Well-posedness of stochastic Volterra equations
with non-Lipschitz coefficients

Inauguraldissertation zur Erlangung des akademischen Grades eines Doktors der
Naturwissenschaften der Universitdt Mannheim

vorgelegt von
David Scheffels

aus Frankfurt am Main

Mannheim, 2023



Dekan: Professor Dr. Claus Hertling, Universitdt Mannheim

Referent: Professor Dr. David J. Promel, Universitit Mannheim

Korreferent: Professor Dr. Christa Cuchiero, University of Vienna

Korreferent: Professor Dr. Christoph Czichowsky, London School of Economics and Political Science

Tag der miindlichen Priifung: 17. November 2023






Abstract

The main focus of this doctoral thesis is to consider stochastic Volterra equations (SVEs),
where the diffusion coefficients are only Holder continuous of order 1/2; and to prove
well-posedness results for these equations, i.e. that they possess a pathwise unique strong
solution.

We start with the well-posedness for SVEs with sufficiently regular kernels by proving
strong existence and pathwise uniqueness directly by adapting techniques from the well-
known theory for stochastic differential equations (SDEs).

Afterwards, we consider more general kernels including singular kernels and introduce a
general Volterra local martingale problem. Using this, we are able to prove the weak exis-
tence of solutions to SVEs with continuous coefficients and with regular or convolutional,
possibly singular, diffusion kernels.

Next, and constituting the major part of this thesis, we consider explicitly SVEs with the
fractional kernel K (s,t) = (t—s)~, where a € [0,1/2), in the drift and the diffusion, and
prove pathwise uniqueness for these equations under a mild condition on the relationship
of the intensity of the singularity of the kernels, i.e. on «, and the Holder regularity of the
diffusion coefficient. Together with the weak existence, this implies the well-posedness of
the equation by the famous Yamada—Watanabe theorem.

To round off the work, we look at two more interesting topics. First, we introduce the class
of Mean-field stochastic Volterra equations which merge two generalizations of classical
SDEs, both of which have received a lot of attention recently, namely SVEs and mean-
field SDEs, also referred to as McKean—Vlasov SDEs. For these equations, we prove the
well-posedness and a quantitative, pointwise propagation of chaos result of Volterra-type
systems of interacting particles. We do that in two settings, firstly, for finite-dimensional
equations with general kernels and Lipschitz continuous coeflicients, and secondly, for
one-dimensional equations with regular or convolutional kernels and up to 1/2-Hélder
continuous diffusion coefficients.

Last, we introduce neural stochastic Volterra equations (neural SVEs) which is a model
that is able to learn the dynamics of an SVE by a deep learning structure, inspired by the
recently emerged model of neural SDEs.



Zusammenfassung

In dieser Thesis beschéftigen wir uns mit stochastischen Volterra Gleichungen (SVEs), bei
denen die Diffusionskoeffizienten nur Holder stetig mit Ordnung 1/2 sind, und beweisen so-
genannte Well-posedness Resultate fiir diese Gleichungen, d.h. untersuchen, unter welchen
Umsténden sie eine pfadweise eindeutige starke Losung besitzen.

Wir beginnen mit der Well-posedness fiir SVEs, bei denen die Kerne regulédr sind, und
zeigen fiir diese die starke Existenz und pfadweise Eindeutigkeit von Lésungen durch
Anpassen wohlbekannter Techniken fiir stochastische Differentialgleichungen (SDEs).

Anschliefsend betrachten wir allgemeinere Kerne, die insbesondere auch Singularitédten
beinhalten diirfen, und fiithren ein lokales Volterra Martingalproblem ein. Mithilfe dieses
zeigen wir die schwache Existenz von Losungen zu SVEs mit stetigen Koeffizienten und
reguldren Kernen oder Faltungskernen, die singulér sein diirfen, in der Diffusion.

Danach kommen wir zum Hauptkapitel dieser Thesis, in welchem wir explizit SVEs mit
dem fraktionalen Kern K(s,t) = (t — s)™%, wobei a € [0,1/2), in Drift und Diffusion
betrachten, und zeigen pfadweise Eindeutigkeit fiir diese Gleichungen unter einer milden
Annahme an die Beziehung zwischen der Intensitit der Singularitdt der Kerne, also «,
und der Holder Regularitdt des Diffusionskoeffizienten. Zusammen mit der schwachen
Existenz impliziert dies die Well-posedness der Gleichung nach dem beriihmten Resultat
von Yamada und Watanabe.

Um die Thesis abzurunden, betrachten wir zwei weitere interessante Themengebiete. Als
erstes fithren wir die Klasse von Mean-field stochastischen Volterra Gleichungen ein, welche
eine Verallgemeinerung von SVEs und den sogenannten Mean-field SDEs darstellen. Beide
Arten von Gleichungen haben in den letzten Jahren eine grofse Popularitat erfahren. Wir
zeigen die Well-posedness sowie ein quantitatives, punktweises Propagation of Chaos Re-
sultat fiir Systeme vom Volterra-Typ, die die Interaktion von Partikeln modellieren. Dies
tun wir in zwei verschiedenen Situationen, zunéchst fiir endlich-dimensionale Gleichun-
gen mit allgemeinen Kernen und Lipschitz stetigen Koeffizienten, und anschliefend fiir
ein-dimensionale Gleichungen mit reguldren Kernen oder Faltungskernen und bis zu 1/2-
Holder stetigen Diffusionskoeffizienten.

Abschliefsend fithren wir neuronale stochastische Volterra Gleichungen ein, welche die Dy-
namiken von SVEs durch neuronale Strukturen lernen kénnen, und inspiriert sind durch
die kiirzlich eingefiihrten neuronalen SDE Modelle.
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Chapter 1

Introduction

In this thesis, we consider stochastic Volterra equations (SVEs) and deal with the fun-
damental question of existence and uniqueness of solutions to these equations. Origi-
nally, Vito Volterra dealt with (deterministic) differential equations to describe population
growth models with memory in hunter-prey-models in his work [Vol90]. SVEs have been
studied in probability theory starting with the works of Berger and Mizel [BM80al, BM8&0D].
This class of integral equations constitutes a generalization of ordinary stochastic differ-
ential equations and serves as a well suited mathematical model for numerous random
phenomena appearing, e.g. in biology (see e.g. [MS15l [AJ21]) and mathematical finance
(see e.g. [AJEE19D, [EER19]).

We fix some end time point 7" € (0, 00) and let (22, F, (Ft)iecf0,7], P) be a filtered probability
space which satisfies the usual conditions. In our setting, an SVE is an integral equation
of the form

Xt:xo(t)—|—/OtK“(s,t)u(s,Xs)ds—|—/OtKU(s,t)o(s,Xs)st, ref0. 7], (11)

where x denotes the (deterministic) initial condition, (By)sc[o,7] is a standard Brownian
motion, the so-called kernels K, K, the drift coefficient ;1 and the diffusion coefficient o
are all deterministic, Borel measurable functions. Sometimes we will allow xg = X to be
an JFp-measurable random initial condition which does not make anything more difficult.
We will, over large parts of the work, consider one-dimensional SVEs such that all the
objects in equation simply map to R, but we will give more formally precise definitions
of these objects in the respective settings in the course of this work. For the kernels
however, we already introduce the notation Ap := {(s,t) € [0,T]x[0,T]: 0<s <t < T}
and define K, K,: A7 — R to make clear that we always consider ¢ > s and that the
kernels are always real-valued. In the center of our interest will be the question of well-
posedness of the SVE, i.e. the existence of a unique strong solution to equation (1.1)),
in various settings with differing regularity assumptions on the kernels and the diffusion
coefficient o.



1.1 Motivation

The motivation to study stochastic Volterra equations with non-Lipschitz coefficients has
two perspectives. On the one hand, it is a natural question to explore to what extent the
famous results of Yamada and Watanabe [YWT1], ensuring pathwise uniqueness and the
existence of strong solutions for ordinary stochastic differential equations, generalizes to
stochastic Volterra equations. On the other hand, our motivation comes from real-world
applications. Stochastic Volterra equations with only 1/2-Hélder continuous coefficients
recently got a great deal of attention in mathematical finance as so-called rough volatility
models, see e.g. [AJEEI9D, [EER19|, which have demonstrated to fit remarkably well his-
torical and implied volatilities of financial markets, see e.g. [BFG16|. Furthermore, SVEs
with non-Lipschitz continuous coefficients arise as scaling limits of branching processes in
population genetics, see [MS15 [AJ21]. Although the rough Heston SVE and the
branching equation are not covered by the pathwise uniqueness result of this thesis
due to the intensity of the singularities in the kernels and the weak regularity of the diffu-
sion coefficients which are only 1/2-Holder continuous (cf. Main Theorem [3], but the weak
existence in Main Theorem [2| does hold), these examples give a good indication of why
SVEs with singular kernels and non-Lipschitz diffusion coefficients are interesting to look
at.

Rough volatility models

In mathematical finance, an important topic is pricing of financial instruments. For this
purpose, the most popular market model is the Black—Scholes model, originally introduced
in [BS12] and awarded with the 1997 Nobel Memorial Prize in Economic Sciences. In the
Black-Scholes model, the dynamics of some risky asset (St)e[o,7] are modeled by the SDE

dS; = NSt dt + oSt dBy, t e [O,T],

where B is a standard Brownian motion, u € R describes the expected return and o > 0
the volatility of the return of the asset or equivalently, log-volatility of the asset. Here, ex-
plicit formulas for the pricing of European put- and call- options can be derived. However,
the agsumption of a deterministic, constant volatility o > 0 is quite heavy and unrealistic
as, among other inconsistencies, for example the “Volatility smile” effect (see e.g. [DK94])
shows. As a consequence, so-called stochastic volatility models came up. Here, the volatil-
ity of the risky asset’s return or, equivalently, the log-variance of the risky asset, is modeled
by some stochastic dynamics as well. The most famous stochastic volatility model is the
Heston model (see [Hes93|), where the risky asset is modeled by the SDE

dSy = pSy dt + /Sy dBY,  t€[0,T),
and the log-variance process is itself modeled by the Cox—Ingersoll-Ross SDE

dvy = k(0 — ) dt + £\/v dBY, t e 0,7, (1.2)
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where B and BY are correlated Brownian motions, 8 > 0 describes the expected variance,
k > 0 the mean-reversion rate and £ > 0 the variance of v.

It can be seen that while stochastic volatility models as the Heston model might be able
to accurately model volatilities for long maturities, their behavior is still not satisfactory
for shorter time horizons. To overcome that issue, it was first proposed by Comte and
Renault in [CRI8| and then by Gatheral et al. in [GJRI1§| to use the properties induced
by the fractional Brownian motion (fBM) defined for ¢ € [0, T] by

F(Hi1/2)</0 ((t—S)Hil/z_(_S)Hil/Q) st—l-/Ot(t—S)Hl/des)’ (1.3)

—00

Bl =

where the parameter H € (0,1) is called Hurst parameter and controls the roughness
of the paths. The fBM is a generalization of the standard Brownian motion since they
coincide for H = 1/2. For any H € (0, 1), the paths of the fBM are Holder continuous for
any order strictly smaller than H, meaning that the paths are rougher the smaller H is.
Moreover, for H # 1/2, the increments are not independent anymore: for H > 1/2, they
are positively correlated, and for H < 1/2 negatively.

Gatheral et al. show in [GJRI§| that empirically observed volatilities fit remarkably well
the properties of the fBM with Hurst parameter H = 0.1, since they have rougher paths
than the standard Brownian motion. As a consequence, the class of so-called rough volatil-
ity models came up, with the most prominent representative being the rough Heston model,
see [EER19|, [AJEEI9D]. To imitate the properties of the fBM with H < 1/2, i.e. mak-
ing its paths rougher, one uses the kernel function K,(s,t) = Ks(s,t) = (t — s)~¢, for
a € (0,1/2), to modify the log-volatility in to

1 t Y 1 ¢ o
%:%+I‘(1—04)/0(t_5) “(9—‘/5)(134‘/0(75_5) 5md337 t 0,11,

I'l—a)
(1.4)
which is a stochastic Volterra equation in the sense of (1.1)) with the singular kernels

K, (s,t) = K,(s,t) = (t — s)™* and with diffusion coefficient o(t,z) = \/x that is only
1/2-Hoélder continuous in .

Volterra processes in general, and the rough Heston process in specific, are neither semi-
martingales nor Markov processes, making on the one hand the task of pricing derivatives
in the rough Heston model challenging. However, it has been shown in [EERI9| that
Fourier-based techniques can be used to price European options. On the other hand, to
gain theoretical results as e.g. well-posedness results is also challenging. Well-posedness
for the rough Heston model is at time of writing still an open question with Main
Theorem [3] being, to the best of our knowledge, the closest yet achieved result.

Branching processes

Another motivating real-world application that reveals an SVE is the scaling limit of
branching processes described in [MS15]. Consider the chemical interaction between two



substances where the first one called reactant diffuses randomly in one-dimensional space,
and reacts with the second one called catalyst proportionally to the concentration of the
catalyst at the point of contact. To describe the total behavior, one can model the reactant
as a system of n particles moving randomly according to a standard Brownian motion, and
the catalyst being distributed at time ¢ according to some deterministic measure p;(dx).
If a particle of the reactant enters the catalyst region, it either dies or branching occurs,
meaning that the particle splits into two particles behaving independently but with the
same spatial movement as their parent.

We can now look at the reactant as a measure valued process (X;( dz))sepo,r) defined by

)_(f(A) _ number of particles in A at time t, for Borel st A.

n

If we send n — o0, it can be shown that (th)te[o,T] converges towards some measure valued
catalytic super-Brownian motion (Xt)icpo,r) that has a density X;(dz) = [p Xi(z)da
which fulfills the stochastic partial differential equation

a);tt(x) _ %AXt(:L‘) X @)W ),

where W?(t,z) is a space-time white noise with covariance structure determined by p (see
[Z05]).

Suppose one now considers branching occurring only at = 0 such that p;(dx) = do(dx)
is the Dirac-delta measure and assumes, as it is described in [MS15|, that some absolute
continuity condition on the local time of X spent in 2 = 0 holds (which in fact does not
hold, but for illustrative purposes it makes sense to assume this). Then, (X;),co1) can
be written as a solution to the SPDE in mild form

Xt(x):/Rpt(m—y)Xo(dy)+/O (/X0 dBs,  t e[0T,

where p;(z) is the transition density of the Brownian motion. For = 0, we obtain that

_ "L e
X,(0) = /R pr(y)Xo( dy) + /0 - VRO AR, DT, (1)

which seems like an SVE of the form of with singular diffusion kernel and diffusion
coefficient o that is only 1/2-Hélder continuous. Note though that the kernel K, (s, t) =
(t—s)~/%in is not locally square-integrable, such that the second integral is not well-
defined as an It6 integral. This is due to the false assumption on the local time. However,

as soon as we decrease the negative exponent by some £ > 0 the equation becomes a valid
SVE.

1.2 Mathematical background

Since SVEs can be seen as a generalization of stochastic differential equations (SDEs), it
is natural to look at well-posedness results for SDEs for comparison.
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Well-posedness in the SDE case

If we consider K, = K, = 1, equation becomes an ordinary stochastic differential
equation (SDE) written in integral form. Note that in general, we cannot write SVEs
in differential form due to the t-dependence inside the integrals. For SDEs, the question
of well-posedness is well investigated. The standard textbook setting in d dimensions is
when 1 and o are globally Lipschitz continuous in the space variable uniformly in the time
variable and fulfill a linear growth condition, i.e.

\u(t,z) — p(t,y)| + [o(t,z) —o(t,y)| < Clz —y[, and
lu(t, )| +lo(t, )] < C(1+ |z])

hold for all t € [0,T), z,y € R? and some constant C' > 0. The notation |- | always stands
for the Euclidean norm on the space R%. Then, a strong solution can be constructed by
a Picard iteration, and pathwise uniqueness can be shown using Gronwall’s lemma (see
e.g. [KS91, Theorem 5.2.9]|, [Klel4, Theorem 26.8|, [KP92, Theorem 4.5.3]). Using some
localization argument, the Lipschitz assumption on g and o can be relaxed to requiring
only local Lipschitz continuity (see e.g. [KP92, p.134-135]).

Considering p, the Lipschitz condition can be slightly generalized to a so-called Osgood
condition (see e.g. [KS91l Remark 5.2.16]). However, it is not possible to reach only Hélder
continuity for u, since already for ordinary differential equations uniqueness fails to hold in
general for coefficients that are only Hdélder continuous, as the counterexample equation
X = fg | Xs|*ds which has a continuum of solutions for o« < 1 shows (see e.g. [KS91),
p.287)).

For o, the equation X; = fot | Xs|*dW; for a € (0,1/2) which fails to fulfill uniqueness
even in the weak sense shows that we cannot expect well-posedness for SDEs with o that
is only ¢-Hoélder continuous for some ¢ € (0,1/2). For £ € [1/2,1] however, the famous
approach of Yamada—Watanabe (see [YWT71, Theorem 1]) proves pathwise uniqueness for
one-dimensional SDEs with only £&-Holder continuous 0. Together with the weak existence
of a solution, the second important Yamada—Watanabe result (see e.g. [KS91l Corollary
5.3.23|, [Kurl4, Theorem 1.5]) implies then the existence of a strong solution and hence
well-posedness of the SDE. A weak solution consists not only of the process but also of
the underlying probability space which is the major difference to a strong solution, where
one requires the existence of a solution for any given probability space. Weak existence
for SDEs was first proven by Skorokhod in [Sko61] (see also [SV79), [KS91]) and typically
uses the formulation of a martingale problem (see e.g. [HS12, Theorem 0.1]) which we will
also introduce for SVEs.

The key technique in the Yamada-Watanabe pathwise uniqueness approach is to approx-
imate the absolute value function smoothly and then to apply 1t6’s formula which relies
on the semimartingale property of solutions to the SDE. This property fails in general for
solutions to the SVE which rises the question if and under which conditions we can still



obtain analogue results.

The aim of this thesis is to determine how far the aforementioned discussed results for
SDEs can be extended to the more general case of SVEs.

SVEs with Lipschitz continuous coefficients

The existence of unique strong solutions for stochastic Volterra equations, where both
coefficients p and ¢ are Lipschitz continuous, is well investigated. Indeed, classical exis-
tence and uniqueness results for SVEs with sufficiently regular kernels are due to [BM80al,
BMS80bl, [Pro85].

In the pioneering work of Berger and Mizel [BM80a, BM80b], the Volterra integral equation

t t
X, = ao(t) + / F(ts, X,) ds + / o(t,s, X,)dBs,  te[0,T],
0 0

was introduced. Under Lipschitz conditions on f and o in the space variable, uniformly in
the time variables s and ¢, which corresponds to bounded kernels and Lipschitz continuous
coefficients in our setting , the authors proved strong existence and pathwise unique-
ness by adapting the classical tools from the well-known SDE theory. More precisely, a
Picard—-Lindeldf iteration was used to construct a solution, and Grénwall’s inequality to
obtain pathwise uniqueness.

By using similar techniques, in [Pro85|, the existence and uniqueness of solutions to SVEs
of the form

t
Xt = Ht —|—/ f(t,S,XS) dZS, t e [O,T], (16)
0

was proven, where (Hy);c(o,7 is adapted and right-continuous, (Z;)¢c[o 77 is a right-continuous
semi-martingale and the function f has some suitable Lipschitz continuity in the space
variable and is differentiable in t. Moreover, the important semimartingale property for
solutions of under the assumption that f is partially differentiable with respect to

t was derived. This property will be used later in this work for the case of SVEs with
regular kernels (see Chapter [2)).

These results have been generalized in various directions such as allowing for anticipating
and path-dependent coefficients [PP90, [¥Z93, [AN97, [Kal2I] or an infinite dimensional
setting [Zhal(]. Well-posedness was also successfully proven for the case of Lipschitz
coefficients and singular kernels that fulfill some Besov regularity condition in [CDO1],
see also [CLP93], which in particular covers the case K, = K, = K,, where K, is the
fractional kernel defined by

Ku(s,t) = (t —s)7¢, (s,t) € Ar, (1.7)

for @ € (0,1/2). A slight extension beyond Lipschitz continuous coefficients, but not
covering the case where o is only Hélder continuous, can be found in [Wan0§].
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SVEs with non-Lipschitz continuous coefficients

The main challenge when dealing with SVEs, compared to ordinary stochastic differential
equations, is that the stochastic integral and hence the Volterra process is in general not
a semimartingale. An example which illustrates this is the fractional Brownian motion
(fBM) which is defined for H € (0,1) in (L.3). The fBM has infinite quadratic variation
for H < 1/2 and zero quadratic variation for H > 1/2 which contradicts, if it were a
semimartingale, the fact that it is not of bounded variation (for details see e.g. [Rog97,
Section 2]) and thus, the fBM fails to be a semimartingale for H # 1/2. As described
above, the semimartingale property is the basis of the famous Yamada-Watanabe tech-
nique in [YWTI] for proving pathwise uniqueness for SDEs.

The classical approach to prove the existence of strong solutions to SDEs with less regular
diffusion coefficients than Lipschitz continuous ones is to first show the existence of a weak
solution, since this, in combination with pathwise uniqueness, guarantees the existence of
a strong solution, see [YWTI1]. The existence of weak solutions for stochastic Volterra
equations was derived in the work of Abi Jaber, Cuchiero, Larsson and Pulido [AJCLP21]
(see also [MS15, [AJLP19, [AJ21]), assuming that the kernels in the stochastic Volterra
equations are of convolution type, i.e. in our setting K, (s,t) = K,(s,t) = K(t—s) for some
suitable function K. Assuming additionally that the coefficients p, o lead to affine Volterra
processes, weak uniqueness was obtained in [MS15, [ATEE19al [AJ21) [CT20]. However, as
we do not impose a convolutional structure on the stochastic Volterra equation , we
cannot rely on the known results regarding the existence of weak solutions.

The task of proving pathwise uniqueness for the SVE (1.1]) with singular kernels and o that
is only Holder continuous, is an open question. For the explicit equation with the fractional
kernel K, defined in , ie. K, = K, = K,, and assuming the drift coefficient p does
not depend on the solution (X¢)e(o,7), Mytnik and Salisbury [MS15| established pathwise
uniqueness for the SVE where the diffusion coefficient ¢ is time-homogeneous but
only &-Hélder continuous for £ € (ﬁ, 1] by equivalently reformulating the SVE into a
stochastic partial differential equation, which then allows to accomplish a proof of pathwise
uniqueness in the spirit of Yamada—Watanabe relying on the methodology developed in
[MPS06, MPI1]. We generalize the results and method of Mytnik and Salisbury [MS15]
to derive pathwise uniqueness for the explicit SVE with K, = K, = K, to the case
of general time-inhomogeneous coefficients. As classical transforms allowing to remove
the drift of an SDE are not applicable to the SVE , the general time-inhomogeneous
coefficients p create severe novel challenges.

Mean-field SDEs

If the coefficients of an ordinary SDE depend not only on the time variable and the solution
but also on the solution’s law, the equation is called mean-field SDE. Mean-field SDEs are
thus an extension of ordinary SDEs and can be written in integral form as

t t
Xt:XoJr/ u(s,Xs,E(XS))ds—i—/ o(s, Xs, L(X,))dBs,  te[0,7], (1.8
0 0



where X is a random initial condition and £(X) denotes the law of a random variable X.
This class of stochastic equations was originally studied by Kac in [Kac56|, [Kac59], and
then by McKean in [McK66] and Vlasov in [VIa67| for the reason that they arise from
a differential equation in physics called Boltzmann’s equation which models systems of
single atom gas particles and their interaction. They are therefore also often referred
to as McKean—Vlasov equations. Nowadays, mean-field equations are an active topic of
research with various applications, see e.g. [Szn91l [JW17, [(CD18al [CD18bl I(CD22al [CD22b]
for comprehensive introductions to mean-field SDEs and their applications.

It is well-known that under Lipschitz conditions on the coefficients the multi-dimensional
mean-field equation (1.8) is well-posed, see e.g. [CD18a, Theorem 4.21]. The typical
method to approximate the solution is to set up an N-particle system, where the particles
are driven by independent Brownian motions but the law inserted into the coefficients is
the empirical distribution of the IV particles in each of the N equations. Then, it is possible
to prove a convergence result to the solution of the mean-field equation, see e.g. [CD18b,
Theorem 2.12|, which in the literature is called propagation of chaos result.

Propagation of chaos results have been generalized in the SDFE case from the Lipschitz set-
ting into various directions including non-Lipschitz settings, see [HW23]|, [BCC11], [KP21],
mixed jump-diffusions with simultaneous jumps, see [Gra92], [ADPF18|, or a local
Lipschitz jump-diffusion setting, see [Ern22].

1.3 Main results of the thesis

The main part of this thesis is about the well-posedness of the SVE (I.1)), where the
diffusion coefficient ¢ is only Hélder continuous.

In Chapter[2] our first main contribution is to establish the well-posedness of one-dimensional
SVEs of the form (1.1} provided the diffusion coefficient o is only 1/2 + {-Hélder contin-
uous for £ € [0,1/2] and the kernels are regular (see Assumption [2.1)). Therefore, we
directly prove the existence of a strong solution by showing the convergence of an Kuler
type approximation of the SVE and do not use the concept of weak solutions. For
ordinary stochastic differential equations such an approach was developed by Gyongy and
Réasonyi [GR11], using ideas coming from [YWTI].

For the pathwise uniqueness, we generalize the classical approach of Yamada and Wata-
nabe [YWT7I] to the more general setting of stochastic Volterra equations. We show there-
fore the semimartingale property of the solution, and moreover some additional properties
that also hold for the singular kernel case. We end up with the following main result of
Chapter 2] For the mathematically precise formulation see Theorem [2.3]



1. Introduction

Main Theorem 1. Suppose that the kernels are reqular, p is Lipschitz continuous
and o is % + &-Hélder continuous for some & € [0, %] Then, there exists a unique
strong solution (Xt)iecpo,r) to the one-dimensional stochastic Volterra equation .
Moreover, the solution is Hélder continuous, has bounded momenits and has a semi-
martingale property.

In the following, we also consider singular kernels. In Chapter 3| we first introduce a local
martingale problem associated to general stochastic Volterra equations, see Definition [3.4]
and show that its solvability is equivalent to the existence of a weak solution to the
associated SVE, see Lemma [3.7]

Using this newly formulated Volterra martingale problem, we then prove the weak ex-
istence of solutions to the one-dimensional SVE , where the time-inhomogeneous
coefficients u and o are only required to be uniformly continuous in z, the drift kernel
K,, only has to fulfill an L'-condition and the diffusion kernel K, is allowed to be either
regular or singular of convolutional form, i.e. K,(s,t) = K(t —s) for some K € L?([0,T]).
This includes in particular the fractional kernel K, defined in (1.7). In this setup, we
derive the following main result of Chapter [3| which is Theorem

Main Theorem 2. Under the above described assumptions on u, o, K, and K,
there exists a weak solution to the stochastic Volterra equation (L.1)).

Main Theorem [2| hence implies in particular the existence of a weak solution to the one-
dimensional fractional SVE

Xt:xo(t)—l—/o (t—s)_a,u(s,XS)ds—l—/O (t— ) C0(s, Xa)dBs, L€[0,T], (1.9)

for a € (0,1/2).

For the fractional SVE (1.9)), we then prove pathwise uniqueness in Chapter 4| under the
1

assumption that p is Lipschitz continuous and o is £&-Hélder continuous for £ > =0y
This implies then using the general Yamada—Watanabe result (see [Kurl4, Theorem 1.5])
the existence of a strong solution to and hence, the well-posedness of the fractional
SVE.

We prove the pathwise uniqueness of the fractional SVE in six steps (see Section ,
by generalizing the well-known techniques of Yamada-Watanabe (cf. [YWT1, Theorem 1])
and the work of Mytnik and Salisbury [MS15]. One of the main challenges is the missing
semimartingale property of a solution (X¢)icpo,7] to (L.9). Therefore, we transform (1.9)
into a random field (see (4.7)) in Step 1, for which we can derive a semimartingale decom-
position (see (£.8)). Then, we implement an approach in the spirit of Yamada—Watanabe
in Steps 2 to 5 and conclude the pathwise uniqueness by using a Gronwall inequality for
weak singularities (see e.g. [Krul4, Lemma A.2|) in Step 6. We end up with the following
main result of Chapter ], which is Theorem [4.3]



Main Theorem 3. Suppose u to be Lipschitz continuous and o to be £-Hélder con-

tinuous for € > 2(1% Then, pathwise uniqueness holds for the fractional stochastic
1i

. Consequently, equation (1.9) is well-posed.

Volterra equation

In addition to the SVE well-posedness results, we also cover two more topics in this thesis
which are mean-field SVEs and neural SVEs.

Mean-field SVEs

Inspired by mean-field SDEs of the type (1.8)), we introduce in Chapter 5| the class of
mean-field stochastic Volterra equations (mean-field SVEs) that have the form

X =Xo+ /Ot K, (s, t)p(s, X, L(Xs))ds + /Ut K,(s,t)o(s, Xs, L(Xs))dBs, te€][0,T].
(1.10)

We consider two different settings of the mean-field SVE . First, a multi-dimensional
setting under Lipschitz conditions on p and o where the kernels K, and K, are allowed
to be singular. Then, where we adapt the techniques of Yamada—Watanabe [YWTI], a
one-dimensional setting with regular or differentiable convolutional kernels, where g is
Lipschitz continuous and o is allowed to be only 1/2 4+ ¢-Holder continuous for some
¢ €[0,1/2] but independent of the law L(X5).

In each of the settings, we prove the well-posedness of the mean-field SVE ([1.10), see
Theorem and Theorem and a quantitative, pointwise propagation of chaos result
of Volterra-type systems of interacting particles, see Theorem and Theorem

Neural SVEs

In Chapter [6] we consider the supervised learning problem for SVEs, i.e. the challenge
to learn the dynamics of an SVE given training data consisting of sample paths and the
underlying Brownian paths. Therefore, to learn some d-dimensional SVE, we introduce
for given initial value ¢ € R? and Brownian path (Bt)icjo,r) the neural stochastic Volterra
equation (neural SVE) defined by

Zy = Lg(§),

t t

Zy = Zpge(t) +/ K, o(t —s)uo(s, Zs)ds + / Kop(t — s)og(s, Zs) dBs,
0 0

X = H@(Zt)7 te [07 T}v

where all the components that are sub scripted by 6 are neural networks, (Z;)icpo7] is
an R%_valued hidden process for some latent dimension dj, > d and (Xt)tefo,) aims to
approximate the true d-dimensional Volterra path. We show that neural SVEs are able to
learn the dynamics of SVEs exemplary with the disturbed pendulum equation, the general
Ornstein—Uhlenbeck equation and the Rough Heston equation.

10



Chapter 2

SVEs with regular kernels

The content of this chapter is published in [PS23a].

Introduction

In this chapter, we investigate the strong existence and pathwise uniqueness of solutions
to one-dimensional stochastic Volterra equations with locally Holder continuous diffusion
coefficients and sufficiently regular kernels. More precisely, we consider SVEs of the form

X = xo(t) + /Ot K, (s, t)u(s, Xs)ds + /Ot K,(s,t)o(s,Xs)dBs, te€10,T], (2.1)

where zg denotes the initial condition, (Bt)te[o,T] is a Brownian motion, the kernels K, K,
are sufficiently regular functions, the coefficient pu is locally Lipschitz continuous, and the
diffusion coefficient o is only locally Hélder continuous.

While the existence of unique strong solutions for stochastic Volterra equations with
Lipschitz continuous coefficients is well investigated, our motivation to study stochas-
tic Volterra equations with non-Lipschitz coefficients comes from the natural question to
explore to what extent the famous results of Yamada and Watanabe [YWT1], ensuring
pathwise uniqueness and the existence of strong solutions for ordinary stochastic differen-
tial equations, generalizes to stochastic Volterra equations.

The classical approach to prove the existence of strong solutions to ordinary stochastic
differential equations with less regular diffusion coefficients is to first show the existence
of a weak solution, since this, in combination with pathwise uniqueness, guarantees the
existence of a strong solution, see [YWTI]. In this chapter, we will not use that common
technique.

Instead, our first main contribution of the chapter is to directly establish the existence of
a strong solution to the SVE provided the diffusion coefficient o is locally 1/2 + &-
Holder continuous for £ € [0,1/2]. To that end, we prove the convergence of an Euler
type approximation of the SVE and do not use the concept of weak solutions. For
ordinary stochastic differential equations such an approach was developed by Gyongy
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and Résonyi [GR11], using ideas coming from [YWTI]. As a number of results used to
deal with ordinary stochastic differential equations are not available in the context of
SVEs, the presented proof for the existence of a strong solution to the SVE (2.1) requires
various different techniques such as a transformation formula for Volterra processes a la
Protter [Pro85] and a Gronwall lemma allowing weakly singular kernels.

Our second main contribution is to establish pathwise uniqueness for the SVE pro-
vided that the diffusion coeflicient o is locally 1/2 + &-Holder continuous for £ € [0, 1/2]
or even, more generally, satisfies the classical Yamada—Watanabe condition [YWT1]. To
that end, we generalize the classical approach of Yamada and Watanabe [YWTI] to the
more general setting of stochastic Volterra equations. The presented proof for pathwise
uniqueness is based on similar techniques as the proof of existence and is inspired by
the work of Mytnik and Salisbury [MS15]. In [MS15], pathwise uniqueness is proven for
one-dimensional stochastic Volterra equations with smooth kernels and without drift (i.e.
= 0). For SVEs of convolutional type with continuous differentiable kernels admitting
a resolvent of the first kind, pathwise uniqueness was shown in [AJEE19D].

Let us remark, while we need to require sufficient regularity on the kernels K,, K, to obtain
the existence of a unique strong solution (see Theorem and Corollary , the imposed
regularity conditions on the coefficients are essentially the classical regularity conditions
of Yamada—Watanabe. Already in case of ordinary stochastic differential equations, it is
well-known that these regularity conditions cannot be relaxed in the sense that pathwise
uniqueness does not hold in general if, e.g., the diffusion coefficient o is only Holder
continuous of order strictly less than 1/2.

Organization of the chapter: Section presents the setting and main result: an
existence and uniqueness theorem for stochastic Volterra equations with Hélder continuous
diffusion coeflicients. The properties of solutions to SVEs are provided in Section[2.2] The
existence of a strong solution is proven in Section and that pathwise uniqueness holds
in Section 2.4l

2.1 Main result and assumptions

Let (2, F, (Ft)tcp,r); P) be a filtered probability space, which satisfies the usual condi-
tions, (Bt)iejo,r] be a standard Brownian motion and T € (0,00). We consider the one-
dimensional stochastic Volterra equation (SVE)

X = xo(t) + /Ot K, (s, t)u(s, Xs)ds + /Ot K,(s,t)o(s,Xs)dBs, te€10,T], (2.2)

where zo: [0,7] — R is a continuous function, the coefficients p,o: [0,7] x R — R
and the kernels K, K;: A7 — R are measurable functions, using the standard notation
Ar = {(s,t) € [0,T] x [0,T]: 0 < s <t <T}. Furthermore, f(f K, (s, t)p(s, Xs)ds is
defined as a Lebesque integral and fot Ky (s,t)o(s, Xs)dBs as an 1t6 integral.

Let K: Ar — R be a measurable function. We say K(-,t) is absolutely continuous for
every t € 0,7 if there exists an integrable function 01K : Ar — R such that K(s,t) —

12



2. SVEs with regular kernels

K(0,t) = [, 01K (u,t)du for (s,t) € Ap. We say K (s,-) is absolutely continuous for every
s € [0, T] if there exists an integrable function 2 K : A — R such that K(s,t)—K(s,0) =
[3 92K (s,u)du for (s,t) € Ap. Moreover, for p € [1,00), we denote K € LP(Ar) if
fOT f(f |K (s,t)[Pdsdt < occ.

For the kernels K, K, and the initial condition xy we make the following assumptions.

Assumption 2.1. Let v € (0, %], and K,,, K,: Ar — R and zo: [0,T] — R be continuous
functions such that:

(i) K,(s,-) is absolutely continuous for every s € [0,T] and 02K, is bounded on Ar.
(1) K,(-,t) is absolutely continuous for every t € [0,T), K, (s,-) is absolutely continuous
for every s € [0, T] with 02K, € L*(Ar), and 02K, (-,t) is absolutely continuous for

every t € [0,T). Furthermore, there is a constant C > 0 such that |K,(t,t)| > C for
any t € [0,T), and there exist C >0, a € [0, 1) and £ > 0 such that

/ | Ko (u,t) — Ko (u, 8)[*7 du < C|t — s/ and
0
t
01K, (s,t)] + 02K, (s, 5)| +/ 1001 Ky (8, 0)| du < C(t — 5)~°

hold for any (s,t) € Arp.
(113) xo is B-Hélder continuous for every B € (0,7).
The regularity properties of the coefficients 1 and o are formulated in the next assumption.
We start with assuming global Lipschitz and Hoélder continuity of p and o, respectively.
An extension to local regularity conditions is treated in Corollary [2.6] below.
Assumption 2.2. Let p,0:[0,7] x R — R be measurable functions such that:
(i) v and o are of linear growth, i.e. there is a constant Cy s > 0 such that
|M(t¢$)| + |U(t7x)| S C,LL,O(l + |$|),

for allt € [0,T] and xz € R.

