our main

result is Theorem 8, which proves an accelerated O(k~2) convergence rate in the

primal objective function values.
We remark that RCD methods have been shown to exhibit linear convergence rates in
the strongly convex regime [6]. Such fast convergence is, however, not to be expected in
the presence of linear constraints, while strong convexity of the primal objective ensures
smoothness of the Lagrangian dual function, but not its strong concavity. Hence, in gen-
eral, we do not expect to see linear convergence rates by only assuming strong convexity
in the primal. However, we note that [28] obtain linear convergence rates in the consis-
tent regime if there is one block variable that is independent of all others in the objective
(but coupled in the linear constraint) and also the corresponding component function is
smooth.

Related to this paper is also the very recent work [29]. They consider a larger class of con-
vex optimisation problems with linear constraints and design a new randomised primal-
dual algorithm with single block activation in each iteration and similar complexity results
as reported in the present work. However, our method is able to solve inconsistent convex
optimisation problems with general sampling techniques.

1.3 Organisation of this paper

This paper is organised as follows. Section 2 describes our block-coordinate descent
framework. Section 3 explains in detail our algorithmic approach. Section 4 contains all
details for the asymptotic convergence and finite-time complexity statements. Section 5
describes a challenging application of our algorithm to a distributed optimisation formu-
lation of an AC-OPF problem formulate the distribution grid model, based on the second-
order cone relaxation of [30, 31]. Preliminary numerical results are reported to show the

applicability of our method using a 15-bus network studied in [5] as a concrete example.

2 Preliminaries

2.1 Notation

We work in the space R?” composed by column vectors. For x,u € R? denote the stan-
dard Euclidean inner product {(x,u) = x"u and the Euclidean norm |x|| = (x,x)'2. We
let S} := (B € R?*?|B" = B,B > 0} the space of positive-definite matrices. Given A € S,
we let ||x]|s := (Ax,x)!? for x € R?. The identity matrix of dimension p is denoted as
I,. Whenever the dimension is clear from the context, we will just write /. We denote by
Amax(A) the largest eigenvalue of a square p x p matrix A. We call by I'o(R?) the set of
proper convex, lower semi-continuous functions f : R” — (—o0, +00]. For such a func-
tion f € T'y(R?) the effective domain is defined as dom(f) := {x|f(x) < co}. For d € N, we
set [d] := {1,...,d}. For a vector v € R,, we let v™! the vector of reciprocal values. For
resS?”

++7

define the weighted proximal operator prox! (x) := arg minyegm {r(u) + %Hu -
x||2}. If T := blkdiag(l'y,...,4), then the proximal operator decomposes accordingly
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prox! (x) = (proxi‘ (xl),.,.,prox,rdd (x2)). If f : R — R is differentiable, we denote the
gradient of f at x € R by Vf(x) e R”.

2.2 Block structure

We first describe the block setup that has become standard in the analysis of block-
coordinate methods [8, 9, 32, 33]. The block structure of (P) is given by a decomposition of
R™ into d subspaces R™,1 <i <d, sothat R” =R" x --.- x R". Let U = [Uy,...,U,] be
the m x m identity matrix, decomposed into column submatrices U; € R"*". For x € R",
let x; = U x be the block of coordinates corresponding to the columns of U;. Any vector
s € R” can be written as s = Zil U;s;. For § #1 C [d], we write

s = Z Ul'Si.

iel

We denote the £2-norm on R™ as || - ||;. If Q= blkdiag[Q;..., Q4] is a block-diagonal
matrix with Q; € S}%, we define a weighted norm on R” by

d
Isllg =) lsilo, VseR™.

i=1

2.3 Smoothness of ®

We assume throughout the paper that ® : R” — R is convex and possesses a Lipschitz
continuous partial gradient. Specifically, we assume that for each block i € [d] there exists
a matrix A; € ST so that

1
0 < ¢i(x; + t;) — di(x;) — (Vpi(x,), t;) < 3 ||ti||3\i- 2)

A typical situation is that A; = L;l,,,, for a scalar L; > 0, so that the gradient V¢ is Lipschitz
continuous with modulus L; > 0. Allowing for matrix-valued parameters increases gener-
ality and takes into account that norms on the factors R might differ from block to block.
Collecting all the matrices A; in one block-diagonal matrix A :=blkdiag[Aj;...; Ayl it
follows that

P(x') — d(x) - (VO (x),x' —x) < % % —x||i.

2.4 Properties of R

We assume that R : R” — (—00, 00] is block separable R(x) = Zflzl ri(x;), where the func-
tions r; : R” — (—o00,00] are p;-strongly convex and closed, with p; > 0. Calling Y; =
Wil this gives

1
r(x)) > ri(x:) + (£, X — x;) + 5 |x; —x; ”ir, VX, € R™i,VE € dri(x;). (3)

Typical examples for the regulariser r; are indicator functions of closed convex sets, i.e.
ri(x;) = 8x;(x;), for IC; C R™ convex and closed, or structure-imposing regularisers like
the L,-penalty ri(x;) = X[} m
dimensional signals and neural networks. We let Y = blkdiag[Ysi;...; Y] be the m x m

) (p = 1), prominent in distributed estimation of high-

matrix collecting all strong-convexity parameters of the individual blocks.
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2.5 Quadratic penalty function
Define the function

1
ho) 1= S|l Ax = b )
Let /" = min,pa h(x), so that X' = argminga h(x). Clearly, #* > 0, with equality if and only

if the linear system Ax = b is consistent.
Since % is quadratic, we have for all u, w,x € R™

h(u) — h(x) = (Vh(w),u - x) + % |AWw-w)|* - % Ao —w)|>. (5)
In particular, if x* € X, the above implies for x = w = x*

o — () = 5 |AGx—x) |
We also have

h(x + Ujt;) = h(x) + (Vh(x), U;t;) + %llAitin

1
= h(x) + (U] Vh(x), t;) + 3 ||ti||i_TAi

L

A
< h(x) + (U] Vh(x),t;) + 5 lIe:117,
where A; = Anax (AlTA,') = ||A;||2, the spectral norm of the matrix A;, and Lemma 9 (proven

in Appendix A.1) immediately implies that for all ¢ € [0,1]

t(1-1)
2

[aGc—x)]"

h(tx + (1 - 0)x') = th(x) + (1 - t)h(x') - ©

2.6 On saddle points
The optimisation problem can be equivalently expressed as the linear constrained opti-

misation problem
_min : W(x) = d(x) + R(x) st:ATAx=A"b. (7)
The Lagrangian associated with this non-smooth, convex optimisation problem is
L(x,y)=V(x)+(y,A"b- A" Ax).
Definition 1 A pair (x*,y*) is called a saddle-point if
0cdV(x*)-ATAy*, ATAx*-ATb=0. (8)
For convex programs, the conditions (8) are sufficient for x* to be a solution of (P). They

are also necessary if a constraint qualification condition holds (e.g. the Slater condition,
stating that there exists x in the interior of the domain of ¥ such that AT Ax = A" b).
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2.7 Random sampling

We next introduce our random-sampling strategy. Our approach is very general, and al-
lows for virtually all existing sampling strategies considered in the literature. We refer the
reader to [34, 35] for an in-depth systematic overview on this topic.

Let (2, F,P) be a probability space. By a sampling we mean a random set-valued map-
ping with values in 2[41. We will call the random variable 7 : Q@ — 29 a random sampling.
Z(w) defines the selection of blocks employed in a single iteration of our method. The
set Z(2) = T is the set of all possible realisations of the random selection mechanism. Let
{tx}xenr represent the stochastic process on 2[4 in which each random variable ¢ is an i.i.d
copy of Z. We refer to such a sampling as an i.i.d sampling. We assume that the sampling
T is proper: There exists a vector & = [y, ...,7,] € R? with

7 =Piel)e(0,1) Vield].
With the sampling Z, we associate the matrix IT € R¥*? defined as
(M) :=P({i,j} €Z) Vi#j, and (I);=m;.

We note that II > 0 [35, Thm 3.1]. We further define the weighting matrix as
_ 1 1
P:=blkdiag| —lu;s..., —lm, |-
1 T4

We emphasise that the random-sampling model we adopt here is capable of capturing
many stationary randomised activation mechanisms. To illustrate this, consider the fol-
lowing activation mechanisms:

« Single-coordinate activation: at each iteration, one coordinate block is activated. This
means that Z(w) takes values in the discrete set [d] only, i.e. £ = [d]. In this case, we
necessarily have Y% 7, = 1.