(it) wis Lipschitz continuous and o is Holder continuous of order 3+& for some & € [0, 1]
in the space variable uniformly in time, i.e. there are constants C,,, Cy > 0 such that

1
lut,z) — p(t,y)| < Culz —y| and |o(t,z) — o(t,y)| < Colz — y[2T¢

hold for all t € [0,T] and x,y € R.
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To formulate our results, let us briefly recall the concepts of strong solutions and pathwise
uniqueness. For this purpose, let LP(2 x [0, T]) be the space of all real-valued, p-integrable
functions on Q x [0, T]. We call an (F)c[o,7]-progressively measurable stochastic process
(Xt)iejo,r in LP(Q2 % [0, T]) on the given probability space (2, F, (Ft)icpo,1], P), a (strong)
LP-solution of the SVE it fg(\Ku(s,t)u(s,Xs)] + | K, (s,t)a (s, Xs)|?) ds < oo for all
t € [0,7] and the integral equation hold P-almost surely. As usual, a strong L!-
solution (X¢)sc(o,r) of the SVE is often just called solution of the SVE (2.2). We say
pathwise uniqueness in LP(Q x [0, T1]) holds for the SVE if P(X; = X3, Vt € 0,T]) =
1 for two LP-solutions (X¢)epo, 7 and (X¢)iepp,r] of the SVE defined on the same
probability space (€2, F, (Ft)ejo,r), P). Moreover, we say there exists a unique strong LP-
solution (Xt)sejo,m) to the SVE if (X¢t)¢epo,1) is a strong LP-solution to the SVE
and pathwise uniqueness in LP(Q x [0,7]) holds for the SVE (2.2). We say (X;)sejo,r] is
B-Hélder continuous for 8 € (0, 1] if there exists a modification of (X)yc[o7] with sample
paths that are P-almost surely S-Holder continuous.

The main results of the present work are summarized in the following theorem.

Theorem 2.3. Suppose Assumptions and and let p > max{%,l + 2}, where

~v € (0, %] and € > 0 are given by Assumption . Then, there exists a unique strong
LP-solution (Xt)iepo,m) to the stochastic Volterra equation . Moreover, the solution
(Xt)iepo,1) is B-Holder continuous for every B € (0,7), supejo. 1) E[| X¢|?] < oo for every
q € [1,00) and (X; — w0(t))ejo,r) 95 a semimartingale.

Proof. The existence of a strong solution (Xi)co ) to the stochastic Volterra equa-
tion is provided by Theorem and its pathwise uniqueness by Theorem The
assertions that sup,c(o ) E[| X¢|?] < oo for every g € [1,00) and of the 3-Hélder continuity
as well as the semimartingale property of (X; — zo(t)):e[o,) follow by Corollary O

Note that the regularity assumptions (Assumption , as required in Theorem on the
coefficients p, o are essentially optimal. Indeed, it is well-known for ordinary stochastic
differential equations that pathwise uniqueness does not hold in general if p is only Holder
continuous of order strictly less than 1 or ¢ is only Hélder continuous of order strictly less
than 1/2, see for instance [KS91), page 287] and [KS91, Chapter 5, Example 2.15].

Remark 2.4. Recall that Yamada and Watanabe derived pathwise uniqueness for ordinary
stochastic differential equations under the slightly weaker assumption of |o(t,x)—o(t,y)| <
p(lz — y|) for a function p: [0,00) — [0,00) with [5 p(s)~*ds = oo for every e > 0, cf.
[YW71, Theorem 1]. While the proof of pathwise uniqueness presented in Section
1s given under this Yamada—Watanabe condition, in the proof of the existence of a strong
solution via an approximation scheme the Hélder reqularity of o is explicitly used in various
estimates, see e.g. , and a modification of these estimates allowing for the Yamada—
Watanabe condition appears not straightforward.

Remark 2.5. Assumption is satisfied, for instance, if K, 1is continuously differen-
tiable, K, is twice continuously differentiable with K, (t,t) > 0 for t € [0,T] and xq is
B-Hdolder continuous for some B € (0,1).
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2. SVEs with regular kernels

While the condition |Ky(t,t)] > C for t € [0,T)] is crucial for implementing the present
method to prove Theorem it might appear to be of technical nature. However, assuming
Ky(t,t) =0 for every t € [0,T] and keeping in mind the semimartingale decomposition in
Lemma any solution of the SVE would be a semimartingale of bounded variation
without any diffusion part and, thus, some care is needed to not lose the regularization
effects of o Brownian motion.

Based on a localization argument, the assumptions of global Lipschitz and Holder conti-
nuity on the coefficients of the SVE can be relaxed to local regularity assumptions.
In the following, C' > 0 denotes a generic constant that might change from line to line.
To emphasize the dependence of the constant C' on parameters p, g or functions f, g, we
write Cypq,7.4. Moreover, for z,y € R we set Ay := min{z, y}.

Corollary 2.6. Suppose Assumptions (i), and that u is locally Lipschitz contin-
wous and o is locally Hélder continuous of order % + & for some £ € |0, %] mn the space
variable uniformly in time, i.e. for every n € N there are constants C\,Cypn > 0 such
that

1
‘:U’(ta JJ) - :U’(ta y)| < Cu,n‘x - y‘ and ’U(tvx) - U(tvy)| < OU,n‘x - y‘2+§

hold for all t € [0,T] and z,y € R with |x|,|y| < n. Let p > max{%,l + 2}, where
~v € (0, %} and € > 0 are given by Assumption . Then, there exists a unique strong
LP-solution (Xt)te[o,T] to the stochastic Volterra equation . Moreover, the solution
(Xt)iepo,) is B-Hdlder continuous for every B € (0,7), supsejo.r E[|X¢|?] < oo for every
q € [1,00) and (Xi — w0(t))ejo,r) 95 a semimartingale.

Proof. By Assumptions and (i), Lemma Corollary and Lemma [2.12]

imply the integrability, S-Holder continuity and semimartingale property of the solution.
For the well-posedness, we adapt the proofs of Theorem and and the notation
therein.

For the uniqueness, consider two LP-solutions (th)te[o,T] and (XE)te[O’T], and define X :=
X} — X2 for t € [0,T] and the hitting times 73, := inf{t € [0, T]: max{| Xy, |YV;|} >k} AT
for £ € N which are stopping times with 7, — T a.s. by the same reasoning as for the
hitting times defined in (2.4). By bounding dn (X, Ly<ry) < én(Xinr,) and applying Tto’s
formula to the right-hand-side, we obtain after performing the same steps as in (2.22)-
and sending n — oo, that

E[|Xe| L t<ry)]
t t t
gc/ E[|Xs|]l{39k}]ds+/ VALTIN <82Kg(s,s)—|—/ |621Kg(s,u)|du> ds,
0 0 s

for t € [0,T]. Similarly, we get a bound on E[\ﬁﬂl{gm}] analogue to (2.30)) and denoting

Mi(t) = sup (B[Z, |1 fozr)] + B[Vl facr,y])
s€0,t]
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we obtain My (t) = 0 for all ¢t € [0,7], and sending k — oo yields the uniqueness.
For the existence, we adapt the standard localization argument from the SDE case. We
introduce for n € N the localized coefficients

u(t,z), if |z| <mn,
tn(t,x) = e ]
u(t,22), i 2] > n,

*fal

and analogously o, which fulfill the regularity properties globally, such that corresponding
strong solutions exist by Theorem that we denote by X™. Moreover, let k, =
inf{t € [0,7]: |X}*| > n} AT and define X (¢t) := X"(¢) for kp,—1 < t < kp(t). By the
pathwise uniqueness, it holds anill = X7 | for all n € N such that X is continuously
well-defined and we must only show that it cannot explode, i.e. that x, — T a.s. By
the Garsia—Rodemich—Rumsey inequality (see [GRRT71), Lemma 1.1]), Markov’s inequality
and Lemma we obtain for any a € (0,7) and p > 2 chosen such that ap > 1 that

T 1
1 X — X, P P
P( sup |X;' — Xg| > n) SP( sup ( Copt” / / | a +‘1 dUdS)p) >n>
+e[0,T] te(o, T] |5 — uloP

T X = XufP
<n~ p[E[ ap,T // |Su|ap+1duds)]

< C o,p, T, p,0, 5n ’

which tends to 0 sufficiently fast such that the Borel-Cantelli lemma (see [Klel4, Theo-
rem 2.7]) implies k,, = T a.s. O

The rest of the chapter is largely devoted to prove Theorem[2.3] However, we will formulate
and prove the partial findings under weaker assumptions if possible without additional
effort.

2.2 Properties of a solution

In this section we establish some properties of solutions to stochastic Volterra equations.
We start by the regularity and integrability of LP-solutions, which requires only the linear
growth condition of the coefficients and allows for singular kernels in the SVE (2.2)).

Lemma 2.7. Suppose Assumption (i) and let K, Ks: A — R be measurable func-
tions such that, for some e > 0 and L > 0,

t/
/ [ Ku(s,t') — Kpu(s, 7f)|1+E dS—I—/ |KM(8,t,)‘1+6ds < L|t’_t|7(1+e)’
tt’ (2.3)
/ [Kols,t) = Kol 0P st [ [Ko(sit) P ds < LY — P24
0 t

for all (t,t') € Ap. Furthermore, let xo: [0,T] — R be B-Hélder continuous for every
B € (0,7) for some v € (0,3] and let (X¢)se cjo,r) be a LP-solution of the SVE (2.2) for
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2. SVEs with regular kernels

some p > max{%, 1+ %} Then, for any B € (0,7), there is a constant Cyy p 1.7 poe > 0
such that

E[‘Xt’ - Xt|p] < Cxo,p,L,T,,u,a,s|t, - t|5p,

holds for all t,t' € [0,T]. Consequently, (Xi)ico,1) is B-Hélder continuous for any B €
(Oa Y= %)

Proof. Let p > 2 be given by the assumption. Since zq is 8-Ho6lder continuous, we observe
for ¢,¢' € [0,T] that

EHXt’ - Xt’p] S CP7I0’t/ - t|5il7 + CpEHXt/ — Xt‘p] with Xt = Xt - SUQ(t)

For (t,t') € Ar we note that

% ¢
| Xy — X3P :‘ K,u(s,t)p(s, Xs)ds + Ky (s,t")o(s, Xs) dBs
0 0
P

—/ Ku(s,t),u(s,Xs)ds—/ Ky (s,t)o(s, Xs) dBs
0 0

p
+

p

<o s X)) = B, 1) |+ [ (e XK (s, ) ds

‘/ s, Xs) ) — Kg(s,t))ster’/tt/ o(s, Xs)Ky(s,t')dBs

Co(A+B+C+D).

)

We shall bound the expectation of the terms A-D in the followmg For A, we use Hélder’s

inequality, the linear growth of p (Assumption (i), and that X € L'+ (Q2x[0,7))

since ﬁ < p to obtain
p

<]E[/\MSX 2 s *](/ Ku(s. ) — Kou(s t)}1+€ds>1+s

[E=
<CpL#T€</ ‘K (s,t") — Ku(s,t)‘1+€ds>

§ C$07P’L1T7,u'70-75|t - t|’yp‘

Note that the second inequality follows either with Jensen’s inequality, if 1prs <1, or else
with Hélder’s inequality and Fubini’s theorem. Applying the analog estimates to B gives

: v T
<1[«:U/ (s, X)| = ds ”E] (/ | K, (s, 1) ds) < CoopLTopoelt’ — 1P
t

For term C, relying on the Burkholder-Davis—Gundy inequality, Holder’s inequality, using
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the linear growth of o (Assumption [2.2](i)), X € L (% [0,77]) and [2-3), we get
P
2 2
[(/ o (s, Xs) ) = Ko(s,1))| ds) ]
2+e 4+2¢ t 2 2%'5
_]EU/ lo(s, Xs)| = ds “} (/ Ko (s,t) — Ko (s,t)| +Eds>
0 0

¢ s
< Cp,L,U,T,E</ }Kg(s,t’) _ Kg(s,t”%e ds>
0

S Cxo,p,L,T,u,o,s|t/ - t|,yp'

| /\

Applying (2.3) and analog estimates to term D reveals

tl

_p_
2+e
E[D] < Cxo,p,L,Tvuva,a< Ko (s, t')**e dS) < Copp LT poelt =t

t
Hence, with the above estimates we arrive at
E[| Xy — X¢fF] < Cp,xo|t, - t‘ﬁp + Cﬂc(),vavTvMaU’t/ —tPP < Cwo,p,L,T,u,UﬁW - t’ﬁp7

as < 7. Hence, by Kolmogorov-Chentsov’s theorem (see e.g. |[Klel4, Theorem 21.6|)
and sending 3 — v, there exists a modification of (X;);c[o,r) which is ¢’-Holder continuous
for &' € (0,7 —1/p). O

Remark 2.8. Suppose that the kernels K,, and K, fulfill Assumption . In this case it
follows from Kolmogorov’s continuity criterion and the estimates in the proof of Lemmal[2.77,
that, for every progressively measurable stochastic process u € Lp([O T] x Q) for some p >
max{%, 1+2}, the process (M{")sejo,m, defined by My : fo u(s,t)us ds—i—fo (s,t)us dBs,
has P-a.s. B-Holder-continuous paths for every § € (0,v — 5).

Remark 2.9. Note that the constant Cy, p 1,7 p0e n Lemma depends on p and o
only through the constant appearing in the linear growth condition (Assumption[2.9 (i)).

The integrability of solutions to the SVE (2.2) is the content of the next lemma.

Lemma 2.10. Suppose that the assumptions of Lemma hold. Then,

sup E[|Xy|Y] < Cor,1u,0 (1 + sup |:1:0(t)\q>,
te[0,T] t€[0,T7]

holds for any q > 1, where the constant Cy 11,0 depends only on q, L, T' and the growth
constants of u and o.

Proof. Let us introduce the hitting times

=inf{t € [0,T]: | X¢| >k} AT, forkeN. (2.4)

18



2. SVEs with regular kernels

Note that 7, — T a.s. as k — 00, since the paths of the solution X are P-a.s. continuous by
Lemma [2.7] Since the underlying filtered probability space satisfies the usual conditions,
by the Début theorem (see [RY99, Chapter I, (4.15) Theorem]), the hitting times (7% )ken
are stopping times.

First, let ¢ > 2 be big enough such that ¢’ := q%’l <l+eandgq:= qqu < 1+4¢/2.
Using Hélder’s inequality, the Burkholder—Davis—Gundy inequality, and the linear growth

condition (Assumption (1)), we get

E[| Xt 1< 3]

:E[
: 1

t t
SCQE[‘:co(t)]q+‘/(] Ku(sj),u(s,Xs)1{3S7k}ds)q+‘/0 Ka(s,t)o(s,XS)1{8S7k}dBS’q]

q

xo(t)—l—/o KM(s,t),u(s,Xs)ds+/O Ky(s,t)o(s, Xs)dBs

1{tSm}]

t t
o(t) 1{t§7'k}+/ Ku(s,t)ﬂ(&Xs)dsl{thk}+/ Ko(s,t)o(s, Xs) dBs 1i1<ry
0 0

t % t
=< Cq<\mo<t)\q+ </ | K, (s,1)]7 ds> / E[|1(s, Xs)|7Ls<ryy] ds
0 0

q

+E[</Ot|Kg(s,t)a(s,Xs)l21{ssm}d8>2D

t L ot
< Cq<|$0(f)\q +Cq,u</0 | Ku(s, t)] d8> q /0 E[1+[Xs|"1<r) ds

t 2 [t
+Cq,(,</ yKU(s,t)Q‘?ds> 2q/ E[1+\Xs|q1{s<7k}]ds> (2.5)
0 0

for t € [0,T]. Due to (2.3) we arrive at

t
E[’Xt’ql{tgfk}] < Cq,L,T,u,J (1 + ’mO(t)’q +/ ]EHXS‘q]'{SSTk}] ds)
0

and, thus, as t — E[|X¢|?1<,4] is bounded by k% on [0,T], we can apply Gronwall’s
lemma (see e.g. [Klel4, Lemma 26.9]) to get

E[’Xt’ql{tgﬂ'k}] < Cq,LT,u,a (1 + sup |x0(t)|q>7 te [07T]
te[0,T]

Sending k — oo and taking the supremum over [0, 7] reveals the assertion. The ordered-
ness of the LP-spaces implies the statement also for ¢o € [1,q). O]

We conclude that the regularity of a solution can be improved.

Corollary 2.11. Under the assumptions of Lemma any LP-solution to the SVE (12.2)
1 21 - . .
for some p > max{;, 1+ £} is B-Hélder continuous for any 3 € (0,7).
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Proof. The statement follows by applying Lemma [2.10] and Lemma 2.7 with ¢ > 2 and
then sending ¢ — oo. O

Assuming sufficient regularity of the kernels K, K,, every solution to the stochastic
Volterra equation ({2.2)) is essentially a semimartingale as first observed in [Pro85, Theo-
rem 3.3|.

Lemma 2.12. Let K,,, K;: At — R be measurable functions. Suppose K, (s,-) is abso-
lutely continuous for every s € [0,T] with 02K, € L'(Ar), K,(s,-) is absolutely continu-
ous for every s € [0, T wzth K, € L?(Ay), and Assumptzonm 2.4 (i) holds. Let (Xt)iepo1)
be a solution to the SVE [2.2)) such that E[|X;|?] < C for allt € [0,T] and some constant C.
Then, (X — zo(t ))te[o,T] is a semimartingale with decomposition Xy — xo(t) = My + A,
where

t
M, ::/ K,(s,s)o(s,Xs)dBs and
0

t
Ay ::/ K, (s,8)u(s, Xs)ds
0

t S S
+/ (/ agKu(u,s),u(u,Xu)du—{—/ K, (u, S)O‘(U,Xu)dBu) ds
0 0 0

fort € [0,T].
Proof. Setting

t t
Y, ::/ o(s,Xs)dBs and Z, ::/ wu(s, Xs)ds, forte0,T],
0 0

and using the absolute continuity of K, K,, we get
t t t
X, = / K,(s,s)dZ, +/ (/ 02K (5, ) du) 4z,
0 0
t t ’ t
+/ (/ 0Ky (s,u) du> dY; +/ Ky (s,s)dYs.
0 s 0

E[/AT |62Ku(s,u),u(s,Xs)|dsdu} +IE[/AT(ﬁgKU(s,u)o(s,XS))stdu] < 00

Since

due to E[|Xy|?] < C for all t € [0,T], &K, € L'(Ar) and 9K, € L*(Ar), we can apply
the classical and the stochastic Fubini theorem (see e.g. [Verl2, Theorem 2.2]) to get

X, = /Ksst—i—//angu )d
—I—/ (/ 82Kg(s,u)dYs> du+/ K,(s,s)dYs,
0 0 0

which completes the proof. O
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2. SVEs with regular kernels

Applying the previous lemmas to the setting of Theorem leads to the following corol-
lary.

Corollary 2.13. Suppose Assumptions and. Let (X¢t)iepo,r) be a LP-solution to the
SVE for some p > max{%, 142}, Then, (Xi)iep,r) satisfies supyeqo,r) E[| Xt < oo
for every q € [1,00), (Xt)iejo,r) is B-Hélder continuous for every 8 € (0,7) for v € (0,1/2]
given in Assumption and (X — wo(t))eejo,r) 45 @ semimartingale.

Proof. Note that the existence and boundedness of 92K, from Assumption (i) imply
that

s s t
1t = Kot du= [ [ outy ) )+ d
< C|t —s|7

holds for some C' > 0 and any (s,t) € Ap, using ¢ > 0 and v € (0,1/2] from Assump-
tion 2.1} Hence, sup;e(or) E[|X¢|?] < oo for every ¢ € [1,00) by Lemma m Moreover,
since Assumption implies , Corollary states the claimed g-Holder continuity.
The semimartingale property follows by Lemma [2.12] O

2.3 Existence of a strong solution

This section is devoted to establish the existence of a strong solution to the SVE (2.2):

Theorem 2.14. Suppose Assumplions and cmd let p > max{%, 1+ g} Then,
there exists a strong LP-solution (Xi):cjo.1) to the SVE (2.2).

The construction of a strong solution relies on an Euler type approximation. To set up
the approximation, we use the sequence (7, )men of partitions defined by

5

(i
Tm = {tg", ..., 00 5} with t;n::2m5 fori=0,...,2™

) 27715
and introduce, for every m € N, the function &y, [0,7] — [0,T] by
km(T) =T and ky(t) =t fort]" <t <tjy,, fori=0,1,..., 2m” _ 1.

For every m € N, we iteratively define the process (X" (t))¢co,r] by X™(0) := 2¢(0) and
for t € (", t},] by

X™(t) :=zo(t) + ; i K, (s, t)u(s, X" (km(s))) ds + /tm K, (s, t)u(s, X™(ti")) ds
+ ; 8 Ky(s,t)o(s, X™(km(s)))dBs + /tm K, (s,t)o(s, X" (t{"")) dBs,
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fori=0,...,2™" — 1.

Note that we neither discretize the kernels K, K, nor the time-component in the coeffi-
cients p, 0. While these additional discretizations might be desirable to derive an imple-
mentable numerical scheme, for our purpose of proving the existence of a strong solution,
it is sufficient to avoid this additional approximation.

Lemma 2.15. Suppose Assumptions and (2.9 X™ € LYQ x [0,T]) for every m € N
and any q € [1,00). In particular, X™ € LP(Q x [0,T]) for every m € N and p >
max{%, 1+ 2}

Proof. For m € N and ¢ € (2,00) we define
gm(t) =E[|X™(#)|7] for t € [0,T].

To prove that X™ € L1(2 x [0,TY), it is sufficient to show that the function g, is bounded
on [0,71] since

E[/OT|Xm(t)|th} :/OTgm(t) A <T sup gu(h).

t€[0,T]

For ¢t = 0 we have E[|X™(0)|?] = |z0(0)|? < oo and, thus, g, is bounded on [0,¢}"]. For
5

te (t, 7] with i =1,...,2™ —1, using similar estimates as in (2.5)), we iteratively get
that
B[ X™(®)[7]

gcom@w

+E H /Otzn Ku(5,6)u(s, X™ (K (s))) ds

1+ |

+EH /Otin Ko(s,t)a(s,Xm(H(S)))dBS‘q} +]EH /t; Kg(s,t)o(s,Xm(tgn))st‘q}>

/tm K, (s, t)p(s, X™(t")) ds

tm

gc(uaww+[fuﬂm@yv%mA@»mds+A‘waaxmuTMﬂds

m
7

tm

<l
0
"
cofis
0

Therefore, sup;c(o 11 gm(t) < oo O

t

E[lo(s, X™(k(s)))|7] ds + /

"

E[|o(s, X™(t7)]9] ds>

t

waaﬁwm&y/

o

E[|X™ (t7)]9) ds> < .

It can be quickly seen that the integrability and regularity results from Section also
hold for the process (X™(t)):c[0,17-
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2. SVEs with regular kernels

Proposition 2.16. Suppose Assumptions and [2.9 Let v € (0,1/2] be as given in
Assumption[2.1 Then, for any m € N, there is a constant C > 0 such that

sup SIX"OF < (14 sup lau(o)l").
te[0,T] t€[0,T]

holds for any q > 1. Moreover, for any B € (0,7), there is a constant C > 0 such that
E[X™(t') = X™(t)|7] < Ot — t|*

holds for all t';t € [0,T]. Consequently, (X™(t))ico,r) is B-Holder continuous for any
B € (0,7).

Proof. The Li-bound of (X™(t));e[o,7) follows by similar arguments as used in the proof
of Lemma
For t € (¢",t]},] and fixed m € N and ¢ > 2, we get

tm

E[X™ (51 < c(|xo<t>|q+ I

t

(X (k(s)) 1 ds +

2

E[|X™ (£7)]7 ds),

where we used Holder’s inequality, Burkholder-Davis—Gundy’s inequality, and the linear
growth condition (Assumption (i)). Hence, we arrive at

t
sup E[|X™(u)|?] < C’( sup \mo(u)|q+/ sup E[|X™(u)]9] ds).
u€l0,t] u€[0,T7] 0 u€l0,s]

Since t — sup,ejo,q E[|X™(u)|?] is bounded by the proof of Lemma we can apply
Gronwall’s lemma (see e.g. [Kleldl Lemma 26.9]) to get

sup E[|X™(1)]9] < C<1 + sup \:L'o(t)\q>, te0,T7],
t€[0,T t€[0,T

which reveals the assertion.

The regularity statement follows by adapting the proof of Lemma Indeed, the regu-
larity assumption on the kernels (Assumption yields that condition is fulfilled.
Thus, performing similar estimations as in the proof of Lemma [2.7] and using the just
established L9-bound of X™, we obtain

E[[X™(t') = X™(6)|") < Ct' — 1],
for 5 € (0,7). Hence, by Kolmogorov—Chentsov’s theorem (see e.g. [Kleld, Theo-

rem 21.6]), there exists a modification of (X™(t))sc[o,r) which is ¢’-Holder continuous for
6" € (0,8 —1/q). Sending § — v and ¢ — oo leads to the claimed Holder regularity. [J
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Due to Proposition for every m € N the process (X" (t))¢c[o,7] has a continuous modi-
fication. Hence, keeping the definition of (X™(t)).e[o,r) in mind, we see that (X" (t))e[o,7)
fulfills the integral equation

X™(t) = xo(t)—l-/o Ku(s,t)u(s,Xm(ﬁm(s)))ds—l—/o Ky(s,t)o(s, X" (km(s)))dBs, (2.6)

for ¢ € [0,T]. Moreover, using the just derived regularity estimates of (X" (t));c[o,), We
obtain the following bound.

Corollary 2.17. Suppose Assumptions and . Then, for any q,d € (0,00), there is
a constant C > 0 such that

EKAZXW$—XW%$WM§1SCQMW2

holds for all 5 € (0,7) and m € N.

Proof. Let § > 0 be fixed. First, assume g > 1 is sufficiently large such that gé > 2. For
B € (0,7) and m € N, we use Holder’s inequality, Fubini’s theorem and Proposition [2.16]
to get

E[(/OT | X (s) — Xm(ﬁm(s))|5ds)q] < C'E[/OT | X (s) — X™ (ki (s))]% ds}
T
- 0/0 E[|Xm(s) —Xm(nm(s))\éq} ds

T
< C/ s — Km(5)]%9° ds
0
< ¢27%m”, (2.7)

For 0 < ¢ < %, we choose ¢’ > ¢ is sufficiently large such that ¢’d > 2. Applying Jensen’s
inequality and ({2.7)), we obtain

([ stz [ o st

< ¢~ dapm®
0

Lemma 2.18. Suppose Assumptions and . Then, there is a sequence (Cpy)men of
constants such that

E[[X™ (1) = X" (1)]] < C

holds for every t € [0,T], and >, ot < .

24



2. SVEs with regular kernels

Proof. Following Gyongy—Résonyi [GR11] and Yamada—Watanabe [YWTI], we approxi-
mate the function ¢(x) := |z| by smooth functions ¢s.(x) for 6 > 1 and £ > 0. To that

end, note that
3
1
—dz =1In(é
/; —dz = In(3),

and, thus, there is a continuous, non-negative function 1s.: Ry — R, that is zero outside
the interval [5,¢], [;° ¢s5e(2) dz = 1 and satisfies

wéa(x) < xln(é) .

We define 2]
x|y
G5 (r) = / / Yse(z)dzdy for z €R,
0o Jo
such that the inequalities

/ // 2
2| < dse(z) +e, 0<|d5(2) <1 and ¢y (2) = Yoe(|z]) < |x|ln(5)1[%’€](’x|) (2.8)

hold for all 2 € R, where 1[< . denotes the indicator function of the interval (5, €]

To apply Ité’s formula to ¢s.(X,"), where
XM= X" ) — X™(t), telo,T],

we need to find the semimartingale decomposition of (Xgn)te[o,T}- For this purpose, we
introduce the local martingale

t
Y=Y/ Y™ with Y™ ::/ (s, X™(km(s)))dBs
0

and the process of finite variation

~ t t

A ::/ (s, X (K 11(5))) ds —/ (s, X" (km(s)))ds, forte[0,T].

0 0

Since K, € L'(Ar), &K, € L>(A7) (see Assumption and the integrability prop-

erty of (X™(t))ejo,r) as presented in Proposition we obtain, as in the proof of
Lemma [2.12] the following semimartingale decomposition

t t
Xgn:/ Ku(s,t)ngnJr/ Ky(s,t)dy™
0 0

t t s
:/ Ku(s,s)dZ;”—k/ (/ 82Ku(u,s)d25n> ds
0 0 0

t t
+/ H;”ds—l—/ Ky (s,s)dY.",
0 0
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where H* := H"™ — H™ with H" : fg D2K,(s,t)dY™. Note that the quadratic
variation of (X" )telo,1] 18 given by

< (s,Xmﬂ (Hm+1(8))) — o(s,Xm(Hm(s)))) dBS>

t
/ Ky(s,5)2(0(5, X (1 (5))) —a(s,Xm(Hm(s))))zds, t € [0, 7).
Hence, using and applying 1t6’s formula for fixed € > 0 and § > 1 yields
| X7 < e+ hse (XM
—€+/¢55Xm )dX]" + /45 X
—€+/¢55 K, (s,8)dZ™ —l—/qb(;EXm (/ RK,(u,s)dZ" )d
# [ Ay as+ [ G Kl aT

1/ ¢g€(X§”)Kg(S, 5)2 (a(s,Xm+1(nm+1(s))) — 0(5,X””L(/gm(s))))2 ds
5+I1t+12t+13t+1 +I5ta (2.9)

for t € [0, 7.
In order to bound E[|X/™|], we shall estimate the five terms appearing in (2.9) separately.
We set

= [X"(t) = X" (km(2)], ¢ €0,T].

For Il % we use the boundedness of K, (Assumption , the Lipschitz continuity of u
(Assumption (i1)) and the bound ||¢§. [l < 1 to estimate

= B[ [ 505) (5 X (s (9) = s X7 () |
< CE[/; (IX7 + U+ umth) ds].
Since, by Corollary 2.17],
E[ /0 t(U;” + Ut ds} < o2
for any g3 € (0,7), we get

E[I5] < c<2ﬁm5 + /OtEHX;"H d5>. (2.10)
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2. SVEs with regular kernels

For Igi, using the boundedness of 0yK,(u,s) on Ar (Assumptlon ., the Lipschitz
continuity of 1 (Assumption [2.2| (ii)) and the bound ||¢5,||cc < 1, we obtain

E[135)
_ E[ /0 t & X;n)< /0 EN s)(u(u, X (g1 (w))) — u(u,Xm(/fm(u)))> du) ds}
< CE{/; (X7 + U™ + Umt ds].

Hence, as for I?¢ 3> we arrive at

t
E[I35] < C<2—ﬁm5 +/ E[|X™] ds). (2.11)
0
For Igft, we have
t
i) - | [ o (X as).
0
Noting that an application of the integration by parts formula for semimartingales (cf.
[RW00, Theorem (VI).38.3]) gives
/ MKy (u,s)dY,™ = 9K, (s, ) / Y091 Ko (u, s) du,

we use ||Ps. [|oo < 1 and the classical Fubini theorem to get

t
mﬁsAEwmw
t 5 t S N
g/ |82Kg(s,s)yE[mmuds+// 1001 Ko (11, ) [E[| 7] duu s
0 0 0

IN

/OtE[IY”smH <|32Kg(s, s)| + /: 1091 K (s, )| du> ds. (2.12)

—E [ / Ghe (XK (5,5) (0 (5, X" (om0 (5)) = (5, X (om(5))) ) dBS]
(2.13)
since Igt is a martingale by [Pro92| p.73, Corollary 3], since E[(L‘f@t] < oo forallt € (0,7

due to the boundedness of K, (Assumptlon E the growth bound on ¢ and Proposi-
tion 2.16]
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For I, 5‘53, using the boundedness of K, (Assumption , the Holder continuity of o (As-
sumption [2.2] (ii)) and the inequality (2.8]), we get that

U] = B [ G0 (9 (o X7 e (59) = 0 X () )t
< CE[ L) ()| + U + U T ds]
0

t ) s +U§”+U§n+1 142¢
< CE[/O 1{%@1(‘Xm(3)|)(| ( )!|5(m(s)!1n(5) | ds}

< C(ljz) + 512(6)E[/0t (U + gy dsD. (2.14)

Moreover, by Corollary [2.17] we derive that

t
E|:/ (USTR+U;H+1)1+2§ d8:| < 02—(1+2§)6m5
0

for any 8 € (0,v) and, hence, we conclude

% 5 ;
B[] < o = 9= (1+2£)8m® | 2.1
F5al < C(ln(a) T om) (2.15)

Combining (2.9) with the five estimates (2.10), (2.11)), (2.12), (2.13) and (2.15), we end
up with

0
) 5ln(5)

E[[Y™[]( |02K4 (s, s |+/ |021 K (s, u)|du) ds)

t
E[|X™|] < c<2 Bm? 9= (14+26)m® | / E[| X7 ds
0

Therefore, choosing & := 2°™" for p € (0, ((1 + 2¢)3)/2] and & := 2~ 3m , we get

1) < o (Co+ [ BT as
v [Em (st + [ ko sala)a), @

with

(% 5

C,, = 270m° |y =5—(142)86m> | ) 59— —pm”, (2.17)

To apply a Grénwall lemma, we set

Mn(t) = sup (E[X2]+EIV")), telo,T)
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2. SVEs with regular kernels

and derive in the following an inequality of the form M,,(t) < Cp, + fg f(t—s)Mp(s)ds
for a suitable function f.
To get a bound for E[|Y;™|], we first apply the integration by part formula to obtain

K = [ Ko ) (X7 s 61) — o X)) s+ [ s, 07
= /0 K, (s,t) (,u(s,XmH(/me(s))) — ,u(s,X;”(/fm(s)))) ds

t
bR (T — / 01K (5,4) 7™ ds,
0

where we used that K,(-,t) is absolutely continuous for every ¢ € [0, T]. Since K,(t,t) > C
for some constant C' > 0, K, is bounded (both by Assumption and p is Lipschitz
continuous (Assumption , we get

t
B9 <O 17+ [ 1o 7 (i (9) = s X ()
t
+ [ 1ou s 01172 s
0
B t B t
SC(E[|X;”|]+/ E[|X;”Hds+EU (UstrU;”“)ds]
0 0
t
+ [ 1o (s, O[T as )
0
S B t t .
<o(2m 4Bl + [ BIETas+ [ (s 0BT as).
0 0
where we used Corollary for the last estimate. Hence, by (2.16]) we obtain
~ t ~
B3 < o(Cn + [ EIXPds
0
t t
+/ IE[|Y5m|]<|01KU(s,t)|+|02Kg(s,s)|+/ |021Kg(s,u)|du> ds). (2.18)
0 s

By the bound on the partial derivatives of K, made in Assumption (2.16) and (2.18))
can be further estimated to

t

BlA7 < C(Cnt [ B ds + [t semiryas).

t

(¥ < o+ [ CEIRds + [t seriryas).

29



for a € [0, %) as given in Assumption Hence, we arrive at

My (t) < sup E[|X;"[]+ sup E[|V;"]]
s€0,t] s€[0,¢]

< C(Cm + /Ot (L+ (t—s)"%) Mpn(s) ds).

Note that Proposition secures the integrability of M,,. An application of the Gron-
wall’s lemma for weak singularities (see e.g. [Kruldl Lemma A.2]) reveals that M,,(t) <
CC,y,. The claimed summability of the sequence (Cy,)men follows immediately by (2.17)).

O

Remark 2.19. The approximation ¢s. of the absolute value, as used in the proof of The-
orem was introduced by Gyongy and Rdsonyi [GRIIJ. It is a modification of the
approzimation originally used by Yamada and Watanabe [YW71|] and appears to be more
involved. While the original approximation of Yamada and Watanabe is sufficient to prove
pathwise uniqueness, as we will also see in Section[2.]), to prove the existence of a solution
the approxzimation ¢s. seems necessary. Indeed, one needs e — 0 to ensure that ¢sc — | - |
but the second parameter § is essential to obtain the convergence of the Euler type approz-
imation (X™)men in the case & = 0 (i.e. o is 1/2-Holder continuous), as one can see
from (2.16)) and (2.17),

With these preparation at hand we are ready to prove Theorem [2.14]

Proof of Theorem[2.1]]. Step 1: The sequence (X™),en is a Cauchy sequence in LP(§ x
[0, 77) for p given in the statement of Theorem [2.14]
By Fubini’s theorem and Lemma there exists a sequence (C),)men such that

’ +1 +1
E{/O | X7 (s) = X™(s)] ds] SC’SES[%%]E“X (s) = X™(s)|]] < Cnm

for m € N. Hence, using Hélder’s inequality and the moment bound for (X" (t))e(o,7)
from Proposition [2.16] we get

E[/OT X () — Xm(t)|pdt}

1
2

< E[/OT XL () — X (g2 dt] éE[/OT XL () — X8| dt

1

<2711+ su 21"z

= p |zo(t)] Cin.
te[0,7

Due to the summability property of (Cy,)men, the sequence (X™),,cn is a Cauchy sequence
in LP(Q2x [0,T]). Hence, there exists a process X = (X)o7 € LP(€2 x [0,T1), such that

lim E UOT 1X™(s) — X, ds] = 0. (2.19)

m—ro0

30



2. SVEs with regular kernels

Step 2: (Xi)iepo,r) vields a strong solution to the SVE

By construction, the processes (X™(t));c(o,r) are (Ft)iecjo,r)-progressively measurable on
the given probability space (€2, F, (F¢):e(o,77, P). Since also shows the LP([0,t] x Q)-
convergence of (X{")seio, to (Xs)sepo,y for every t € [0,T], the completeness of the LP
spaces (see e.g. [Kleldl Theorem 7.3]) yields B([0, t]) ® Fi-measurability of (s,w) — Xg(w),
(s,w) € [0,t] x Q for every ¢ € [0,T]. Hence, the process (Xi)ejo,r] is also (Fi)iejo,r]-
progressively measurable on (Q, F, (F¢).e[o,7], P). Moreover, by the growth conditions on
p and o (see Assumption (1)) and the integrability properties of K, and K,, we get

that
t

/0 (1K (s, t) (s, Xs)| + | Ky (s,t)0(s, Xs)[?) ds < oo for all ¢ € [0, T7.

It remains to show that the process (Xy)seqo,r) fulfills the SVE (2.2)). To that end, we show
that the two integrals in (2.6 preserve the LP(§ x [0,T])-convergence. For the Riemann—
Stieltjes integral, we use the boundedness of K, the Lipschitz continuity of p, Holder’s
inequality and Fubini’s theorem to obtain

B[] [ 505.0 to,X 60) = s, X0 o ]
T T
<c/0 /0 E[|X™ (kn(s)) — X,[P] dsdt
T

< C(E[/ X (1 (5)) —Xm(s)ypds] +E[/OTXm(s) —XslpdsD 0,

0

as m — oo by Corollary and (2.19)). For the stochastic integral, we use Fubini’s the-
orem, Burkholder-Davis-Gundy’s inequality, Holder’s inequality, the boundedness of K,
and the Hélder regularity of o to get that
P
dt}

dyi ' / Ko (s,1) (05, X (5(s)) — o(s, X.) B,
_ /OT]E[‘ /Ot Ko (5,1) (0(5, X (5 () — (s, X)) styp] dt

[NJiS)

<[ TE[ [ B 07 o X ) = o5, ) s
<o ([ [ et - X asar)
< C<EUOT | X (km(s)) —Xm(s)|5+p5ds} +E[/OT | X (s) —Xs|§+P€dsD.

Thus, by Corollaryand the convergence X™ — X in L5 TP§(Qx [0, T]) as m — oo, for
€ € [0, 3], which is implied by the one in LP(Q x [0, T7), we see that the stochastic integral
does preserve the LP(2 x [0,T])-convergence. Thus, we have proven that the limiting
process (X¢)iepo,) fulfills the SVE for almost all (t,w) € [0,7] x Q. By Remark ,
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(Xt)tejo,m has an P-a.s. continuous version, which fulfills the SVE (2.2) for all ¢ € [0, T]
for almost all w € €2, and hence, is a strong solution of ([2.2]). O

2.4 Pathwise uniqueness

In this section we establish the pathwise uniqueness for the stochastic Volterra equa-
tion under Assumptions [2.1] (i), and under slightly weaker regularity assump-
tions on p and o than Assumption (ii), namely an Osgood-type condition on p and
the Yamada—Watanabe condition on o, as formulated in the next assumption.

Assumption 2.20. Let p,0: [0,T] x R — R be measurable functions such that:

(i) there is some continuous, non-decreasing and concave function k: [0,00) — [0, 00)
with £(0) = 0 and k() > 0 for x > 0, such that, with the notation k(x) := k(x)+|z|,

| Gomr ==

holds for alle > 0 and q € (1, 1= + &) for some & > 0, where o € [0, 1) is given

l-a’1-a

by Assumption (i), and
|u(t, ) — p(t, y)| < s(lz —yl),
forallt €[0,T], z,y € R,

(i) there is some continuous strictly increasing function p: [0,00) — [0, 00) with p(0) =0
and p(x) > 0 for x > 0, such that

/‘E dz C
0 P($)2 ’

lo(t,2) —o(t,y)] < p(lz = yl),

holds for all € > 0, and

forallt €[0,T], z,y € R.

Remark 2.21. Choosing k(x) = C,|x| and p(x) = C'U|x|%Jr£ shows that Assumption (i1)
implies Assumption[2.20. We note that if p is assumed to be Lipschitz continuous and o to

fulfill the Yamada—Watanabe condition, it is sufficient to use a fractional Gronwall lemma

like the one in [Krulj, Lemma A.2[ instead of the fractional Bihari inequality in .

Moreover, if one considers K, = 1, the Osgood-type condition in Assumption (i) can

be replaced by the classical Osgood condition for SDEs (see e.g. [KS91, Chapter 5, Re-

mark 2.16]) since one can then use the classical instead of the fractional Bihari inequality

and the application of integration by parts to the stochastic integral is not required.
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2. SVEs with regular kernels

The main result of this section reads as follows.

Theorem 2.22. Suppose Assumptions[2.1] (i) and |2.20. Then, pathwise uniqueness
holds for the stochastic Volterra equation (2.2)).

Proof. Since the proof relies partly on similar techniques as the proof of Lemma we
try to give a condense presentation and refer to the analogue calculation in Section [2.3]
Let (X})ieo,r) and (X7);epo,) be solutions to the SVE (2.2). Analogously to Section ,
we define Y} := fota(s,Xg) dB, and H} := fot 02Ky (s,t)dYE, for i = 1,2, as well as
Y, =Y Y2, Xy = X} — X?, Hy .= H} — H?, and Z; == [ (u(s, X1) — p(s, X2)) ds,
for t € [0, 7). By Lemma [2.12 we obtain the semimartingale decomposition

t t s
X = / K, (s,5) (s, X2) — (s, X2)) ds + / / OnK (u, 5) A2, ds
0 0 JO

t t
+/ Hsds—i—/ K,(s,s)dY,, te[0,T]. (2.20)
0 0

To construct an approximation of the absolute value by smooth functions allowing us to
apply It6’s formula, we use the classical approximation of Yamada—Watanabe [YWTI]
for simplicity, cf. Remark Based on the strictly increasing function p from As-
sumption [2.20] (i), we define a sequence (¢n)nen of functions mapping from R to R that
approximates the absolute value in the following way: Let (a,)nen be a strictly decreasing
sequence with ag = 1 such that a,, = 0 as n — oo and

/anl 1 d
r =n.
o P(@)?

Furthermore, we define a sequence of mollifiers: let (¢, )nen € C5°(R) be smooth functions
with compact support such that supp(¢y,) C (an, an—1), and with the properties

an—1
0 < tp(x) < , VzxeR, and / Y (z)de = 1. (2.21)

np(x)?

bn() 1= /0 . ( /0 Y n(2) dz) dy, zER

By (2.21) and the compact support of ¢y, it follows that ¢, (-) — |- | uniformly as n — co.
Since every ¥, and, thus, every ¢, is zero in a neighborhood around zero, the functions ¢,
are smooth with

We set

|z

[Dllc <1, @(z) =sgn(z) | Yn(y)dy, and &) (z) = Yu(lz]) forz €R.
0
Since the quadratic variation of the semimartingale (Xt)te[O,T] is given by

(X)) = /0 Ky(s,8)*(o(s, X1) — U(S,Xf))st, te 0,7,
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we get, by applying It0’s formula and using the semimartingale decomposition (2.20]), that

/% )dXs + = /¢”
= [ oK) o X s s+ [0 ([ ouku(w9)a2 ) as
/¢ ) H, ds—i—/ o ( s,5)dY,

+ 2/ qﬁ;:(XS)KU(s,s)Q(U(S,X;) — U(S,Xf))zds
0

for t € [0, T7.

For I7';, we use Assumptlon - , the boundedness of K, (Assumptlon , the bound
Ién Hoo < 1 and Jensen’s 1nequahty to estimate

11t<c/ k(1 X)) ds<C/ E[|X.[])d (2.23)
For I3, we additionally use the boundedness of 9 K,(u, s) on A to obtain
E[I3,] < C/ E[|X|])d (2.24)
For I3, similarly to (2.12), we use the integration by parts formula to estimate
t ~
Blry,) < [ ) ds
0

g/o |82Kg(s,s)]E[D7sts+/o /OS|321KU(U,S)|E[?U|]duds
</O IE[|}7SH<82KU(S,3)+/ 821Kg(s,u)]du> ds. (2.25)

For I}, since I}, is a martingale by [Pro92, p.73, Corollary 3] due to the boundedness of
K, the growth bound on ¢ and Lemma [2.10] we get

E[I},] = [/ (X s,5)(o(s, X)) — U(S,Xf))st} =0, (2.26)

For I,, we get by using the boundedness of K, (Assumption , the regularity of o
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2. SVEs with regular kernels

from Assumption [2.20] (i), and the inequality (2.21)) that

B[IZ,) <OE[/¢ plI 7]

el [ t ermzds}

: (2.27)

IN
Q

IN
s[Q

for some C > 0.
Finally, sending n — oo and combining the five previous estimates (2.23), (2.24)), (2.25)),

[£:28) and (£27) with (2:22) implics

t ¢
E[|X,|] < C/ E[|X,]]) ds —|—/ E[|Y5]] <82KU(S,S) —|—/ |021 Ko (s, u)| du) ds. (2.28)
0 s
To apply a Grénwall lemma, we set

M(t) = sup (EIX+EF]). ¢ e 0.7

and derive in the following an inequality of the form M (t) < fo f(t —s)R(M(s))ds for
suitable functions f and %. To find a bound for E[|Y;|], we apply the 1ntegrat10n by part
formula to obtain

Xt:/o Ku(s,t)(,u(s,Xsl)—M(S,Xf))ds—k/o K,(s,t)dY,
:/ Ku(s,t)(,u(s,XSl)—u(s,Xf))ds—ng(t,t)fft—/ Ky (s,t)Y,ds (2.29)
0 0

keeping in mind that that K, (-,t) is absolutely continuous for every ¢ € [0,T]. Due to
|K,(t,t)] > C for some constant C' > 0, we can rearrange (2.29) and use (2.28)) to get

e (17 <c( [ Blluts, XD - nts. X2 as
+E[1X:]] + /Ot 101K, (s, 1) [E[| Y]] ds)

sc(/ot (E[|Xs|] + K;(EUXSH)) ds

+/OtE[|l~/s|]<|81Kg(s,t)|—l—|82KU(S,S)]—l—/:]anKg(S,u)] du> ds>. (2.30)
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Using Assumption to bound the partial derivative terms in (2.28) and (2.30]), we end
up with

M(t) < sup E[lX[]+ sup E[|Y;]]

scl0] sel0.4]
t B N t _
go(/ (‘sup B[R+ ( sup E[|Xu]]>>ds+/ (t— ) sup E[Yqus)
0 “ugl0,s] u€l(0,s] 0 u€(0,s]
t
< c/ (1 — 5)=R(M(s)) ds, (2.31)
0

where R(z) := k(x) 4+ |z|. An application of the fractional Bihari inequality, [OHNO21],
Theorem 2.3|, with sending ¢ — - like in [OHNO2I], proof of Theorem 3.1, Step 1]

with the condition on & in Assumption m (i) that M(t) = 0 holds. Hence, X; = 0
almost surely, and, thus, by the continuity of the solutions, the processes (th)te[oﬂ and
(X?)tejo,r] are indistinguishable. O
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Chapter 3

Weak existence of solutions

The content of this chapter is published in [PS23c].

Introduction

We investigate the existence of weak solutions to stochastic Volterra equation (SVEs)

X = xo(t) + /Ot K, (s, t)p(s, Xs)ds + /Ot Ky(s,t)o(s,Xs)dBs, t€]0,T], (3.1)

where z¢ is a continuous function, B is a Brownian motion, and the kernels K, K,
are measurable functions. The time-inhomogeneous coefficients u, o are only supposed
to be continuous in space uniformly in time. In case of ordinary stochastic differential
equations (SDEs), i.e. K, = K, = 1, the existence of weak solutions was first proven
by Skorokhod [Sko61] and can, nowadays, be found in different generality in standard
textbooks like [SV79L [KS91].

A comprehensive study of weak solutions to stochastic Volterra equations which addi-
tionally allow for jumps was recently initiated by Abi Jaber, Cuchiero, Larsson and
Pulido [AJCLP21], see also [MS15]. The extension of the theory of weak solutions from or-
dinary stochastic differential equations to SVEs constitutes a natural generalization of the
classical theory and is motivated by successful applications of SVEs with non-Lipschitz
coefficients as volatility models in mathematical finance, see e.g. [EERI19. [AJEE19b].
Assuming that the kernels in the SVE are of convolution type, ie. K,(s,t) =
Ky(s,t) = K(t — s) for some function K: R — R, and that the coefficients pu, o are con-
tinuous jointly in space-time, the existence of weak solutions was derived in [AJCLP21],
see also [MS15, [AJLP19, [AJ21]. To that end, Abi Jaber et al. [AJCLP2I] introduces a
local martingale problem associated to SVEs of convolutional type.

In this chapter, we establish a local martingale problem associated to general stochastic
Volterra equations, see Definition and show that its solvability is equivalent to the
existence of a weak solution to the associated SVE, see Lemma [3.7] Using this newly for-
mulated Volterra local martingale problem, we obtain the existence of weak solutions to
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stochastic Volterra equations with time-inhomogeneous coefficients, that are not necessar-
ily continuous in ¢, and allowing for general kernels in the drift and convolutional kernels
as well as bounded general kernels in the diffusion term, see Theorem [3.10} The presented
approach can be considered, roughly speaking, as a generalization of Skorokhod’s original
construction to the more general case of SVEs, and is developed in a one-dimensional set-
ting to keep the presentation fairly short without cumbersome notation. However, as for
ordinary SDEs and for SVEs of convolutional type, all concepts and results are expected
to extend to a multi-dimensional setting in a straightforward manner.

Organization of the chapter: In Section we introduce a local martingale problem
associated to SVEs. The existence of weak solutions to SVEs is provided in Section

3.1 Weak solutions and the Volterra local martingale prob-
lem

Let (2, F, (Ft)ie(o,), P) be a filtered probability space, which satisfies the usual conditions.
For T € (0,00) we consider the one-dimensional stochastic Volterra equation

X = xo(t) + /Ot K, (s, t)u(s, Xs)ds + /Ot Ky(s,t)o(s,Xs)dBs, te€][0,T], (3.2)

where x¢: [0,7] — R is a continuous function, (By)icp,r) is a Brownian motion, and
the coefficients p,0: [0,7] x R — R and the kernels K,, K,: Ar — R are measurable
functions, using the notation Ap := {(s,t) € [0,7] x [0,T]: 0 < s <t <T}. The integral
fg K, (s, t)u(s, Xs)ds is defined as a Lebesque integral and fg K, (s,t)o(s, Xs)dBs as an
[t6 integral. Moreover, for p € [1,00) we write LP(Q2 x [0,T]) and LP([0,T]) for the space
of p-integrable functions on Q x [0, 7] and on [0, T, respectively.

Analogous to the notion of weak solutions to ordinary stochastic differential equations (see
e.g. [KS91 Chapter 5.3, Definition 3.1], we make the following definition.

Definition 3.1. A weak solution to (3.2) is a triple (X, B), (Q,F,P), (Ft)icor) such
that

(i) (2, F,P) is a probability space, (Fi)icjo,1) 8 @ filtration of sub-o-algebras of F sal-
1sfying the usual conditions,

(i) X = (Xt)eo,m € LY (Q x [0,T)) is an (F;)-progressively measurable process, B =
(Bt)iepo,r) 15 @ Brownian motion w.r.t. (F¢)iejo,r),

(iii) fg (| K (s, ) (s, Xs)| + | Ko (s,t)o (s, X5)|?) ds < oo P-a.s. for any t € [0,T], and
() ((3.2) holds for (X, B) on (Q, F,P), P-a.s.

Under suitable assumptions on the coefficients and kernels, the existence of weak solutions
to the stochastic Volterra equation can be equivalently formulated in terms of solu-
tions to an associated local martingale problem, see Definition below. To that end, we
make the following assumption.
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3. Weak existence of solutions

Assumption 3.2. Let K,,, K,: Ar — R be measurable functions with K,,(-,t) € L*([0,T))
and K, (-,t) € L*([0,T)) for every t € [0,T], and let p,o: [0,T] x R — R be measurable
functions fulfilling the linear growth condition

u(t,2)| + |o(t,2)] < Co(1+ [2l), tE€[0,T], 2 €R,
for some constant C,, , > 0.

Let C?(R) be the space of twice continuously differentiable functions f: R — R and
Cg(R) be the space of all f € C?(R) with compact support. For two stochastic processes
X = (Xo)ep,r) and Z = (Zy)sep,r) such that X € L'(Q x [0,T]) is (F)-progressively

measurable and Z is (F;)-adapted and continuous, we introduce the process (M{ )eelo,1]
by

M] = f(z,) - /Ot A (3. X,, Z)ds, te€[0.7T), (3.3)

for f € C*(R), where
AT 0, T xR xR - R with  Af(t,z,2) .= pt,z)f'(2) + %O’(f,ﬂ?)Qf”(Z). (3.4)
As we shall see in the next proposition, assuming that (M{)te[o,T] is a local martingale

for all f € C3(R) implies that the stochastic process Z is a semimartingale.

Proposition 3.3. Suppose Assumption , Let (Xt)ie(o,r) be an (Fi)-progressively mea-
surable process in L'(Q x [0,T]) and (Z;)em) be an (Fy)-adapted and continuous pro-
cess on a filtered probability space (2, F, (Ft)icpo,r), P) satisfying the usual conditions. If

(M{)tE[O,T} is a local martingale for every f € C3(R), then we have:
(i) (Zt)iepo,m) is a semimartingale with characteristics ( [y (s, Xs) ds, [ o(s, X;)%ds,0).

(ii) There exists a filtered probability space (Q, F, (]}t)te[o,T]aP) satisfying the usual con-
ditions such that (Zi).cjo,r) is a semimartingale on Q, F, (ﬁt)te[o,T]j)) and

t ¢
Zy —/ ,u(s,XS)ds—i-/ o(s,Xs)dBs, tel0,T],
0 0

holds P-a.s., for some Brownian motion (Bt)tefo,r) on Q,F, (ﬁt)te[O,T]a]p)-

Proof. (i) By [JS03, Theorem I1.2.42|, in order to prove the assertion, it is sufficient to
show that (M{ )tejo,7], defined in (3.3), is a local martingale for every bounded function
f € C*(R).

Let f € C*(R) be bounded and define the hitting times

n i= inf X, | Z¢]) = n}, eN.
mi= . Gmax(Xil 1Z0) 2 nb,
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Note that 7, — T a.s. as n — oo since X € L'(2 x [0,T]) and Z is continuous. Since the
underlying filtered probability space satisfies the usual conditions, by the Début theorem
(see [RY99, Chapter I, (4.15) Theorem]), the hitting times (7, )nen are stopping times. It
remains to show that (7,)nen is a localizing sequence for (M{)te[o’T]. To that end, we
approximate f by the functions (f,)nen C CZ(R) given by f,, := ¢y, f for some ¢, € CZ(R)
taking values in [0, 1] and being identical to 1 on [—n,n]. Hence, (M{")te[o,T] is a local

martingale for every n € N and, thus, the stopped process (M{X%)te[O,T]y given by

tATh
MthTn = (fn)(Zt/\Tn) - Afn(S,Xsa Zs) dS, te [OvT]a
0
is a martingale as
(M3 | < sup | f(@)] + Copunn® < o0,
z€eR

for some constant Cy ,,, > 0, using the definition of 7, and the linear growth condition

on p and o. Since M{XTn = M{/\Tn for ¢ € [0, 7], (M{/\Tn)te[o,T] is a martingale for every

n € N and, hence, (7,)nen @ localizing sequence for (M{)te[O,T}-
(ii) Since the process (Z;)ic[o,7] is a semimartingale with absolutely continuous character-
istics ([ u(s, Xs)ds, [;0%(s, X5)ds, 0), the assertion follow by [JP12, Theorem 2.1.2]. O

Keeping these preliminary considerations and the classical martingale problem (see e.g.
[KS14, Definition 7.1.1]) in mind, we formulate a local martingale problem associated to
the stochastic Volterra equation (3.2)).

Definition 3.4. A solution to the Volterra local martingale problem given (zo, i, 0, K, Ks)
is a triple (X, Z), (0, F,P), (Ft)iejo,r) such that

(i) (Q,F,P) is a probability space, (Ft)icpo,r] s @ filtration of sub-o-algebras of F sat-
isfying the usual conditions,

(i) X = (Xt)ep,1] € LY(Q2 x [0,T)) is an (F;)-progressively measurable process,

(i) (Zt)ico,) 8 a continuous semimartingale with Zy = 0 and decomposition Z =
A+ M for some process (At)icjo,r) of bounded variation and some local martingale
(Mt)iefo.1)

(iv) the process (M{)te[O,T]y given by
t
M = f(Zt)—/ Al (s, X, Z2)ds, ¢ € [0,T], (3.5)
0

is a local martingale for every f € C2(R), where A’ is defined as in ([3.4), and

(v) the following equality holds:

t t
Xt::cg(t)+/ K,L(sj)dAs—i—/ Ko(s,t)dM,, te€[0,T], P-as  (3.6)
0 0
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3. Weak existence of solutions

Remark 3.5. The first Volterra local martingale problem was formulated in [AJCLP21|
for stochastic Volterra equations of convolution type, that is, the kernels K,, K, are sup-
posed to be of the form K(t—s) for a deterministic function K: [0,T] — R, see [AJCLP21,
Definition 3.1]. However, [AJCLP21), Definition 3.1] fundamentally relies on the convolu-
tional structure to ensure that a weak solution to the SVE leads to a solution of the Volterra
local martingale problem. The latter conclusion is based on a substitution and stochastic
Fubint argument, which is not applicable for general kernels. Compared to [AJCLP21,
Definition 3.1], the essential difference is that we reformulated [AJCLP21, (3.3)] to the
condition . While both conditions are equivalent for kernels of convolutional type, the
advantage of 1s that it allows for general kernels.

Moreover, notice that the Volterra local martingale problem as presented in Definition[5.4)
reduces to the local martingale problem for ordinary stochastic differential equations in the
case K, = K, = 1. Indeed, in this case conditions (i) and (iv) imply conditions (iii) and
(v) on a possibly extended probability space, see Proposition .

Remark 3.6. Condition (i) of Deﬁmtion can be relazed to the condition “(Zt)icpo,1]
is an (Fy)-adapted and continuous process” since this together with (iv) of Definition
already implies the semimartingale property of (Zt)te[O,T]; see Proposition . Howewver, we
decided to directly postulate the semimartingale property of (Zt)icpo,1) @0 the formulation of
the Volterra local martingale problem to ensure that condition (v) is obviously well-defined.

As for ordinary stochastic differential equations, the existence of weak solutions to SVEs
is equivalent to the solvability of the associated Volterra local martingale problem.

Lemma 3.7. Suppose Assumption , There exists a weak solution to the SVE (3.2)) if
and only if there exists a solution to the Volterra local martingale problem given (xo, 1, 0, K, Ks).

Proof. Let (X, B) be a (weak) solution to (3.2 on a probability space (2, F,P). Setting
t t
Zt = At+Mt :—/ ,u(s,Xs)ds—i-/ O'(S,Xs)st, te [O,T],
0 0

Ito’s formula applied to f(Z;) for f € C3(R) yields that

M = f(z) - /f (s, X;)ds — = /f” X,)%ds
:f(zo)+/0 #(Z)o(s, X,) dB,,

which is a local martingale and, by its definition, Z is a semimartingale satisfying (3.6).

Conversely, if there exists a solution to the Volterra local martingale problem, we obtain
a Weak solution to the SVE by using (3.6) and Proposition which yields that

s)ds and M; = (s, Xs)dBs for some Brownian motion (By):cio.1 O
0 0 €[o, 7]
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3.2 Existence of weak solutions

In this section we establish the existence of a weak solution to the SVE (3.2) and, equiv-
alently, of a solution to the associated Volterra local martingale problem, under suitable
assumptions on the initial condition, coeflicients and kernels, which we state in the fol-
lowing.

Assumption 3.8. There is some p € (4,00) and some 7y € (12;, 3) such that:

(i) There is a constant Cp, > 0 such that, for all (t,t') € Ar,

t % ,
[ 1t ) Ko 01757 s 4 [ 18 101757 s < i — 17,
0 t (3.7)
t , 2 t 22 , 2w
/ |Ky(s,t") — Ko(s,t)[P=2 ds —l—/ |Ks(s,t)|p=2ds < Cp|t’ — t]r-2.
0 t

(i) The coefficients p,o: [0,T] x R — R are measurable functions such that for every
compact set K C R and every € > 0 there exists a 6 > 0 such that

u(t,z) — pt,y)| +lo(t,z) —o(t,y)| <e, t€[0,T], 2,y € K with |z —y| <6,
and p,o fulfill the linear growth condition
lu(t, )|+ |o(t,z)] < Cuo(l+1z|), te[0,T], z€R, (3.8)
for a constant C,, , > 0

(155) The initial condition xo: [0,T] — R is f-Holder continuous for every 8 € (0,7—1/p).

Note that Assumption directly implies with the choice ¢ = % — 2, and vice
versa implies Assumption (i) with p = 4/ + 2 (and if necessary rescaling the
exponent using Holder’s inequality if € > 2 to secure p > 4).

To formulate our second assumption, for a measurable function K: Ar — R, we say
K(-,t) is absolutely continuous for every t € [0,T] if there exists an integrable function
O K: Ap — R such that K(s,t) — K(0,t) = [; 01K (u,t) du for (s, t) € Ap.

Assumption 3.9. The kernel K, is measurable and bounded in L*([0,T]) uniformly in
the second variable, i.e.

t
sup / |K (s, t)|ds < C
te[0,7] /0

for some constant C > 0. The kernel K, is measurable and satisfies at least one of the
following conditions:
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3. Weak existence of solutions

(i) K, is a bounded function and K,(-,t) is absolutely continuous for every t € [0,T]
such that 01K, fulfills

sup
te[0,7]

¢ 1
/ 01K, (s, )P ds| < C
0

for some p > 1 and some constant C > 0.
(ii) Ko (s,t) = K(t —s) for all (s,t) € A for a function K € L*([0,T]).

Note, that Assumption is satisfied by every convolutional kernel K, (s,t) = K(t — s)
for all (s,t) € Ap for a function K € L'([0,T]), and in case of Assumption (i), the
bound on the second summand in is trivially fulfilled. With these assumptions at
hand we are ready to state our main result.

Theorem 3.10. Suppose Assumptions and [3.9.  Then, there exists a weak solution
(in the sense of Definition with (X¢)iepo,r) € C([0,T]) to the stochastic Volterra
equation (3.2).

Before proving the aforementioned existence result, let us briefly discuss some properties
of weak solutions to the SVE (3.2)) and some exemplary kernels.

Remark 3.11. Suppose Assumption [3.8, Due to Lemma and Corollary any
weak solution with (Xt)iejo,r) € C([0,T]) to the SVE (3.2)) satisfies sup,ep ) E[| X¢|?] < 00
for any q € [1,00) and possesses a [3-Holder continuous modification for any g € (0,v —

1/p).

Remark 3.12. Assumptions (i) and are satisfied, e.q., by the following type of
diffusion kernels:

(i) Kq(s,t) :=(t —s)™* for a € (0, 3) for any p € (5=, )withfy:%—a—%,
(ii) Ko (s,t) :== K(t — s) for a Lipschitz continuous function K: [0,T] — R,

(i) regular kernels fulfilling Assumption[2.1], and

(iv) weakly differentiable kernels such that O K,(s,t) < C(t —s)=® for a € (0, 3).

The following calculation shows that Assumption (i) holds for (i), the rest is easy to
see.

t 13 &3
/‘t—s Y= (t—s) “‘P2d3</ <(t—s)7§p2—(t—s) ;p2)ds
0

2pa 1t 2pa 1t
<—{t—s _ﬁ} +[t/—s _PT?}
S (S N (VR e
<R (- ) e
S =t 7



andwithvz%—a—p,

2vp _p—2ap—2_1 2ap

p-2  p-2 p—2
The other terms in (3.7) follow analogue.

The remainder of the chapter is devoted to implement the proof of Theorem based on
several auxiliary lemmas. Note that Lemma implies Theorem due to Lemma|3.7]
Note further that the continuity of (X)yec[o7] in Theorem follows by the convergence

X* = X in C([0,T]) in Lemma

Assuming the coefficients p, o satisfy Assumption [3.8] the next lemma provides a way to
approximate u, o locally uniformly by Lipschitz continuous coefficients.

Lemma 3.13. Let f: [0,T] xR — R be a measurable function such that for every compact
set K C R and every € > 0 there exists 6 > 0 such that

|f(t,ﬂ§‘) - f(tuy)| < & te [OﬂTL T,y € K with |:’C _y| < 57
and such that f fulfills the linear growth condition
(L) < Cp(1+]al), t€[0,T],z€R, (3.9)

for some constant Cy > 0. Then, there is a sequence (fn)nen of measurable functions
fn:[0,T] x R — R, which satisfies:

(i) linear growth: for Cy >0 as in (3.9)), we have
[fn(t, )| <2C; (A + |z]), t€[0,T], z €R;
(i) Lipschitz continuity: for each n € N there is a Cy, > 0 such that
|fn(ta$)*fn(t’y)‘ §Cn|x—y|, te [OvT]’xaQER;

(iii) locally uniform convergence: for all v € (0,00) we have

sup |f(t,x) — fu(t,z)| = 0, asn — oco.
tel0,T],x€[—r,r]

Proof. We explicitly choose the sequence (fy,)nen by
fulta) i= onla) [ fta=0)3u)ds, e,
for some ¢, € CZ(R) with support in [—(n + 1),n + 1], taking values in [0, 1] and being

identical to 1 on [—n, n], where 0, (y) := é(l—gf)"l[,m] (y) with ¢, := f[—1 1](1—3;2)” dy.

44



3. Weak existence of solutions

(i) For t € [0,T] and = € R, using the linear growth condition on f, we get

5t <€ [kl dy <Oy [ (24 [o)du(y)dy < 2651+ fa.

) )

(ii) Let t € [0,T], z,y € R and n € N. Using the compact support of f,, and the fact, that
every 0, is Lipschitz continuous as a smooth function with compact support, we get

n+2
ult2) — Fultuy)| < Crenl — y|/( (D= < Ol =
— n+

for some constant C,,.

(iii) Due to the continuity property of f, we can find for every r > 0 and for every £ > 0
some 6 > 0 such that for all z,y € [—r,r] with |x —y| < 0 and all ¢ € [0,7] holds
|f(t,z) — f(t,y)| <e. Assuming n € N to be large enough that ¢, =1 on [—r, 7], we get
for any = € [—r, 7],

|f(t7x) - fn(ta‘r”
—/ 6n(y)\f(t7:r)—f(t,x—y)\der/ Sn()|f (@) — f(t, @ —y)|dy.
[65,0] [~L,1\[-5,0]

Let now N(e,r) > 0 be big enough, such that f[il =y dn(y)dy < € and ¢, = 1 on
[—7, 7] for all n > N(e,r). Then, setting 7 := 7+ 1 for all n > N(e,r)

F(t,2) — falt )] < / buly)edy + 2 sup !f(s,f)|§6<1+2 sup |f<s,:z>|>,
[—4,] s€[0,T7, s€[0,T7,
Fe[—F,F] TE[—F,7]

which tends to zero as ¢ — 0. O

A suitable approximation, like the one provided in Lemma [3.13] ensures the convergence
of associated Riemann-Stieltjes integrals. We denote by C([0,T];R) the space of all con-
tinuous functions g: [0,7] — R, which is equipped with the supremum norm || - ||sc.

Lemma 3.14. Let f: [0,T] xR — R be a function such that for every compact set K C R
and every € > 0 there exists § > 0 such that

|f(t,x) — f(t,y)| <e, te€l]0,T],z,y€ K with|z—y| <o, (3.10)
and (fr)ken be a sequence of functions such that fr: [0,7] x R — R and |f(t,z)| +
\fe(t,z)| < C(1+ |2|?), t €[0,T], z €R, for all k € N and for some C >0, and f;, — f

locally uniformly. Let K: Ap — R be measurable and bounded in L'([0,T]) uniformly in
the second variable, i.e. supyco ) fg |K(s,t)|ds < M for some M > 0. If (X*)pen i a

sequence of continuous stochastic processes such that X¥ — X in C([0,T];R) as k — oo
P-a.s, then

(] Ksntsxbyas)

oo
L4 (/0 K(s,-)f(s,xs)ds)tem Wit || oo k= oo,

where 53 denotes convergence in probability.

45



Proof. First, note that due to the continuity condition (3.10)), for every n € N there exists
some continuous non-decreasing function gy, : [0,00) — [0,00) with g,(0) = 0, such that
for all z,y € [—n,n],

[f(t,2) = f(&y)l < gn(lz —yl), ¢<[0,T].

Let € > 0 and § > 0 be fixed but arbitrary. Choose N € N and K € N big enough such
that
P(|[X|loo > n/2) <6/4 and  P(|XF - X|ls >n/2) < 6/4,

for allm > N and k£ > K. Then,

P(| X lloo V 1 X¥lloo > 1) < P({X|loo > n} U{IX* = Xlloo + | X[Joo > n})

< B(Xlloo = n/2) + P(IX* ~ X[l = n/2)
<5/A+6/4=35/2.

For every n,k € N, on {[|X||eo V [| X*||oc < n} we can bound for ¢ € [0, T7,
t ¢
AF — A, ::/ K(s,t)fk(s,Xf)ds—/ K(s,t)f(s,Xs)ds
0 0
t ¢
</O |K(8,t)|!fk(8,Xf)—f(S7X§)\ds+/O K (s, O] £ (5, X2) = f(5,Xs)| ds

SM( up |fk<t,x>—f(t,x>|+gn(||x’f—X||oo)>, (3.11)
t€[0,T), z€[—n,n]

with supyeqo,n fg |K(s,t)]ds < M. For every n € N we choose K5 € N sufficiently large
such that

P( L |fk<t,x>—f(t,as>|+gn<|X’f—Xuoo>Ze/M)ga/z, k> KD
te[0,T

J,z€l-n,n]
Setting K4 := max{KX, K}, we get
P(||A" — Al > €)
<P({14* — Alloo 2 e} N {1 X oo V I X" oo < N}) +P(1X [l V | X¥]loc > )

<P swp o [flta) = f(t2)] +gn(IXF — X o) 2 e/M) +6/2 <5,
t€[0,T), z€[—N,N]

for all £ > K5, which shows the desired convergence. O

Given coefficients p, o satisfying Assumption [3.8] we fix, relying on Lemma two
sequences (fin)nen and (o, )pen With

tn: [0, T] xR—R and o,:[0,7] x R — R,
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3. Weak existence of solutions

that fulfill properties (i)-(iii) of Lemma For every n € N, we define (X{')icjo,7] as
the unique (strong) solution (see page 14 for the definition of unique strong solutions to
SVEs) to the stochastic Volterra equation

t t
Xp:xo(t)+/ Ku(s,t)un(s,Xg)ds+/ K, (s,)om(s, X") dBs, t€[0,T], (3.12)
0 0

given a Brownian motion (Bj),cor] on some probability space (€2, F,P). Note that
(X{")tejo,m exists by [Wan08, Theorem 1.1] due to the Lipschitz continuity of u, and
on. Furthermore, we introduce the sequences (A"),en and (M™),en by

t t
A} ::/ tn(s, X)ds and M} ::/ on(s, X7)dBs, te[0,T]. (3.13)
0 0

In the following, we denote X 2Y for equality in law of stochastic processes X and Y.

Lemma 3.15. Suppose Assumption[3.8 and let (X™)nen, (A™)nen and (M™)nen be given
by (B12) and (B13). Then, there exist continuous stochastic processes (X®)pen, (A¥)pen,
(Mk)keN, X, A, M and a Brownian motion (Bt)te[o 7] on a common probability space
(Q, F,P) such that (X*, A% NI*) — (X, A, M) in C([0, T]; R3) as k — oo P-a.s., (X*, A, N1¥) 2
(X A" M"™) and M is a local martingale with the representation

¢
Mt:/ o(s,Xs)dBs, te€[0,T],
0

where (X" A" M" ) cn denotes some subsequence of (X, A", M™),eN.

Proof. First we want to apply Kolmogorov’s tightness criterion (see [KS91l Problem 2.4.11])
to the probability measures (P xn an a» B))nen associated to the four-dimensional stochas-
tic processes (X", A", M", B)pen. By Lemma (i) we know, that the coefficients py,
and o, fulfill the linear growth condition with uniformly bounded constants, i.e.
Chupon < 20,5 for all n € N. Hence, using p € (4,00) from Assumption we deduce,
by Lemma [2.10] that

P
sup sup E[X7] §C<1+ sup |330<3)|> < 00,
n€N s€[0,T s€[0,T

and, by Lemma [2.7] and Remark that
E[| X} — zo(t') — X — zo(t)|P] < C|t' —t|°P, neN,

for every € (0,7 — 1/p), where the constant C' > 0 depends only on p, T, K,,, K, and
Cl,o- Moreover, it is straightforward to show that

E[lA) — AJ[P) < C¢ — 1|5 and E[ M} — M) < CJY — 1]
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for all 0 <t < < T and some constant C' > 0, by Holder’s inequality and Burkholder—
Davis—Gundy’s inequality, respectively. Choosing ( sufficiently close to v — 1/p so that
Bp > 1, which is possible due to Assumption and noting that the initial distributions
(X§, Ay, M, Bo)nen are independent of n, we can apply Kolmogorov’s tightness crite-
rion to obtain the tightness of the sequence (P(xn» an arn B))nen. Hence, by Prohorov’s
theorem ([KS91, Theorem 2.4.7]) we get relative compactness ([KS91l Definition 2.4.6])
of the sequence of measures (P(xn an pm g))nen in Mi(C([0,T];R?)), which denotes the
space of all probability measures on C([0,7]; R*). Consequently, there exists a converging
subsequence (P(xni anx arme B))ken such that

Pixre ame vme B) = Pix,a,m,p)  weakly as k — oo,

for some measure P(x 4 ,p) in M1 (C([0,T];RY)).