« Uniform Sampling: for all i € [d] it holds that P(i € 7) = P(j € 7). This implies
i = % for all i € [d]. A special case of a uniform sampling is the popular class of
m-nice samplings, arising under the specification, where X is the set of all subsets of
[d] containing exactly m elements, each of which is activated with uniform
probability. Clearly, in this case one has 7; = 5 for all i € [d].

o Full Sampling: ¥ = {1,...,d}, which means that all coordinates are updated in parallel.

3 Parallel block-coordinate algorithm

Our random block-coordinate algorithm for solving (P) recursively updates three se-
quences {(z, wk,x*)}i=0. Let (0x)x=0 be a given sequence of positive numbers. At each
iteration k > 0, we define a weight sequence (Si)x>o recursively by

Ok

So=1, Sk = Sk_1 + oxs Or = —.
Sk

Consider the extrapolated point

2" = (1- 0w + 0px* = wh + 0, (x - wh), )
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Algorithm 1: Distributed accelerated proximal gradient algorithm

T of 1
Parameters : (7,)7,,Q; = me (01) k=0, (T k=0
Initialization: xX° =w® e R”,S_; =0, Sy =1

1 fork=0,1,2,... do

2 | ZF= é(Sk_lwk + oxx¥)
3 draw (; C [d] as an i.i.d copy of the sampling 7.
4 Update

Tf(xk) defined in eq. (11) if i € i,

x{f+1 _
xk otherwise.
Wk+1 — zk + g_]]ip(xk+l _Xk)

5 Sk+1 = Sk + Oks1
together with the sequence

wh = 25 4 0P (x* ! — xF). (10)
This reads in coordinates w¥*! = z& + % (x**1 _ x¥) for all i € [d]. To evaluate wk*!, we

i

need the primal update x**1, which is obtained by a weighted forward—backward step in-
volving the first-order signal g = V;(x¥) + Sy V;i(z). Specifically, given a block-specific
scaling matrix B; € SV, we define Qf = %T](Bi, and the weighted forward—backward oper-

k _
i

X
ator Tf (x*) = proxgi (x (Qf )‘1gf ), which reads explicitly as

TF(xX) := arg min {ri(u,') +(gf u —xf) + 1||u,» —xf||2k}. (11)
u;eR™i 2 Q

We will choose the matrices B; later to adapt for the strong convexity present in the prob-

lem data. Putting all these tools together yields Algorithm 1.

3.1 Relation to primal-dual methods
Our method is very similar to the recent block-coordinate primal-dual update [28], who
focus on the consistent case and uniform samplings [6, 9, 32, 35]. We generalise this to
arbitrary samplings and show that the sequences produced by Algorithm 1 are equivalent
to a primal-dual process in the spirit of [26], formulated as Algorithm 2.

Let {(x*, wX, z")};~0 denote the sequences generated by running Algorithm 1. Let S; be
the cumulative step-size process Sy = 1+ Zf: L 0. Introduce the sequence y* := Sy (Az* - b),
so that

SkVih(Z¥) = AT Sk (AZ - b) = ATy~
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Algorithm 2: Primal-dual block-coordinate descent algorithm

k_ 1
Parameters : (7,)%,Q = mBi, (0K )keny
Initialization: x° € R, y° = 0(Ax° — b), u’ = Ax° - b

1 fork=0,1,2,... do

2 draw block ¢ as an i.i.d copy of the sampling 7.
3 Update
Qf o
| e |proxi - (@) (Vo) < ATYN) ificu,
l xk else.

uk+1 — uk +A(Xk+l _xk)

5 yk+1 — yk + o,kAP(Xk+1 _xk) + o,k+luk+l

In terms of this new dual variable y*, we can reorganise the primal update so that

N . 1
X = arg min {ri(xi) +(Vgi(xF) + Sk Vih(Z"), x; — xF) + 3 [x; —x% ”élk}

i

x;€R™i

1
= arg min {ri(xi) +(Vy(xF) + ATy x; — x5} + 3 [ —xf”zf_(}
Kk

= proxe’ (x¥ — (@) (Vi (x¥) + AT y)).

The next iterate x**! is obtained by the block-coordinate update rule (A.2). This gives line
3 of Algorithm 2.
Next, observe that
Sk(AW ! — b) = S (A(Z" + 6 P(x**! - x*) - b))
=y + O Sk AP(x* 1 — x¥) (12)

=y + o AP(x**! — x*).
Hence, after introducing the residual u* = Ax* — b, satisfying

o ok :A(Xkﬂ —Xk) _ ZAi(’A{i’Hl —Xf), (13)

iely

we obtain line 4 of Algorithm 2, as well as

yk+1 — Sk+l (A(Wk+1 + 9k+1(xk+1 _ Wk+1)) _ b)
— S/(+1(AW/<+1 _ b) + O.k+1(A(xk+l _ Wk+1)
= Sk (AW*! — b) + 0y,1 (AX* - b)

=y + o AP(X ! — X + oy kY,

where we have used in the last step the identity (12). Thereby, we obtain line 5 of Algo-
rithm 2. This completes the verification that the sequence {(x*, wX,z")};~o generated by
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Algorithm 1 is equivalent to the just-constructed sequence {(x*, u*, y*)};~( corresponding
to the iterates of Algorithm 2.

Remark 1 The implementation of Algorithm 2 is fully parallelisable, involving a computa-
tional architecture with d agents and a single central coordinator. The agents manage the
coordinate blocks x; in a fully decentralised way, using information about the centrally
updated dual variable y* only. A practical implementation of the computational scheme
is as follows:
1. Given the current data (x¥, u¥, y*) the coordinator realises a sampling ¢.
2. All agents in  receive the order to update their control variables in parallel, given
their current position x¥, the data matrix A; and the penalty of resource utilisation y*.
3. Once all active agents have executed their computation, they report the vector
A,(x;”l - xf.‘) to the central coordinator.
4. The central coordinator updates the penalty parameter y* by executing the dual
update in line 5 of the Algorithm 2
Distributed primal-dual methods such as the one described have received enormous at-
tention in the control and machine-learning community; see e.g [28, 33, 36—40].

Remark 2 Consider the special case with 7; = 1/d and d = 1, as well as oy = 0. Then,
Algorithm 2 coincides with the primal-dual method of Chambolle—Pock [23]. In fact, in
this case it follows that u* = Ax* — b, and y**! = y* + o (A(2x**1 — x¥) - b).

4 Convergence analysis

This section is concerned with the convergence properties of Algorithm 1. We start with
a basic descent property of the primal forward—backward step. This will involve the iden-
tification of a Lyapunov function to obtain energy-decay estimates in a variable metric.
Building on this result, we investigate two important scenarios in isolation: First, we con-
sider the merely convex case, which is obtained when T = 0. If T > 0, then accelerated
rates in the primal iterates can be obtained. This, however, requires the derivation of a
suitable step-size policy that exploits strong convexity for boosting the performance of the
method. Understanding the mechanics of this step-size regime involves a delicate analysis
of the thus-constructed step-size policy, which is relegated to Appendix B.

4.1 Lyapunov function and key estimates
We start the analysis with a small extension of “Property 1” stated in [24] for Bregman
proximal gradient algorithms.

Lemma 1 Forall k > 0 and x € R, define
e = @ (xF) + (VO (x*), x - x*) + Si(Vh(Z"),x - 2) + % |x —xk||2k. (14)
Then, for all x € R™ it holds true that

R()?kﬂ) N é_k()A(kH) SR(X) + fk(X) _ %”X—f(kﬂ (15)

||f)k+T'

Proof Collect the forward—backward operator in coordinates T*(x) := [T’l‘ (x1);... ;T’; (x]1,
and set X! = TX (x¥). From the definition of the forward—backward operator (11), we see
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that
0ear(®") + Vi (") Vieldl.

Hence, for all x € R” and i € [d], we obtain from Eq. (3)

N ok k 1 kil |2
ri(x;) > r,»(xl,”) +{-Vigk(x *1),xi —xi”) + | % T
Summing over all blocks i € [d], it follows that
ck+l ck+l NS k12
R0 = RE) + (-4 )= 7)1 L e 2.
Furthermore, it is easy to see that x — ¢¥(x) is 1-strongly convex in the norm || - | &
Hence,
Skt sk+l NISTR ske1)2
cFo0 = ¢ (&) + (Ve (), x - %) + E”x—x * o
Adding these two inequalities, and rearranging, gives the claimed result. g

Lemma 11, together with Lemma 12, shows that

1,. 1 A
1K W = S A - w P
D AR + PO —x) - wh) ]
1 K+
- SEAPE - -x)|]

1 1.
= EEk[HA(Xk + P(xk+1 _xk) - Wk) Hz] ) ka+1 _Xk” g-ATA

On applying Eqs. (A.5), (A.6), (A.9) and (A.10), as well as the identity 6; = Z—i, the above
becomes

1, . a9 S S 3
S A —wh) (s a—ih(wk) " K:Ek[h(xk +P(x* —xN)]

2

S 1) ke
B (W] - o [

o0xSk-1 =
L0 Sty 4 S [ AGPE - D - x| ]
Ok 25/(—1

(16)

2
)] IR g )

B oxSk_1 2-ATA Sk-1
(A7) & k Ok okl k2
= akh(w )+ 251 |% x| E-ATA
2
S R (W)« @),

OkSk-1 Sk-1

Page 12 of 38
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Finally, we need a characterisation of the sequence (W*);=o, which is quite standard in
the analysis of randomised block-coordinate methods [32, 34, 35]. We therefore skip the
straightforward proof.