The Skorokhod representation theorem (see e.g. [Dud02, Theorem 11.7.2]) yields the
existence of some probability space (Q F, IP’) with continuous stochastic processes (X ) ren,
(flk)keN, (Mk)keN, (Bk)keN and X, A, M, B on it such that

(Xnk Ank M B) (Xk Ak Mk Bk) kEN,
and
(XF, A¥ MF BYY 5 (X, A,M,B) in C([0,T;R*) as k— o0, P-as.

From a general version of the Yamada—Watanabe result, see [Kurl4, Theorem 1.5, we can
deduce that M} = fg Ony, (5, X¥)dBE, for t € [0,T] and for all k € N, and the stochastic

processes (B¥)pen are Brownian motions as B*Z B. Thus, M* is a local P-martingale
with quadratic variation (M*), = fg o, (5, X5)2 ds.

Due to the P-a.s. convergence of (Mk)keN to M, [JS03| Proposition IX.1.17] implies that
M is also a local P- martingale, and the convergence of fg O, (8, X )2 ds in probability, see
Lemmau together With [JS03, Corollary VI.6.29] implies that the quadratic variation of
M is (M), = fo 2 ds. Therefore, the representation theorem for local martingales
with absolutely continuous quadratic variations (see e.g. [KS91, Theorem 3.4.2|) yields
the existence of some probability space (Q, F,P), which is an extension of (O, F, P), and
a Brownian motion (Bt)te[O,T} on it, such that M; = fo s)dB; for t € [0,T7]. O

Using the stochastic processes X, A and M from Lemma [3.15] we can construct a solution
to the Volterra local martingale problem in the sense of Definition [3.4]

Lemma 3.16. Suppose Assumptions and 3.9 There exists a solution to the Volterra
local martingale problem given (o, p, 0, K,, Ks).

Proof. Recall, the stochastic processes (X" )neN, (A")nen and (M™)pen on (2, F,P) are
given in (3.13) and (X*)ren, (AF)pen, (M*)ren, X, A and M on (9, F,P) are given by
Lemma [3.15] We introduce the stochastic processes (Z™)nen, (Z2%)pen and Z by

= AP+ M, ZF.=AF 4+ MF oand Z,:= A+ M, tel0,T)
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3. Weak existence of solutions

We shall show that the triple (X, Z), (Q, F,P), (Fi)tejo.r], where (F7*)ejor) denotes the
augmented natural filtration of X (cf. [KS91, Definition 2.7.2|), solves the Volterra local
martingale problem given (o, 1, 0, K, K,). Since the properties (i)-(iii) of Definition
are fairly easy to check, we verify here that

(iv) the process (M{)tE[O’T} defined by (B.5) is a local P-martingale for every f € C2(R),
(v) the equality (3.6]) holds P-a.s.

(iv) For k € N and f € C3(R), the stochastic process (M{’k)te[o,T] is defined by

t
M= 128~ [ A 5 Zyas, eelom)

where AR (t, 2, 2) i= i, (t,2) f'(2) + 300, (t, )2 f"(2). Due to (X*, Z¥) 2 (X" Z™) and
since (X", Z™) solves the Volterra local martingale problem given (xo, ftn, , on,,, K, Ko)
on (2, F,P) by construction and Lemma it follows that (M{’k)temﬂ is a local martin-
gale on (Q, F, IP;) for every k € N. Moreover, Lemmaimplies that MF5* — M/ weakly
as k — oo and, thus, by [JS03l, Proposition IX.1.17], the limiting process (M{)te[O,T} is a
local martingale on (2, F,P).

(v) Since (X*, MF) Z (X" M") for every k € N and pathwise uniqueness holds for
SVEs with Lipschitz continuous coefficients (see e.g. [Wan08, Theorem 1.1]), the general
version of the Yamada-Watanabe result ([Kurld, Theorem 1.5]) yields that X* can be
represented as the stochastic output of the Volterra equation from the stochastic
input MP* in the same way as X™ from M"* hence, we get that

t t
Xf:xo(t)+/ Kﬂ(s,t)unk(s,Xf)ds—l—/ K, (s,t)dMF, te[0,T], P-as., (3.14)
0 0

holds. To continue the proof of (v), we need to distinguish between (a) bounded kernels
and (b) kernels of convolutional type.

(a) We start with the bounded kernels as in Assumption (i). Due to the absolute
continuity of K, in the first variable, we can apply the integration by part formula for
semimartingales (see [RW00, Theorem (VT).38.3]) to rewrite (3.14) to

A~

t t

XF = zo(t) +/ Ku(s,t),unk(s,Xf)ds+Kg(t,t)Mtk+/ MEO K, (s,t)ds.  (3.15)
0 0

Since (X*, M*) = (X, M) in C([0,T);R?) as k — oo, P-a.s., and K, is bounded, we

obtain by Lemma 3.14|that X* — X and K,M* — K, M in C([0,T];R) as k — oo, P-ass.,

and [§ Ku(s, ) pn, (s, XE)ds — fot K, (s,")dAs in C([0,T];R) in probability as k — oo.

Furthermore, applying Holder’s inequality with p > 4 (see Assumption and denoting
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qg=p/(p—1), we get by the integrability of 0; K, that

T L . :
< (/ ny_Msyqu)"H/ 101K, (s, )P ds
0o 0 0

H/ (MF — MoK, (s,-)ds
< C||M* = M|oo.

Hence, the P-a.s. convergence (M*)pen to M implies IN MFE,(s,-)ds — Jo MK, (s,-)ds
as k — oo P-a.s., and we can take the limit in probability in or the P-a.s. limit for
some subsequence, to obtain that holds P-a.s.

(b) For convolution kernels as in Assumption (ii), we integrate both sides of
and use the stochastic Fubini theorem (see e.g. [Verl2) Theorem 2.2]) twice to obtain

t t t s t s
/des:/ :Uo(s)ds+/ / Ku(s,u)dAﬁdst/ / K, (s —u)dMFds
0 0 0 Jo 0o Jo
t t s X t oyt X
:/ mo(s)d5+/ / Ku(s,u)dAﬁdst/ / Ko (s —u)dsdMPF
t t t—u
/ xo(s d5+/ / K,u(s,u dAkds—G—/ / Ky(s)dsdMF
0 0 Jo

t t t t—s
/ o ds+/ KusudAkds%—/K(s)/ Ak ds
0 0 J0 0

0
¢ t
/:co ds+//KM5udAkds+/K (t — s)MPF ds. (3.16)
0

0 0

8

Since

. T
H [ ot 9t = aas| < It = 2 [ Ko = 5)1ds < OIS - M)
0 %) 0

and M* — M as k — oo, P-a.s, we obtain [; Ko(t — s)MFds — [ K,(t — s)M,ds as
k — 0o, P-a.s. The convergence of f(f 5 Ku(s,u)dAk ds follows as in (a). Thus, taking

the P-a.s. limit of both sides of (3.16) and then taking the derivative yields that (3.6)
holds for (X, Z), P-a.s. O]
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Chapter 4

Pathwise uniqueness for the
fractional SVE

The content of this chapter is published in [PS22].

Introduction

In this chapter, we study the one-dimensional fractional stochastic Volterra equation
(SVE) which has the form

X = xo(t) —l—/o (t—s)"u(s, Xs)ds —l—/o (t—s)"%(s,Xs)dBs, t€]0,T], (4.1)

where a € [0, %), zo: [0,7] — R is a continuous function, u,o: [0,7] x R — R are mea-
surable functions and (Bt)co,7] is a standard Brownian motion. Although the stochastic
integral in (4.1) is defined as a classical stochastic It6 integral, a potential solution of
this SVE is, in general, neither a semimartingale nor a Markov process. Assuming that
p is Lipschitz continuous and o is £€-Hdélder continuous for & € (ﬁ, 1], we show that
pathwise uniqueness for the SVE holds and, consequently, that there exists a unique
strong solution.

As long as the kernels of a one-dimensional SVE are sufficiently regular, i.e. excluding
the singular kernel (¢t — s)~* in (4.1)), the existence of unique strong solutions can be still
obtained when the diffusion coefficients are only 1/2-Hélder continuous, see Chapter
or [AJEEL9D]. The latter results are crucially based on the observation that solutions
to SVEs with sufficiently regular kernels are semimartingales, allowing to rather directly
implement approaches in the spirit of Yamada—Watanabe [YWTI].

A major challenge to prove pathwise uniqueness for the SVE with its singular frac-
tional kernel K, (s,t) = (t — s)~“ is the missing natural semimartingale representation
of its potential solution. Assuming the drift coefficient p does not depend on the solu-
tion (X¢)ejo,r) and the diffusion coefficient o is £&-Holder continuous for § € (ﬁ, 1],
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Mytnik and Salisbury [MS15] established pathwise uniqueness for the SVE by equiv-
alently reformulating the SVE into a stochastic partial differential equation, which then
allows to accomplish a proof of pathwise uniqueness in the spirit of Yamada—Watanabe
relying on the methodology developed in [MPS06, MP11]. In this chapter, we generalize
the results and method of Mytnik and Salisbury [MS15| to derive pathwise uniqueness
for the stochastic Volterra equation with general time-inhomogeneous coeflicients.
As classical transforms allowing to remove the drift of an SDE are not applicable to the
SVE , the general time-inhomogeneous coeflicients p creates severe novel challenges.
For the sake of readability, all proofs are presented in a self-contained manner although
some intermediate steps can already be found in the work [MS15] of Mytnik and Salisbury.
The existence of a unique strong solution to the stochastic Volterra equation follows
by a general version of Yamada-Watanabe theorem (see [YWT1] [Kurl4]) stating that the
combination of pathwise uniqueness and the existence of weak solutions to the SVE
(as obtained in Chapter [3) guarantees the existence of a strong solution. Let us remark
that strong existence and pathwise uniqueness play a crucial role in the context of large

deviation and as key ingredients to fully justify some numerical schemes, see e.g. [DE97,
Mao94].

Organization of the chapter: Section presents the main results on the pathwise
uniqueness and strong existence of solutions to stochastic Volterra equations. Section
contains the main steps in the proof of pathwise uniqueness, while the remaining Sec-
tions provide the necessary auxiliary results to implement these main steps.

4.1 Main results

Let (2, F, (Ft)tcp,r); P) be a filtered probability space, which satisfies the usual condi-
tions, (Bt)iepo,r) be a standard Brownian motion and T € (0,00). We consider the one-
dimensional stochastic Volterra equation (SVE)

X = xo(t) —i—/o (t—s)"“u(s, Xs)ds —i—/o (t—s)"%o(s,Xs)dBs, t€]0,T7], (4.2)

where o € [0, 3), zo: [0,7] — R is a continuous function and p,o: [0,7] x R — R are
deterministic, measurable functions. Furthermore, fg (t—s)"%u(s, Xs)ds is defined as a
Riemann—Stieltjes integral and fg(t —5) %0 (s, Xs)dBs as an Ito integral.

The regularity of the coefficients p and o and of the initial condition zq is determined in
the following assumption.

Assumption 4.1. Let a € [0, 3), let zg be absolutely continuous and let p,0: [0,T] xR —
R be measurable functions such that

(t) 1 and o are of linear growth, i.e. there is a constant Cy o > 0 such that
|u(t, z)| +|o(t, 2)| < Cpo(l +[z]),
for allt € [0,T] and xz € R.
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4. Pathwise uniqueness for the fractional SVE

(ii) p is Lipschitz continuous and o is Holder continuous in the space variable uniformly
in time of order £ for some £ € [%, 1] such that

1

$ Sa—ay

where in the case of a = 0 even equality is allowed. Hence, there are constants
Cu,Cs > 0 such that

p(t, @) = p(t,y)| < Culz =yl and |o(t,z) — o(t,y)| < Cola —yf*
hold for all t € [0,T] and z,y € R.

(115) For every K > 0, there is some constant Cx > 0 such that, for every t € [0,T] and
every x,y € [— K, K],

p(t,x) — p(t,y)

U(tv .’I?) - U(tv y)

where we use the convention 0/0 := 1.

‘SCK,

Assumption is a standing assumption throughout the entire chapter. Although not
always explicitly stated all results are proven supposing Assumption [£.1]

Remark 4.2. Given Assumption[4.1 (it), Assumption[4.1] (iti) is a fairly mild restriction.
Consider, for example, some Lipschitz continuous function p and o of the form o(t,x) =
sgn(z)|z|¢ for € € [1/2,1]. Note that, in interesting cases like the rough Heston model in
mathematical finance, solutions to are non-negative (see [AJEE19d, Theorem A.2]),
so that the sgn in the definition of o does not influence the dynamz'cs of the associated
SVE. Then, for |z|,|y| < K, using the inequality | sgn(x) Y|z|¢ — sgn( )\y|§’ > K Yz — ],
we get

p(t, ) — plt, y)’ |z —y| < |z —y|
o(t,z) — o(t,y) "l sgn(x)|z|¢ — sgn(y)|yl¢] — F Ktz —yl

=C,K < 0.

Based on Assumption we obtain a unique strong solution of the stochastic Volterra
equation . Therefore, let us briefly recall the concepts of strong solutions and pathwise
uniqueness. Let for p > 1, LP(Q2 x [0,7T]) be the space of all real-valued, p-integrable func-
tions on Q x [0,T]. An (F)ye[o,r)-progressively measurable stochastic process (X¢)ejo,7)
in LP(2 x [0,T]), on the given probability space (£, F, (Fi)ejo,r, P), is called (strong)
LP-solution to the SVE if fg(|(t —8)7(s, Xs)| + |(t — 5) %0 (s, X4)|?) ds < oo for
all t € [0,7] and the integral equation (4.2)) holds a.s. We call a strong L'-solution often
just solution to the SVE (1.2). We say pathwise uniqueness in LP(€2 x [0, T]) holds for the
SVE ([#.2) if P(X; = Xy, Vt € [0,T]) = 1 for two LP-solutions (Xt)tejo,r) and (Xt)te[o 7] to
the SVE defined on the same probability space (€2, F, (Ft).ejo,r), P). Moreover, we
say there exists a unique strong LP-solution (Xt)icpo,1) to the SVE if (Xt)te[o,T] is a
strong LP-solution to the SVE and pathwise uniqueness in L? holds for the SVE (4.2)).
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We say (X¢)iejo,r) is f-Holder continuous for 8 € (0,1] if there exists a modification of
(Xt)te[o,T] with sample paths that are almost all S-Hélder continuous.

Note that the kernels K, (s,t) = K,(s,t) = (t — )~ with a € (0,1/2) fulfill the assump-
tions of Lemma and Lemma for every

1
e e (0, —- 2) (4.3)
with
1

24¢

This means that, to use the results of Lemma and Lemma we need to consider
LP-solutions with

v = —a. (4.4)

2t 4% (4.5)

> max{ 2,1+ 2} {
max{ —, -} =max{——,
b ol € 1 —-2a—c¢ca €

The maximum in (4.5) is attained for e* = 11125‘. Hence, inserting * into (4.5)), we consider

in the following LP-solutions and LP-pathwise uniqueness for some
6a

>3 .
P>t 15,

(4.6)

The following theorem states that pathwise uniqueness for the stochastic Volterra equa-
tion (4.2)) holds, which is the main result of the present work.

Theorem 4.3. Suppose Assumption and let p be given by {.6). Then, LP-pathwise
uniqueness holds for the stochastic Volterra equation (4.2]).

The proof of Theorem will be summarized in Section and the subsequent Sec-
tions 4.6] provide the necessary auxiliary results. Relying on the pathwise uniqueness
and the classical Yamada—Watanabe theorem, we get the existence of a unique strong
solution.

Corollary 4.4. Suppose Assumption and let p be given by (4.6)). Then, there exists a
unique strong LP-solution to the stochastic Volterra equation (4.2).

Proof. The LP-pathwise uniqueness is provided by Theorem The existence of a strong
LP-solution follows by the existence of a weak LP-solution to the stochastic Volterra equa-
tion ({.2)), which is provided by Theorem which is applicable since the kernel (t—s)™¢,
a € |0, %), fulfills Assumption , cf. Remark . Thanks to Yamada—Watanabe’s the-
orem (see [YWTI, Corollary 1], or [Kurl4l Theorem 1.5] for a generalized version), the
existence of a weak LP-solution and pathwise LP-uniqueness imply the existence of a unique
strong LP-solution. O

Furthermore, we obtain the following regularity properties of solutions to the SVE (4.2]).
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4. Pathwise uniqueness for the fractional SVE

Lemma 4.5. Suppose Assumption and let (Xi)icjo,m be a strong LP-solution to the
stochastic Volterra equation (4.2) with p given by (4.6). Then, sup,cpo ) E[|X¢|7] < oo
for any q > 1 and the sample paths of (Xi)cjo,r) are B-Hélder continuous for any (8 €
(07 % - a)'

Proof. The statements follow by Lemma [2.7| and Lemma since the kernel (¢t — s)™®
fulfills Assumption [3.§| O

For k € NU{oo}, we write C*(R), C*(R,) and C*([0, T] x R) for the spaces of continuous
functions mapping from R, Ry resp. [0,7] x R to R, that are k-times continuously differ-
entiable. We use an index 0 to indicate compact support, e.g. Cg°(R) denotes the space
of smooth functions with compact support on R. The space of square integrable functions
f: R — R is denoted by L?*(R) and equipped with the usual scalar product (-,-). More-
over, a ball in R around z with radius R > 0 is defined by B(z, R) :={y € R: |[y—z| < R}
and we use the notation A, < B, for a generic parameter 1, meaning that A, < CB, for
some constant C' > 0 independent of 7.

4.2 Proof of pathwise uniqueness

We prove Theorem by generalizing the well-known techniques of Yamada—Watanabe
(cf. [YWTI, Theorem 1]) and the work of Mytnik and Salisbury [MS15]. One of the
main challenges is the missing semimartingale property of a solution (Xt)cjo7] to the
SVE . Therefore, we transform into a random field in Step 1, for which we can
derive a semimartingale decomposition in . Then, we implement an approach in the
spirit of Yamada—Watanabe in Step 2-5 and conclude the pathwise uniqueness by using a
Gronwall inequality for weak singularities in Step 6.

Proof of Theorem [[.3. Suppose there are two strong LP-solutions (X} );ejo,7] and (X7)sepo,1]
to the stochastic Volterra equation (4.2]).
Step 1: To induce a semimartingale structure, we introduce the random fields

t

X'(t,z) = $o(t)+/0 Pf_s(l‘)u(s,Xﬁ)dSJr/o pi_s(w)o(s, X7) dBs, (4.7)

for t € [0,T], x € R and ¢ = 1,2, where the densities pf: R — Rand 0 :=1/2 — « are
defined in (4.11)). By Proposition we get that X* € C([0,7] x R) and

/]RXi(t,x)QJt(:c) dx:/R(zocbo(xH/ot <I>8(x)%xo(s) ds> dz
/ /XZ s z)(m@ (z )+§ B, (z )) dz ds (4.8)

t
+/ (s, X'(s,0))® ds+/ (5, X"(s,0))®4(0) dBs,
0
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for t € [0,T] and every ® € CZ([0,T] x R), where the differential operator Ay is de-
fined in (£.16). Notice, due to (4.8), the stochastic process t — [, X'(t,2)®(z)dz is a
semimartingale and X*(¢,0) = X} for t € [0, 7).

Step 2: We define suitable sequences (&™) C C3(R), for z € R, and (¢,,) C C*®(R) of test
functions, see (4.36]) and (4.31) for the precise definitions, such that

O — 0, asm — oo, foreveryz€R, and ¢, —|-| asn— oo

Applying Proposition (which is based on It6’s formula and ([.8) and setting X (t) :=
X(t,-) := X(t,-) — X2(t,-) for t € [0,T], we get

oul(X0). 7)) = [ (K. 07 (X(6), 200 s
[ G, DBl X (5,0) — s X(5,0)) s
[ SR, DENEO0) 015, X (5,0) — s X(6,0)) 4B,
£ 5 [ Ol (07 (015, X 5,0) = o5 X7(5.0)) .

where (-, -) denotes the scalar product on L?(R).

Step 3: To implement an approach in the spirit of Yamada—Watanabe, we need to intro-
duce another suitable test function ¥ € C([0,T] x R) (satisfying Assumption below).
Denoting by ¥ := %\II the time derivative of W, Proposition leads to

(Gn((X (1), @), Uy)
_ /0 6 ((R (), 0) (X (5), Ag®™), 0, d
- /0 (6L (), B7)D(0), W) (s, X' (5,0)) = s, X2(5.0))) s
+ /0t<¢);1(<)~((s), ™))™ (0), ¥y) (o(s, X' (s,0)) — o(s, X*(s,0))) dBs
+ ;/Otwn(ufc(s), ™)@ (0)2, ¥y) (o(s, X' (s,0)) — o(s, X*(s,0))) ds

+ /0 (Dn((X(5), ), ) ds.

Step 4: Using the stopping time T g defined in (4.83)), taking expectations and sending
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4. Pathwise uniqueness for the fractional SVE

n,m — oo, Proposition [£.31] states that

E[<‘<X(t/\T§,K)‘7\I/t/\T&KN
t/\TgﬁK N
gE{/O /R]X(s,x)\Ag\I/s(x) d:):ds]

+ /0 e \I/S(O)E[]X(S,O)Hds—l—E[ /0 e /R X (5, 2)| W, (2) dr ds |

Step 5: Since Tg ¢ — T as K — oo a.s. by Corollary applying Fatou’s lemma yields
t
/ E[| X (¢, z)|]¥¢(x) dx < / / E[| X (s,2)|]|AgVs(z) + Vs(x)|da ds
R 0 JR

- / U, (0)E[| X (s,0)|] ds. (4.9)
0

Finally, we choose appropriate test functions (¥n 1) v, aen (satisfying Assumption [4.19)
to approximate the Dirac distribution around 0 with Wy ar(¢,-). Thus, choosing Wy (x) =
Uy v (t,z) in (4.9) and sending N, M — oo yields, by Proposition [4.34] that

E[| X (¢, 0] 5/0 (t— 5) [ X(s,0)[]ds, € [0,T].

Step 6: Due to a € (0, 3), Gronwall’s inequality for weak singularities (see e.g. [Kruld)
Lemma A.2]) reveals )

E[|X(,0)[] =0, tel0,T],
and therefore X} = X? = 0 a.s. By the continuity of X' and X? (see Lemma [4.5), we
conclude the claimed pathwise uniqueness. O

4.3 Step 1: Transformation into an SPDE

Recall, in general, a solution (X¢)c[o,7] of the SVE will not be a semimartingale due
to the t-dependence of the kernel. In this section we will transform the SVE into
a stochastic partial differential equation (SPDE) in distributional form, see (4.§)), which
allows us to recover a semimartingale structure and, thus, to implement an approach in
the spirit of Yamada—Watanabe.

To that end, we consider the evolution equation

du
ot
(0, z) = do(x),

(t,x) = Dgu(t, x), t€0,T], xR, (4.10)

where the differential operator Ay is defined by

2 0

0
Ag = —-—
T 24020z

_67
2™ 5
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for some constant # > 0. It can be seen that the following densities solve (4.10):

1 |z‘2+9

() = cpt 0e” 2, te[0,T], z€R. (4.11)

Since fo pY(2) dz is independent of t € (0, T], one can verify that if we choose the constant

1 —1
o= (246)2" 2+9F< +9> , (4.12)

where T’ denotes the Gamma function, then p defines a probability density on R,. The
reason, why we consider (4.10)), is that by the choice of § > 0 such that

_ 1
246

we get that for = 0 the solution p{_,(0) represents the kernel in the SVE (£.2)) up to a
constant. Therefore, we obtain the following lemma.

Lemma 4.6. Every strong LP-solution (Xi)icpo,r) of the SVE (4.2) defines an a.s. con-
tinuous strong solution (X (t,))c(0,7),zer Of
t
[ o wuts, X(5.0) s (113
0

! 0
| o @a

Di—
0

X(t,x) = zo(t) +
+ o(s,X(s,0))dBs, t€][0,T],z€R,

i.e., on the probability space (0, F, (Fit)ejo,r), P), there is a random field (X (¢, ))ejo,1),2er
such that X € C([0,T]xR) a.s., (X(t,2))tcpo,1] 15 (Ft)-progressively measurable for v € R,

/O (b0 (@) (s, X (5, 0))] + [y (2)or (s, X (5, 0))[2) ds < oo

and (4.13)) holds a.s. Conversely, every strong solution of (4.13)) defines a strong solution
of the stochastic Volterra equation (4.2)).

Proof. First, we assume that there is a solution Y of the SVE

t t
Yi=ao(t)+ [ o Onls Y ds + [ 4 (0)o(s.Y) B,
0 0

We define, for t € [0,T],z € R,

t

X(t,z) := zo(t) + /O P! (x)p(s,Ys)ds + /0 P! (x)o(s,Y,)dB,.

Then, by obtaining X (¢,0) = Y;, X solves

X(t,x) = zo(t +/0 Pl (@)u(s, X (s, 0))ds+/0 P! (x)o(s, X (s,0)) dBs.
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4. Pathwise uniqueness for the fractional SVE

By the adaptedness of the It6 integral and the Riemann—Stieltjes integral, (X (t,)):e(o,7)
is (F;)-progressively measurable for every x € R. By the continuity of p!(x), X (t,x) is
continuous in z-direction. By the continuity of the initial condition xg and the integrals,
it is also continuous in ¢-direction.

Conversely, if X = (X (,2)):e(0,1],zer s0lves (4.13), Y; := X(¢,0) is a solution of (4.2). [

Due to the transformation of the SVE into the SPDE , we shall study continuous
solutions X € C([0,T] x R) of the SPDE instead of solutions to the SVE (4.2)
directly. The next goal is to derive a regularity result for solutions of the SPDE (4.13)).
For this purpose, we first investigate the densities p?. We introduce some auxiliary lemmas,
which are helpful for a better understanding of the densities p?, and skip the dependence
on 6 by writing

1

pe(z) == ct=%e~5 for a fixed a € (0,1/2).
Lemma 4.7. For any x,y € R, t € [0,T] and 8 € [0, 1], one has

B
—a xr — 1
pe(a) = pi(v)| S ¢ (‘ ty‘) max((a], [y &8,

|x|1/o¢

Proof. First, let us fix ¢t € [0,7] and consider the function z +— e~ 2t . By applying the
mean value theorem and assuming w.l.o.g. |y| < |z|, we obtain, for some z € [|y|, |z|],

1

e 2t —e 2t Za /e
= — [ 2t s
2| — |yl 2ta
which reveals that . )
_lz|> _lyl@ |l —y|, 14
20 — 21 4.14
R N P (419

1 18 8
|z| @ ly| @ —
) =] 12| 5 = e e (B2 ol )62
]
Corollary 4.8. For any z,y € [-1,1], t € [0,T] and B € (0,1 — «), one has
t
| @) = puwlds S o -’
Proof. By Lemma [£.7] we see that
t t _ B
[ o) =plas s [Fe(F0) man(ial 07 as
0 0 &
t
Sl [ s ds g lo -yl
0
O
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Lemma 4.9. For any 0 <t <t <T and x € R, one has

t
| @) = pies@as s - 12
0
Proof. We assume w.l.o.g. that ¢ —¢ < t and use the linearity of the integral together
with |e=®| < 1 for non-negative = to get
t

t T) — z)|%ds " 8)TY _ (t— )Y 2ds
/Orpt,_sm Pros >rd,s/ (' — ) — (t— 5 d

t—|t'—t|

t—[t'—t|
+/0 ’pt’—s(x) _pt—s(‘r)PdS

t
< / (t—s)"2*ds
t

—[t'—t|
t—|t'—t| o] &
+/ [(t—5)" — (' —5)" % 20-9 ds
0

t—|t' —t|
+ / (t'— )72
0

1 1
|z] & |z| @

e 20-s) — e 200-9|ds

=L+ L+ I
For I, we directly compute
(4 o\1—2a7t
I = |: (t S) :| 5 ‘t/ _ t|1—2a'
1 =2a t—|t —t|

For Iy, we use |a — b|? < a® — b? for a > b to bound

t—[t ] t—[t/—t]
I, < / (t—s)"2*ds — / (t' —s)2*ds
0 0

B —(t — S)I—Qa t—[t' | - —(t - S)l—2a t—[t'—t|
N 1 -2« 1—2a

|t/ o t|1—2a.

0 0

A

=

z| @

For I3, we use the mean value theorem for the function ¢t — e 2¢-9, gsimilarly as we did
in (4.14)), to get the inequality

ol & Jo| & || o) &
e 205 —e 200-9) | < (¢ —¢ 7(16_ 2(t—s) |
= )2(75 —5)2
Using this and the inequality e™* < z~ ! for all x > 0, such as i/_;st <1 and tt/_;ss < 2?__53) =

60



4. Pathwise uniqueness for the fractional SVE

2 due to s <t — |t/ —t|, we get

1

I <t t{/nﬁuﬂ@ )7 e 5 ) g
3> o S 2(t — 5)26 S
t—|t' —t| r_ r_
</ (t— 8)—2a (t ( t)(t 5) ds
0

~ t—s)2

~

t—|t' —t|
</ (t—S)_zadSS ‘t/—t|1_2a,
0
which yields the statement. O

Lemma 4.10. For any x,y € [-1,1], t € [0,T] and 3 € (0, % — «), one has

t 1_
/0 (Pr-a(z) — pr_s())? ds < max (|, |y]) & VP | — y|i=2.

Proof. W.l.o.g. we may assume ¢t > |z — y| and split the integral into
t ) t—|z—y| )
[ @ —peas< [ o) - pesw)Pas
0 0
t
t [ o) - pea ) ds
t—|z—yl

For I, we apply Lemma [4.7] with 8 =1 to get

(L-1)2 t=le=yl 2 202
I < max(|zl, [y[)'e [z —yl[*(t —s) ds
0

L _(t — g)1—20—2 7t-lz—y|
— max(jal, [y))(3 1>2rx—y|2[<)]

1-2a-2 |,

1_ 90— —9a—
< max(|a], [y) @V e -y (£ 4 o -y
< max(fa, [y) &~V fe — y|' 2
with t > |z — y|.
For I, Lemma again, but with g € (0,1/2 — «) such that 2a 4 25 < 1, yields

t
1_ —_ —
I S max(fal, ) 5o -y [ s
t—|r—y

1 —(t—g 1-2a—2p3 t
< max(le], Jy) (& W\x—y”[ Gk ]

1—2a— 28
< max(|z], |y\)($—1)25‘$ P

1_ —
S max(|z], [y) eV — g2

t—|z—y|
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With these auxiliary results at hand, we are ready to prove the following regularity result
for solutions of the SPDE (4.13)).

Proposition 4.11. Suppose Assumption[{.1]and let X € C([0,T]xR) be a strong solution
of the SPDE (&.13).

(i) For any p € (0,00), one has

sup sup E[|X (¢, 2)|P] < oc.
te[0,T] zeR

(i) We define the random field (Z(t,x))icio,1),zer bY
Z(t,x) = X(t,z) — zo(t)
= [ ot st X500 s+ [ ot ol X,(5,0)) aB.
Forany 0 <t,t' <T, |z|,|ly| <1 and p € [2,0), we get

EUZ(t,x) — Z(t',y)|p] < |- t’(%*a)p tlz— y‘(%—a)p.

Proof. (i) Let us assume that p > 2. For p € (0,2), the statement then follows by the
orderedness of the LP-spaces. From Lemma [£.6]we know that Y; := X (¢, 0) is a solution of
the SVE and from Lemma we know that its moment are finite. Thus, applying
Hoélder’s and the Burkholder-Davis—Gundy inequality, the linear growth condition on p
and o from Assumption [£.1], such as Lemma [4.5] we get

|

B[X(t0)] S 145

tpf_s(w)u(s,Y;)dsp +E tpf_s(éb)cr(s,YS)st
/ /

s ([ otw)tas) = ([ ohw)’a)

"o “9a, 282 2
1+ / cp(t —s) % “20=s ds
0

P

1+ </Ot(t—s)_2ads>2 < 0.

[N

AN

N

(i) With

Z(t,x) = / P (@)pa(s, X (5,0)) ds + / P () (s, Xo(s,0)) B,
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4. Pathwise uniqueness for the fractional SVE

and by splitting the integrals, we get
‘Z(tlv .%') - Z(t7 y)’

t

:/0 (plr_s(2) —pf_s(rz:))u(s,X(s,o))der/O (Pf_s(z) = p{_s(y)) (5, X (5,0)) ds
o [ ot X5 0)
+/0 (p?/,s(w) _pf_s(m))a(s,X(S,O))st +/0 (p?—s(x) _pf—s(y))U(S,X(S,O)>st

t/

+ / P ()0 (s, X(s,0)) dB,
t

=: D1+ Dy + D3+ 51 + S5 + S5.

We use Lemma [£.9) Lemma Holder’s and the Burkholder—Davis—Gundy inequality,
Fubini’s theorem as well as (i) to get the following estimates:

p

2
|D1|P§< (W () — pl(a >)2ds> < — g,
Y4
2
B[|S,17] < ( (@) — 1 >>2ds) <t e,

sinat) < ([ o) - pf_5<y>)2ds)5 < ooyt

E[S2P] S |w =y,
t/ + p
EllDs[) < </ p?/s(x)2ds> S </ (t’s)—mds) < — PG,
t t
Hence, we obtain the desired statement. .

[MIIS]
I3

E[|S3]P] S [t — t[P~,

4.3.1 Transformation to an SPDE in distributional form

The next aim is to transform the SPDE into an SPDE in distributional form. To that
end, we want to derive explicit formulas for the fundamental solution p?: [0, T]xRxR — R
of , in the sense that for any g: R — R, (fR ! (z,9)9(y) dy)tE[O,T],zER is a solution
of with initial condition g instead of Jg.

The semigroup (St)icpo,7] generated by Ay is defined by Si: C§°(R) — C5°(R) via

Si(x) = /R Pz, y)() dy, ¢ € C(R). (4.15)
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First, we only consider x € R, and, hence, search for the fundamental solutions of

0
ai;(t,x) = Agu(t,z), u(0,2)=do(z), tel0,T],z Ry, (4.16)
where Ay = ﬁ%]w\*e%. We will later, more precisely in Proposition below,

allow for [0,7] x R as the domain of (4.16).

As preparations we need:

e A squared Bessel process Z; > 0 of dimension n € R is given by the stochastic
differential equation

dZ; =2/ Z; dBy +ndt, te [O,T]

e The generator of a squared Bessel process of dimension n is given by

2
(Lf)(x) = n(,%f(x) + Zx%f(x), r € Ry, (4.17)

for f € Cg°(R), see [RY99, page 443].
e The semigroup (S;)icpo,7], defined in (4.15), fulfills

0
g

for f € C§°(R..), since p? is the fundamental solution of (E.16]).

Stf) = Dg(Stf) (4.18)

e Denote by (&t).e(0,7] the Markov process that is generated by the semigroup S, that
is, it has the transition densities (Pf)te[o,T]- We define the semigroup (73 );c0,7] by

(Tr9)(x) == (Si(g 0 F))(x) = Exlg(f(&))]
for the fixed function f(z) := |z|>*? and for g € C§°(R..).

Lemma 4.12. The process (’ét‘2+9>te[0’T] is a squared Bessel process of dimension ﬁ <
1.

Proof. We show that the generator of f(f't) is the same as the one of the squared Bessel
process in (4.17)) with dimension ﬁ. Therefore, we use the semigroup T; and denote by
G its generator. For appropriate functions g we get, by the definition of the generator and

by (15)

(Go)e) = S (Tig)liso(x) = =:(Silg 0 N)lesol) = ASo(g 0 /) (a)

= Ay(go f)(z).
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4. Pathwise uniqueness for the fractional SVE

Note that the set {t € [0,T]: & = 0} has Lebesque measure zero. Therefore, we can
explicitly calculate, for x # 0,

(G)0) = g g0 o1 5 a2+

__2 9
- (246)202

S AL

(Il %9 (l2**%) (2 + ) |2|"+* sgn())

= (2 i 9) (g'(]az\HG) + :1:g”(|x!2+9)(2 + 9)’%‘1+9 Sgn(m))
= (Lg)(U),

where L is the generator of a squared Bessel process of dimension 2% and u := |z|**?. O
Next, we want to find explicit formulas for the transition densities of (&)yc[0,7]- Note that
the transition densities for the squared Bessel process of dimension n are for ¢ > 0 and
y > 0 given by (see e.g. [RY99, Corollary XI.1.4|)

1 2wty (T
g (z,y) = 5 <y> e;;j_y(zvy) forx >0 and (4.19)
2

@ (0,y) =27t~ T (b + 1)1y e (4.20)

where v := 5 — 1 denotes the index of the Bessel process and [, is the modified Bessel
function that is given by

2k+v
(@27 (4.21)
k'F (v+k+1)

forv> —1and z > 0.

Lemma 4.13. The transition densities of the Markov process (|&|)icpo,r] are, for t > 0,
given by

246
A(zy) = 2Dy

6
(1+6) 2> T041y2+0 lzy| T2
2 e 2% I,

: > for x,y >0, (4.22)

and for x = 0, y > 0 with p?(0,y) = p(y) defined in (A.11)).
Proof. Denote for fixed § > 0 by ¢; the density function of the Bessel process |&/|>T? with

dimension %9, that is given by (4.19) with v = ﬁ -1

Now, by noting that, for all x,¢,s > 0 and Borel sets A C B(R}),

_1
B[ 1852 0)lérss270 | 162 = o] = B[1allgers )62 | 6] = 279 ]
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holds, we get with the notation B := {b € Ry : b**? € A} the relation

1
/Aqt(ﬂs,y)ydy=/Bpf(w2+9,y)y2+9dy

1 0 1 1 14
= — x2+6722+9)2«22+9 dz
210 Apt<

1 of L. L.\ 1 g
=558 Apt(x2+9,y2+9>y2+9 ydy, (4.23)

where we substituted z := y*t? and thus dy = 922+9 ~1dz. Since must hold for
all Borel sets A, we can compare both sides of the equation to see w1th the notation

that, with v = ﬁ —
P(E,9) = (2 + 0)qr (8270, 577 )y' 70
]
z

) 0
12460 | 1240 Aall4+3
e_lrv;tyL/(Ixy 2>|g|1+9

2t t
(146)
Q+0)|5]7 2 ettt /3G L,
o | % € 2t L, 19
Z t
212+60 (51240 far1+2
_ (2;6)w|<1;9)€_ 2+0 13 Iy(]my\ 2>‘

By a very similar calculation, (4.20)) can be used to derive (4.11)) in the case of x = 0:
/ qf(O,y)y dy = / qte(o’ Zl+9/2)z9/2(1 + 9/2)214-9/2 dz

B A

=1+ 9/2)2%1“(1/ + 1)‘1/ (1) ,=0/2 ,—F5— 0/2,146/2 4,
A
__1 1 -1 1 2
=(2+0)2 2i9F<2+0) /At 40 e a4 110/2 4,
- / pf(0,2)2"+07 dz
A

with p(0,2) = pY(2) as in (#.11)) and choosing cy as in ([#.12). O

We can define the fundamental solution p? also for negative x,y to extend the domain of
Agu = %u to the domain [0,7] x R.

Proposition 4.14. Consider ([#.10) on the domain [0,T] x R. Then, if we define p?(x,y)
as in (4.22) also for x,y <0, then p? is still a fundamental solution.
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4. Pathwise uniqueness for the fractional SVE

Proof. Assume p!(z,v) to be defined as in (4.22) also for negative z,y. Due to the absolute
values in p?, it is clear that

0 o 0 B 0 4 _ 0 4
atpt (z,y) = atpt( z,y) = apt (—z,—y) = &Pt (x, —y).

2nd

Similarly, due to the derivative, we get in the space dimension

0 0 0, _ o .
o= g (el = o lal ™" sen(@)g'([]) = =0lel "¢/ (j2]) + |21 ~"9" (|

for all sufficiently smooth functions g and thus, where Ay acts w.r.t. x,

Ay /R P (—,y)g(y) dy = / Aop? (2, y)g(y) dy

aat/pt (z,9)g(y) dy = ;/Rpf(—x,y)g(y) dy,

and analogue for the second variable. Hence, pe(ac, y) also defines a fundamental solution
of (4.10) if we allow negative x. O

Let us introduce a partial integration formula for the operator Ay.

Lemma 4.15. For Ay = (2_39 5 ax|x\ 0(%, the partial integration formula

/ P, y) Mg () da = / (Dopi(w, ) d(x) dz, te[0,T],y € R,
R R

holds for any ¢ € C3(R).

Proof. Denoting ¢ () := \x]*(’a%qﬁ(x), then ¢9; has also compact support and we get,
by the classical partial integration formula,

0 0 15)
/Rpt(:v’y)afc|x_0890¢(x) dx:/Rpt(%y)&UﬁbQ,t(iﬁ) dz

—— [ gprteonte)do = [ (Lo )lal 5 o) o

Then, again by partial integration, we get, as claimed,

Lo gilal L owrae = [ 2 ((hnten) ol )oto)d

With these auxiliary results at hand, we are in a position to do the transformation into
an SPDE in distributional form. We consider test functions ® € C3([0,7] x R), to which
we can apply the operator Ay such that

O

0
Boi(w) = o [o]*

is well-defined for all ¢ € [0,7] and = € R\ {0}.

0

5xq>t( z)
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Lemma 4.16. Every strong solution (X (t,z))icjo,m2cr of (.13) is a strong solution to
the following SPDE in distributional form

:/<x0(1)0 +/Ot<1>5 —xo )ds> dz
[ xo s+ Lo ara

+/ w(s, X(s,0))Ps(0 )ds+/ o(s,X(s,0))®s(0)dBs, te]0,T],

(4.24)

for every test function ® € C2([0,7] x R).

Proof. Let X be a solution to (4.13) and ® be as in the statement. We first observe that

[ e 200 as

//xo JBoelr dde///ps u(2)o(u, X (u,0)) dBy Ag®s(x) do ds
///ps w(@)p(u, X (u,0)) du Ap®s(x) da ds

Use the fact that p?(x,-) is a probability density to write xq(s fR ps x,y)zo(s)dy and
use Fubini’s theorem, the partial integration formula from Lemma and the fact that
pt is a fundamental solution, to get

L= /0 t /R /R 2@, y)o(s) dy Ag®s(z) dz ds

:/tmo(s)//pg(:c,y)m@s(x) dz dyds
///xo (20pl(@,9) ) @s(2) ds dy da
///( psxy> o(s)®5(x) ds dy da.

We denote the summands on the right-hand side of (4.13) as X;(¢,z) for i = 2,3, that is,
X(t,z) = xo + Xa(t,x) + X3(t,x). Due to the s-dependence in z((s) and P4, we apply
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4. Pathwise uniqueness for the fractional SVE

the product rule to get

I = /// )dsdydx
/// (0.9) )) ds dy da

— {0(0), <I>o>

//{L‘() x)dxds — // s)dxds. (4.26)

Similarly, using the stochastic Fubini theorem, we get

L= /// )) dBy Ag®,(x) da ds
/// <8 9“”““) ) ds da o (u, X (u,0)) dB,
[ L5

/// (x)< Py( )dsdxa(u X (u,0))dB,

— (Xa(t, ), By) — / P, 0) @y () dz o (u, X (u,0)) dB,

/// (@)o(u, X (u u<i®s(w)> dz ds

= (Xo(t,), &) — | ®,(0)0(u, X (u,0))dB,
)

—/Ot/RXQ(S,x)<8S<I>S(x)> dz ds (4.27)

Is = /// ) p(u, X (u,0)) du Ag®,(2) dz ds
/// as \P d dz p(u, X (u,0)) du
/// (a )d dz pu(u, X (u,0)) du

— (Xa(t, ), By) - / W (0) (s, X (u,0)) du

/ /X3 < )da:d (4.28)
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Plugging (4.26]), (4.27) and (4.28)) into (4.25) and rearranging the terms yields

(X(L,), ®)) = /R (xo(O)Q)o(x)—F /O t¢5(x)§sx0(s)ds> dz
+/Ot/RX(5,x) <A9<I>s($)+§s<1>s($)> dz ds
+/Otu(s,X(s,0))<I>5(0) ds + /Ota(s,X(s,O))@s(O) dB,,

for ¢ € [0,T], which shows that (4.24) holds. O
We summarize the findings of Step 1 in the following proposition.

Proposition 4.17. Every strong LP-solution (Xi)c(o1) to the stochastic Volterra equa-

tion (4.2) with p given by (4.6) generates a strong solution (Xi)ico1]0cr, a5 defined
in .7), to the distributional SPDE (4.24) with X € C(]0,T] x R) a.s. Furthermore,

SUPyeo,1),zck Bl X (¢, 2)|9] < 0o for all ¢ € (0,00) and, for Z(t,z) := X (t,z) — zo(t) and
q € [2,00),
E[|Z(t,2) — 2(¢,a")|7) S | = 17 4 |z — a’| (279,
for all t,t' € 0,T) and x,2’ € [-1,1].
Proof. The implication of the solution to (4.24) by the one to (4.2)) is given by Lemma

and Lemma {.T6| the continuity by Lemma [£.6] and the remaining properties by Proposi-
tion EL.IT] O

4.4 Step 2 and 3: Implementing Yamada—Watanabe’s ap-
proach

The next steps are to use the classical approximation of the absolute value function in-
troduced by Yamada—Watanabe [YWTI], allowing us to apply 1t6’s formula. Recall that,
by Assumption (i), o is &-Holder continuous for some & € [3,1]. Hence, there exists a
strictly increasing function p: [0,00) — [0, 00) such that p(0) = 0,

o(t,2) — o(t. )] < Cola —yl < plle —yl) fort € [0,T) and 2,y € R

and

3

/ L dex =00 forall e > 0.
o p(z)?

Based on p, we define a sequence (¢p,)nen of functions mapping from R to R that ap-

proximates the absolute value in the following way: Let (a,)nen be a strictly decreasing

sequence with ag = 1 such that a,, - 0 as n — oo and

an—1 1
/ 5 dr = n. (4.29)
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4. Pathwise uniqueness for the fractional SVE

Furthermore, we define a sequence of mollifiers: let (¢, )nen € C5°(R) be smooth functions
with compact support such that supp(iy,) C (an, an-1),

2 an—1
0 < ep(z) < <—, zeR, and / U (z)dz = 1. (4.30)

np(x)?2 ~ nx

dn() = /0|x (/Oy Un(2) dz> dy, z€R. (4.31)

By (4.30) and the compact support of ¢, it follows that ¢, (-) — |-| uniformly as n — oo.
Since every 1, and, thus, every ¢, is zero in a neighborhood around zero, the functions ¢,
are smooth with

We set

||

IPnlloe <1, ¢ (x) = sgn(z) ; Un(y)dy and ¢ (z) = ¢n(|a]), for z €R.

Let X! and X? be two strong solutions to the SPDE ({.24) for a given Brownian motion
(Bt)tejo,r) such that X1, X? € C([0,T] x R) a.s. We define X := X' — X? and consider,
for some 7 € C3(R) for fixed x € R and m € Ry (we will later define m depending on n
and @7 is independent of ¢):

(Xy, @) = /Xty x (y) dy,

where (-, -) denotes the scalar product on L%(R).

Proposition 4.18. For a fized € R and m € Ry, let @ € C2(R) be such that Ap®@™
is well-defined. Then, for t € [0,T], one has

D (( Xy, ®™)) /gbn (Xg, D™ (X, Ag®™) ds
+/0 &, ((Xs, @71)) @1 (0) (s, X' (5,0)) — pu(s, X*(s,0))) ds
+/0 &, (X, @71)) @1 (0) (0 (s, X' (5,0)) — o (s, X*(s,0))) dBs

+;/ Yn(|(Xs, 7)) @5 (0)% (0 (s, X (5,0)) — o (s, X*(s,0)))* ds.
0

(4.32)
Proof. By -, Xt, te[o 7] is a semimartingale. Therefore, we are able to apply
It6’s formula to ¢, Wthh ylelds the result. O

Note that (4.32) defines a function in . We want to integrate this against another non-
negative test function with the following properties.
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Assumption 4.19. Let ¥ € C%([0,T] x R) be twice continuously differentiable such that
(i) ¥¢(0) >0 for all t € [0,T],

(1)) T(t) :={x € R : Is <t s.t. |Us(z)| >0} C B(0,J(t)) for some 0 < J(t) < oo,

(iii) .
fo (75

We will later choose an explicit function ¥ and show that it fulfills Assumption Then,

we get the following equality, where the extra term I;"" arises due to the ¢-dependence
of U.

sup
s<t

2
> dx‘ <oo, tel0,T].

Proposition 4.20. For V fulfilling Assumption|4.19, we have
<¢n(<Xtv (I)m>)7 \I/t>

- /0 (0 (X0 ) (X, Ag®™), W) ds
n /0 (8 (X0 @)™ (0), W) (ju(s, X (s,0)) — pa(s, X2(5,0))) ds

+/0 (¢ (X5, @)1 (0), W) (0 (s, X' (s,0)) — (s, X*(5,0))) dBy

+ ;/ (Wn(|(Xs, @T))2T(0)%, W) (0 (5, X (5,0)) — o (s, X2(s,0)))* ds
0

+ [ on(E @), ) ds
0
= I"(E) + L) + I3 (6) + IV () + I (1), (4.33)

Jort € [0,T], where W (x) = %\Ils(x).

Proof. We discretize W, (z) in its time variable, then let the grid size go to zero and show
that the resulting term converges to (£.33)). Therefore, let t; =27 i =0,1,..., [t2¥] +

1 =: KF, where |-| denotes rounding down to the next integer, such that bleor) St <tpk,
and denote ’

ti
Uh(z) = 2’€/ Uy(x)ds, te[tii,t;),zcR. (4.34)

ti—1

Then, we can build the telescope sum

Kt
(Dn((Xe, M), W) = D (Sn (K, @), UF) — (0 (X, @), UF )
=1
- <¢n(<Xth,<I>?">), ‘1’fo> + (D (X, D)), Uy). (4.35)
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4. Pathwise uniqueness for the fractional SVE

By the continuity of X, ¥ and ¢, the sum of the last two terms approaches zero as
tgr — t and thus as k — oo.

For the terms in the summation, we use the continuity of X and the notation f(t;—) :=
lim f (s), to get the equality

<¢n(<Xtm (I>-m>)7 \Ilf) = <¢n(<Xt¢*7 <I>m>)> \ijz—> + <¢n(<thv CI)?TL>)7 \ijz - \I/fi,l>'

By plugging this into (4.35)), we get
Kf
(D (X6, @), W0) = Y (Sn((Xei—, D)), WE 1) = (dn(Xiy, @), W5 )
=1
KF
i=1
For AF, we get, by applying Ito’s formula, that

Ky

AP = (da((Xe, @), WE ) = (dn (X, @), WF )
i=1
= I ) + L") + L") + I () as k — oo,

by the continuity of W.
Thus, it remains to show that CF converges to I!""(¢). To that end, we use the construc-
tion (4.34) and Fubini’s theorem to conclude that

KF

ct =3 (onl(Ti 7). 2" / ) )

=1

Z<¢n ((X;,, ®™)) 2’“/ / o, drds>
zzkzt/:i /_ 7k<¢n(<)~(ti,<1>m>),\ifr>drds

QkZ/ / {én(( Xt ;2M)), .T’> - <¢n(<Xru(I)m>)a\i’r> drds

+2’f2/ / (pn((X,, ®™)), ,.) dr ds.

The first summand can be bounded by

t ~ .
/0 sup [ (@n({Xu @), ) — (Du(Xy, @), 0 dr

u<lt,|Ju—r|<2-Fk
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which converges to zero a.s. as k — 0o by the continuity and boundedness of X. Further-
more, we get, by

ok /;_k<¢n(<Xr,<1ﬂ>),¢/T>dr S (G ((Ke ™)), By as k= 00

and the dominated convergence theorem, that
t
Ot [ 0nldRes @), ) ds as b o0,
0

which proves the proposition. O

We will bound the expectation of the terms I7"" to I;™" as m,n — oo in Section [£.5]

4.5 Step 4: Passing to the limit

Before we can pass to the limit in ({#.33), we need to choose a sequence (®;""),en of
smooth functions ®;"" € C§°(R) for some x € R and for m € Ry, which approximates
the Dirac distribution &, explicitly. We will choose some m = m( dependent on the
index n of the Yamada—Watanabe approximation and, for notational simplicity, will skip

the m-dependence and shortly write (®7),en.

4.5.1 Explicit choice of the test function

We want to approximate with ®7 a Dirac distribution centered around x € R. There-
fore, we choose it to coincide with the sum of two Gaussian kernels with mean = and y,
respectively, and standard deviation m~!, when z and y are close. The reason for this
construction is that we want to keep the mass of ® in B(0, ﬁ) constant as n — oo. For

this purpose, we define
~ 1 _(y—=)?

wa:—iﬁgemﬂ

and, to construct the compact support, let Y2 be smooth functions for n € N and fixed
x € R with

Tm,n o 1) if (/S B(xv %)
%’@y_{ineR\mmé+m)

and 0 < ¢J""(y) < 1 for y elsewhere such that ¢3"" is smooth. Here, let (b,)nen be a
sequence such that b, > 0 and

oo ) ) -5

where i, (A4) == [, ®™(y) dy denotes the measure in terms of the above normal distribu-
. n(n+1) . .
tion and a, ‘= e~ 2 comes from the Yamada Watanabe sequence. It is always possible
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4. Pathwise uniqueness for the fractional SVE

to find such a b, > 0 since the mass of " in B(z, 1) is & 0.6827, which is independent
of n, and %+ < 0.3 for all n € N.
Then, we define

2(y) = (V7 W) B () + B @)y (@), (4.36)

with ¢ := 1/(2m,), where m, = 0.6827 denotes the mass of a normal distribution A'(y, o?)
inside the interval [ — o,u + o]. With that choice of ¢, ®7 approximates the Dirac
distribution ¢, around z as n — oo. Note that ®7(y) is identical in terms of z and y.
Furthermore, ®7 owes the following properties that we will need later. To that end, let us
introduce the following stopping time for K > 0:

Tk := inf { sup (| X(t,z)| + | X2(t, z)]) > K}, (4.37)
tE[O,T] 16[7%7%]
where we use the convention inf{) := oco. Note that, by the continuity of X' and X?2,

Tk — o0 a.s. as K — oo.
Proposition 4.21. For fized z € R, ®7, as defined in , fulfills:
(1) Doz P70 (y) = Doy L (y) for all z,y € R, where Ag , denotes Ag acting on x;
(i) [z ®2(0)2dz <m™ for alln € N;
(i) [p ®(0)dx <2 for all n € N;
() for all (s,x) € [0,T] x R,

(X, ®") — X(s,2) and &,((Xs, ®"))(Xs, @) — [X(s,2)], asn — oo;

(v) given s € [0, Tk]|, there exists a constant Cx > 0 that is independent from n, such
that, if

[ Keneim a] <a (439)
R
holds, then there is some & € B(z, L) such that |X(s,2)] < Cran_.

Proof. (i) This statement is clear since ®7 is identical in = and y.
(ii) We denote ¢ := \/#27 to get

22\ 2 ]2
/ @2(0)2 dz < / <cme_ 2m—2> dz < cm/ cme 2m—2 dx = cm.
R R R

(ifi) [ @2(0)dz < 2 [ ©7(0) dz = 2.
(iv) From the construction of ®7 we get that

/ X (s,)®"(y) dy — / X(s,9)0:(y)dy = X(s,z) asn — oo.
R R

0]



Furthermore, we know that ¢] (x)z — |z| as n — oo uniformly in € R and thus the
second statement follows.
(v) Let us write

[Xewmwa=[ | Xepwed+ [ | Keoeie)d. (1439
R B(z,7-) R\B(z, m)

By the construction of 7" we know that ®” vanishes outside the ball B(x, + +b,), and,
by the choice of by, we know that the mass of ®" in B(z, L +b,) \ B(z, L) is an_1/2.
Since we have that s < Tk, we can bound

’/ (s,9)P%(y )dy’ < 2K O (y)dy < Kap—1.
R\B(z, L R\B(z,-)

Thus, by assumption and (4.39)), we have that
’/ (5,9)®;(y )dy‘ < (K +1ap-1,

and, since ®7 is the sum of two Gaussian densities with standard deviation %, we know
that its mass inside the ball is &~ 2 - 0.6827 and can conclude, using the continuity of X,
that

(K+Do> [ @)dy il (K] 213 it Kl
B(z,L yeB(z,~) yEB(x, L)

’m ’m

and thus, the statement holds with Cx = (K +1)/1.3. O

4.5.2 Bounding the Yamada—Watanabe terms

We start with the summands 177", I5"", IJ"" and I;"" in (4.33) and will analyze I;""
later. To that end, we need the following elementary estimate.

Lemma 4.22. If f € C3(R) is non-negative and not identically zero, then

sup  {(f(2))*f(2) 7} < 2] f"(2) -

z€R: f(z)>0
Proof. Choose some z € R with f(x) > 0 and assume w.l.o.g. that f’(z) > 0. Let
z1 :=sup{z’ < z: f'(2') = 0},

which exists due to the compact support of f. By the extended mean value theorem (see
[Apo67, Theorem 4.6]), applied to f and (f’)?, there exists an x5 € (21, ) such that

1\2
(@)~ F@))f @) = () — e A ),
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4. Pathwise uniqueness for the fractional SVE

By the choice of x1, we know that f’(z2) > 0, and thus with f/(z1) =0,

f'(@)? = (f(z) = f(z1))2f" (22).

Since f is strictly increasing on (x1,x) and non-negative, we conclude

PP P
F@) = 7@ = f)

=2f"(z2) < 2/|f"lo-
We want to take expectations on both sides of (4.33]) and then send m,n — .

Lemma 4.23. For any stopping time T and fized t € [0, T] we have:

(i) Jim B (EAT)] SB[ [l X (s.2)|80Wa(x) do ds];

(i3) Nimy, pn—yoo E[L5""(EAT)] S JAT W, (0)E[| X (s,0)]] ds;
(i5) EIS"" (¢ AT)] =0 for all m,n € N;

(iw) lim B[t AT)] =E[ [T [o | X(s,2)|¥y(x) de ds].

m,n—00

Proof. (i) We need to rewrite I;"". We use the property of ®” from Proposition (i)
and the product rule to get

) = [ [ ) [ K202 i) dr s
= [ [ om0 o) dr s
=207 [ [ (R0 (el () 0s(0) s
w20 [ [ L0l (5 (K0 ) s

Now, we use integration by parts for both summands and the compact support of ¥, for
every s € [0,7] to get

0 =20 [ [ oy ( 2ikan) v avas

2 ' / % n —0 0, = n 0

77



By a very similar partial integration we see that
¢
[ [ oot anan. (@) drds
o JR

t i o . 0
:—2a2/ /%«XS,@;»&<XS,q>g><xs,@gﬂxreast(x)dxds

0.2

—2a//¢) (X5, ®M)) <Xs,<1>”>| — W (x)dxds. (4.41)

By identifying that the second term in (4.40)) coincides with the second term in (4.41)), we
can plug in the latter one into the first one to get

2
17 (t) = —20° / /wn (X, &™) |z|” 9( (X, <1>n>> U, (x) dz ds
—|—2a2/0 Awn(@&‘bm;@@&‘I’ZMX‘*"I’Z”x’_eaaxq’s(‘”) dx ds
+ /0 /R 0 (X0, B1) (Ko, ) Ag U () dir s
_ /0 (75 (5) + 1757 (5) + I75"(s)) d. (4.42)

In order to deal with the various parts of I;"", we start with treating Iﬁ’n and Iffén. Since
we want to show that these parts are less than or equal to 0, we define for fixed s € [0, ¢]:

A = {x eER: <8<X8 <I>”>)2\Ils(x) < (X, @) — 0 (X, ") — 8 (:1;)}
ox 7" - ’ ox "7 Ox
N{z eR : ¥y(z) >0}
=A+’SUA7’SUAO’S,

with

0

0
AP = AN (X, P A% = AS —
{5 o) "

5 (X, d") < O} and
0,s s 9 n
AV = A% N —(Xs,q)>—0
Ox
By Assumption [£.19] (i) and (iii), we can find an e > 0 such that

B(0,e) C T(¢ d inf W, (x)>0. 4.43
(0,e) cT'(t) an . () (4.43)

On A™* we have, by the definition of A%, that

U(x),

dx

0< <£<Xs,q>g>> Uy(z) < (X, DF)
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4. Pathwise uniqueness for the fractional SVE

and, therefore, we can bound the A™*-part of I}"3" 5 for any t € [0,7] by

t ~ 9 - ) 5
n XS7¢TL 7Xs7¢)n Xs’©n _97\113
[ e om) 8 o) (R alel L 0o dods

t ~ n x_g ot nQM T das
s/o o Pnl(Xo, @) X, @) g r s dad

el
-0 n (a v
//A+sn (anr <o 8 | <any 121X, )

2an Vs
//]1{\1, y>oplT|” ol (( ))) dxds.

Next, we split the integral by using e from (4.43) to be able to apply Assumption [4.19]
and Lemma 2] and get

t ~ ~ ~
/ MXS,<1>;:>>3<Xs,@’;><Xs,¢>;>|x\—9ﬁws<x> dr ds
0 A+,s a.r

2 t @\Ijs 2
< Zn (/ o0 e L@ 2||D2\I/S||oo/ 2|~ dx) ds
n Jo \ /B, Ws(z) T(£)\B(0,e)

_. rﬂcop .

Note that € > 0 is fixed and thus the e-dependence of C(¥,t) does not matter.
On the set A™*

— S-Wi(a), (4.44)

holds and, since both terms in (4.44) are negative, we can use the same calculation as
above to get

0> (5 () ) 0slo) > (X, 00)

[ o0 2 e )l o) < 25,1,
Finally, on the set A%,
[ ] ontEeam Zigom g e L@ aras =0
0 Jats Ox Ox
and thus
B[ (EAT) + 175" (t A T)] < 40°C(F, t) 50 asn— oo

The remaining term in (4.42)), we have to deal with, is

t ~ ~
‘[13 :/0 /I‘Qgﬁn((Xs:q)x)MXs;@I>A9\I/5(.T)d$ds
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Therefore, we apply Proposition [£.21] (iv) to get the pointwise convergence
P (X, @) (X, @) — X(s,2) as m,n — oo.

To complete our proof, we only need to show uniform integrability of |¢/, ((Xs, 7)) (X, ®7)|
in terms of m,n € Non ([0,7]x B(0, J(t)) xQ), since ¥ vanishes outside B(0, J(t)). First,
by the inequality |¢},| < 1, we can bound

|65, ((Xs, ®EN(Xs, ®2)] < (| X, 0F).

Inserting the function ®" from (#.36)), taking the mean and using Proposition [£.11] (i), we
can bound

\ n % Fm % Fm(™)
B o] < B [ X282 | < 25w Bl X0l [ 82 ()ay <,
R yeR R
(4.45)
thus the claimed integrability holds and we get

AT 3
lim _E[15"(¢ A T) SEU /\X(s,$)|A9\I/3(:L‘) dxds}
m,n—o0 ’ 0 R

and, altogether, we have shown the statement.
(ii) Again the inequality |¢]| < 1 and the Lipschitz continuity of p yield

(17" (6 A T)] < /0 N( /R 5" (0) W, () dx>E[|X(s,0)|]ds.

Sending m,n — oo gives the statement as ®};(0) — do(z).
(iii) We set gmn(s) := (¢, ((Xs, @7))@™(0), ¥s). Then, by |¢,| < 1, one has

(Gomn(5)] = \ [ o E et 0. o) do

<o / 2 () di = 2 U nc
R

by the construction of ®" in (4.36). Thus, I5"" (¢ A T) is a continuous local martingale
with quadratic variation

tAT
(I3 )ent < 4||\Il||c2>o/0 (o(s, X' (5,0)) — o(s, X?(5,0)))* ds
INT
S [ XG0+ 1X3(s,0)] +22 ds
0

by the growth condition on o and, consequently, by Proposition 4.11]
E[(I3"")iaT] < 00,

such that I3""(¢ A T) is a square integrable martingale with mean 0.
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4. Pathwise uniqueness for the fractional SVE

(iv) We want to calculate the limit as n, m — oo of the term

Bl a7 = 2| | N (R, ) s

Therefore, the same argumentation as in (i) with the uniform integrability in (4.45) and
the boundedness of |¥;| as a continuous function with compact support yield

i B[ (A T)] :E[ /O " /R X (5, 2) | (2) dxds}

4.5.3 Key argument: Bounding the quadratic variation term

What is left to bound in line , is the expectation of the quadratic variation term
I;"". The main ingredient to be able to do this, will be the following Theorem [.24]

Let us first introduce some definitions that we need to formulate the Theorem [4.24l Recall
the definition of Tk in (4.37). Moreover, we define a semimetric on [0,7] x R by

d((t,z), (', ') =t =t|*+ |z — 2|, t,t' €[0,T],z,2" € R,
and, for K >0, N € Nand ¢ € (0,1), the set

t < T, |z < 27N 1,

[t =t <27V |z — 2| <27Ne,

for some (£,2) € [0, Tk] x [-1/2,1/2]
satisfying | X (£, 2)] < 27N¢

ZKN¢ = (t,z) € [0,T] x [-1/2,1/2] :

(4.46)

The following theorem improves the regularity of X(t,z) when |z| is small. For two
measures Q1 and Q2 on some measurable space (Q, F ), we call Qq absolutely continuous
with respect to Q9, denoted by Q1 < Qo, if A D A5, where A € Z denotes the zero
sets of Q; in (€, .%).

Theorem 4.24. Suppose Assumption and let X := X' — X2, where X' is a solution
of the SPDE ([£.13)) with X* € C([0,T] x R) a.s. for i =1,2. Let ¢ € (0,1) satisfy:
IN¢ = N¢(K,w) € N a.s. such that, for any N > N¢ and any (t,2) € Zg N -

it —t] < 27N ¢ < Tk

~ e e
ly —a| <27 Ne } = |X(tz) - Xt y)|<277" (4.47)

Let % —a< (< (CE+ % —a) A 1. Then, there is an Noi(K,w,() € N a.s. such that, for
any N > Ne and any (t,x) € Zg y 1

it —t] <27N ¢ < Tk

v > _ Nl
ly —z| < 2-Ne } = | X(ha) - Xty <277 (4.48)
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Moreover, there is some measure QX on (Q,.7) such that QK < P on (Q,.%) and
P < Q%K on (Q, FK), where FK .= (AN{Tx >T}: Ac F} C.F is the o-algebra
restricted to {Tx > T}, and there are constants R > 1 and 6,C,co > 0 depending on ¢
and ¢! (not on K) and N(K) € N such that

QY E(Na>N) < C(@X’K <N< > Z) - K6622N6> (4.49)

for N > N(K).

Proof of Theorem [{.2) From the assumptions of Theorem and Assumption we
are given the variables a € [0,1), ¢ € (0,1), £ € (ﬁ,l] and (1 < (C€+ 35— )ALl
Moreover, fix arbitrary (¢, ), (t,y) € [0, Tk] x [—3, 3] such that w.l.o.g. ¢t < and given
some N > N,

t—t|<e:=2"N, |z <27N* and |z —y| <27V (4.50)

We define small numbers 6,4’,d1,d2 > 0 in the following way. We choose § € (0,% )

such that
(1 < ((Cﬁ—l—;—a) /\1) —ad < 1.

Fixing ¢’ € (0,0), we choose d; € (0,0") sufficiently small that

< <<C§+;—a)/\1>—a5+a51<1. (4.51)
Furthermore, we define d2 > 0 sufficiently small such that
§ — 8y > 4y, (4.52)
and we set
pi= <(C£+;—a>/\1>—a<;—a>+a51 (4.53)
and

pimptald — 5y —61) = <<C£+;—a> m) —a@ —a> Fald —5).  (454)

By (.52)), we see that p > p.

Moreover, we introduce

D™ (5) = |pp—o(x) — pr—s(y) P X (s, 0)* and D™ (s) := pu_(x)?| X (s,0)[*.
(4.55)
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4. Pathwise uniqueness for the fractional SVE

Our goal is to bound the following expression, where we will explicitly determine the
measure Q as in the statement of the theorem and the random variable N := Nj(w) (in
(4.73), later:

@<|X<t,x> — X(t,y)| > & —y|2 0P, (t,2) € Z e, N > Nl)
+Q(IX(,2) — X(t,a)| > [t —t[*@ P (t2) € Zg e, N > N1>
< QX (t,2) — X(t,y)| > & —y|77* 0P, (t,2) € Zr.we, N > N,

t
Dm,y,t,t(s) ds < |ZC o y‘l—Qa—2§’€2p>
0

+Q<|f((t’,x) — X(t,a)| > |t — 0P (tx) € Zgne, N > Ny,

t t
/ D% (s)ds + / D”Cvz’t’t'(s)dsg(t’—t)Q‘*(%‘““s')s?P)
t

0

t
+ Q(/ Dr’y’t’t(s) ds > |z — y|1_20‘_25/52p, (t,x) € Zgne, N > N1>
0

tl
+@<
t

(t, l‘) S ZK,N74,N > N1>

= Q1+ Q2+ Q3+ Qu. (4.56)

t
D™ (s)ds + / DmH (s)ds > (' — )22,
0

We will proceed in three steps to prove the theorem:

Step (i): explicitly choosing a measure Q%¥ as in the statement of the theorem, such that

Q1 and Qs in [@56) fulfill Q + Qg < ce—I¥—t17>"

Step (ii): showing that Q3 = Q4 = 0 holds w.r.t. P (and hence also w.r.t. Q%X since
Q¥ <« P), if we choose the random variable Ny := ¢N¢ for some large enough
deterministic constant ¢ > 0,

for some ¢, ¢ > 0,

Step (iii): completing the proof, using Step (i) and Step (ii).

Step (i): Consider first the term Q. Note that on the measurable space (£, .FX), where
the restricted o-algebra .#X on {T)x > T} is defined in the statement of the theorem,
Assumption (iii) yields the existence of some constant Cx > 0 such that

p(S,Xl(S,O)) — :u(stz(SaO))
o(s,X1(s,0)) — o(s, X2(s,0))

< Cg < o0,
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for all s € [0, T] P-a.s. on (Q,.#X) and, thus, we can apply Girsanov’s theorem (see [KS91),
Theorem 3.5.1]) with the adapted process (Li)iec[o,7] defined by

[P s, XM (5,0) = p(s, XP(s,0))
b= / o(s,X1(s,0)) — o(s, X2(s,0)) dBs,

whose stochastic exponential process & (L) is a martingale due to Novikov’s condition (see
[KS91, Proposition 3.5.12]). We define Q%X via the Radon-Nikodym derivative & (L) of
the measure QXX with respect to P, under which the process (BtX ’K)te[o,T] is a Brownian

motion, where B;X’K =B, — (B,L); = By + A; with A; := g ggjﬁgjgg;:ﬁgﬁgiggg ds on
To avoid measurability problems we re-define Q%X as a measure on (Q,.%) by setting

QYK (A) = QMK (AN{Tk > T})

for A € .. Girsanov’s theorem implies that QX* < P on (Q,.%) and P < Q%% on
(9, FK). With this notation, we see that

X(t,2) - X(t,1)
= [ ) (ot X7 5.0)) — o5, X205, 00 ) (B + 4
[ B0 (05,105,005, X7(5,00 ) (B, + 4
= [ )~ ) (015 X7 5,00 = o X706,0))) 4B

For fixed ¢ € [0,7] and z,y € [—1, 1], the process

577 = | 0l o(o) = )l X 5,0)) = o5, X35, 00) ABER, T 0],

is a local QX% -martingale with quadratic variation
t
(599); = /0 (pf_s(x) = p{_,())* (o (s, X (5, 0)) — (s, X*(5,0)))* ds
t
< C2 [ (-l =) PR 0 ds

t
:C’g/ D*¥t(s) ds.
0

Thus, working under Q%X in (£.56)), we can bound the term @Q; as follows:

t
@< Q1877 2 oyl [ prtt(s)ds <oy
0

< QYE(ISPY] > @ — y|2 0P, (§7Y); < Oz — y|1 7202 )
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4. Pathwise uniqueness for the fractional SVE

by the definition of D%Y:tt,
Next, we apply the Dambis—Dubins—Schwarz theorem, which states that the local QXK.
martingale S can be embedded into a QY*-Brownian motion (Wi)ieo,g such that

ST = Wige.y, holds for all £ € [0,¢]. Thus, with z := CZ[x — y|'2*=27c% we obtain
~ 1
@ < @ ([Wigeny, | 2 fo = gl (57, < =)

= QM( sup [l > | —yﬁ‘a‘%p)’

0<s<z

since from the first event follows always the second one. Thus, with the notation W*(t) :=

sup |W5], the scaling property of Brownian motion and the reflection principle, we get
0<s<t

Ql < QX’K(W*(Cg|$ o y|172a725’€2p) > ‘.Z' _ y‘%—aﬂs&p)
= QYK (W*()Colz — g2l > |z — y| 370 P)
= 205K (W (1) > e —y[™)

a2
with 6" := § — ' > 0 and, applying the concentration inequality Q% (N > a) < e~ 7 for
standard normal distributed N, we get

"
Ly le—y| 70

Q) < 2¢ 2% = ce~clo—u™" (4.57)

for some constants ¢, ¢ > 0. With a very similar argumentation, we can use the probability
measure QX% and proceed as above to derive the bound

|t —¢ —2a6”
Q2 < ce I ;

where ¢ and ¢ are the same constants as in (4.57)).

Step (ii): We want to show that the terms Q3 and Q4 in (4.56|) vanish P-a.s., if we choose
N large enough. Therefore, we consider (¢,x) € Zk n¢ and (',y) as in ({.50) and begin
by showing the following bound on |X(s,0)| for s < ¢':

. { 3e¢ if s €[t—e,t],

[X (s, 0)] < (44 K)2Ne(t — 5)¢ if s € ]0,t — €. (4.58)

To see ([458), we choose for (t,) € Zk y¢ some (f,#) as in the definition of Zx y ¢ in
(4.46)) such that

t—t<e=2"N |z—2]<e* and |X({,2)] <27V =g
Then, for s € [t —e,t], we see that |t — s| < e by (4.50). Thus, by (4.47), we obtain that
X (5,0)] < |X(£,2)| + |X(F,&) — X(t,2)| + | X (t, ) = X(s,0)]
< 3.27NC =36
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For s € [t — 27Nt — €], we can choose some N > N; such that 2-(N+1) < ¢ g < 2N
duetot —e>s,ie t—s>2"N. Thus, we get

X (s,0)| < [X(£,2)] + |X (£ &) — X(t,2)] + |X(t,2) — X(s,0)]
< 9—NC 4 9=NC | Q—NC <2-(t— 8)4 + 2(2—(N+1)C
< 4(t — 5)°.