Lemma 2 Let (x*, wX);- be the iterates of Algorithm 1. Then, for all k > 1, we have
k
Wi'( = Z Vik'txfy (17)
£=0

where for each i € [d], the coefficients (yik’t)][:0 are defined recursively by setting yio,o =1,

yil’o =1- %, yil'l = ?, and forall k > 1
(1 -6y ift=0,1,...,k-1,
k+lt Kk 1 ,
Vi =y =0y v 0(1-7Y)  ift=k, (18)
OrlT; ift=k+1.

Moreover, for all k > 0, the following identity holds

y/(+l,k + yik+l,k+l — ek + (1 _ Qk)yl'k,k- (19)

L

Moreover, if 6y € (0, min;e(q) 7;] and (Ox)io is a decreasing sequence, then for all k > 0 and
i € [d], the coefficients (yik’t)’[:o are all positive and add up to 1.

Let X! = T, (xX). Using (2), we see that
w(x) = o) + RE)
< RE) + @) + (VO (), 2 )+ R 2
Using (14), we can continue with the estimate
D O) + (V) & —x) = () = R g - (V) & 2

Consequently, for x* € X' = argminy /1(x) as a reference point, the following bounds are

obtained:

‘-I-’()A(kﬂ) < R()A{kﬂ) n é‘k()?kﬂ) _ Sk<vh(zk),;(k+l —Zk> _ l )A(k+1 _

x* ||20k—A

(g)R(X*) + §k(x*) _ %H’A‘M _x* Hzok _ Sk<Vh(zk),)?k+l —zk>

_1 )f\(kJrl_

2
Xk”Qk—A
= W(x*) - d(x*) + ¢F(x¥) —S;((Vh(zk),)?]”1 -2~

Ak+1

1. 1
S R R AR PN

2w (x7) - @ (x*) + (k) + (VD (), x* — x) + SV (), x* - %)
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1 1,. 1,.
R PO | P
@ W (x*) + Si(Vh(Z"),x* —f(k*l) + %”x" —x* ||20k - % K _x ”ka

1,
[~ x g

Via Eq. (A.8), we obtain

SK{Vh(Z"),x* —xk+1> Sk (Vh(wF), x* —xk+1)+ak<Vh(x ),x* —f(k”)

Next, we apply identity (5) to each inner product separately, in order to conclude that

2

)

(Vh(w"),x* _)A(k+1> ~ h(x*) - h(;(k+1) B 1”A(x* W) Hz . 1”A(f("” _wH)
(Vi) = %) = (") = h(E) - ||A(x —xb)[*+ 5 ||A(Ak” X2

Combined with the previous display, this shows for x* € arg minyegm /(x),

WE) () =S AE) )] - A -
A wh) P T A x| LA )

1

-X ||Qk+T - 2
= (Seh(E) + Siah (W) + e (x¥) - 25(x7))
Sk 1

+ 5 “xk _x* ||Qk _ 5 ||)A{k+1 ak+1 _ k”Qk_A

N 1
5 A w2 e g

1. 1,.
- ||xk“ B

_xk”QkafakATA'
Finally, applying identity (16), one sees that
_(Skh(f(k”) + S h (W) + oxh(x*) — 2Skh(x*)) + % ||A()A(k+1 - w¥) ||2
= —(Skh(x k”) + Sg1h (W) + orh(x¥) - 2Sih(x*))

Sk Ok |«
+5k1<6—kh(wk) + FHHXM e

-] )

UkSk—l k-1
Sclzklh( ) - i_f [h(wkﬂ)] +28ch(x*) - Ukh(xk) + ”’A‘kJrl x H" -ATA
- 5 ) ) - L ) )] ) o)
%
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. . s 82 . . Lo
where the last step uses the identity 25; = é - (’;—‘kl + 0. Inserting this expression into the

penultimate display, we arrive at

\p(ﬁk“) _ lIl(x*) < %(h(wk) - h(x*)) _ i_/E [h( k+1) — h(x*)]
— o (h(x*) - h(x*))
Ak+1 (20)

+ —IIX X g - —|| o

_ 1 )A{k+l

2
- xk || Qk—Afak E°

Define the vector-valued function 1/7(x) = [p1 (1) + r1(X1), . . ., Pa(Xa) + ra(x4)]" € R%. Let

Lemma 3 Let M:=blkdiag[M;...;M,] with M; € Si. We have

B[4 = x[ ] = |8 =5 [ + [ =X [ o (1)
B [$r1] = (1 - 60 + 6,0 (X1, (22)

Proof Equation (21) can be easily seen by observing

Bl -7, ] = ﬂzllAk”—X?‘||2A,M»+(1—ﬂi)||xf—X?||;Mi
L 1

2

- 7

] g, + (! = 1) -

Summing over all i € {1,...,d} gives the result. To prove (22), we first observe

[%( k+1)] nLWL(AkH)"'(l_jTi)l/fi(xf):

so that B[ (x*1)] = P71 (R**1) + (1 = P71y (x¥). It follows that

Uiy = kiljykﬂ,t 1/*/ ) k+1k lﬁ( ) k+Lk+1 1/[( k+1)
£=0
k-1
kL‘ _} ) + ((1 = gk))/k’k + 9]((1 — 7-[*1)) . ;(Xk) + an—l . ,(Z(Xk+1)

t=0

S Q=0 (1= 7)) 4 G ().

Page 15 of 38
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Taking conditional expectations on both sides, it follows that

Ex[Uin] = (1 - 00W + 0 (1-771) - (06F) + W(ES) + (w71 = 1) - 9 (%))

= (1 - Qk)\i)k + Ok‘ll(f(k”). O

The next result characterises a suitable Lyapunov function in an adapted variable metric.
We set B:=blkdiag[By;...;By].

Lemma 4 Assume that 0y € (0, min;e(q) 7;], and that the sequences (ox)r>0, (Tk)k=0 Satisfy

the matrix inequalities

PB > 7;(A + 0 B), (23)
P2B + oPY = X7 (p2g o (1-P)Y). (24)
Tk+10k

Define the matrix-valued sequence (W )i>o C S, by Wy = Z—I’;PZB +ox(P-D7Y, and intro-

duce the functions
Fi = ‘:I\’k + Sk—l (h(Wk) - h(x*)) and (25)

1
Vi) 1= o [ x| w, + S (Fi = W 0). (26)
We have for all x* € X,
* * * 1. +
Ex[ Vi (x7)] < Vi (x*) - of (h(x*) = h(x)) - 5 ”xk F-x H%;—;:(PB—‘E/((G/(E+A))' (27)

Proof Using identity (21) with M = Qi + Y, we obtain

1 1,. 1
]Ek|:§ ”"k+l -x" ”iohmr} 5 ”xk+l -x" ”f)kw *3 ”Xk -x" H(zpfl)(o"w)'

Furthermore, Eq. (22) yields

BB - w)] = 2 (B w0 ¢ (9 - 9 ()

and (20) shows that

S, [t - )] < S

Ok Ok

1 1,.
O

1

~ak+1
X

_Xk ||20k—/\—o'kE'
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Adding these three expression together, we obtain the recursion

Ek[% [ x|y + i_z(\i}k” ~ )+ S (w) - h(x*)))}

1 * Sk-1 = * *
< S X gt S () S () () 25)
1 ks X
) ka ' _Xk”zk—(/\mka) - Gk(h(xk) - h(x ))

Recall that Q" = %PB. Condition (23) guarantees that Q= A +oxE. Multiplying both
sides of (28) by oy, we obtain

1 N
]Ek|:§ [t —x* ||%;—/]:PZB+akP'Y' + Si(Prar = W (x*) + S ((w") - h(X*)))]

= ka -x* ||%Z—/]§PZB+01<(P—I)Y + S/H(li'k - (x*) + Skfl(h(wk) — h(x*)))

1 Ak+ 2 *
3 ”xk Pt I % pB-o (A+oxE) o (h(x*) = h(x")).
Under condition (24), it follows that

k+1 k+1

x|

b S

2
- x| Wi,y = | x P2Bio(PY"
Exploiting this relation in the penultimate display, using definitions (25) and (26), one

readily obtains

x . o Lye
B[ Vi ()] = Vi) =0 () = ) = 18 =X g, 20y O

4.2 The convex case

Suppose that T =0, so that Wy = (:—,’:PzB. In this case, the matrix inequality (24) is satisfied
for any sequence (0x)i>0, (Tk)k>0 satisfying Z—’; > :’lz—: In particular, this can be realised
with the policy o = o7 for all k > 0, and some constant o € (0, min;cy) 77;]. This implies
that 6; = ﬁ for all k > 0. This specification satisfies all conditions needed for Lemma 2
to hold. We further set 4 = 1. It only remains to see if matrix inequality (23) is satisfied.