Last, for s € [0,t —27V¢] with s < T, i.e. X is bounded by K > 0, and t —s > 27¢, we
can bound
1X(5,0)] <K <K(t—s)"5(t—s)" < K2Vt — 5)S,

which shows the bound (4.58).
For Q3, using (£.58) and the definition of D®¥%' in (Z.55), we can bound the term
inside Q)3 by

t t
/ DY (5) ds < 3% / (Do (&) — pros(y))2e2E ds
0 t—e

(44 KRN / (Prs () — prs(y))(t — 5)€ ds
0
—: Dy(t) + Ds(t). (4.59)

Now, by Lemma with 8 = 1 —a — ¢’ and max(|z|, |y|) < 2¢®, we can bound

- 1_
Di(t) S €%¢|a — y|' 2 max(|z], |y|) & ~D¥
< 62C£+25”x _ y’1—2a—26’6(1—a)2,8

_ 62(%—04(%—04)4—&6’-{-5()’1, . y’1—20¢—26’

< €2IB|J) N y|1—2a—25’ (460)

by the definition of p in (4.54). For Ds(t), we use Lemma with 8 =1 to bound

Dg(t) 5 926CN¢ / ‘x o y‘2(t - 8)2C§—20¢—2€2(1—a) ds
0

t— )20 1H2C]1me

“2a— 1+ 2€C |,
S.; 926CN¢ |$ . y‘172a725’€a(1+20¢+25’)EZ(lfa)g((72a71+2£()/\0)720452

_ 22§CNC‘x o y‘1—2o¢—26"$ _ y‘1+2a+26’€2(1—o¢) (

— 92%CNG | y|1-20-28" 2 (4.61)

Hence, by inserting (4.60) and (4.61)) into (4.59), we obtain

t
/ DUt () ds S 22 Ne|g — | 72020 g2, (4.62)
0
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4. Pathwise uniqueness for the fractional SVE

For @4, we can use (4.58)) to bound the first summand in the definition of Q4 by
t/

t/
D%f@>ds—;/ pr—s ()2 X (5,0) % ds
t t

< /t/ t — 55)_20‘52Cg ds
S €;C£|t, _ 75’1—201

< E2§C€2(%—a—a(%—a)+a5’) ]t’ o t|2a(%—o¢—5’)

< 2|y — ¢[2e(gma=d), (4.63)

where we used that |t —¢/| < e and p < 3 —a — a(3 — a) + ad’. We split the second
summand similar as before:

t t t—e
/ Db (5) ds = / D¥®bY (s) ds +/ Db (§) ds =: Dy(t) + Dy(t).  (4.64)
0 t—e 0
By Lemma we estimate
t
Do(t) = [ Ipr-ali) = pums@) PLX (5, 0 ds
t—e
< €2§C|t/ _ t|1—2a
< XY — 2ol mad) (4.65)

where the last estimate follows as in (4.63)).
For Dy(t), using the inequality (a + b)? < 2(a? + b?), we obtain

IMQZA%WS@MQWWW@Wﬁﬁ

o]/ |2

t—e
< 2(4 + K)% 226N / ‘((t —5) T = (t'—5)"Ye = | (t—s)%Cds
0
t—e |z|1/0’ |z\l/a 2
+2(4 + K)%2266Ne / ‘(t/ —s5)“ <e_ t=s —e t-s ) (t — s)%¢ds

0

=: D4’1 + D472. (466)

For Dy 1, we use the inequality
‘x‘l/a
(t—s)" =t —s) e = < (t—s) 21t —1). (4.67)

To see this, note that

_lelt/e (t—s)"‘ et ¢
e t—s < - e t—s 4
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which holds since

t—s a+t’—t> t—s +t’—t
t— s t—s t'—s t—s
t—s t—s

=2 —1>1 4.68
t’—s+t—s - ( )

as x+— 1 4+ 2 >2on [0,1]. Thus, using (£.67), we get

t—e
Day < 2% / (t — 5)"202(¢ — £)2(t — 5)%C ds
0

<22§CNC( t)25( 2a—1+£¢)N0)—2ad;
SngcNC(t/ t)2a 1_a-d) 27204(%70476’) ((—2a—1+&€0)N0)—2ad2

= Q%N (¢ _ )(1-20-20") 2((—at3+EOA) —ad2—a(5 —a—?d")

= 9% CNe (¢ — )ol=20=20) g2 (4.69)

For Dy, we use the inequality [e=®—e~?| < |a—b| and then the bound X — A < (f—_s])tZ )

which holds as in (4.68)), to get

t—e
D42 22§<N</ (t/ o 8)72(1
0

2

1/
(t — 5)%¢ ds

]/ Ja

t—s t—s

€
< 9%6Ne ]a:\Q/O‘/ (t' — s)72%(t — s) 74t — )% (t — 5)%C ds
0
5 22§CN< |$|2/a€—3—2a+2§c (tl - t)2
5 22§CNC |m|2/a€—3—2a+2&“ (tl _ t)2a(%—a—5’)52—204(%—04—5’)
— 926CN, |x|2/a62(%—a+£C—a(%—a)+a5’)(t/ _ t)a(1—2a—26’)

= Q%N | |2/org2b () _ ya(l=20-20") (4.70)

Hence, (4.63) and plugging (4.65)), (4.66), (4.69) and (4.70) into (4.64), we obtain

t/

t
D™ (s)ds + / D= (5) ds < 22N ! — ¢o(1m20720) g2, (4.71)
t 0

Combining (4.62) and (4.71)), we can denote C' > 0 to be the maximum of the two generic
constants occuring in the estimates, to conclude, that if we can secure that

C2%Ne 2P 2, (4.72)

then the conditions inside of @3 and Q4 are never fulfilled and, thus, we get that Q3 =
Q4=0. By e =27V ([4.72) is equivalent to
C < 22N(ﬁ—p)—2N<£C,
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4. Pathwise uniqueness for the fractional SVE

and, since p — p > 0, fulfilled for all

2£CNC + ZOQQ(C) .

N > .
2(p—p)

Therefore, we can find a deterministic constant cx ¢ 5.5, 5,5, such that, for all

N Z Nl(w) = CK,C,6,51,6’,52NC(W)7 (473)
Qg = Q4 = 0 holds.

Step (iii): We discretize X (t,y) for t € [0,Tk] and y € [—1, 3] as follows:

Mo = maX{\ff(ﬂ‘", (2 +1)2797) — X (527", 2277

v ‘X((j 1 1)27, 2270y _ X (j27, 227 .

2| <2071 (j4+1)27" < Tk,j € Z4,2 € Z,
(7277, 227°") € Ziewe )

Moreover, we define the event
Ay = {w € Q : for some n > N, M, v x > 2_"‘)‘(%_0‘_5)2_1\”’, N > Nl}.

Then, we get, by using (4.56)), Step (i) and Step (ii), that for all N > N; as in (4.73)):

QX’K( U AN/) < i i QY (M N i > 9. g nal(z—a=0)9=Np)
N

N'>N '=N n=N'

1ons!’!

_ né o

5 § : § :2(a+1)n6 2 ’
N

'=N n=N"'

since the total number of partition elements in each M, n k is at most 2 - gon—l. [r.on <
K2+Dn (if Ty = T). Furthermore, we used that [t — | < 27" and |z — &| < 27"*, which
follows by the construction of M, n k.
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We use the convexity 227Y > 2% + 29 for z,y > 0 to estimate

QX7K< U AN/) N i i2(0‘+1)(N+N’)e—c’z(n+N’)5”a

N'>N N’'=N n=0
o0 o0 " BN
< § : 2(04+1)N’§ :2(a+1)nefc’(2"5 N6 a)
N'=N n=0
- (a+1)N’ —/oN'd"a - (a+1)n —e/ond’
= E 2 e E 2 e
N'=N n=0
o N&" o s 1o N's" o > o né a
_ ola+1)N _—c'2 a+1)N c'2 a+l)n _—c'2
=2 e 2 e 2 e
N'=0 n=0
N&" o
< e(aJrl)Nefc’Q
~Y
< _6221\75//0(
~Y € b

for some constant co > 0, where we used convergence and thus finiteness of the two series
in the fourth line by applying the ratio test

. o (n+1)6”a_ né o
lim |20H1e—¢'(2 29 = o.
n—oo

Therefore, we get for
Ny(w) :==min{N € N : w € AS, VN’ > N},
where the superscript ¢ denotes the complement of a set, that
QYF(Ny > N) = QX’K< U AN,> S e (4.74)
N'>N

and thus Ny < oo Q%K as.
We fix some m € N with m > 3/a and choose N(w) > (N2(w) +m) A (N1 +m), which is
finite a.s., such that holds:

V> N:M,yg <200y Np 5 (4.75)

and Qg = Q4 = 0.
Furthermore, we choose (t,z) € Zx n,¢ and (t',y) such that

d((t,y), (t,2) = [t —t|* + |y —a| <27V,

and we choose points near (¢,x) as follows: for n > N, we denote by t, € 27"Z, and
Ty € 2797 for the unique points such that

th <t <tp+27",
Tn<x<Tp+2forz>0 or z,—-2"<z<g,forz<0.
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4. Pathwise uniqueness for the fractional SVE

We define t;,,y, analogously. Let (t,2) be the points from the definition of Zx y ¢ With
| X (t,#)| <27NC. Then, for n > N, we observe that
d((th, yn), (£,2)) < d((t, yn), () + (', p), (t,2)) + d((t,2), (£, 2))
<t =t +ly —ynl + 27N 4227
<6- 27Na < 237Na — 2704(]\]7%)
< gmeN=m), (4.76)

which implies (¢},,yn) € Zk,N—m,c. We use that to finally formulate our bound. We also
use the continuity of X and our construction of the t,, x, to get that

lim X (tn,z,) = X(t,x) a.s.

n—o0

and the same for ¢/, y,. Thus, by the triangle inequality:

o0

> <<X<tn+1, Ens1) — X (b)) + (K (tryn) — X (P11, ynH)))
n=N

+ X(tn,zn) — X (ty, yn)

X (1) = X(¢,y)] =

o
< Z |X(tn+1a l‘n+1) - X(tnv $n)‘ + ’X(t;” yn) - X(t;w,-la yn+1)|
n=N

X (tn,2n) — X (E, yn)|-

Since we choose t,,, z,, and t],,y, to be of the form of the discrete points in M, n x and,
since we have ({.76]), we can continue to estimate

%
’X(ta .f) - X(t/’y)’ < Z 2Mn+1,N—m,K + ’X(tN,.’EN) - X(t{/VvyN”'
n=N

Because of |t — | < 2N and our construction of ¢y, t'y, they must be equal or adjacent
in 27VZ, and analogue for zy,yy. Thus, we get

00
|X(t, l’) - X(tla y)| < Z 2Mn+1,N—m,K + MN,N—m,K
n=N

00
<2 Z Mn,N—m,K

n=N

< Z 2—na(%—a—5)2—(N—m)p

~

n=N

— 9—(N-m)p Z 9—(n+N)a(z—a—0)
n=0
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< 2mp2fN(a(%fa75)+p)

< 2_NC17

where the last line follows with (1 —a —6) + p > (1, which holds by (£51) and (L53),
and for all

N >N, (4.77)

for some N3 that is large enough such that 2P is dominated and thus depends determin-
istically on p. Therefore, we have proven Theorem with

N¢, (w) := max{Na(w) + m, N¢(w) +m, cx ¢ 56,66, Nc(w) +m, N3}

by N¢, chosen in that way due to (£.75]), Step (ii), (£.73) and {.77). If we denote R :=
1V ¢k 56,00, and consider some N > 2m V N3, (4.74) implies

N —m
QYK (N, > N) < QYK (Ny > N —m) +2Q%K (Nc > — )
< OKe=22™ ™™ L 9QXK(N, > N/R)

for R = 2R’ and C' > 0 not depending on K, which shows the probability bound in (4.49))
by re-defining 4 := §”« > 0 and thus completes the proof. O

In the following we sometimes only write a.s. when we mean P-a.s. Since Q%% < P, this
implies Q%% -a.s.

1
3 07

Corollary 4.25. With the hypotheses of Theorem |4.24| and % —a< (< = A 1, there
is an a.s. finite positive random variable Ce¢, ik (w) such that, for any e € (0,1], t € [0, Tk]
and |x| < e, if | X(t,2)| < € for some |2 — x| < &%, then

X (t,y)| < Ce ke, (4.78)

whenever |x — y| < e®. )
Moreover, there are constants §, Cy,co, R > 0, depending on ¢ (but not on K ), and ro(K) >
0 such that

1 . )0
QYK (Cex =) <O [QX’K <Ng(;—a> > = log, <;(+61)> + ke (i) ] (4.79)

for allr > ro(K) > 6+ (K +1), where QXK is the probability measure from Theorem|4.24),

Proof. We will derive the statement by an appropriate induction. We start by choosing

CO ::;<;_a>>

to be able to use the regularity result from Proposition Indeed, by (i) we get
the inequality (4.47) with (o by Kolmogorov’s continuity theorem.
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4. Pathwise uniqueness for the fractional SVE

Gor = Kcnwl_a)M] (1_n~l%d>

Now, we define

for some d € R. We chose that d given (o big enough such that (1 > 5 — a. Moreover,

it is clearly (41 > (,- Thus, we get inductively that ¢, T 2 5 Al and for every fixed
1

Ce(%_a’lg ><><n01

By applying Theorem nop-times, we get ([£.47) for (-1 and, hence, ([L.48) for ¢y,

We derive the estimation for all 0 < € < 1. Therefore, we consider ﬁrst e < 2_N<"0,
where we got N, from the application of Theorem t0 (ny—1. Further, we choose
N € N such that 27V71 < ¢ < 27V and, thus, N > N, .. Also, we choose ¢t < Tk and
2| < e* < 27N such that, by assumption of Theorem 4.24 for some |2 —x| < e < 27N,

| X (t, &) <eb < 27N <97 Nenp—1,
Hence, (t,2) € Zk N, 1 For any y such that |y — x| < e®, we get, by (4.48),
(X ()| <X (6 2)] + X (¢ E) - X(t2)] + X (6 2) - X(ty)]
< 27NC 4 97 NGng 4 97 NGno < 3. 27NC < 6eS.
Now, we consider ¢ € (2_N<"0 ,1]. Then, for (¢,2) and (¢,y) as in the assumption, we get
(X ()| <X (8 2) + X (ty) — X(t,2)]
<K+ 27N < (K +1)2MNmo el

by £2V¢n0 > 1 and, therefore, we have shown (4.78) with C¢ = (K + 1)2N<"0C + 6.
It remains to show the estimate (4.79)). Therefore, we use (4.49) to conclude that

_6 —6
@X,K <CC7K > 7"> —_ QX,K <2N4n0< > ;;__'_ 1> — @X,K (NCTE() fel C 108;2 <}'7;'_~_1>>
%))).

-6 5 logn (1=
= C(QXK<N<”0 2 g o (M)) *Ke"p(‘cﬂgl i

Applying (4.49) no-times, we end up with
Q¥ u(C 2 1)

i—19

: >> + iCiKe_CQQRiA ¢ los2 ( rfl)

1 T
b-a) 2 ano K+1
o)
(7))

1
n XK 1
X,K = )6
_. , - —cg

where C1, 6, R > 0 depend on ¢ but not on K. O

< CroQYK <Na(
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We will handle the event on the right-hand side of (4.79) under the measure P again.

Proposition 4.26. In the setup and notation of Corollary[{.25], one has
1 r—=6 r—6Y\ °
P<N2(é—a> = {08 <K+ 1)) ~ <K+ 1) ’

Proof. We show that, for every M € R,

for some £ > 0.

—Me
P(Naqr_p > M) $2

1
2
for some ¢ > 0, which then yields the statement.
Indeed, from Proposition (i), we have that

E[| X (t,z) — X (', 2)P] < |t — t/‘(éfa)p tlz— x/|(%fa)p7

for all p > 2, ¢, € [0,T] and |z], |z'| < 1. By choosing (t,z) € Zg n¢, (t',2) from the
definition of Zx n ¢ and p > 2 such that ap(% —a) =1+ f for some 8 > 0, it holds that

E[| X (t,2) — X(¢,2/)|P] < 27 NO+8) 4 9= N(1+6) < o= N(1+5)
We discretize [0, 7] x[—1, 1] on the dyadic rational numbers. For simplicity, we assume 7" =

1. First, for some n € N, we keep some space variable x € {k27", k € —2",...,0,1,...,2"}
fixed and apply Markov’s inequality to get

P(\X(k:T", z) — X((k—1)27" )] > 2*“) < 26mpg—n(1+8) — 9=n(1+6-Cp)

for any k € 1,...,2". Next, we define the following events:

An = An(C) = X2 2) - X((k—1)27",2)| > 27!

[o¢] o0
B, = U Ap, N :=limsupA, = ﬂ B,.
m=n

n—o0

n=1
Then, for every n € N,
2m i )
P(A) < Y. P(IX(k27"0) - X((k - D270 227
k=—2n41

< gnt29-n(1+8—(p)+p _ 92+po—n(B—C(p) (4.80)

We choose, for ¢ = 4(3 — a),

Nl

p>max{ 1+7 ! }

PR Y
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4. Pathwise uniqueness for the fractional SVE

Note that ¢ — ¢ —a? =2 - 2(L —a)—a? =
2

o? 1
7= 3 — % >0as a < 3. Then, we have that

B[R

0<p<g—4—a2>—1=ap<;—a>—1—Cp=5—Cp (4.81)

and from (4.80) it follows by the geometric series that

° —n(B8—(p)
P(B,) < Y P(Am) S g2 T "

m=n

where 26778 < 1 because of ([{.81)).
Analogously, we fix some time variable ¢ and get an analogue version of inequality (4.80]).
Now, we fix an event w € ) and some

N2> Nag1_g(W),

2

where N%(%_a) (w) is such that

"=Ne(h-a)

and this should also hold for the union of the analogue sets for fixed ¢, denote those by
AR
Let t, ¢/, x, 2’ € Dy with |t — /| <27V and |z — 2’| <27V, Then, we have

X (t,z,w) — X, 2, w)| <|X(t,z,w) — X(,z,w)| + | X, z,w) — X, 2/, w)|
<227 N7 = 9= N,

Then, we get from (4.80) that

o) 00 0 (B Q*M(H*Cp) _
m=M m=M m=M

with € := 8 — (p, by the geometric series with § — {p > 0.
By the density of the dyadic rational numbers in the reals and the continuity of X, the
regularity extends to the whole [0,7] x [—1, 1] and, thus, the statement holds. O

We want to fix ¢ € (0,1), that fulfills the requirements of the previous corollary.

Lemma 4.27. With fized o € (0, %) and £ € (%, 1) satisfying
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we can choose ¢ € (0,1) such that

1
(6] 5 — [0
Al 4.82
25—1<<<<1—£ ) 52
Especially, we get
¢ 1
AT

1
Proof. First, we consider 217? < 1. In this case, we have that

3« a _ (3-a)(2€-1)-a(l-¢§)

1—¢ 26-1 (1-6(2¢-1)
:g—%—2a£+a—a+a£: (l-a)—3 =0
1-8(2-1) 1-¢@-1)" 7

by the assumption on &.
1_
On the other hand, if %? > 1, then a < € — %, ie. 250‘—_1 < %, and we can fix  such

that (4.82]) holds. O

Let us finally introduce the following stopping time, that plays a central role for the follow-
ing Lemma [£.29] and is the reason, why we needed Corollary and Proposition .26}

t < Tk and there exist € € (0,1], 2,2,y € R with
Teri=inf  |of <e® | X(2)| <& |z — @] <eJu—y|<e* S AT AT, (4.83)
such that | X (¢,5)| > co(K)eS

where co(K) :=ro(K) V K2 > 0 with 79(k) from Corollary
Corollary 4.28. The stopping time T¢ k¢ fulfills Te x — T as K — 00 a.s.
Proof. We fix arbitrary K, K > 0 such that K < K. We can bound for any ¢ € [0,7),
P(Tex <t) < P({TQK <t} N {Ty > T}) +P(T < T)
= pIK | pK. (4.84)

We show that limg 0 PlK K= 0. For this purpose, we cousider the probability mea-

sure QX’R from Corollary By the definition of T¢ i and Corollary we obtain
that

QYK ({TC,K <tyn{Tz > T})
< QYK (T <t) + QYK (Ce,xc > co(K))

N N 2 _ ~ 2
<QYR(Tk <t) +Cy [@XvK (Na—a 2 ;Nzlogz (I[({ n 16)) + KeCQ(I%HG)‘s] .
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4. Pathwise uniqueness for the fractional SVE

By Proposition we know that the respective of the second probability on the right-
hand side of with P instead of Q% tends to zero as K — co. Since QXK <« P
holds on (Q,.%), limg oo P(Ag) = 0 implies limg oo Q%5 (Ax) = 0 for any sequence
(Ak)Kken of events in 2 (see e.g. [Rud87, Theorem 6.11]) and, since T — 0o as K — o0

a.s., by the continuity of the solutions X' and X2, we conclude that the whole right-hand
side of (4.85) tends to zero as K — oco. Hence, since P < Q%K on (2, #K) and the

event inside PlK Ko is trivially in % K , this implies also tending to zero for the respective
P-probability and we obtain lim P/*% = 0.

— 00
Therefore, using the continuity of X' and X? again, we can for every € > 0 find some

K > 0 such that yields
lim P(TC,K < t) < IP(TR < T) <e

K—oo

and we obtain Klim ]P’(T (K < t) = 0, which yields the statement. O
—00

Recall that we have a fixed constant n > 26%1’ determined by Lemma . We use this
to fix the sequence (m(™), ey by defining
1

m = a;jl > 1,

where a, is the Yamada-Watanabe sequence, defined in (4.29). With this, we get the
following crucial lemma, that regularizes X based on regularity of the approximation
(X, 7).

Lemma 4.29. For all z € B(0, L) and s € [0,T¢ k], if (X5, @) < an_1, then

sup |X(Say)| < C(Kanflv
yEB(z, 1)

for some Cx > 0 only dependent on K.

Proof. By the assumption |(X5,q>g)L < an_1, we can apply Proposition m (v) to get
that there exists # € B(z, L) with [X(s,2)| < Cxan—1.
For fixed n > 1, we define ¢, > 0 such that

1
6a — 1 n
n m(n) K

holds and, thus, by the choice n = %,

1

1\7" Cn\"
CKan,1 = CK <> = (K> = E%.
m m

We use this and the definition of Ty x in (4.83)) to get the desired result with Crx =
CKCO(K). O
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Finally, we can handle the term I}"" from (4.33).

Lemma 4.30. With I}"" from ([4.33)) and T; k defined in ({4.83)), one has

lim E[[I""(t A T¢ )] = 0.

n—oo

Proof. We use the Holder continuity of o as well as the bounded support of ¥, the inequal—

ity Yn(z) < = ]l{an<x<an 1}, the boundedness of W, Lemma and Proposition 4.21| (ii)
to get

tNTe K ~ \
et <] [ [ o0 e @) X .0 as

tANT¢ K 9 ) _ 9
5/ /I]-{an<| Xs on ‘<an71}ﬁ¢g(0) \IIS(:L‘) d$|X(S,O)‘ Eds
\I/ t/\TCK
< ‘ [ES / /@n dx(CKan 1) % 4s

nan
t/\TC K
5 / / ®"(0)? dzx ds
nan
a’ a’ L 1 a%i%
< le@) < "_1a;j1 ==l (4.86)
nany nany n  an
n(n+1)
We know that “2=1 = ¢", ag = 1 and, thus, get inductively that a, = e~ . Therefore,

- ) tends to zero as n — oo if
nn+1)— (26— Hn-1n<0

for n large, which holds if and only if 1 — (26 —n~1) <0, i.e., & > % + ﬁ, which holds by
Lemma [4.27 O]

We summarize the essential findings for the proof of Theorem in the next proposition.

Proposition 4.31. With U that fulfills Assumption and T¢ i defined in ({4.83) for
K >0, one has, fort € [0,T], that

- t/\TC,K 5 .
/ EIX (A Toe o) Win, . (z) dz < / / E|X (s, 2)[|| Ag¥s(z) + Fs()| do ds
R 0 R

) /t/\Tc,K . (0)E(| X (s, 0)[] ds. (4.87)
0

Proof. By Proposition Lemma Lemma [4.30| and sending n — oo after applying
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4. Pathwise uniqueness for the fractional SVE

Fatou’s lemma to exchange limiting and the integral, we get
[ EIR (A T, ) Wi (o) ds (4.88)
R

= / lim inf IE[qbn((Xt/\TC‘K, ‘I>Z>)]\Ift/\TK4 (z)dz
R

n—oo

S lim 1nf/ E[d)n“XtATQKv (I);»]\I]t/\TK,( (.T) dz
R

n—oo

gE[/OMT“K/R|X(s,x)y(aeqzs(x)+\ifs(x))dxds
AT, i ~
+E[/O ,(0)| X (5,0)| ds|

Applying Fubini’s theorem then yields (4.87). O

4.6 Step 5: Removing the auxiliary localizations

We want to construct appropriate test functions ¥ € C§°([0, t],R) for some fixed ¢ € [0, 7.
They will be of the form

Un (s, z) = (Si—sdm(x))gn(x) (4.89)

for N,M € N, where (Sy)ye[o,r] denotes the semigroup generated by Ag and we specify
the sequences of functions ¢, gy € C3°(R) in the following.

With the sequence (¢pr) ey we want to approximate the Dirac distribution around 0. To
that end, we define

2.2

where the function sp/(z) extends smoothly to zero outside the ball B(1, ;) such that

limps 00 dar(x) = do(z) pointwise.
Moreover, let (gn)nen be a sequence of functions in C3°(R) such that gn: R — [0, 1],

B(O,N)c{zeR: gy(z)=1}, BO,N+1)°c{zeR: gy(z) =0},

and
sup [lla] i (@)oo + | Bagn () o] = Cy < 0. (4.90)
NeN

We simplify the term on the right-hand side of in the next corollary.
Corollary 4.32. With Uy constructed in , one has that
AgUn (s, 2) + W (s, )
= 4a2\a:|9(§;St_s¢M(a:)) (;CgN(x)) + Si_sbar(@)Dog(x).  (491)
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Proof. Recall, that, by the definition of the semigroup (S)co,r) in (4.15) and using the
fundamental solution of (4.10)), we get

BoSiola) = S5i0(e), 1< (0,7,

for all ¢ € C§°(R). Therefore, the second term on the left-hand side of (4.91)) equals

Wi (5,2) = g (@) 5 (S50 ()
= —gn (2) A (St—spnr ()
= ~20%n () 2 (o] (51 sbna(a)
= 202 (2) (el ) (istsw(x)) — 20 ()| (g a2
(4.92)
For the first term on the left-hand side of , we calculate
AQ\IJN M(S ZL')
022 (m 00 SN (s x))
— 202|z|? 882(& O (@)g (x))+2a2(§xx\—9) ((fxst_sw(x) (m))
= 0l (L Sisonr (@) (@) + 202l g (@) (g Sicsiae (@)

2

+ 20202 (Saon (@) (gon (=)
+ 202 (5ol ) (5 Susbrr(a) )ox (2
+ 2042((%!96\‘9) (Si—sdns(x)) (;;gfv(x)) (4.93)

Hence, adding up and , we obtain
AQ\IJN7M(S, x) —+ \i/N,M(S, l‘)
2 -0 9 9 2|0 o
= 4a”|z| (%St,sdnw(m)) (%gzv(x)) + 20 |z| (StfsdﬁM(fC)) (WQN(QU))
0 0
+20(5-fal ™) (Si-stnr (@) (5 9n (@)
0 0
= 40?|z|™? (%St_@M(m)) <%9N(96)> + St—spm () Aggn ().
O

With these observations, we want to show that the semigroup (St)ic[o,7] can be exponen-
tially bounded in the following way.
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4. Pathwise uniqueness for the fractional SVE

Lemma 4.33. For any ¢ € CP(R), t € [0,T] and for any A > 0, there is a constant
Cr,¢t > 0 such that

0 -z
St9(x) + 5 (50()) | Ln+1> e >N} < Crpoee AL N1 sy
forany N > 1 and z € R.

Proof. For t = 0, the statement is trivial due to So¢p(x)+ %(S@Qﬁ(&?)) = ¢(x)+¢'(x), which
is bounded with compact support. Thus, we fix ¢ > 0 and consider the first summand
without the derivative. We use the inequality

b v 1\ v+3
L(b) < () eb—a<a+”+§> I(a), 0<a<buv>-—1, (4.94)
a b+v+ 5

1+4 1+9
from [IS91, Theorem 2.1 (ii)], with a = \m% and b = M”y‘% such that b > a due to
lz| > N > 1. By the explicit form of p!(x,y) from Lemma due to the compact
support of ¢, which we denote by Sy, and using (4.94), we get

0
(2+6) aso) _ la2HO 41y 2O |lzy|t T2
Sip(x) = oy 12yl L ey dy
R
(2+6) a+0) _ Jol?H0+]y2+0 0y layE py'tS |y[1+g
<c [ ag] 5 e T [ (D M dy
s, 2t t
(240) i 2H0p2te (|yllTs (1) (145) — =22
§C¢ |y| 2 € 2t Iz/ dy |LL“ 2t
R 2t t
o eeolle 5 1)
6
:0¢(/ P, y)dy) 2] (D0 )= T e (a1 <)l = Al
< Cygpe N, (4.95)
p—1/2+0

]
- 1 v
148) — ey (o T2 -1)

since the function  — |z| 1! A2l attains a maximum on R

for all ¢4 > 0.

. 1+4 142 0
For the second summand, we substitute z = uy‘% such that 8—150 = %y|xy|§é, apply
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the product rule and 21, (z) = 21, (2)+I,4+1(2) (see [MOSG6, page 67]) to get, for || > 1,
0z z + g g

0 0 (2+40) (148)  Ja|2H0 g2+ ’xy|1+g
solsio@) = o [y 5 L’(t Sy
2+90 0 (1+9) 1 + M
]. 12+9 2460
-0 [ (- (o S et Y
o)1+ % o _lePH0+p2t0 O
2e Qty az([}/(z)>>¢(y) dy

(24 0) 1 + 0 L _ L2204y 20
= ylzy| 2
2t Jr

)
2+0 P A Masd jzy|' >
B 1
(2+6) (1+0) 1+ 5 21240 11y 2+0
+ |wy| 2 yloy|te

0
t Ty 1+5 xy|tt2
i, o o (P ) o) ay
jay| 2 t t

<1+e> _ w2 H0 4y 20
< Cio lzy| 2 20
Se

(1+e) a2+ 4|y 10 1+2
el ay| 2 e )L(”W'>dy

t

6 0
(1+9) |$‘2+9_Hy‘2+9 Ty 1—‘,—5 x 1_;'_5
+/S <|xy| 2t <Iu<‘ |t +L/+1 | y|t dy
¢
(1+9) 2Oy 210 x 1+4 . 144
< Cw/ 0y |2 20 <Lj<‘ yl + Iy 7] dy,
S t t

(4.96)

where Sy := {y € R: ¢(y) # 0}. The integrands in (4.96)) vanish for y = 0 by the definition
of I, in (#21)) with v = 535 — 1 < X2, If we thus ShOW that, for any v > —1, there is a

246
constant C,, > 0 such that
L(2) + I1(2) < Cy (27T + 2712) e (4.97)
holds for all z > 0, then the statement will follow, since, similar as in (4.95)), all the

L ) ] || 2+0
z-polynomials in (4.96)) and the Bessel function terms are dominated by the term e~ 2

and the y terms can be bounded using the compact support of ¢.
To get (4.97), we use the equality (see [LS72, (5.7.9), page 110])

L,(Z) = 2(1/ + ]‘)IV+1(Z) + IZ/+2(Z)’ (498)
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4. Pathwise uniqueness for the fractional SVE

and, since v+ 1,v +2 > — , we can then apply the following inequality from [Luk72,
(6.25), page 63|, for x > 0:
et +e @ [z e’ r\”
I <—N= — (=) - 4.99
/(@) 2F(1/+1)<2> <r(u+1)<2> (4.99)

(4.98) and (4.99) yield, as I'(z) > 0 for > 0, that
3
L)+ () =2(v 4§ ) L) + Lsalo)
) V+§ e? E 1/+1+ e? f v+2
2)T(v+2)\2 F(v+3)\2
S CZ/ (Zy—l-l + Zzz+2)ez

which proves (4.97). O

Proposition 4.34. It holds that

E[|X(t,0)|]§/0 (t— s)°B[|X(s,0)|ds,  t€[0,7T].

Proof. First, to apply Proposition [4.31] u we need to show that Uy ps defined in (4.89)
fulfills Assumption “ Una € C%([0,T] x R) and the conditions ¥y p/(s,0) > 0 and
I'(t) € B(0, J(t)) for some J(t) > 0 follow by construction. Moreover, Lemma“dlrectly
yields that the last property holds:

/|xy 9( U (s, x)>2dx

which is clearly finite as 8 < 1. Hence, Assumption holds.
Thus, Proposition holds and plugging (4.89)) into (4.87), sending K — oo such that

T¢.x — T by Corollary and using Corollary (4.90) and Lemma {4.33] we get

/ E[|X (1, 0)[]ér ()gn (@) da

// 1% (s, 2)]

+ / W (5, 0)E[| X (5,0)[] ds

sup
s<t

<C/\x| =2l g,

4021l (251 sons()) (g () + Si-sbns @) dog ()] drds

< [ [ BIXG(Z 50 @)) + Srmsn @l 1oy s
+/ Un (s, 0)E[| X X (s,0)[] ds
0

t t
5/0 /REHX(&CC)He)\|IIIL{N+1>|:E>N} dwds+/0 U, (s, 0)E[| X (s,0)[] ds. (4.100)
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We want to send N, M — co. By Proposition [{.11] (i) we get that

¢ . N+1
/ / E[[X(s,x)]]e*)“x|]l{N+1>|x|>N} deds < t/ e Mdr -0 as N — oo.
0 JR N

Moreover, we get

t

/O W, (s, 0)E[| X (s,0)[]ds = /0 (Si—s011(0))gn (2)E[| X (5,0)[] ds
= [ [ 00m) @ )EIT G0 s
Moo /tpfS(O)E[\X(s,O)]] ds as M — oo,
0
which gives
/ Uy (s, 0)E[| X (s,0)|] ds = 09/ (t —s)"“E[|X(s,0)]] ds.
0 0
Hence, sending N, M — oo in yields

E[|X(t,0)| 5/0 (t — ) “E[|X(s,0)[] ds.
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Chapter 5

Mean-field SVEs

The content of this chapter is published in [PS23b].

Introduction

Mean-field stochastic differential equations (mean-field SDEs), also known as McKean—
Vlasov stochastic differential equations, provide mathematical descriptions of random sys-
tems of interacting particles, whose time evolutions depend, in some manner, on the
probability distribution of the entire systems. A crucial reason for the frequent use of
mean-field SDEs in applied mathematics is the fact that they allow for modelling the
phenomena of “propagation of chaos” of large interacting particle systems. Recall, on
a microscopic scale the trajectory of each individual particle can often be appropriately
modelled by a stochastic process. However, when the number of particles becomes very
large, the microscopic scale usually contains too much information, making the interaction
of individual particles intractable. Fortunately, sending the number of particles to infinity,
propagation of chaos states that the behavior of an individual particle depends only on the
probability distribution of the entire system, i.e., on the macroscopic scale the interaction
of individual particles becomes negligible.

Mean-field SDEs as well as propagation of chaos originated in statistical physics and were
first studied by Kac [Kac56], McKean [McK66] and Vlasov [V1a68|. By now, these concepts
have found a wide range of applications in a variety of fields such as physics, finance
and data science. We refer, e.g., to [Szn91l JW17, [CD18al [CD18b, [CD22al, [CD22b]| for
comprehensive introductions to mean-field SDEs and their numerous applications. Except
a very small number of publications, like the rough path based approaches to mean-field
SDEs [BCD20, [CDFM20, BCD21], the vast majority of literature on mean-field SDEs and
propagation of chaos is restricted to Markovian systems of interacting particles, i.e. the
behavior of each particle has to be independent of all past states of the systems. On the
contrary, it is well observed that many real-world dynamical systems do have memory
effects and, thus, do indeed depend on past states of the underlying systems. Well-known
examples of such systems are the growth of populations, the spread of epidemics and
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turbulence flows.

Classical mathematical models for random dynamical systems with memory effects are
given by stochastic Volterra equations (SVEs), as introduced in the seminal works of
Berger and Mizel [BM80a, BMS80b], see also e.g. [Pro85l [PP90]. While SVEs allow for
generating non-Markovian stochastic processes, the solutions of SVEs, in contrast to mean-
field SDEs, do not depend directly on the probability distributions of the generated random
systems.

In this chapter we aim to unify the theory of mean-field stochastic differential equations
and stochastic Volterra equations, which enables to combine the desirable modelling ad-
vantages of both classes of equations. More precisely, we introduce mean-field stochastic
Volterra equations (mean-field SVEs)

t t
thxo+/ Ku(s,t)u(s,Xs,L‘(Xs))ds+/ K, (s,1)0(s, Xo, £(Xs)) dBs, 1€ [0,T],
0 0

(5.1)
where Xg is a random variable, B is a Brownian motion, and the coefficients u, o as well as
the kernels K, K, are measurable functions. Here, £(X) denotes the law of the random
variable X;. In words, mean-field SVEs are a class of stochastic integral equations that
describe the dynamics of random systems with both nonlinear interactions and memory
effects. They constitute a generalization of mean-field SDEs and of classical SVEs. Notice
that a solution to the mean-field SVE is, in general, neither a Markov process nor a
semimartingale.

Our first contribution is to establish the (strong) well-posedness of the mean-field SVE (5.1)),
meaning that there exists a unique strong solution to , under two sets of assumptions.
On the one hand, we show the existence of a unique solution to the mean-field SVE
in a multi-dimensional setting with standard assumptions on the kernels and coefficients,
i.e. we assume some integrability on the kernels as well as Lipschitz continuity and a linear
growth condition on the coefficients, cf. e.g. [Wan08, [Carl6]. The proof is based on a
classical fixed point argument in combination with techniques from the theories of mean-
field SDEs and SVEs. On the other hand, we show the existence of a unique solution
to the mean-field SVE in a one-dimensional setting, assuming sufficiently smooth
kernels and Holder continuous diffusion coefficients which are independent of the law of
the solution. To that end, we rely on a Yamada—Watanabe approach [YWT1], as recently
generalized in [AJLP19| or Chapter [2[ to SVEs with sufficiently smooth kernels. As com-
parison, for well-posedness results in case of mean-field SDEs we refer to [BMM20), [KP21]
such as [HW23] in the Hélder continuous diffusion coefficient case, and in case of SVEs
to [Wan08, [AJLP19|, or Chapter Furthermore, let us remark that a specific type of
mean-field SVEs was studied in [SWY13].

Our second contribution is to establish quantitative, pointwise propagation of chaos results
of Volterra-type systems of interacting particles. In words, sending the number of Volterra-
type interacting particles to infinity, we obtain a macroscopic description of the systems
based on a mean-field stochastic Volterra equation. The developed approach is based on
a synchronous coupling method, as it was initiated by McKean [McK67| and extended
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5. Mean-field SVEs

by Sznitman [Szn91]. In the case of mean-field SDEs, synchronous coupling methods are
widely used for systems that are described by systems of McKean—Vlasov diffusions, and
often lead to pathwise propagation of chaos, see e.g. [CD22al Theorem 3.20| or [Carl6l,
Theorem 1.10|. In the present case of mean-field SVEs, implementing a synchronous
coupling method becomes more challenging as the underlying McKean—Vlasov processes
are of Volterra type and, thus, in general, lack the semimartingale and Markov property.
As for the presented well-posedness theory of mean-field SVEs, we distinguish between the
aforementioned multi- and one-dimensional setting. The pointwise natures of the presented
propagation of chaos results for mean-field SVEs is caused by the non-availability of a
Burkholder-Davis-Gundy inequality in the multi-dimensional setting and by the Holder
continuity of the diffusion coefficients in the one-dimensional setting. The latter setting
requires to combine the synchronous coupling method with a Yamada—-Watanabe approach
like in the SDE case in [HW23].

Organization of the chapter: In Section we present the main results regarding
the well-posedness and propagation of chaos for mean-field stochastic Volterra equations.
Section provides some necessary well-posedness results for ordinary stochastic Volterra
equations. The proofs of the main results are contained in Section [5.3] and [5.5]

5.1 Main results: well-posedness and propagation of chaos

Let T € (0,00), d,m € N, and let (2, F, (Ft):e(0,1), P) be a filtered probability space, which
satisfies the usual conditions. Suppose B = (Bt)e[o,r] is an m-dimensional Brownian
motion with respect to (F)icpo,7]- The law of a random variable X is denoted by L(X)
and, for p > 1, the space of probability measures on R¢ with finite p-th moments by
Pp(RY). For p,p € Pp(RY), we write W,(p, 5) for the p-Wasserstein distance between p
and j, see [CD18al, Chapter 5] for its definition. The space RY is always equipped with the
Euclidean norm | - |. Moreover, we set Ap := {(s,t) € [0,T] x [0,T]: 0 < s <t <T} and
use the notation A, < B, for a generic parameter 7, meaning that A, < CB,, for some
constant C' > 0 independent of 7.

We consider the d-dimensional mean-field stochastic Volterra equation

t t
thxo+/ Ku(s,t)u(s,Xs,,C(Xs))ds—i—/ K, (s,0)0(s, Xo, £(Xs))dBs, 1€ [0,T],
0 0

(5.2)
where X is a d-dimensional, Fg-measurable random variable, which is independent of B,
the coefficients p: [0, 7] x R x Pp(RY) — R%, o [0, T] x RY x Pp(RY) — R¥™ and the ker-
nels K, Ks: A7 — R are measurable functions. The integral fg K, (s,t)o(s, Xs, L(Xs)) dBs
is defined as a stochastic It6 integral.

Let us briefly recall the concepts of well-posedness, strong solutions and pathwise unique-
ness. We use, for topological spaces X', ) and p > 1, the notation LP(X’;)) for the space
of all Y-valued, measurable, p-integrable functions on X and C(X’;)) for the space of all
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Y-valued, continuous functions on X'. An (F}).e[o,r)-progressively measurable stochastic
process (X¢)sepo,r) in LP(2x 0, T]; R%), on the given probability space (Q, F, (Ft)ejo,m, P),
is called (strong) LP-solution of the mean-field SVE (5.2) if

/Ot(\KH(s,t),u,(s,XS,E(XS))\ + |Ky(s,t)0(s, Xs, L(X,))[?)ds < 0o for all t € [0, 7],

and the integral equation holds P-almost surely. We say pathwise uniqueness in
LP holds for the mean-field SVE if P(X; = X, Vt € [0,T]) = 1 for any two
LP-solutions (X¢)iep,r] and (Xt)te[O,T} of defined on the same probability space
(Q, F, (Ft)ieo,r:P). We say that the mean-field SVE is well-posed in LP (or that
there exists a unique LP-solution) for p > 1 if there exists a strong LP-solution to
and pathwise uniqueness in L? holds.

In the following we distinguish between a multi-dimensional and a one-dimensional setting
since these settings allow to establish well-posedness of the mean-field SVE with
different regularity assumptions on the kernels and coefficients. The main existence and
uniqueness results regarding mean-field SVEs as well as propagation of chaos are stated in
Subsection and [5.1.2] In the multi-dimensional setting (Subsection we make
standard Lipschitz assumptions on the coefficients u, o, whereas in the one-dimensional
setting (Subsection we assume that p is Lipschitz continuous but allow o to be only
Hoélder continuous. We prove the corresponding results in Section and

5.1.1 Mean-field SVEs with Lipschitz continuous coefficients

In this subsection we consider the multi-dimensional stochastic Volterra equation (5.2
with dimensions d,m € N and coefficients u, o that are Lipschitz continuous in the space
and distributional component, uniformly in the time component, allowing for potentially
singular kernels. We start by stating the assumptions on the kernels.

Assumption 5.1. Assume there are constants v € (0, %], e >0 and L > 0, such that
K., Ks: A7 — R are measurable functions fulfilling

t v
/ | Ku(s, 1) — Ku(s, )]+ ds+/ K, (s,t)[' e ds < L' — |7+,
0 t
t v
/ | Ko (s,t') = Kq(s, )] ds + / |Ky(s,t) > ds < L|t' — [ *+9),
0 t

for all (t, ') € Ap.

Note that Assumption allows for singular kernels, like the fractional convolutional
kernel K(s,t) = (t —s)™® for a € (0,1/2) and the examples provided in [AJCLP21]
Example 1.3|. Moreover, let for € > 0 given by Assumption the fixed parameter § > 2

be defined by

442
5= te, (5.3)
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5. Mean-field SVEs

such that 5 5
—=1. 5.4
2+c¢ + 1) (5-4)

In the following we use the §-Wasserstein distance on the space Ps(RY) of probability
measures on R? with finite 6-th moments. Relying on the J-Wasserstein distance, we
specify the assumptions on the regularity of the coefficients p and o, which are a classical
linear growth condition and a Lipschitz assumption.

Assumption 5.2. Let p: [0,T] x R? x Ps(R?) — R? and o: [0, T] x R? x Ps(R?) — RIX™
be measurable functions such that:

(i) for any bounded set K C Ps(R?), there is a constant Cx > 0, such that the linear
growth condition
u(t, z, p)| + lo(t, 2, p)| < Cic(L+ |z])

holds for all p € KC, t € [0,T] and 2 € R%;

(ii) p and o are Lipschitz continuous in x and in p w.r.t. the §-Wasserstein distance,
uniformly in t, i.e. there is a constant C), 5 > 0 such that

(.2, p) — (. &, 5)| + ot 2, p) — ot 7 )| < Crar (2 — 7 + Wi(p, ),
holds for all t € [0,T], z,% € RY, and p, p € Ps(RY).
Our first result is the well-posedness of the mean-field stochastic Volterra equation (5.2]).

Theorem 5.3. Suppose that the initial value X is in LP(Q; RY), the kernels K, K, fulfill
Assumption the coefficients p, o fulfill Assumption and p > max{%, 1+ %}, where

~ € (0, %] and € > 0 are given by Assumption . Then, the mean-field stochastic Volterra
equation (5.2)) is well-posed in LP. Moreover, for any ¢ > 1, if Xo € LI(Q; RY), the unique
LP-solution X of (5.2)) satisfies

sup E[|X¢|] < oo. (5.5)
t€[0,T]

Our second result is propagation of chaos for mean-field stochastic Volterra equations, i.e.
we show that the unique LP-solution to the mean-field stochastic Volterra equation
is the limit NV — oo of the solutions to the following symmetric system of N mean-field
stochastic Volterra equations

. . t . t . .
XN =X [ Kl s, XN s+ [ Ko(sit)o(s X200 ABLL te 0.T)
0 0
(5.6)
N Ny
fori € {1,..., N}, where p{’ := + >° dy . is the empirical distribution of (X;"")i=1 . ~,
i=1 ~F

(X{)ien C LYQ;RY) is a sequence of Fy-measurable, independent and identically dis-
tributed random variables for some ¢ > 4, and (B");en is a sequence of independent
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m-dimensional Brownian motions, which are all defined on the given probability space
(Q, F, (Ft)ieo,r]:P). Strong LP-solutions, pathwise uniqueness in LP and well-posedness
in LP for the system of mean-field SVEs is defined analogously to and d, denotes
the Dirac measure at = for z € R?. Moreover, for i € N, let X’ be the solution of the
mean-field SVE (5.2]) with the initial condition Xé and driving Brownian motion B’. In
the present multi-dimensional setting, we obtain the following convergence result.

Theorem 5.4 (Volterra propagation of chaos). Suppose Assumption and and
that the sequence of initial conditions (X})ien C LY RY) for some q > max{p, 26} and
p > max{%,l + %}, where § is defined in (5.3). Then, the system (5.6) of mean-field

SVEs is well-posed in LP for every N > 1, where the unique LP-solution is denoted by
(XtN’Z)i:Lm,N. Moreover, it holds

N
, , 1 5
. N,'L _ 1) . 1 =
i <12%’§v (tes[%%]EHXt X ]) +t€SB%]E[W5(N ;1 5thv,1,£(&)) D 0. (5.7)

The rate of convergence in ((5.7)) is explicitly stated in the next lemma.

Lemma 5.5. Supposing the assumptions and notation of Theorem it holds that

N,i ; 1 & J
s, up BN 1) + s BWs(§53 o, £XD) | Sew 69

where (eN)NeN 1S given by

N—1/2 if d < 26
EN = { N~121ogy(1+ N), ifd=25 . (5.9)
N—/d if d> 26

Remark 5.6. The rates of convergence obtained in are analogue to the classical rates
for ordinary mean-field SDEs with Lipschitz coefficients (see [CD22d, Theorem 3.20]), us-
ing Ws(---)? instead of Wa(---)? and, consequently, replacing the exponent 2/d by &/d
m . Note that in the case of ordinary mean-field SDEs one obtains a pathwise prop-
agation of chaos result (meaning that the sup in 1s inside the expectation opera-
tors), which is a stronger type of convergence than the pointwise convergence presented in
Theorem [5.4) This weaker type of convergence is caused by the missing availability of a
Burkholder—Davis—Gundy inequality for stochastic Volterra processes. However, the rates
of convergence provided in Lemma[5.5] seem to be optimal for synchronous coupling meth-
ods, since it is shown in [FG15, Theorem 1 and there after| that for terms of the form
E[Wg(ﬁN,p)‘s} the rates in are sharp. Consequently, optimality could be only lost in
the inequalities or , which, at least in general, appears not to be the case.
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5. Mean-field SVEs

5.1.2 Mean-field SVEs with Holder continuous diffusion coefficients

In this subsection we consider mean-field SVEs in a one-dimensional setting, i.e. we assume
d =m = 1. This allows to relax the Lipschitz assumption on the diffusion coeflicient o to
Holder continuity in the space variable, provided that ¢ is independent of the distribution
of the solution and that the kernels are sufficiently regular. More precisely, we consider
the one-dimensional mean-field stochastic Volterra equation

¢ ¢
X = X +/ K, (s, t)u(s, Xs, L(Xs)) ds +/ Ky(s,t)o(s,Xs)dBs, t€]0,T], (5.10)
0 0

where (Bt)ie[o,] is a one-dimensional Brownian motion, X is an Fp-measurable random
variable, the coefficients p: [0,7] X R x Pp(R) = R, 0: [0,7] x R — R and the kernels
K, K;: A7 — R are measurable functions. We consider two different sets of assumptions
on the kernels and on the initial condition.

Assumption 5.7. Let v € (0, ] and € > 0. Let Xo be an Fy-measurable random variable
and K,,, K5: Ar — R be continuous functions such that:

(i) K,(s,-) is absolutely continuous for every s € [0,T] and 02K, is bounded on Ar;

(i1) Ky(-,t) is absolutely continuous for everyt € [0,T], Ky (s,-) is absolutely continuous
for every s € [0, T) with 02K, € L*>(Ar), and 02K, (-, t) is absolutely continuous for
every t € [0,T). Furthermore, there is a constant C1 > 0 such that |K,(t,t)] > C1
for any t € [0,T], and there exists Cy > 0 such that

/ 1Ky (u,t) — Kg(u, )% du < Colt — 5|7+ and
¢
|01 K5 (5,t)| + |02K (s, s)| +/ 1001 K5 (s, u)|du < Co

hold for any (s,t) € Ar;
(iii) Xo € LP(QR) for p > max{%,1+ 2}.

Instead of Assumption we can alternatively require K, K, and Xy to fulfill the
following assumption, where the kernels are supposed to be convolutional.

Assumption 5.8. Let X be an Fo-measurable random variable and K,,, Ks: Ap — R
be continuous functions such that:

(i) Ku(s,t) = K,(s,t) = K(t — s) for some K € C'([0,T];R);
(i) Xo € LP(;R) forp > 2.
Next, we formulate the assumptions on the coefficients.

Assumption 5.9. Let p: [0,7] x R x P1(R) - R and 0: [0,T] x R — R be measurable
functions such that:
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(i) for any bounded set I C Pi(R), there is a constant Cx > 0, such that the linear
growth condition
|ty @, p)| + |o(t, 2)| < Crp(1 + |z))

holds for all p € K, t € [0,T] and x € R;

(#) p is Lipschitz continuous in x and p w.r.l. the 1-Wasserstein distance, uniformly in
t, i.e. there is a constant Cy, > 0 such that

u(t, @, p) — u(t, 2, p)| < Cu(lx — 2]+ Wilp, p)),

holds for all t € [0,T], z,Z2 € R and p,p € P1(R), and o is Holder continuous of
order % + & for some £ € [0, %] mn x uniformly in t, i.e. there is a constant C, > 0
such that

ot 7) = o(t,7)| < Colz — 7|2,

holds for all t € [0,T] and x,% € R.

First, we establish the well-posedness of the mean-field stochastic Volterra equation ({5.10))
with Holder continuous diffusion coeflicients. Its proof is based on a Yamada—Watanabe
type approach [YWTI], which requires essentially a one-dimensional setting and leads to
the stronger assumptions on the kernels.

Theorem 5.10. Suppose Assumption and the kernels K, K, and the initial con-
dition Xo satisfy Assumption or Assumption with p given as therein. Then, the
mean-field stochastic Volterra equation 1s well-posed in LP. Moreover, for any q > 1,
if Xo € LI(S;RY), the unique solution X of satisfies

sup E[|X:]7] < 0.
te[0,7]

Secondly, we establish propagation of chaos for one-dimensional stochastic mean-field
SVEs with Hoélder continuous diffusion coefficients. To that end, we consider the sym-
metric system of N mean-field stochastic Volterra equations

. . t . t . .
XgVﬂ:X3+/0 Ku(s,t)u(s,XsN”,péV)ds—k/O K, (s, t)0(s, XNV dBE, ¢ € [0,7], (5.11)

for i € {1,..., N}, where (X{)ien C LP(;R) is an i.i.d. sequence of initial conditions,
and (B%);cy is a sequence of independent one-dimensional Brownian motions. Moreover,
for i € N, X? denotes the solution of the mean-field SVE with initial condition X
and driving Brownian motion B’. In the present one-dimensional setting, we obtain the
following convergence result.

Theorem 5.11 (Volterra propagation of chaos). Suppose Assumption and the kernels
K,,, K, and the initial conditions X§, fori € N, satisfy Assumption 5.7 or Assumption
with p given as therein. Then, the system (5.11) of mean-field SVEs is well-posed in LP,
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where the unique LP-solution is denoted by (XtN’i)i:Lm’N for every N > 1. Moreover, it
holds

N
. Ny 1 _ | _
i (s, (s 216 0) + s BWA( Do )] ) =0 62

The rate of convergence in is explicitly stated in the next lemma.
Lemma 5.12. Supposing the assumptions and notation of Theorem[5.11) it holds that
E[lx" - X E|W iN(s LX) | SNV (513
s, ( sup BIXC - X)) + sup B[W (53 dne £00)] SNV (513

Remark 5.13. The rate of convergence in (5.13)) is expected to be optimal for synchronous
coupling methods, cf. Remark since it is shown in [FG15, Theorem 1 and there after|
that for terms of the form E[W1(pn, p)] the rate is sharp. Consequently, optimality could

be only lost in the inequalities (5.36) or (5.47)).

5.2 On the well-posedness of ordinary stochastic Volterra
equations

In this section, we provide various well-posedness results for ordinary stochastic Volterra
equations with random initial conditions that are needed to prove the well-posedness
results for mean-field stochastic Volterra equations presented in Section [5.I] We start
with SVEs with Lipschitz continuous coefficients, which is a slight modification of [Wan08§],
Theorem 1.1].

Lemma 5.14. Let the kernels K, K, fulfill Assumption p > max{%, 1+ %} with

v € (0,3] and € > 0 from Assumption the initial value Xo € LP(Q;RY), and the
measurable coefficients ju: [0,T] x R — R and o: [0, T] x R — R>X™ for some d,m € N
fulfill the linear growth condition

lu(t,x)| + lo(t, )] < Cuo(l + |a),
for some C,, o >0 and allt € [0,T], x € R?, and the Lipschitz condition
[t ) — p(t,y)| + lo(t,z) — ot, y)| < Cuolr —yl,

for some Cy s > 0 and all t € [0,T], z,y € R?.  Then, the d-dimensional stochastic
Volterra equation

t t
X; = Xo —|—/ K, (s,t)u(s, Xs)ds —|—/ K,(s,t)o(s,Xs)dBs, te€]0,T],
0 0

is well-posed in LP, where (Bt)icpo,) i an m-dimensional Brownian motion.
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Proof. With the assumed integrability on X, it is straightforward to adapt the Picard
iteration and the Groénwall type estimates in proof of [Wan08, Theorem 1.1] to allow for
random initial conditions Xy, as stated in Lemma [5.14] O

For one-dimensional ordinary stochastic Volterra equations the Lipschitz assumption on
the diffusion coefficients can be relaxed to Hélder continuity, provided the kernels are suf-
ficiently regular or have a convolutional structure. The next results is a slight modification
of Theorem allowing for SVEs with random initial conditions.

Lemma 5.15. Let the kernels K, K, fulfill Assumption n p > max{%,l + 2} with

~ € (0, %] and € > 0 from Assumption the initial value Xo € LP(;R), and the
measurable coefficients p: [0,T] x R — R and o: [0,T] x R — R fulfill the linear growth
condition

[u(t, z)| + |o(t, )] < Cpuo(l+[]),

for some C,, » >0 and all t € [0,T], x € R, p the Lipschitz condition
u(t, z) — p(t,y)| < Cpulz —yl,
for some C,, >0 and all t € [0,T], z,y € R, and o the Holder condition
jo(t.2) = o (t,9)] < Cola — |2+,
for & € |0, %], some Cy > 0 and all t € [0,T], x,y € R. Then, the stochastic Volterra
equation

t t
thXo+/ KM(Sat)M(SaXS)dS+/ Kq(s,t)o(s, Xs)dBs, t€[0,T],
0 0

is well-posed in LP, where (Bt)yc(o,1) s a one-dimensional Brownian motion.

Proof. With the assumed integrability on Xy, it is straightforward to adapt the proof of
Theorem to the case that X is a random variable. O

The next lemma is a slight generalization of [AJEEI9D, Proposition B.3|, providing the
well-posedness of one-dimensional SVEs with convolutional kernels and random initial
conditions.

Lemma 5.16. Suppose that Xy € LP(Q;JR) for some p > 2, the kernels are of the form
K, (s,t) = K,(s,t) = K(t—s) for some K € C1([0,T];R), and the measurable coefficients
p: [0, 7] xR - R and o: [0,7] x R — R fulfill the linear growth condition

u(t, z)| + |o(t, 2)] < Cpuo(l+[z]),
for some C,, o >0 and all t € [0,T], x € R, p the Lipschitz condition

lu(t, z) — pu(t,y)| < Culz =y,
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5. Mean-field SVEs

for some C,, >0 and all t € [0,T], z,y € R, and o the Hélder condition

lo(t,) = o(t,y)| < Colz —y|2 7,
for & € |0, %], some C, > 0 and all t € [0,T], x,y € R. Then, the stochastic Volterra
equation

Xt:Xg+/tk(t—s)u(s,Xs)ds—i—/tf((t—s)a(s,Xs)st, te[0,T7], (5.14)
0 0

18 well-posed in LP, where (Bt)te[O,T] is a one-dimenstonal Brownian motion.

Proof. The weak existence of some LP-solution to the SVE follows from Theo-
rem with the straightforward adaptation to random initial conditions Xo. For the
pathwise uniqueness, one can adapt the proof from [AJEE19b, Proposition B.3] using the
Lipschitz and Hélder continuity of u, o uniformly in ¢. O

Moreover, for the well-posedness results of mean-field SVEs we need a multi-dimensional
well-posedness result for stochastic Volterra equations where the Holder continuous coef-
ficient ¢ is a diagonal matrix, where each entry only depends on the component of the
solution of the respective dimension, as provided in the next remark.

Remark 5.17. For N € N let us constder the N -dimensional stochastic Volterra equation
t t

X = Xo —|—/ K, (s, t)u(s, Xs) ds—|—/ Ky(s,t)o(s,Xs)dBs, te€]0,T], (5.15)
0 0

where (By)ejo,m) 95 an N-dimensional Brownian motion,

X} X} p1(s, Xs)
X = : , Xo= : . (s, Xs) = :
XN Xy pn (s, Xs)
and
Ul(S,Xsl) 0
U(SvXS) = :
0 - on(s,XN)

Suppose that the kernels K,,, K, and the initial value Xo fulfill Assumption or As-
sumption with p given from there, that w: [0,T] X RN — RN s Lipschitz continuous
in the space variable, uniformly in the time variable, and each o;: [0,T] x R — R for
i€{l,...,N} is 1/2 + £-Hélder continuous in the space variable, uniformly in the time
variable for some £ € [0,1/2]. By considering each dimension separately, as e.g. done
for SDEs in [YWT1, Theorem 1], it is straightforward to conclude the well-posedness in
LP of the SVE from the corresponding one-dimensional results in Lemma and
Lemma [5.10.
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We conclude this section with a remark on the path regularity of solutions and one on the
notion of LP-well-posedness.

Remark 5.18 (Path regularity). Let X be the unique (d-, 1- or N-dimensional) solution
to the stochastic Volterra equation in either of the settings in Lemma Lemma

Lemma or Remark with p > max{%, 1+ %} In the case of Assumption|5.8, we

can set y = % and p > 2 given from there. By adapting Lemma and Lemma |2.1(] to

the multi-dimensional setting, it follows that

sup E[|X;|7] < oo,
t€[0,T]

and
E[|X; — Xo|7] < |t — 5|7

foranyq>1,p8¢€ (0,'}/—%), s,t € [0,T], and, hence, that the solution X has a modification
with B-Holder continuous sample paths.

Remark 5.19. The notion of LP-well-posedness, as used Lemma Lemma
Lemma and Remark [5.17, appears to be necessary to prove the existence of a strong
solution and pathwise uniqueness. First, one needs to assume that a solution X is in
LP(Q x [0,T];RY) to conclude continuily of its sample paths with standard estimales, as
in Lemma [2.7]. Secondly, in order to be able to apply Gronwall’s Lemma to an inequality
of the form

t
Bl - %) S [ E[X. - Y.l ds
0
one needs to assume that both solutions X,Y are in LP(Q x [0, T];R?) to guarantee finite-

ness of the expectations supsc(o 4 E[| Xs[F] and sup,cioq E[|Ys[F] by standard estimates, as
in Lemma [2.10

5.3 Well-posedness: Proof of Theorem [5.3] and

This section is devoted to the proofs of Theorem and of Theorem [5.10]

Proof of Theorem[5.3. We define the solution map ® by
®: O([0,T]; Ps(RY)) = C([0,TL: Ps(RY),  pr=> @(p) := (L(X])) ey (5:16)
where X7 is the unique LP-solution to the stochastic Volterra equation
t t
X :X0+/ Ku(s,t)u(s,Xs,ps)ds—&—/ K,(s,t)o(s, Xs,ps)dBs, t€[0,T]. (5.17)
0 0

Note that a unique fixed point of the solution map ® implies the existence of a unique
LP-solution X = (Xt)ie[o,r) to the mean-field SVE (5.2) satisfying sup,e(o 71 E[| X¢|?] < o0
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5. Mean-field SVEs

for every ¢ > 1, c.f. Step 1 below. Hence, it is sufficient to prove that the solution map ®
has a unique fixed point.

Step 1: We show the well-definedness of the solution map ®.

For a fixed p = (pt)ico,r) € C([0,T); Ps(R%)), the integral equation is an or-
dinary stochastic Volterra equation. Due to Assumption the linear growth and
Lipschitz condition of Lemma [5.14] are satisfied. Hence, there exists a unique strong

LP-solution X? = (X[)icjor to the SVE (5.17) and, by Remark [5.18) we get that
supye(o,r] E[| X719 < oo for all ¢ > 1 and that the sample paths of X# are almost surely

continuous. Moreover, note that ([,(Xf))te[o 7 € C([0,T); Ps(RY)), since, by the repre-
sentation of the Wasserstein distance in terms of random variables (see [CDI18al (5.14)])
and by Remark we have

Wi (L(XP), L(XP)) <E[XP — X2P]7 < t—sfP, ste[0,T),

for any 8 € (0,7—1/p) with v € (0, 3], where the parameters are given in Assumption .
Step 2: For p,p € C([O,T]; Pg(Rd)), we show that

t
Sl[lp} Wé(q)(p)& q)(ﬁ)s)6 S / Wé(p& /38)5 dS? te [07 T]' (518)
s€(0,t 0

We get that
~ t - 0
E[|IX! - X/'] SE [) / Ku(s,1) (s, X2 pa) = (s, XE, 7)) ds| }
0
t
+EU/ Ko (s,t)(0(s, X2, ps) — 0(s, X7, ;) dB,
0
t 44
S ([ Il 0 as)
0

+ E[(/Ut | K (s,t)(0(s, XL, ps) — o(s, X2, ps)) ‘2d$>§}

]

/ E[|u(s, X2, ps) — u(s, X2, ps)|"] ds

t
0
! 5 4
S [ Blluto, X2 p0) — s X2, s
t 4;—25 t ) s
+(/ Kol O d5) m/ E[|o(s, X2, ps) — o(s, X, 5)|*] ds
0 0

< /Ot (E[\Xg—xf\ﬁ +W5(p5,ﬁ5)5> ds. (5.19)

for t € [0,T], where we used Holder’s inequality in the drift integral with 441256 <l+e

such that by the choice of ¢ in (5.3)), 44j2€€ + % = 1 and in the diffusion integral with

2% such that (5.4) holds, Burkholder-Davis—Gundy’s inequality, Fubini’s theorem, the
integrability of the kernels from Assumption and the Lipschitz continuity of x4 and o
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from Assumption Since we have that

sup E[1X? — X7P) < oo,
s€[0,T

we can apply Grénwall’s inequality to conclude that
P8 ¢ 4
BXY - X/) £ [ Wilpa. )’ d. (5:20)
0
Since by assumption p, p € C([O, T; Pg(Rd)), we can bound the Wasserstein distance by

Ws(®(p)e, D(5)e) = Wi(L(XP), L(XP)) < E[|IX] — XL |5,

cf. [CDI8al (5.14)], and plugging this into and taking the supremum, we ob-
tain (5.18).

Step 3: We show that the solution map ® has a unique fixed point.

First note that it is sufficient to show that ®* is a contraction, see [Bry68, Theorem],
since the Wasserstein space C([0, T]; Ps(R%)) is a complete metric space, see e.g. [PZ20,
Proposition 2.2.8], where ®* denotes the k-th composition of ® with itself. Let C' > 0
denote the generic constant in . Then, we get iteratively for k € N,

k k 5 k T(T—S)kfl 5
sup Ws(@* (o), H(5),)" < C / B ) s ) ds
0

s€[0,7] (k —1)!
ckT*k N
S =y sup Ws(ps: ps)’.
© o s€[0,7]
Thus, choosing k large enough such that CZ,T]C < 1, we see that the mapping ®* is a
contraction and, hence, ® admits a unique fixed point, which completes the proof. O

Next, we provide the proof of Theorem We keep its presentation fairly short since it
is in parts similar to the proof of Theorem [5.3]

Proof of Theorem[5.10, We again consider the solution map ® as defined in (5.16)) but
choose 6 =1 and d = 1, that is,

D C’([O,T];Pl(R)) — C’([O,T];Pl(R)), p— ®(p) = (E(ti))te[O,T]'

In the following we show that the solution map ® possesses a unique fixed point. We
proceed as in the proof of Theorem Step 1 works exactly the same, using Lemma
and Lemma [5.16] respectively, instead of Lemmal5.14] and Step 3 works exactly the same.
That means we only need to show Step 2, or more precisely, estimate with § = 1. To
do that, we treat the cases that Assumption or that Assumption holds separately.

Case (i): Suppose the kernels K, K, and initial condition Xy satisfy Assumption .
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5. Mean-field SVEs

To get an analogue estimate as (5.20]), we use the semimartingale property of a solution
(XD )iepo,m) to (6.2) with fixed p € P1(R) (cf. Lemma, or [Pro835, Theorem 3.3]),

t ¢
Xf—on/ Kg(s,s)a(s,Xﬁ,ps)st—F/ K, (s,5)u(s, X2, ps)ds
0 0
t s s
—l—/ </ 02 K\ (u, S)M(U,Xﬁ,pu)du+/ 82Kg(u,s)a(u,X5,pu)dBu> ds,
0 0 0

and the Yamada—Watanabe functions ¢, for n € N (cf. the proof of Theorem or the
original work [YWT1]) that approximate the absolute value function in the following way:
Let (an)nen be a strictly decreasing sequence with ap = 1 such that a, — 0 as n — o

and
an—1 1
/an || 1+2€ dz = n,

where % + & is the Holder regularity of 0. Furthermore, we define a sequence of mollifiers:
let (Yn)nen € C3°(R) be smooth functions with compact support such that supp(v,) C
(an,an—1), and with the properties

2

an—1
0 < p(x) < [ Ve € R, and /a U (z)dz = 1. (5.21)

We set

Pn(z) = /le (/Oy Vn(2) dz> dy, =eR.

By (5.21)) and the compact support of ¢y, it follows that ¢, (-) — |-| uniformly as n — oo.
Since every 9, and, thus, every ¢, is zero in a neighborhood around zero, the functions ¢,
are smooth with

||

Ipnlloo <1, ¢y,(x) = sgn(x) | Un(y)dy, and () = Yn(jz]) forz €R,

where || - || denotes the sup-norm on R.
Using ¢,,, we apply Ito’s formula to X; := X — X/, with the notation

t t ¢
Zy ::/ (1u(s, X2, ps)—pu(s, X2, ps)) ds, Y/ ::/ o(s,X?)dBs, Hf ::/ K, (s,t)dYY?,
0 0 0

and Y, and H” analogue, as well as V; := Y — Y/, and H, := H’ — H?, for t € [0,T], to
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obtain

/¢n )dX,+ = /(;5
- / 0, (X) K5, ) (s, XE, ps) — i(s, X7, 5,)) dis
+/t¢;l( </82 Lust)ds
/¢n VH, ds+/ ¢ (Xo) Ko (s,s)dYs

5 501 2
+ 2/0 ¢Z(XS)KU(S,3)2(U(S,X§) — U(S,Xﬁ)) ds

For 74, the bound ||¢;,[|c < 1, boundedness of K, Lipschitz continuity of 41, and Jensen’s
mequahty yield

B S [ (BIRA+ Walpu, ) ds. (5.23)

For I3, we additionally use the boundedness of 9, K, (u, s) on Ar to obtain

B3 S [ (BIX0) + Waon ) ds (5.24)

For I%,, we use ||¢],[loc < 1 and the integration by parts formula to estimate

t
Bl < [ BN ds
t _ t S 5
S/ |82KU(5,5)]E[|Y;Hds+// |021 K5 (u, $)|E[|Yy|] duds
0 0 JO

< /OtIEHYSH <82Kg(s,s) + /St |021 Ko (s, u)| du) ds

S /O E[|Ys[] ds, (5.25)

with the boundedness of d2 K, (s, s) and fst 021 K (s,u) du from Assumption . For I},
since I}, is a martingale by [Pro04} p. 73, Corollary 3] due to the boundedness of K, the
growth bound on o and the finiteness of the moments of X? and X? (cf. Lemma ,
we get

E[I},] = [/ o (X ,8)(o(s, XP) — a(s,Xf))dBS] =0. (5.26)
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5. Mean-field SVEs

For If,, we get by using the boundedness of K,, the Holder continuity of o, and the
inequality ¢/ (x) < W that

2

_— 2
n‘Xs|1+2§ (5 7)

t t
E[2,] < E[ [Tt ds] <E [ / K12 ds] <1
9 0 0 n

Sending n — oo and combining the five previous estimates (5.23)), (5.24), (5.25)), (5.26)

and (5.27)) with (5.22)) yields

BI%0 S [ (BIR) + B0V + Wil ) s (5.29)

To apply Gronwall’s lemma, we set M(t) := E[|X¢|]+E[|Y;]] for t € [0, T]. To find a bound
for E[|Y:|], we apply integration by part formula to obtain

t t
X, = / K (5,8) (15, X2, ps) — i(s, XP, 7)) ds + / K, (s,t)dY,
0 0

t t
:/ Ku(s,t)(ﬂ(s,XL’;’,ps)—u(s,Xf,ﬁs))ds—i—Kg(t,t)ﬁ—/ MK, (s,t)Ysds
0 0
(5.29)

keeping in mind that that K,(-,t) is absolutely continuous for every t € [0,7]. Due to
| Ky (t,t)] > C for some constant C' > 0, we can rearrange (5.29) and use (5.28)) to get

e (19 <0 ([ llnts. X2p0) — o, X250 s
+E0) + [ 0001 o

t
5/ (EUXSH +E[Ys] + Wl(ps,ﬁs)) ds. (5.30)
0
Now, Gronwall’s Lemma applied to (5.28)) and (5.30) yields M (t) < f(f Wi(ps, ps) ds and

hence E[| X! — X?|] < f(f Wi(ps, ps) ds, which is the analogue estimate of (5.20]).

Case (ii): Suppose the kernels K, K, and initial condition Xy to satisfy Assumption |5.8|

We need to find an analogue to estimate (5.20). By using the notation X; := X{ — X/
and Y/ = fgu(s,Xﬁ,ps)ds + fot o(s,X8)dBs, Y/ analogue, V; := Y/ — Y/ and the
semimartingale property

t t s
X - X :/ K(0) dYsp—i—/ / K'(s —u)dY, ds,
0 0 JO
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we can implement the Yamada-Watanabe approach with
t t s
0a%0) = [ GURIROATe+ [ 6 [ K5 = ) dFads
0 0 0

1 [t ~ -\ 9
+3 | HEIROP (01, X0) =~ (s, XD)as
=17 + I3 + I3 (5.31)
Now, the Lipschitz assumption on p applied to I7', and I3, such as the Holder assumption
on o applied to I§;, the boundedness of K and K', the inequalities ||¢n[co < 1 and
ol(x) < W, and sending n — oo yields as in Case (i) with Gronwall’s Lemma the

inequality E[|X? — X?|] < fg Wi (ps, ps) ds, which implies the estimate (5.20)) and, hence,
yields the claimed well-posedness of the mean-field SVE (5.10]). O

Remark 5.20. The well-posedness from Theorems and [5.10 implies together with a
general version of the classical Yamada—Watanabe result (see e.g. [Kurl4, Theorem 1.5],
see also [Kurlj, Example 2.14]) that there is some measurable map G: R¥xC([0, T]; R™) —
C([0, T]; R?Y) such that any solution X of and (5.10), respectively, given some initial
value Xy and Brownian motion B can be represented as X = G(Xo, B). Hence, if X, X
are solutions of and , respectively, for initial values X0, Xo _with the same
law, and Brownian motions B, B, it is straightforward that L(X;) = L(X}) a.s. for all
te[0,T].