In fact, this condition gives us a restriction on o, reading as
PB>0ZE +A. (29)

We show later in this section that this matrix inequality is achievable. In this regime, we
will show that we obtain an O(1/k) iteration complexity estimate of the averaged sequence
(WK)g, in terms of the objective function value. This extends the results reported in [22, 25,
26] to general random block-coordinate activation schemes. The following Assumptions

shall be in place throughout this section:

Assumption 1 Problem (P) admits a saddle point, i.e. a pair (x*,y*) € R” x R” satisfying
(8).

Page 17 of 38
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Assumption 2 The solution set of problem (P) X* is nonempty.

Thanks to Eq. (17), we know that wX € Conv(x?,...,x*) C dom(r). Therefore,

R(W") —R(x*) > (-Vo¢(x*) - AT Ay*, w" — x*)

= (')~ p(w') + Ay’ A’ — ).

Therefore,

W (wh) -9 (x) = -[Ay"| - AW - x| = =8y (wk) ~ h(xe), (30)

where § := +/2||Ay*|. We assume that 7; = 1 and o; = 0 > 0. The energy functions (25)
and (26) take the form Fy = Ui + (1 + (k — 1)o ) (h(W¥) — h(x*)) and Vi(x) := %Hx" —x||‘2L,2‘g +
(1+ (k-1)o)(Fx — ¥(x)).

Lemma 5 Suppose that Assumption 1 applies. Then, the process (Si_1(Fx — W (X*)))i>0 is
almost surely bounded.

Proof Note that

S (i W) = s 000)) 4 1) o)
> Sp1 (¥ (W) - W (x*)) + Sp_y (h(wF) — h(x*))

(?g) =881y H(WX) — h(x*) + Sp_ (h(WX) — h(x*))

2
_ Sk

1 () - )
(P ) o)) - 51 o) ) )

. 2 . . 2
The convex function ¢ — %tz — 85t attains the global minimum at the value —%. Hence,

s? 82 82
Sk (Fi = W (x¥)) = %(h(wk) —h(x)) -5 = -7 (31)
The last inequality uses the fact that x* € X, so that #(w*) > h(x*). This completes the
proof. d

We are now in the position to give the proof of the first main result of this paper.

Theorem 6 Suppose that Assumptions 1 and 2 apply. Consider the sequence (25, w*, x*)i=o
generated by Algorithm 1 with oy = o and v = 1 for all k > 1. Then, the following hold:
(i) h(wk) —h(x*) = O(1/k?) a.s.
(ii) (x*)x and (W) converge a.s. to a random variable with values in X*.
(i) W wk) — W (x*)| = O(1/k) a.s.
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Proof (i) From Lemma 5, it follows that the process & := Vi (x*) + % isnon-negative. Equa-

tion (27) shows that & satisfies the recursion

o(PB—(c E+A))° (32)

1 sk+ k
Bil6in] < & -0 (1) - h(x')) - L [# ¢

Lemma 10 implies that (£x)i>0 converges a.s. to a limiting random variable £ € [0, 00)

and

o0
1
2 k * Ak+1 k|2
5[0 )+ 8 6 gy <00 a5
k=0
Since h(x*) — h(x*) > 0, it follows that limy_, oo 31X = X¥[12 pg_(, 5, )y = 0. Consequently,

ck+l k”

the sequence ( 1% (PB—(0 24+ A)))k=0 is bounded. By deﬁmtlon of the energy func-

tion Vi (x*), the sequence (x*);=¢ is bounded and (31) yields #(w*) — h(x*) > —3—. Hence,
St

h(wk) — h(x*) = O(1/k*) a.s. Moreover, it is easy to see that lim;_, Zt 0 ykt =1 and
limg_, yik’t =0 for all i € [d]. Hence, by Lemma 2 and the Silverman-Toeplitz theorem,
the sequence (WX); converges to the same limit point as (x¥)y, a.s.

By definition of the energy function V4, the sequence (xk)kzo is a.s. bounded. We show
next that all accumulation bounds are contained in the set of solutions X* of (P).

Let ©2; be a set of probability 1 on which the subsequence (x%i (w))jen converges to a
limiting random variable X(w) for all w € ;. It follows from lim;_, o ||)?k/ (@) - x5 ()] =0

on ; that ()A(k")jeN converges to X as well on ;. Furthermore,

W(Z") = (") = O [(w") = h(x*) ]+ (1= 0 [ (x") = (x") ]

O (1 —6;)
OO0

=0(k™?)
and for all x* € X,

(Vh(Z"),x gL >=(ATA(zk—x*),f(k+l—x*)
<A@ —x) |- [AE" -x)]|
< 2,/n() — h(x) - JHE) = ) = o (k).

Hence, limy_, oo Sp(VA(ZK), X! —x*) = 0 for all x* € X a.s. Using Lemma 1 at the point
x* e X* C X shows that

/+1

RET)  (V0(0h), K )+ S(Th() 207 )+ 5

x5
<R(x*)+ (VCD( )x -x )+Sk(Vh( i), x* —zk)

1,. ) 1 ke
S EE A P PN

Page 19 of 38
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Let j — oo, and using the lower semi-continuity of the function R(-), one arrives at the
inequality

R(X) < R(x*) + (VO(X),x* - X).

Since h(x%) — h(x*) — 0, the limit point X is an element of X'. The convexity of ® in turn
yields ®(x*) > ®(x) + (VP (x),x* — x). We conclude that ¥(x) < W(x*) and x € X. There-
fore, x € X*.

(if) We next show that cluster points are unique and thereby demonstrate almost sure
convergence of the last iterate. We argue by contradiction. Suppose there are converg-
ing subsequences (x“)icic, and (x*)xexc, with limit points x” and x”, respectively. Hence,
U(x') = U(x") = W*. Following the above argument, we see that x’,x” € X* a.s. The point
x* chosen in the previous argument was arbitrary, so we can replace it by x’. Let us sim-
plify notation by setting ay := Sy (Fx — ¥*). Since Vi(x') converges almost surely, we see

that
. ) . 1 2
Jin )=t Vi)t (G
= lim 4.
k—00,ke Ky
Similarly,

1
klgglo Vi(x)=  lim  Vi(x')= lim (5 |x* —X/Hiv +uk)

k—00,kelCo - k—>00,kekCy

= ”x” -x || wt ]Hclxi%r]?e’Cz da.

We conclude that

lim = |x"-x|,+ lim a.
k—00,keCy k—00,kelCo

Repeating the same analysis for x” instead of x’, we obtain

kelglr(]elcz % = HX” -x ” w?t kelj:r.?elcl e

Combining these two equalities, we see that X' = x”. Therefore, the whole sequence (x*);
converges pointwise almost surely to a solution. Lemma 2 yields the same assertion for
W)y

(iii) Taking expectations on both sides of (27) and iterating the thus-obtained expression
gives

1 N 1
B[ It =y 1 (- W () 52, ()~ h(x)) | = 5[0 -x
From here, we deduce that

A 1
Sia B[ - w ()] < 1 - [,
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which gives U — W (x*) < O(1/k) a.s. Since Wy > W (wk), it follows W (wk) — W (x*) < O(1/k)
a.s. To obtain a lower bound, it suffices to apply Eq. (30) and use the results from (i) to

obtain

W (W) - W(x*) = -8,/ h(WK) — h(x*) = O(1/k) ass. O

We conclude this section with a concrete example showing that the matrix inequality
(29) can be satisfied.

Example 3 Assume that E =blkdiag(w;'A]Ay,...,7;'AjAy). In this case Eq. (29) can
be decomposed to the block-specific condition 7;” 1B, = A+ %AiTA,«. Let us assume further
that A; = L1, for a scalar L; > 0. If we choose B; = ;(A; + L;)l,,;, where A; = ||A;|l2, then a
sufficient condition for satisfying the matrix inequality is A; + L; > L; + %Ai forall i € [d].
This inequality can be satisfied by choosing o = min;e[4) 7;, which is the largest value for a

given set of activation probabilities, that is compatible with Lemma 2.

4.3 The strongly convex case
In this section we study the performance of Algorithm 1 in the strongly convex regime.

Assumption3 T > 0.

The main challenge we need to overcome is to design step-size sequences that obey the
matrix inequalities (23) and (24). Let us focus on (23) first and show how it can be restated
in a more symmetric way. To that end, define the matrix B = P~2Y and M"/2 := p~1271/2,

so that M = P71 Y. In terms of this new parameter matrix, we see that

1
PIY > A+ B — —I>=M2AM Y2 1 oM V2EM2, (33)
Tk

It is easy to see that & is symmetric. Furthermore, for u € R” \ {0}, we see that u' Eu =
E[||At||?] > 0, where t := PE,u is a random vector in R” with mean u. It follows that E €
S?. This suggests to relate the step-size parameters to the spectra of the involved matrices.
The rest of this section assumes the following parametric model on the coupling between

o and .

Assumption 4 The sequence (i) is non-increasing and positive. They are related by the

coupling equation
oxtr=a — Bt Vk >0, (34)
where « and $ are positive numbers.

We note that this coupling relation automatically means that oy = o/t — B is non-
decreasing. A sufficient condition to satisfy Eq. (33) is

Tik > Domax (MT2AM™) + 0y hmax (M2 EMY2).
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Using the model (34), this gives

1

. (1 _ akmax(M_l/ng_llz)) > )"max(M_l/zAM_l/z) _ ﬂ)"mux (M—1/2 EM_l/Z).
k

Choosing
o = Amax (M2 EMY2) (35)

we obtain

ﬁ - )"max(M_lmAM_l/Z)

_ -1/2 -1/2
Z  MTEMTE) " Chmax (M2 AMY2).
max -

We make the choice
B = cthmax (M*(A + Y)M2), (36)

so that the coupling equation (34) gives rise to a step-size process satisfying matrix in-
equality (23).

Remark 3 To obtain some intuition behind the derived conditions for « and 8, con-
sider the independent sampling case under which the operator = factorises to E =
blkdiag(n—llAIAl, s %A;Ad). Further, suppose A =blkdiag[Lily,;...;Laly,]. Then,

the above choice says that

1 -1
o= <max 5 ||Ai||§) and (37)
ield] W;T;
L: .
K= B max =T HE (38)
o ield] T

Clearly, « is related to the condition number of problem (P), and satisfies x > ﬂi for all
i € [d]. We point out that the explicit expression for x does not rely on the indepen-
dent sampling assumption. Only the quantification of the parameter « exploits this special

structure.

Let us fix these identified values for & and 8, and continue our derivation with matrix in-
equality (24). Let us choose B = P2Y =blkdiag[w?iilm,;.. ;2 ialm,]. Using the block
structure, and the specification of the sequence (oy)y, it can be verified that (24) reduces
to the scalar-valued inequality

e[l = Br)(mi + ) + B = ) ¢] - w1 te [ (1 = ) - ;] — tfam; > 0. (39)

This defines a quadratic inequality in 7,; of the form civl(rk)TkZJr1 +¢io(Tk) The1 — Ci3(tk) = 0,
with coefficients

i (t) = (@ = Bt)(m; + ) + Bl — )22,

cin(t) =2 B — a(1 - 7)),
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Ciyg(t) = tzO[Tl'i.

This suggests to use the recursive step-size policy

% Tky2 _ (27 %
S (Umi—k = 1) + 7y | (L + (Ui — k) 5)* - (ﬂ—i +2K) &

Tpy1 = MAx (40)

ie(d] 1+ (1 — k) — T}

We study the qualitative properties of the so-produced sequence (7x) in detail in Ap-

pendix B, under the following assumptions:
Assumption 5 Foralli € [d] we have A; = L;1,,,.
Assumption 6 The sampling is uniform: 7; =7 € (0,1) for all i € [d].

Uniform sampling is a very common sampling scheme employed in the literature. It con-
tains as special cases the single-coordinate activation scheme (i.e. ; = %), and the uniform
sampling scheme. In particular, the frequently employed m-nice sampling (cf. Sect. 2.7)
is contained in this framework. Under this assumption we prove that if tj is chosen suffi-
ciently small, then the sequence (i )k exhibits the same qualitative behaviour as a Nesterov
accelerated method [41, 42]. This is summarised in Lemma 7, whose proof is provided in

Appendix B.

Lemma 7 Let Assumptions 4, 5 and 6 hold, and consider the step-size sequences (o),
(tx)x comnstructed recursively via Eq. (40), with initial condition ty € (0,1/k). Then, (ti)k is

monotonically decreasing and satisfies

21’0
Tk =
(14K —1/m)10k +2

Vk > 0.

In particular, oy = O(k) and Sy = O(k?).

We therefore can prove accelerated rates for our scheme in the strongly convex case.
Theorem 8 Suppose that Assumptions 1-6 apply. Consider the sequence (2, w*,x¥);=o
generated by Algorithm 1 with the following step-size policy constructed via Eqs. (34), (35)
and (36). Then, the following hold:

(1) We have h(x*) — h(x*) = o(k™2) and h(W*) — h(x*) = O(k™*) a.s.
(ii) (x*)x and (W)y converge a.s. to the solution X* = {x}.
(iil) |W(WK) - W (x*)| = O(k™2) as.

Proof (i) If a Lagrange multiplier exists then Lemma 5 still applies and guarantees that the
function Vi(x*) + % > 0 for all kK > 0, and the recursion (32) applies, which reads in the
present case

Ok

Er[Exa] < & — o (h(x) = h(x*)) = — || &

2
2.L.k _xk ||P_1 T-1x(0k E+A)°
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Since P! — 74 (0% E + A) > 0, we can upper bound the right-hand side of the above display

as

Ok || sk+1
— (| X
2‘L’k

B[] < E — o (m(XX) = h(x*)) - — x|y (41)

The supermartingale convergence theorem (Lemma 10) implies that

. . Ok |1a
kgn;oo,?(h(xk) -h(x*))=0 and Jim 2% |5+

-x* ||;2>*1T =0.

Since oy = O(k), it follows that 4(x*) — h(x*) = o(k~2). Furthermore, the sequence (x*);
is bounded and Eq. (31) yields #(w*) — h(x*) = O(k™), since Sy = O(k?) as shown in Ap-
pendix B. Moreover, (wX); and (x¥); share the same limit.

(ii) We can repeat the arguments of Theorem 6, to conclude that accumulation points of
()?k)k and (x*); converge to the same random variable with values in X*. However, since the
problem is strongly convex, we must have X* = {x} for some x € X'. Hence, the sequences
actually converge and the common limit point is X a.s. (iii) We next show convergence
rates in terms of the objective function gap. Iterating Eq. (41), it follows that E[Vi(x*)] <
%0 — x* I, - This is equivalent to

1 B 1
B3 1y, +Sca (B w6)) 52, (1) ) | = 5 1 -

In particular,

Furthermore, Wy > W (w*), so that via Eq. (30) we obtain
E[w(w") - w(x*)] <O(k?) and E[w(w")—w(x*)] = —5E[,/h(w*) - h(x")].
Combining these bounds, it follows that E[W (wX) — W (x*)] = O(k~2). O

5 Application to power systems

In this section we apply Algorithm 1 to the distributed coordination of an energy grid in an
AC-optimal power flow formulation. Specifically, we illustrate how our block-coordinate
descent method provides an efficient way to replicate the transmission-level locational

marginal prices to the distribution level.!

5.1 Power-flow model

Consider a radial network with N buses /' = {1,..., N}, excluding the slack node 0. Hence,
the distribution network assumes the structure of a tree graph and we identify the trans-
mission lines with the label of the parental node. The network is optimised over a time
window T ={1,...,T}. Weuse p,, = Pn1,---,Pur) and q,, = (qu1,---,qn1) to denote active

LA preliminary version of this application is studied in our conference paper [43]. We refer to this paper for background
and further motivation.
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and reactive power net consumption at bus # at each time point ¢ € 7. We let i = v/—1
and write a complex number z € C as Re(z) + iIm(z). Thus, p,, < 0 means that there is
production of energy at bus # at time ¢. At the slack node 7 = 0, we assume that power
will only be generated and there is no consumption, i.e. pg; < 0. At node 7, we denote by
fu = (fur)ieT and g, = (gue)re7 the real and reactive power flows, so that f;, +ig, is the com-
plex power injected into node #. By Ohm'’s law, we have g, = Im(V,,I,,) and f, = Re(V,,1,,).
Welet £, = (€,,1)teT = | V| be the squared current magnitude, R, and X, denote the series
resistance and reactance, respectively. Hence, z, = R, + i X}, is the series impedance, and
¥n =2, the shunt admittance.