5.4 Propagation of chaos: Proof of Theorem [5.4] and

An important argument in the proofs of the propagation of chaos results will be to
show that the coupled processes ((X™* X"))i<;<n are identically distributed. To that
end, the following lemma plays a crucial role. Recall that a sequence of random vari-
ables (¢!,¢2,...) is called exchangeable if for any N € N the vectors (¢!,...,¢"V) and
(¢eM, ..., ¢?(N)) have the same joint distribution, where {¢(1),...,o(N)} is an arbitrary
permutation of {1,..., N}.

Lemma 5.21. Let (A, Fa) and (B, Fp) be measurable spaces and let for some fized N € N,
(¢h, ..., ¢N) be an exchangeable family of A-valued random variables. Let F: A — B be
a measurable function and define the family of random variables (X1, ..., XN) by X' :=
F(¢Y) fori € {1,...,N}. Further, let G: AN — BN be a measurable function which fulfills
the following exchangeability property:

(ylv s 7yN) = G((xlv s 7xN)) = (ya(l)v e 7yU(N)) - G((‘TU(1)7 AR xa(N)))a (532)
for arbitrary x1,...,xn € A and any permutation {o(1),...,0(N)} of {1,...,N}. Define
the family of random variables (Y',...,YN) by

Y. YY) =G ..., ).

Then, the coupled family of random variables ((X*,Y?))1<i<n is exchangeable.
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5. Mean-field SVEs

Proof. Let {o(1),...,0(N)} be an arbitrary permutation of {1,...,N}. By (5.32), we
have that

YW =G ((¢7W, ¢, gD ¢,
YU(Q) = Gl ((60(2)’ Cg(g)v et CU(N)a CU(I)))’

Yo = Gy ((¢7™), ¢, (TR o), (5:33)

where G denotes the first component of the N-dimensional mapping G. Define W* :=
(X% Y% fori € {1,...,N}. Then, by the definition of X* and (5.33)),

we) — (F(ga(l)%Gl((co(1)7ca(2)7 N '7CJ(N71)’CJ(N))))7
WU(2) = (F(CU(2)>7 Gl ((CU(Q)a 40(3)a ey CU(N)v CU(I)))>>

o) _ ( F(COMY, Gy (O™, oW, ¢oV=2) co(N-1) ))). (5.34)
Analogous, we have
W= (F(CY, G (¢ ¢ VL E),
w2 = (F(¢),G1 (¢3¢, ¢ 0h),

W = (F(E), G (Y, L V2 E)). (5.35)
Now, since by assumption (¢',...,¢N) and (¢°W, ..., ¢?(N)) have the same joint distri-
bution, (5.34) and (5.35)) yield that also (W',..., W) and (WM . . W) have the
same joint distribution which proves the claimed exchangeability. O

We start with the proof of Theorem

Proof of Theorem[5.]] Let us briefly outline the main steps of the proof:

Step 1: We show the existence of the system of processes (X™V%);_;
ing (5.6, for every N € N.

Step 2: We prove the inequality

~ uniquely solv-

-----

E[XN’i_xi|5]</tE[W5(1§:5 ; c(Xi))é] ds, telo,T] (5.36)
t £ ~ 0 szl Xsa g ) ) )

for any 1 < i < N. Recall that X" is defined in (5.6) and X' is defined as the
solution of the mean-field SVE ([5.2)) with initial condition X} and driving Brownian
motion B
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Step 3: We prove that the right-hand side of (5.36]) tends to zero.

Step 4: We show that Step 2 and Step & imply the statement.

Step 1: By the Lipschitz continuity of  and o, and the observation that Ws(pY, ﬁfy\[)‘S <

%Z;Vﬂ lz; — y;]° for x,y € RV*? with the notation pY = %Zj\le 0z; € Ps(RY), we
obtain for every ¢ € {1,..., N} the Lipschitz condition

N
_ NNT _ N6 1
|ty i, p ) — plt, i, o))+ |o(t i, p ) — o, i, 0| §|$i—yi|6+NZ|$j_yj’6
j=1

0
S 1z = yllvxa

where || - || nxq denotes the row sum norm on RN*?  With the notation fi;(t,z) :=
u(t, z;, pY) and &;(t, z) analogue for any 1 < i < N, we directly conclude that the growth
condition is fulfilled by

i (t, @)| +|65(t, )| < |Ralt, ) — (L, 0)| + |5i(t, @) — 6:(t, 0)| + | (t,0)| +|&4(¢,0)]
S el vxa + |p(t,0,80)| + |o(t,0,8)]
S 1zl nxd + Cs,
ST+ [zl N xds

for all t € [0,7], z € RN¥*4 Thus, due to the equivalence of all norms on the finite
dimensional vector space RV*? we can apply the standard Volterra well-posedness result
for Lipschitz coefficients from Lemmato obtain the system of processes (XN’i)izl,_._7N7
which uniquely solves , for every N € N.

Step 2: We consider the first summand on the left-hand side of (5.7), i.e. E[| X" — X!|9].
By using Holder’s inequality like in (5.19)), Fubini’s theorem and the Burkholder—Davis—
Gundy inequality such as the Lipschitz continuity of 4 and o, we can bound, for 1 <¢ < N,

E[|x; - X))

= | [ st (505052 = . £00) ) s
1)
|

¢ £ dte ¢ . . .
5(/0 s 0)] 5 ds) /0 E[|p(s, X2, 8) = (s, X4, £(X2)

t
+ / Ko (s5,6) (o5, X2, 1Y) = o (5, X0, £(XE)) ) B}
0

6} ds

|

[ SIS0

—i—E[(/Ot ‘Kg(s,t)(a(s,Xév’i,ﬁév) — U(S,Xé,E(Xi)) ’2ds)

t , , T
S [ [t x93 (o X250 J s
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5. Mean-field SVEs

442¢
/ ‘K S, t ‘2+£ >E(2+E) / [‘0(37){;\[77;7[3{9\[) - 0(87X?97£(X?9))‘6:| ds
0
< [ Bl - xiP e wa eosh)] as (5.37)
0

for any t € [0, T]. By Remark [5.20, we obtain that £(X’) = £(X!). Hence, we get that
é
_ N0 _
Wl £05)" = Wi (72D
1 & ’ 1 & 5
§ —-N ) 0 ) 1
7j=1 7j=1
1 & 5 1 & g
Nj _ i 4 _ 1
TN +W5<N;5X1,c<xs>) NEES

Moreover, by Remark we can find a measurable map G: R? x C([0,T];R™) —
C([0,T]; R?) such that, for any 1 <i < N,
X' = G(X4, BY.

In the same way, there is a measurable map G : RN*4x C([0, T|; R™)N — C([0, T]; RHN
such that
(XN XNy = an (X, XD, (BY ..., BY)).
More generally, by the symmetry of the system (5.6)), for any permutation ¢ of {1,..., N},
it is
(XN XNy = g ((xg ML xg ), (B5D, L By,

Hence, since the random variables ((X§, B%))1<;<n are i.i.d. and, in particular, exchange-
able, we can apply Lemma to obtain that the coupled processes ((XN’ Xl))1<Z<N
are exchangeable and hence, in particular, are identically distributed. We can for ¢ = 1
insert (5.38) into and conclude by Jensen’s inequality that

N1
E[ X" - Xi|°]

t 1 N s 1 N §
N1 ~16 & N, _ ~xJ
< [ B|ixr-x Fy - (3 I oh) | as

t 1 N é
:/ E[QXSN’l—X§P+W5< Z(SXJ,L: Hds.
0
7=1

Using Gronwall’s lemma, we deduce

t 1 N §
Bl -0 < [ w3 Yo e ) | as
i=1
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and since the processes ( (XN Xl)) are identically distributed, this completes Step 2.

1<i<N

Step 3: First, we show that
im E[W(;(% 3 5&,5@;))6} —0, (5.39)

for any s € [0, T] by showing convergence in probability and uniform integrability. By the
Glivenko—Cantelli theorem (see [SW09, Chapter 26, Theorem 1] for a general version) and
since the X7 are i.i.d., we get the convergence

| X
726X]’—>£(X;), as N — oo,

N < Ay
Jj=1

almost surely and hence in probability. Furthermore, using again the notation pY =
N

% > 5X]~ we can bound using Hélder’s inequality and the boundedness of all moments of
j=1 =

X!, 1<i<N,in (535), that

B é
sup B [Ws (53, £X)) Ty, o 21X 1))

NeN °
< K 'sup E[Wa(ﬁévaﬁ(X;))éﬂ]
NeN
< K 'sup E[W5+1 (ﬁivvﬁ(Xb)éH]
NeN
< K sup B W (52, 00)" 4 W (0, £31))
— K 'sup E[l(ZN: X0+ + ’X1’6+1}
Nen LN -
= oK E[XI] - 0, (540

as K — 0o, which shows uniform d-integrability of the family of random variables

NeN

(Wa(}véaxg, ﬁ(xi)))

Hence, Vitali’s convergence theorem (see [Bog07, Theorem 4.5.4]) reveals the L°-convergence
as claimed in (5.39)).
To conclude Step 3, it remains to show that the convergence (5.39) is uniform in s. There-
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5. Mean-field SVEs

fore, we first notice that for any p > ¢,

N
= VE[SCIXP] + E[XIP) = 2E[XIP) < 0, (5.41)

by . With Jensen’s inequality also follows for 1 < p < 4.

Let k := [§] > ¢ denote the smallest integer greater or equal to 0. Notice that with the
same argumentation as in by substituting the exponent § by k£ and then bounding
from above using the k+1-Wasserstein distance and again by Vitali’s convergence theorem
also the L*-convergence of the §-Wasserstein distance in follows. Once we show that
this L*-convergence is uniform in s, then it will follow that

1 o 5
lim  sup E[W(;(Nzég,ﬁ(xi)) }
j=1

N—=o0 sel0,T
1 & Ky d
< lim sup E{Wg(— 5 -,L(gl)) } ~0. (5.42)
N—oo SE[O,T] N ]Z; X]q s
To prove (5.42)), using the factorization

k—1
a =t =(a—-0)) o (5.43)

r=0

and Hélder’s inequality with 6 and g = 4412; such that 3 + é =1, we get

1 & k 1 < k
1wy Do £xh) ]~ B[ (5 o cxh) |
=1 j=1

:FquiprLQM—W%;§Fm¢“”>
=1 i=1

r=0 j=1 j=1
<[ (ws( iléxmxb) a iéxmxb)) ]
E[(k_l Wg(% g: 5&,5@;))’“1 W (% i b, ﬁ(Xi))T)q} : (5.44)
r=0 j=1 j=1
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Using again Hélder’s inequality such as , we can bound the second expectation by
k-1 L P 1 & NG
E[<ZOW6<N215X{’£(X%)> W‘S(Nzld)(i’ﬁ(xi)) ) ]
r= 7= J=
k—1 1 N q(k—1—r) 1 N qr %
r= Jj=

< (a3 X eost)™ e
r=0 j=1

—1—

(NI
5
/N
2|~
(o2
’g
&
g
N
g
I—li
—_
A\
3

such that inserting (5.45)) into (5.44) and using the triangle inequality
L
_ 1
(4 S )

1 & 1 & 1 & ) N
< Wzs(N;(SXz, N;&i) + Wa(N;5Xg,E(Xs)) + W5 (LX), £XD)).

which also holds if we switch s and ¢, we continue with

1 & k 1 & b
il Yoo coxh) ] - B[l o 0sb) |
j=1 Jj=1

<o (1 S etsh) - S ) |

L j=1 7j=1

- 1 N 1 N g
SE <W5<N > oxss v D Oxs ) + W (£<X%>,£(X;>))

L j=1 j=1

< r 1 N 1 N 5% 1 1 5%
NE_W(;(N;5Xz,N;5X£) | +E[ws(eeh, cxh) ]

1

SE[IX} - X5
5 ’t - 8’57

=

9

where the last line holds by Remark for any g € (0,7 — 1/p) with v € (0, %] from
Assumption[5.1] Hence, we obtain that (5.42) holds which shows together with (5.36) that

lim sup E[X"'— X% =0, (5.46)
N—00 ¢e(0,T]

and knowing that (X, X"))1<;<n are identically distributed, this completes Step 3.
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5. Mean-field SVEs

Step 4: We already know from Step 3 that the first summand in (5.7) converges to zero.
For the second summand, we use the triangle inequality and Jensen’s inequality, to obtain

sup E[Wg( Z(SXN17 X1 ) }

t€[0,T
N
< s [ St L)+ [y i )
S sup B E il X7 - X3 + e E[ws(5 i o cexh)’]. (5.47)

which also tends to 0 as N — oo, by (5.42)) and (5.46)). O

We continue with the proof of Theorem [5.11] Since the proof is similar to the proof of
Theorem we focus, for the sake of brevity, on the main differences.

Proof of Theorem [5.11 We prove the statement by using the same Step 1-Step 4 as in
the proof of Theorem [5.4] but with § = 1. Only for Step 2, we need to differ between
Assumption referred to as Case (i), and Assumption referred to as Case (i), to
hold.

Step 1: By Remark we obtain as in the proof of Theorem the unique system of
stochastic processes (XN’Z')Z':L.._,N that solves (5.6).

Step 2:
Case (i): Suppose the kernels K, K, and initial condition Xy satisfy Assumption |5.7] To
mimic inequality (5.36)), we use the semimartingale property

XN oXi = /K s,8)(o(s, XN) — o(s, Xl))st
[ o) (o X020 = s X5, £(50)) s
([ 32Ku(ua5)(ﬂ(quiv’iyﬁfY)—M(U,Xivﬁ(ﬁ})))du
+/0 K o (u, 5) (a(u, XNy a(u,zg)) dBu> ds,

to perform a Yamada—Watanabe approach exactly as we did around equality (5.22), and
obtaln for fixed i € {1,. N} with the notation M™Ni(t) := E[| X —X!|] —HEHY}H where
= [To(s, X dBi - [3a(s,X") dB, that

M0 £ [ () + B, £ .
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such that, proceeding as in the proof of Theorem including applying Gronwall’s in-
equality, we obtain

Ni ) t 1 N )
BIX - XIS [ B D dg L) ds (5.43)

J=1

Case (ii): Suppose the kernels K, K, and initial condition Xy satisfy Assumption [5.8|
As in Case (i) to mimic inequality (5.36]), we use the semimartingale property

X9 i = [ RO) (o, X (5. XD) a3
" /Ot K(0) (s, XN, p2) = pu(s, X5, £(X0) ) dis
* /Ot ( R'(s ) (pw, X5, ) = o, X, £(X4))) du
+ /0 K'(s = u) (0w, X)) = 0(u,X})) d Bu) s,

perform a Yamada—Watanabe approach and apply Gronwall’s inequality as in ((5.31]) which
vields

N ) t 1 N .
BIXY XIS [ BV D oy X0 ds.
=1

Step 3: Obtaining the convergence to zero uniformly in s of the right-hand side of (5.48)
follows now easily by using

N N
B[y o LS < BIWa(y D £,
j= j=

and then using [CD18al (5.19)], and proceeding as in [CD18bl Proof of Theorem 2.12].
Step 4: As in (5.47), we obtain

2[00

N

< OggTE[fVi\XZV”' - Xif] + OgggTE[Wl(}V ;&;axb)} (5.49)

which tends to zero by the uniform convergence to zero of the right-hand side of (5.48)),
and finishes the proof. O
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5. Mean-field SVEs

5.5 Rate of convergence: Proof of Lemma [5.5] and

The proofs of Lemma [5.5] and Lemma rely on a quantitative Glivenko—Cantelli the-
orem due to Fournier and Guillin [FG15], which provides a sharp estimate of the 4-
Wasserstein distance. For the sake of completeness, we recall [FG15, Theorem 1] in the
following lemma.

N
Lemma 5.22. Let pV¥ := % >~ dxi be the empirical distribution of i.i.d. random variables
i=1
(XZ')Z-:LW’N with common distribution p such that p € Pp(Rd) for every p > 1. Then, we
have

EWs(5"™,p)°] < en,

where (en)nen 15 given by (5.9), i.e.

N-Y2Z if d < 26,
EN = { N=121og,(14+ N), ifd =26,
N—9/d, if d > 20,

and
E[W, (7Y, p)) S N-V/2.

With this lemma at hand, we can prove Lemma and
Proof of Lemma[5.5 By Lemma we obtain that for any ¢ € [0, T,

1Y 5
E[Ws(5 D ox £5D) ] Sen, (5.50)
=1

where (n5)nen is given by and the right-hand side does not depend on t. Plugging
into and taking the supremum over [0, 7] and maximum over 1,..., N shows
the desired convergence rate of the first term in (5.8)). Then, using this and plugging
into gives the desired rate for the second term. O

Proof of Lemma[5.19 Case (i): Suppose the kernels K, K, and initial condition Xy
satisfy Assumption By Lemma we obtain that

E{W«% iaxi,c(xtl)ﬂ < N7V2, (5.51)
-1

independently from ¢ € [0,T]. Plugging (5.51) into (5.48) and (5.49) yields the statement.

Case (ii): Suppose the kernels K, K, and initial condition Xy satisfy Assumption [5.8|
Plugging (5.51)) into the analogues of (5.48)) and (5.49)) yields the statement. O
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Chapter 6

Neural SVEs

The content of this chapter is unpublished so far.

Introduction

We introduce neural stochastic Volterra equations (neural SVEs) and consider the super-
vised learning problem (see [Wat20, Section 1.3.1]) for solutions to SVEs. By supervised
learning of a stochastic equation we mean the setup that we have a training set consisting
of paths of the true process and of the underlying driving stochastic noise and stochastic
initial value, and build a model that tries to reproduce the paths, given the noise path
and initial value, as best as possible. For a supervised learning problem in the case of
stochastic partial differential equations, see e.g. [SLG22].

SVEs offer a wide range of applications, e.g. in finance or biology, see e.g. [AJEE19D],
[EER19], [MS15], [AJCLP21], and are a natural generalization of ordinary stochastic dif-
ferential equations (SDEs). For SDEs, the concept of neural SDEs was introduced in
|Kid22] where the unsupervised problem was considered, i.e. the setting where the model
receives only the paths of the process as training input without any knowledge of the un-
derlying noise, and tries to reproduce paths that are as similar as possible to those original
paths in some sense in a generative way. In an unsupervised learning setting, the model
can be seen as a distribution over paths, where some randomness must come into play
to generate paths, while in the supervised setting the randomness must already happen
before and given as input into our model which then outputs the path of the belonging
process in a deterministic way.

6.1 Background on stochastic Volterra equations
Let (2, F, (Ft)iefo,1]; P) be a filtered probability space, which satisfies the usual conditions,

(Bt)iejo,r) be a standard Brownian motion and 7' € (0, 00). We consider for d,m € N the
d-dimensional stochastic Volterra equation (SVE) of convolution type driven by an m-
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dimensional Brownian motion,
t t
X =E&g(t) —l—/ K, (t —s)u(s, Xs)ds + / K,(t—s)o(s,Xs)dBs, tel0,T], (6.1)
0 0

where ¢ € R? is the (stochastic) initial value, g: [0,7] — R is a (deterministic) contin-
uous function (where we usually scale g(0) = 1), the coefficients u: [0,7] x R? — R?
and o: [0,T] x R — RT™ and the kernels of convolutional type K,, K,: [0,7] — R
are measurable functions, and (B).[o,7) is an m-dimensional standard Brownian motion.

Typically, we choose m = d. Furthermore, fg K,(t — s)o(s, Xs)dBs is defined as an It6
integral.

We aim to learn strong (LP-)solutions of the stochastic Volterra equation (6.1)) given the
Brownian path. To define the notion of a strong (LP-)solution, let LP(Q x [0,7]) be
the space of all real-valued, p-integrable functions on Q x [0,7]. We call an (F¢).(o,7)-
progressively measurable stochastic process (X¢)ejo,r) in LP(€2 x [0, T]) on the given prob-

ability space (Q, F, (Fi)icjo,r); P), a (strong) LP-solution of the SVE if [T Kt —
s) (s, Xs)| + | Ko (t —8)o(s, Xs)|?) ds < oo for all ¢ € [0, T] and the integral equation (6.1))
hold P-almost surely. As usual, a strong L'-solution (Xt)tepo,r) of the SVE is often
just called solution of the SVE .

6.2 Neural SVEs

We want to learn the dynamics of the SVE (6.1)), i.e. of the operators £, g, K, Ko, v and
o, by some neural network structure. Let therefore for some latent dimension dp > d,

Lo: RY = R%  gg: [0,T] =R, Kup:[0,7] =R, Kyg:[0,T] =R,
po: [0,T] x R — R¥ gy: [0,T] x R — R&>*™ T, R — RY

be six feedforward neural networks (see [YYKI5, Section 3.6.1]) that are parameterized
by some common parameter 6. Note that Lg lifts the given initial value to the latent space
R TIy is the readout back from the latent space to the process space R¢, and the other
networks try to imitate their respectives in equation , on the latent dp-dimensional
space.

Given input data ¢ € R? and (Bt)tepo,r) € C([0,T];R™), a neural SVE is defined as

Zoy = Lg(&),

t t
Zi = Zo golt) + / Koot — $)io(s, Zo) ds + / Koot — s)oa(s, 2,)dBs,  (62)
0 0

X, =1y(Z,), tel0,T)
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6. Neural SVEs

The objective is to train 6 as best as possible such that the generated paths are as close
as possible to the true training paths.

Given a trained supervised model (Lg, K, 9, K59, 16, 06, 11g), we can evaluate the neural
SVE on some data (£, B) by solving equation using any numerical scheme to solve
a stochastic Volterra equation. We therefore use the Volterra Euler—-Maruyama scheme
introduced in [Zha08| for the training procedure. Note that Lipschitz conditions on puyg
and oy can be imposed by using e.g. LipSwish, ReLLU or tanh activation functions.

6.2.1 Neural architecture

The structure of the neural SVE model is analogue to the one of neural SDEs
introduced in [Kid22| and to the one of neural SPDEs in [SLG22]. The dj-dimensional
process Z represents the hidden state. We impose the readout Iy to get back to dimension
d. The model has, at least if one considers a setting where the initial condition cannot be
observed like an unsupervised setting, some minimal amount of architecture. It is in such
a setting necessary to induce the lift Ly and the randomness by some additional variable é
to learn the randomness induced by the initial condition Xo = Iy (Lg (5)99(0)) (otherwise
X would not be random since it does not depend on B). Moreover, the structure induced
by the lift Ly and the readout Iy is the natural choice to lift the d-dimensional SVE (6.1))
to the latent dimension dp, > d.

We use LipSwish activation functions in any layer of any network. These were introduced
in [CBDJ19] as p(z) = 0.909z0(z), where o is the sigmoid function. Due to the con-
stant 0.909, LipSwish activations are Lipschitz continuous with Lipschitz constant one
and smooth. Moreover, they have shown strong empirical evidence in a variety of chal-
lenging approximation tasks, see [RZL17].

For a given latent dimension dp > d, the lift Ly is modeled as a linear 1-layer network
from dimension d to d without any additional hidden layer, and as its counterpart the
readout Ily as a linear 1-layer network from dj, to d. The networks K, 9, K, ¢ and gy are
all designed as linear networks from dimension 1 to 1 with two hidden layers of size di for
some additional dimension dg > d. Lastly, the network pg is defined as a linear network
from dimension 1+ dj, to dp with one hidden layer of size dj and the network gy from
1+ dy, to dp, - m with one hidden layer of size dj - m.

6.3 Examples

We introduce the disturbed pendulum equation, the generalized Ornstein—Uhlenbeck pro-
cess and the rough Heston model, which can all be modeled by SVEs and on which we
perform the neural model . The experimental results are then presented in the fol-
lowing section.
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6.3.1 Disturbed second-order differential systems

For the first example, we consider general deterministic second-order differential systems
(without first-order terms) that are disturbed by some multiplicative noise. We derive in
the following that the resulting stochastic process is a Volterra process with the smooth
kernels K, (t —s) = K,(t —s) = (t — s).

Consider the second-order system

y'(t) = u(ty(t), te[0,T]

that is disturbed by some multiplicative noise such that

y'(t) = ult,y(1) +o(t.y(t) B, te[0,T],

where B; = % is White noise for some standard Brownian motion (By)icpo, 7). We can

write
/(0 =90)+ [ (s)as
:y’(0)+/0 u(s,y(s))ds—i—/O o(s,y(s))dBs,

hence the first derivative is the solution of an SDE. Further, by the deterministic and the
stochastic Fubini theorem,

o) =y0) + [ /s
=y<0>+/t(y'<o>+/su<uy< Deut [ otuan)an.) ds

=y(0) +t-y'( // p(u, y(u dsdu+// o(u,y(u))dsdB,

— y(0) +£-4/(0) + / (¢ — ), y(u)) du + / (t — u)o(u, y(u)) dB,.

0 0

S

Hence, every solution to a multiplicatively disturbed second-order differential equation
without first-order terms is the solution to a stochastic Volterra equation with smooth
kernels K, (t —s) = K,(t —s) = (t — s).

A concrete example from physics is the disturbed pendulum equation (see [Ok03, Ex-
ercise 5.12.]) resulting from Newton’s second law. The motion of an object X with
deterministic initial value xy under some force F' can be described by the differential
equation

2
mdi;(t) = F(X(t), X(0)= o, (6.3)
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6. Neural SVEs

which follows by Newton’s second law (see e.g. [Kre99l Section 2.4]). With (small) random
perturbations in its environment we consider for some € > 0 the disturbed equation

d?X (t)

—qz = FX@) +eX@OWe, X(0) = ao, (6.4)

m

where W; = %. Then, X solves the SVE

X(t) :xo—i-tX’(O)—i—/Ot(t—s)F(X(S))ds—i-/ot(t—s)EXs dB,. (6.5)

m m

6.3.2 Generalized Ornstein—Uhlenbeck process

The Ornstein—Uhlenbeck process, introduced in [UO30], is a commonly used stochastic
process with applications finance, physics or biology (see e.g. [Vas12], [TE99],[Mar94]).
We consider the generalized Ornstein—Uhlenbeck process that is given by the stochastic
differential equation

dX; = Q(M(t,Xt) — Xt) dt+0(t,Xt) dB;, te [O,T] (66)
We derive in the following that we can rewrite equation as an SVE. Itd’s formula

yields

t t
X% = X + / P dX, + / 0e? X, ds
0 0

t t t
= Xy +/ s (9(M(S,Xs) — XS)> ds +/ 6950(8, X;) dBg —|—/ 0e’* X, ds
0 0 0
t t
=Xo+ 9/ e (s, X,)ds + / e*o(s, X,)dB,.
0 0
Hence, the generalized Ornstein—Uhlenbeck process is given by the SVE

¢ t
X = Xpe % + 9/ e_e(t_s)p(s,Xs) ds + / e_e(t_s)a(s,Xs) dBs, te€l0,T]. (6.7)
0 0

6.3.3 Rough Heston model

The rough Heston model is one of the most prominent representatives of rough volatility
models (see [EER19],[AJEEI9D]), where the volatility process is modeled using the singular
kernels K, (t — s) = Ky(t — s) = (t — s)~* for some « € (0,1/2), by the rough SVE

W:VOJFF(la)/O (t—s)_o‘)\(ﬁ—Vg)ds—i—F}(\Z)/o (t—)-/[Vi]dBs, te€[0,T], (6.8)

where T'(z) = [;° ¢*"'e" dt denotes the real valued Gamma function, and \,0,v € R.
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6.4 Numerical results

For all the neural SVEs, we chose the latent dimensions dj, = dg = 12 which experimen-
tally proved to be well suited. We consider the interval [0, 7] for T = 5 and discretize it
equally-sized using the grid size At = 0.1.

As a benchmark model, we use the Deep Operator Network (DeepONet) algorithm. Deep-
ONet is a popular class of neural learning algorithms for general operators on function
spaces that was introduced in |[LJPT21]. A DeepONet consists of two neural networks:
the branch network which operates on the function space C([0,7]) (where [0,T] is repre-
sented by some fixed discretization), and the so-called trunk network which operates on
the evaluation point ¢ € [0,T]. Then, the output of the DeepONet is defined as

P
DeepONet(f)(t) = Z ity + bo,
k=1

where (bg)r=1,..p is the output of the branch network operating on the discretization of
f € C([0,T]), (tk)k=1,..p is the output of the trunk network operating on t € [0,7] and
p € N is the dimension of the output of both networks. Following |[LJPT21|, we model
both networks as feedforward networks. We perform a grid search to optimally determine
the depth and width of both networks such as the activation functions, optimizer and
learning rate.

Note that one big advantage of Neural SVEs is that they are discretization invariant,
i.e. that in the training procedure and also when evaluating a trained model, it does not
matter if the input functions (realizations of the Brownian motion) are discretized by the
same grid. In contrast, the DeepONet needs the same discretization for all functions in
the training and in the evaluation data.

We perform experiments on a one-dimensional disturbed pendulum equation, a one- and
a two-dimensional Ornstein—Uhlenbeck equation such as a one-dimensional rough Heston
equation. We perform the experiments on low-, mid- and high-data regimes with n = 100,
n = 500 and n = 2000, and use 80% of the data for training and 20% for testing. We
compare the results of Neural SVEs to those of DeepONet and consider for both algorithms
the mean relative L2-loss. All experiments are trained for an appropriate number epochs
of iterations until there is no improvement anymore. For Neural SVEs, we use the learning
rate 0.01 and scale the learning rate by a factor 0.8 after every 25% of epochs.

Note that since DeepONet is not able to deal with random initial conditions, we use
deterministic initial conditions ¢ = 2 in the DeepONet experiments. For Neural SVEs, we
use initial conditions £ ~ N (2,0.2).

Remark 6.1. The results in this section show that Neural SVEs are able to outperform
DeepONet significantly (see TableTable . Especially, Neural SVEs generalize much
better which can be seen in the good performance on the test sets where Neural SVEs are
up to 20 times better than DeepONet. This can be explained by the explicit structure of
the Volterra equation that is already part of the model for Neural SVEs.
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6. Neural SVEs

Neural SVE | Train set | Test set DeepONet | Train set | Test set
n =100 0.01 0.013 n = 100 0.003 0.2
n = 500 0.008 0.008 n = 500 0.003 0.06
n = 2000 0.006 0.006 n = 2000 0.003 0.02

Table 6.1: Mean relative L2-losses after training for the disturbed pendulum equation

6.9)-

Another advantage is that Neural SVEs are time-resolution invariant, meaning that they
can be trained and evaluated on arbitrary, possibly different time grid discretizations which
s not possible for DeepONet.

All the code is published in https://github.com/davidscheffels/Neural_ SVEs.

Disturbed pendulum equation

We consider the one-dimensional equation

t t
Yy =§ +/0 (t—s)ysds + /0 (t — s)ys dBs, t €0,7], (6.9)

and learn solutions to it by Neural SVEs and DeepONet. The results are presented in
Table [6.11

Example paths of the training and the testing sets together with their learned approxi-
mations are shown in Table It is clearly visible that while DeepONet is not able to
generalize properly to the testing set, the learned Neural SVE paths are very close to the
true paths also for the test set.

Ornstein—Uhlenbeck process

We consider the one-dimensional equation

t t
thfe_t+/ e_(t_S)Xsds—i—/ e =9 /|X,|dB,, tel0,T], (6.10)
0 0

and learn solutions to it by Neural SVEs and DeepONet. The results are presented in
Table 6.3
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Neural SVE: Neural SVE: DeepONet: DeepONet:
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Table 6.2: Sample Neural SVE and DeepONet paths from the training and the test set
for the disturbed pendulum equation and n = 100. Blue (barely visible) are the original
paths and orange the learned approximations.

Neural SVE | Train set | Test set DeepONet | Train set | Test set
n = 100 0.015 0.038 n = 100 0.025 0.23
n = 500 0.014 0.036 n = 500 0.018 0.15
n = 2000 0.014 0.02 n = 2000 0.028 0.12

Table 6.3: Relative L2-losses after training for the one-dimensional Ornstein—Uhlenbeck
equation (6.10]).

Neural SVE: Neural SVE: DeepONet: DeepONet:
Training set Test set Training set Test set
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Table 6.4: Sample Neural SVE and DeepONet paths from the training and the test set
for the one-dimensional Ornstein-Uhlenbeck equation and n = 500. Blue (barely visible)
are the original paths and orange the learned approximations.
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Neural SVE | Train set | Test set
n =100 0.038 0.095
n = 500 0.04 0.085
n = 2000 0.038 0.04

Table 6.5: Relative L2-losses after training for the two-dimensional Ornstein-Uhlenbeck
equation (6.11)).

Example paths of the training and the testing sets together with their learned approxima-
tions are shown in Table

Moreover, Neural SVEs are also able to learn multi-dimensional SVEs. As an example,
we consider the two-dimensional equation

X} 2\ /t —(t-s) (X5 / —(t-s) (VIXE],0
= B, T
<X,?> <2) e "+ ; e X2 ds + ; 0,/IX7] d t€10,77,

(6.11)
where B is a 2-dimensional Brownian motion, and learn solutions to it by Neural SVEs.
The results are presented in Table

Example paths of the training and the testing sets together with their learned approxima-
tions are shown in Table [6.6l

Rough Heston equation

We consider the one-dimensional equation

£+(34)/(%_5)_04( V)d5+p(34)/ (t—s5)" " /|Vi|dB,,  tel0,T],
(6.12)

and learn solutions to it by Neural SVEs and DeepONet. The results are presented in
Table Neural SVEs outperform DeepONet here by far.

Example paths of the training and the testing sets together with their learned approxima-
tions are shown in Table [€.8
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Table 6.6: Sample Neural SVE paths from the training and the test set for the two-
dimensional Ornstein—Uhlenbeck equation and n = 2000. Blue (barely visible) are the

original paths and red the learned approximations.

Neural SVE | Train set | Test set DeepONet | Train set | Test set
n = 100 0.003 0.003 n = 100 0.035 0.13
n = 500 0.0025 0.0028 n = 500 0.004 0.037
n = 2000 0.0015 0.0017 n = 2000 0.003 0.014

Table 6.7: Relative L%-losses after training for the rough Heston equation (6.12)).

Neural SVE: Neural SVE: DeepONet: DeepONet:
Training set Test set Training set Test set
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Table 6.8: Sample Neural SVE and DeepONet paths from the training and the test set
for the rough Heston equation and n = 2000. Blue (barely visible) are the original paths

and orange the learned approximations.
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Comparison to neural SDEs

Introduced in [Kid22], a neural stochastic differential equation (neural SDE) is defined by
Zo = Le(8),

t t

Zt:Zogg(t)+/ ug(s,Zs)ds+/ oo, Zs) dB,, (6.13)
0 0

X, =11,(Z), tel0,T],

where all objects are defined as in the neural SVE (6.2). Since the neural SDE is missing
the kernel functions K, ¢ and K, compared to the neural SVE (6.2), it is not able to
fully capture the dynamics induced by SVEs.

Note that due to the need of discretizing the time interval when it comes to computations,
some of the properties introduced by the kernels are attenuated. However, the memory
structure of an SVE is a property which can be learned by a neural SVE but in general not
by a neural SDE since SDEs posses the Markov property. Therefore, to see the potential
capabilities of neural SVEs compared to neural SDEs, it is best to look at examples where
the dependency on the whole path plays a crucial role. To construct such an example, we
consider the kernels

Ku(s,t) == Ky(s,t) == K(t — s) = {1_1 i g : 3 i gj

and aim to learn solutions to the one-dimensional SVE
t t
Xt:§+/ K(t—s)(Q—XS)ds—i—/ K(t — s)\/|Xs|dBs, te[0,T7], (6.14)
0 0

where £ ~ 47(5,0.5) and T' = 5. The process (X¢).(o,5] is expected to decrease in the first
quarter of the interval [0, 5] where K (¢ — s) = 1 holds due to the mean-reverting effect of
the drift coefficient u(s,z) = 2 — z, then something unpredictable will happen and finally
in the last part of the interval ¢ € [0, 5] where the kernels attain —1 for a large proportion
of s € [0,¢t], the process might become big due to the turning sign in the drift. Hence, it
is to expect that the path dependency will have a substantial impact.

We learn the dynamics of equation simulated on an equally-sized grid with grid
size At = 0.1 by a neural SDE and by a neural SVE for a dataset of size n = 500 and
compare the results in Table [6.9] It can be observed that the neural SDE fails to learn
the dynamics of properly while the neural SVE performs well.

Example paths of the training and the testing sets together with their learned approxima-
tions are shown in Table .10l
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Neural SVE

Train set

Test set

Neural SDE

Train set

Test set

n = 500

0.008

0.009

n = 500

0.19

0.21

Table 6.9: Relative L2-losses after training for the SVE (.14]).

Neural SVE:

Neural SVE:

Neural SDE:

Neural SDE:

Training set Test set Training set Test set
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Table 6.10: Sample Neural SVE and neural SDE paths from the training and the test
set for the SVE ([6.14]) and n = 500. Blue are the original paths and orange the learned

approximations.
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