The load flow equations using the BEM [44, 45], without explicit consideration of trans-

mission tap ratios, are as follows:

fo— > (Fn—Rul) + P, + GuVy =0, [v2] (42a)
9.~ Y (@~ Ruby)+q,—Buv, =0, [yl (42b)
Vi = 2Ry + X,9,) + (RS + X))y =V, _, (42c)

n2,t + gﬁ,t S Vnilnts VteT, (42d)
fr+gn, <Sh VteT, (42e)
(fn,t - ann,t)Z + (gn,t - Xngn,t)z =< Si, Vt e T, (42f)
V< Vns < Vi, veeT, (42g)

where
¢ V= (Vy1,...,vyr) and v,,_ are the squared voltage magnitudes at buses # and n_,

«+ £, is the squared current magnitude on branch (n,n_),

+ f, and g, are the active and the reactive parts of the power flow over line (1, n_),

« R, and X,, are the resistance and the reactance of branch (n,1_),

+ G, and B, are the line conductance and susceptance at #.

Equations (42a) and (42b) are the active and reactive flow-conservation equations, (42c)
is an expression of Ohm’s law for the branch (», n_), and (42d) is a SOCP relaxation of the
definition of the power flow, which implies £, + g7, = v,:{,,;. There exist sufficient con-
ditions under which the optimisation problem subject to (42a)—(42g) remains exact, see
[4, 30, 46]. Equations (42e) and (42f) are limitations on the squared power-flow magnitude
on (n,n_), and (42g) gives lower and upper bounds on the voltage at 7. For the coupling
flow-conservation laws, dual variables are attached, which are the DLMPs corresponding
to active and reactive power.

For later reference, we point out that the network flow constraints (42a) and (42b) can
be compactly summarised as AoXo + ) _, A.X, = b for suitably defined matrices Ay, A, and
the right-hand side vector b. However, for our computational scheme to work, we do not
need to assume that the linear constraint holds exactly. Instead, we assume that the lin-
ear relation Agxo + ), A,X, = b holds inexactly. Specifically, motivated by data-driven

approaches for power-flow models [47], we assume that there exists a random variable &

Page 25 of 38
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with bounded support such that

2
<é.

1
Aoxo + ZAaxﬂ =b+&, and 5‘

A()X() + ZAﬂXa -b

In such inexact regimes, conventional deterministic OPF solvers are not applicable,
whereas Algorithm 3 is designed to handle such scenarios.

5.2 Load aggregators

The set of buses V is partitioned into a collection (V) c 4 of subsets, such that each node
subset V,, is managed by a Load Aggregator a € A. Each LA controls the flexible net power
consumption (p,,;) and generation at each node 1 € N/, given at time ¢ by

Pt = PZ,t _pg,p qnt = q;,t - qu,t» (43a)

foralln € N'and t € T.p¢, > 0is the consumption partand p),, > 0 is the production part
of the power profile. Power consumption and production at the nodes are made flexible
by the presence of deferrable loads (electric vehicles, water heaters) and Distributed En-
ergy Resources (DERs). The consumption at each node n € N must satisfy a global energy
demand E,, over the full time window,

> P =E, VneN. (43b)
teT

Consumption and production are also constrained by power bounds and active to reactive
power ratio:

P, <Py, <Pus VneN,VteT, (43¢)
Tt = Tl VneN,VteT, (43d)
0<ph <P VneN,VteT, (43e)
P Pt < iy < Pribhe VneN,VieT. (43f)

Constraints (43a)—(43f) define the feasible set X, of LA decisions, containing vectors x,, =
(P> 9,)nen, - Both, consumption and production, must be scheduled by the LA, taking into
account the current spot-market prices, and other specific local factors characterising the
private objectives of the LA. Formally, there is a convex cost function ¢,(x,) that the LA
would like to unilaterally minimise, subject to private feasibility x, € X,,.

5.3 The distribution-system operator

In order to guarantee stability of the distribution network, the Distribution System Op-
erator (DSO) takes the individual aggregators’ decisions into account and adjusts the
power flows so that the flow-conservation constraints (42a) and (42b), together with
the SOCP constraints (42c)—(42g), are satisfied. Let Xo = (py,qq,f,9,v,£) denote the
vector of the variables controlled by the DSO, and define the DSO’s feasible set Aj =
{%0](42c)—(42g) hold for n € N'}. Then, the set of DSO decision variables inducing a phys-
ically meaningful network flow for a given tuple of LA decisions x 4 is described as
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Algorithm 3: Privacy-preserving DLMP solver (PPDLMP)
Parameters:p=|A|,0 >0, By, B,

1 Initialization at each aggregator acA:
2 X € Xos

3 send bidu, =A% -b, to the DSO

4 Initialization at the DSO:

5 X0 € X, VO =0, 4Ua yY° =V® + 0 (Aox) — by);

6 fork=0,1,2,... do

7 at the DSOdo

8 Xg™ = arg ming e x, (Vo (xg) + Ag ¥, Xo) + 5 X0 = XG13,) 5
9 at LA a drawn uniformly at randomdo

10 receive DLMP y* from DSO;

1 X! = argming, e x, ((Vea () + A Y5, %a) + §11%a = X513, ) 5
12 sk = A, (K — XKy

13 at each other aggregator a' #ado

14 ‘ x5 =xk

15 at the DSOdo

16 receive bids' from LA a4;

17 Yyl =y 1+ o [Ag(2x5H —x5) —bo] + o (p + 1)s*;

18 Vil = vk 4 oSk

F(x4) = {xo € Xp|(42a)—(42b) hold for x 4}. Denoting the DSO cost function ¢y(x,), we
arrive at the DSO’s decision problem

W(x 4) = min{¢o(Xo)|Xo € F(x.4)}.

This represents the smallest costs to the DSO, given the profile of flexible net consumption
and generation at each affiliated node n € \V;,.

5.4 A privacy-preserving DLMP solver

The privacy-preserving DLMP solver (PPDLMP), described in Algorithm 3, asks the DSO
to adjust DLMPs based on the prevailing plans reported by the LAs. Once the price up-
date is completed, a single LA is selected at random to adapt the power profile within the
subnetwork they manage. The local update of the LA results in the bid vector wX, which
will be fed into the DSO final computational step to perform dispatch.

From a practical point of view, it is important to point out that, while executing PPDLMP,
the bus-specific data (like cost function, power profiles, etc.) remain private information.
This applies equally to the DSO and the LA. Coordination of the system-wide behaviour
is achieved via exchanging information about dual variables only, describing the DLMPs
and the expressed bids of the LAs.

5.5 Convergence of PPDLMP
We deduce the convergence of PPDLMP from the analysis of Algorithm 1. In order to re-
cover the OPF problem, we identify each function ¢; with a cost function of the DSO
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or LA, and r; is an indicator function of the feasible set X, and &y, respectively. The
sampling technology is an example of a uniform sampling of pairs involving the DSO
and one aggregator. Specifically, the set of realisations of the sampling is ¥ = {{0,a}:a €
{1,...,]Al} ={1,...,p}}. Each pair is realised with the uniform probability (IT),, = 1%‘ The
marginal distribution of the sampling technology is thus given by 7y = 1 and =, = 1/p for
a € {1,...,p}. The optimisation problem is characterised by d = p + 1 blocks and weight-
ing matrix P = blkdiag(lu;...; pln,], where my is the dimension of the feasible set of
the DSO, and m, is the dimension of the feasible set of aggregator a € .A. Now, define
R(x) = ro(X0) + Y ,c 4 a(X4), where ro(Xo) = 8x,(Xo) and r4(x,) = 8x,(X,), in which 8¢ is the
indicator function of a set C. We now show that Algorithm 3 is a special instantiation of
Algorithm 2, which in turn we know to be equivalent to Algorithm 1.
If the load aggregator a is chosen at step k, Line 5 in Algorithm 2 becomes

yk+1 =yk + O_AP(Xk+1 _xk) + O_uk+1
=y + oA (x5 - x¢) + opAL(xET —xE) + ou!

=y + 0 [Ao(2x§T —X§) — bo| + o pAL (X — xE) + vFH,

where we have used the identity u**! = Ax* — b and define v¥ = ou* — U(on{; — bg) =
0 Y 4 a(A.xk — b,). Exploiting Line 4 in Algorithm 2, we find that v can be computed
locally and inductively by choosing the initial condition v° = o Y, _ 4(A.X5 — b,) initially,
and performing sequential updates

k

V+1:Vk

Kl _xK) =vk +osb,

+0A(x .

where s = A, (x¥*1 — x*). This shows that
Yyl =y*  o[Ag(2x5 - x§) = bo| + o (p + 1)s* + v,
which agrees with Lines 4, 7 and 8 of Algorithm 3.

5.6 Numerical results

We apply Algorithm 3 to a realistic 15-bus network example based on the instance pro-
posed in [5], over a time horizon T = {0, 1}. The parameters (R,, X,,,S,,, B,,, V;,) are those
used in [5]. We consider variable, flexible active and reactive loads (as opposed to fixed

ones, as in [5]): parameters (P, ,P,,E,, 7°), are generated based on the values of [5]. The

Luf7]
underlying parameter values are specified in Table 1: line parameters R, X, S,;, By, n € N
are taken from [5], (P,, P, E,, T¢), for the flexible loads are generated based on the fixed
load values of [5]. As in [5], bus 11 is the only bus to offer renewable production, with
PP}, := [0.438,0.201] and PP = P = 0 (the renewable production is fully active). The
bounds (Zn,\_/y,) are set to 0.81 and 1.21 for each # € A/, while V; = 1.0.

We consider a zero-cost function for each LA (¢, = 0 for each a € A), meaning that
LAs are indifferent to consumption profiles for as long as their feasibility constraints are
satisfied. This is a reasonable assumption in practice for certain types of consumption
flexibilities (electric vehicles, batteries). We consider the DSO objective ¢(x) = ¢o(Xo) =

DTG (ph,) + Kloss > s Rulys, with loss-penalisation factor k'°ss = 0,001 and with: ¢y : p
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Table 1 Parameters for the 15-bus network based on [5]

n Sn Ry-103 X103 B,-10° P, Py En 49
1 2000 10 1200 11 [0.593,0.256] [1.566,1.539] 2213 0234
) 0256 883 1262 28 [0.000,0.000] [0.000,0.000] 0000 0000
3 0256 1384 1978 24 [0.003,0011] [0.020,0035] 0047 0418
4 02% 191 273 04 [0.015,0013] [0.027,0019] 0033 0249
5 0256 175 251 08 [0.021,0024] [0.043,0053] 0072 0251
6 0256 482 68.9 06 [0.017,0001] [0.032,0037] 0039 0251
8 0256 407 582 12 [0.021,0009] [0.040,0.039] 0049 0251
7 02% 523 747 06 [0233,-0210]  [-0173,-0115]  -0352 0000
9 0256 100 143 04 [0.008,0.002] [0.032,0028] 0015 0620
10 0256 241 345 04 [0.004,0001] [0.024,0,040] 0013 0300
N 02% 103 148 01 [0.010,0010] [0.015,0024] 0028 0250
12 0600 10 1200 01 [0.243,0057] 0,642, 0.625] 0895 0208
13 0204 1559 1119 02 [0.001,0.000] [0.003,0.003] 0003 0571
14 0204 953 684 01 [0.015,0012] [0.032,0042] 0042 0371

3.721 3.719 1.004 3.567

0.012 @ @ 0.001 0.005 @ @ 0.732

3.603 é 3.758 0.98 é 3.583

0.048 @ 0.016 0.02 @ 0.737

3.421 é 3.781 0.942 é 3.593

0.092 0.024 0.041 0741

‘»’ "’

3.429 ¢ 0.004 0.946 ¢ 0.003
0.093 0.279 0.042 0.115

3.433 0.003 0.949 0.002
0.094 @ 0.279 0.043 @ 0.115

—0.003 ~0.0
3.439 0.001 0.951 0.001
0.096 @ 0.279 0.279 0.044 @ 0.115 0.115
—0.0 -0.0
0.279 0.115
(a) t=0 (b) t=1

Figure 1 Directions of active flows f and DLMPs (y”, y9) at the solution given by Algorithm 3. Saturated lines
are dashed

2p + p?, ¢c1 : p > p, giving an expensive time period and a cheap one, which can be inter-
preted as peak and offpeak periods.

The solution obtained by Algorithm 3 after 2000 iterations is illustrated in Fig. 1, which
displays the active flows directions as well as the Distribution Locational Marginal Price
(DLMP) values.

The solutions show that the active (and reactive) DLMPs obtained for each time period
are close to the DLMPs at the root node (y5,y{), with the following exceptions:

« For the branch composed of nodes 8, 7, 9, 10, 11, active DLMPs are close to 0.0 due to

the presence of renewable production (at null cost) at node 11, and of negative load at
node 7, which together fully compensate for the demand on this branch. Since Line

(3,8) is saturated, no energy can be exported further.
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Figure 3 Convergence of the average iterate w¥

«+ Active DLMPs on the branch composed of nodes (12,13, 14) at ¢ = 1 are much larger

than on other nodes: this is explained by the congestion of line (0, 12).

+ The DLMP for node 7 and ¢ = 0 is strictly negative: the (negative) consumption for this
node is at its upper bound p7 = P7 = —0.173. The negative DLMP suggests that the

system will be better off if less power is injected by node 7.

Convergence of Algorithm 3 for the 15-bus network is shown in Figs. 2 and 3. Figure 2

displays the convergence of the last iterate with respect to various criteria:

(i) convergence of ¢(xX) to the optimal cost ¢(x*), where we computed x* using the

CvxOpt Python library;
(ii) convergence to zero of the primal residuals /#(x*) and [|Ax* — b||;

(ili) convergence to zero of the stopping criterion formed on the KKT residual

RET (xk, %) = distoo (0, (3, —3,)L(¢*, y¥)), where L(x,y) = ®(x) + (y, AX — b) denotes

the Lagrangian of (P) in the feasible case;
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(iv) convergence of Fig. 3 shows the convergence to zero of the primal infeasibility in
the averaged trajectory wX, as predicted by the theory.

6 Conclusion

In this paper we developed a novel random block-coordinate descent method for ill-posed
convex non-smooth optimisation problems. Our scheme gives optimal iteration complex-
ity guarantees in terms of the last iterate of the sequence generated by the algorithm. As
such, we directly generalise results from [26] to a fully distributed optimisation setting.
Motivated by the need to achieve a distributed optimisation of the power system, we fol-
low a data-driven approach leading to a potentially inconsistent AC-OPF formulation.
We show that our Algorithmic scheme is immediately applicable to such a challenging
and important setting, and achieves distributed control of the power grid via distributed
locational marginal prices as price signals to independent agents (i.e. aggregators). Future
work should consist in extending the method to non-convex optimisation problems, so
that exact formulation of the power-flow constraints can be implemented. We also plan
to conduct extensions of this work where the electric network is exposed to stochastic

uncertainty.

Appendix A: Technical appendix
A.1 General facts

The following relations will be useful in the analysis.
Lemma 9 ([48], Corollary 2.14) For allx,y € R and t € [0, 1], one has
| x + (1= Oy || = tlxI> + (1 - &)yl ~ (1 - O)lx ~ yI|.

Let (2, F, (Fx)k=0, P) be a filtered probability space satisfying the usual conditions. We
need the celebrated Robbins—Siegmund Lemma for the convergence analysis [49].

Lemma 10 For every k > 0, let 0k, ux, ¢k and ty be non-negative Fy-measurable random
variables such that ({x)us0 and (t)i=o are summable and for all k > 0,

E[6k11Fe] < (1 + 80k + Sk —ux - P-a.s. (A1)
Then, (Ox)k>0 converges and (uy)x=o is summable P-a.s.
A.2 Connections among the iterates produced by Algorithms 1 and 2
To obtain a compact representation of the primal updates, let us introduce the iid Bernoulli

process ef : Q2 — {0,1} by

1 ifiey(w),

and the random matrix E; = blkdiag[e’flml,...,eslmd] € {0,1}"*", This matrix corre-
sponds to the identity for those blocks that are activated in round &, and zero for those
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not activated. Therefore, we call it the activation matrix of the Algorithm. By definition
of the sampling process, we have E(ef) =P € x) = m; for all i € [d] and k > 0, so that
E[E:] =

Let € := (ef,...,€%) € {0,1}%, and Fi := 0 (x%,€°,..., k1) denote the history of the pro-
cess up to step k. We denote by Ei[-] := E[-|F¢] the conditional expectation at stage k.
Denoting by =Tk (x¥), we obtain the compact representation of the primal update as

X = Xk 4 B (x <1 -x"). (A.2)

IR 4 (1= PY)xK, so that

Furthermore, Ei(x**1) = P~
]Ek[xk + P(Xk” —xk)] -5 (A3)

Lemma 11 For all k > 0, we have

1 . 1
LA ) - S+ pe ) )]
) (A.4)
~ SB[ |APE - (! —x) ).
Proof Note that for any random variable X : @ — RY, it holds true that |E[X]|> =
E[1X]?] - E[||IX — EX]]%]. Set X := A(x* + P(x**! — x*) — wK). Then, by Eq. (A.3), we see
that Ei[X] = A()A(kJrl — wF). Furthermore,
X —Ei[X] = A((1 = P)x* + PxX** - 21) = A(xk + P — x¥) &), (A.5)
Using (A.2), we obtain
Px 1 — % = (PE, — DX + P(1 - Ep)x*
which implies that
A(XE + P(x*! —x¥) = &) = X —Bi[X] = APE — (X" - x¥). (A.6)
Collecting all the terms above, one obtains
LA Pl ) —wh) 7] - L - wh
+ IEk[ll"‘(“’fk DE X)) 0

The next Lemma provides a compact expression for the correction term in Eq. (A.4).

Lemma 12 Let E = E[E.PATAPE,], which is a symmetric time-independent matrix,
thanks to iid sampling. We have

Ec[[APE - DE™ —x) ] = |7 X2y (A7)
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Proof By definition of the sampling procedure, we have E¢[PE;] = I,,,. Some simple algebra
then shows that

Ex[ |APE— (" —x) '] = Ex[ (%" —x) M (#" - x)],

where My := ExPATAPE, — ATAPE, —ExPATA + ATA is a symmetric matrix, satisfying
EM; = E — ATA. Hence,
By [ (R = xb) M (71 = x0)] = B [Te (M (1! = %) (% = x) )]
~ Tr(Ex M) (R - xF) (%7 - x) )
- 1((= ATA)(A“ X)(#-x))

” Ak+1 0

E-ATA’

Remark 4 The matrix E can be given a simple expression in terms of the probability ma-
trix I. A direct computation shows that E is a block-symmetric matrix with 4> blocks
2[i,j1,1 <i,j <d, each block having the form

i 1
Eli,j] = (1L )1ATAT ifi#j, and E[ii]= —Al.TA,- Vie[d].
TT;

In special instances this matrix can be simplified even further:
1. If P(|Z] = 1) = 1 the random sampling is a single-coordinate activation mechanism. In
this case, the associated matrix IT is diagonal with entries 7;. It follows that
Ei,il = £ A/ Aiforalli e [d] and E[i,j] = 0 for i #/.
2. We say that the matrix A has orthogonal design if A] A; is the zero matrix for i # .
Also, in this case the matrix 2 is block diagonal, with the same coordinate expression
as above.

A.3 Properties of the penalty function h
We collect some important identities involving the penalty function % in this subsection.
From the definition of the iterate z, we see that

Vh(Z) = AT (A2t ~b) = < (5147 (A —b) + AT (Ax" b))
k

(A.8)
= (1 - 0)VA(WX) + 6 Vi (xF).
Furthermore, we note that the definition of the iterate w**! implies that
R(W*h) = h((1 - 0w + 0 (x* + P(x**! - x¥)))
©a- 0)h(W*) + Och(x* + P(x**! —x¥)) (A.9)

9/<(1 Ok) JAG + PO — x¥) — wh) |

Lemma 13 We have

Ec[n(x* + P(x"*! = x*))] = h(f(k“) + %]Ek[HA(xk +P(x**! - x")) —xk ||2] (A.10)
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Proof The Pythagorean identity gives
h(x* + P(x*"1 —x¥)) = %” (AR~ b) + A(x" + P(x**1 —x*) %) |
SR+ DA+ PO ) -
+ (X — b, A(xF + P(xFH - xk) - %),

Taking conditional expectations on both sides, using Eq. (A.3), establishes the claimed
identity. 0

Appendix B: Step-size policy for the accelerated algorithm
Assume that the parameter-coupling equation (34) holds, where

@ = Amax (MTP2EM) ™ and B = @ (MTV2(A + T)M2),
Set k = g With the choice B = P2, the matrix inequality (24) reads as
[(o = Bri) (I + TP) — B = P)]f,, + T2[ Bl + ot = P)]Tis1 — 2l = 0.

Exploiting the block structure of the involved matrices, we can equivalently write this con-

dition as a system of quadratic inequalities
e[l — Br)(mi + ) + B - 1) 17 | - et [@(1 - m) — Bmi] - tiam; =0, (B.1)

holding for all i € [d] simultaneously. This defines a quadratic inequality in 14,1 of the form

ci,l(rk)tkz+1 + €2 (Th) The1 — €13(tk) > 0, with coefficients

Ci1(y) = (- By)m; +y) + B(1 - m)y2 = am[l - Ky2 -y — 1/71,»)],
cin(y) =y [Bmi —a(l - m))] = amy*(c — 1/m; + 1),

Cl"g()/) = _yZOUT[.

The structure of the coefficients shows that we can eliminate the parameters « and 7;, and

just continue with the coefficients
ai1(y):=1-ky* -yl —1/m;), ain(y) = y*(k — 1/m; + 1), a;3(y) =y
Define the function F : R? — R by
F(x,y):= Egﬁ-;]‘{ﬂi,l 0)*° + aippn()x - aiz(y)} = max Fi(x,9).
This gives us an implicit relation for the step-size policy (40) by F(t,1, k) = 0 from which

we take the positive solution, if it exists. To analyse this implicit relation, we proceed as
follows.
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Lemma 14 The equation F(x,0) = 0 has the unique solution x = 0. Furthermore, the equa-

tion F(x,a/B) = 0 has the unique positive solution x = % = 1

B~k
Proof This is a direct numerical computation. O
By definition we have x = max;c[g % > ﬂ% > 1 for all i € [d] as well. Consequently,

1
Si=k——>0 Vield]

T

and we obtain the concise representation a;(y) = 1 — ky? — y5;, as well as a;»(y) = y*(5 + 1).

—5i+‘/5i2+4'(

Itis clear thata;;(y) >0forO <y < P
restricting y € (0, 1/«) is a sufficient condition for a;;(y) > 0. Hence, if 7 € (0,1/«), then

.Since 7; € (0, 1), it can be readily verified that

the characterisation of the step size reduces to finding the root of the polynomial equation

2 ﬂZ(Tk)T a3(tx)
k k+1 — =
. a1 (tx) " ay(tx)

a2 () 5+1

_ a2 az(y)
a0) ~ Y Ty’

_a2_ 1
al) = y o5y’ we set

and

Since

5+1

byi= ————
AR TR

provided that 7 € (0, 1/k),

so that our polynomial becomes

by
TPy + TebkThe — Tkzm =0. (B.2)

This has the unique positive solution

Tel=brtk + /b2TE + 4by (8 +1)] ) 1
. (B.3)

2 S — i
1+ 1+ bt2(1+9)

Thk+1 =

Setting dy := 1 - 8kti — K‘L’kz, and s := (1 + ), this recursion can be equivalently stated as

28k
Sgyl] = —————.
Sk + ‘/S% + 4dy

Hence, we note that

2 2 28k
Skel = = = 5 .
A e g+ /s2+4d
1+\/1+r,§(1+5)2 1+\/1+ ) k X k
Hence, 5’;*1 = # < 1 using that dj > 0. It follows by induction that sx < sy = (1 +
1+ 1+—2k

k
8)7o. We deduce that the sequence (tx)x is monotonically decreasing and non-negative.
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Therefore, lim_, 0 T = Too > 0 exists. We argue that 7o, = 0. Suppose that 7, >t > 0,
then so = limg_, o0 S = (1 + 8)Too, and limy_, oo (k41 — Sx) = 0. However, then

2850
P

Soo =
S0 + /8% +4ds

a contradiction! We conclude 74, = 0. If follows that limy_, o, bx = 1 + 8, and limy_, o, di = 1.
Moreover, dy 1 1. Hence,

28k 28k 2

Sk+1 = > = )
Sk+o/sE+4di skt /si+4 1+, /1+4/st

which is equivalent to % < L. It follows from [24] that s; > 250 for all k > 0, which
21 53 ksg+2

implies that

2‘[()

= —————7,
k= (1+8)Tok +2

provided 7y € (0, 1/x).

This implies via our parameter coupling oy = o/t — 8 for k > 1, that

Ko a(l+46) k o
Sk:1+Z?l—kﬂfl+TZl+k<T—o—ﬁ>
i=1 i=1

1+ @k(/ﬁ 1) + koo,

Hence, Si = O(k?).
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