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1 | INTRODUCTION

Diffusion-aggregation equations and their associated interacting particle systems serve as well-suited mathematical mod-
els in various areas, such as physics, chemistry, biology, ecology, and social sciences. For instance, they are used to
describe the behavior of chemotaxis [1-3], angiogenesis and swarm movement [4], flocking [5], opinion dynamics [6,
7], and cancer invasion [8]. On the microscopic level, these systems are often modeled by interacting N-particle systems

XN = (X1, ... ,XN), given by stochastic differential equations of the form:
g y q
N
i 1 i j i N N
dxf = -~ D kX! -Xx)dt+0dBl, i=1, ... N, X} ~ 8o, (1.1)
= =

for t > 0, starting from i.i.d. initial data, defined on a probability space (Q,F,P). On the macroscopic level, the
corresponding systems are represented by the evolutions of the probability densities p of the particles, which satisfy
diffusion-aggregation equations. In general, these diffusion-aggregation equations are nonlocal, nonlinear partial differ-
ential equations (PDEs). Passing from the microscopic to macroscopic models involves to study the mean-field limit as
N - oo, cf. [9-12]. In particular, this consists of showing the convergence of the empirical measures x of the N-particle

systems XN = (X', ... ,XN) forall t > 0, where y is defined as
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for a Borel set A. Although mean-field interaction and its related PDEs is a classical topic, it is still a very active research
field. Indeed, the case of global Lipschitz continuous interaction force kernels k has been understood for many years, cf.
[9, 13, 14], for example, by employing the coupling method, that is, comparing the particle (Xti,t > 0) to the solution
(Y[", t > 0) of the McKean-Vlasov stochastic differential equations (McKean-Vlasov SDEs)

dY{ =~ (k = u)(¥Y))dt +0dB}, i=1, .. N. Y =X}
Uy = LaW(Yt)

for t > 0 and, subsequently, showing the convergence y — y; as N — oo for all ¢ > 0 in a suitable topology. The latter
convergence is also referred to as “propagation of chaos.” Consequently, the question regarding the well-posedness of
McKean-Vlasov SDEs naturally arises in the context of mean-field theory, cf. [15-19]. In many settings, the law y of the
solution (Y},t > 0) possesses a probability density p, which satisfies an associated Fokker-Planck equation. Therefore,
one has access to PDE theory allowing to deal with the well-posedness of McKean-Vlasov SDEs.

Motivated by various models arising especially in physics, which require bounded measurable or even singular inter-
action force kernels, an enormous amount of work has been dedicated to treat such irregular interaction force kernels.
Initially, approaches to treat such irregular kernels were often based on compactness methods in combination with the
martingale problems associated to the McKean-Vlasov SDEs, see, for example, [20-25]. More recently, even singular ker-
nels, like the Coulomb potential x/|x|* for s > 0, were investigated in the nonrandom setting [26, 27] (¢ = 0) as well as
in a random setting [28-31] (¢ > 0). The aforementioned references introduced a novel method called the modulated
free energy approach, which provides a practical quantity to obtain a priori estimates. For the Coulomb potential, this
quantity even measures the weak convergence of the empirical measures [31]. A drawback of the modulated free energy
approach is that it requires the existence of an entropy solution on the particle level (microscopic level), see [29, Proposi-
tion 4.2], which is nontrivial outside a setting on the torus. Further results on propagation of chaos were proven for general
LP-interaction force kernels k for first- and second-order systems on the torus [32] and on the whole space RY [33-35].
For instance, [35] provides optimal bounds on the relative entropy of order @(k?/N?) by exploiting the BBGKY-hierarchy
combined with delicate estimates on the error of iterations.

An influential approach allowing to deal with the Vlasov-Poisson system, which is a second-order system with a sin-
gular interaction force kernel k, was introduced by D. Lazarovici and P. Pickl [36]. For the Vlasov-Poisson system, the
underlying particle system (1.1) is a priori not well-posed. Therefore, a regularization k¢ of the kernel k is required, where
k¢ is a smooth approximation of the interaction force kernel k such that the system (1.1) is well-posed. The aforemen-
tioned approach is widely used, for instance, for the Keller-Segel equation [37-39], the Cuker-Smale model with singular
communication [40] and the Vlasov-Poisson-Fokker-Planck equation [41-43]. An advantage of it is that well-posedness
of the underlying particle system is not required since one works directly with the regularized/approximative particle
system using the kernel k¢. In particular, if the system has a nonregular drift, as, for example, the Keller-Segel system
[23, Proposition 4], the underlying particle system could collapse. Moreover, the approach of D. Lazarovici and P. Pickl
allows to show the propagation of chaos of the regularized particle systems to the regularized mean-field equation. That
means, it acts like an intermediate result. On the one hand, the remaining limit of the regularized mean-field equation
to the mean-field equation is reduced to a convergence analysis on the PDE level. On the other hand, the convergence of
the regularized particle system to the nonregularized particles system only requires a stability analysis on the SDE level,
which still is, at least in general, a challenging task.

In the present article, we establish the approach of D. Lazarovici and P. Pickl [36] in a general setting allowing for
interacting particle systems and diffusion-aggregation equations with bounded interaction force kernels, which can be
approximated in a suitable manner by smooth kernels. One main objective is to provide a transparent road map how to
utilize this approach. To that end, we give a brief summary of the approach and explain its core concepts.

While we present all results in a one-dimensional setting to avoid cumbersome notation, we would like to remark that
all results can be extended with minor modifications to a multi-dimensional setting.

The first contribution is the well-posedness of the diffusion-aggregation equation, see (2.7), which is derived from the
interacting particle system (1.1), for bounded interaction force kernels k. The main challenge lies in the nonlinearity
in the transport term, which is treated by a strong-weak convergence argument provided by Aubin lemma. The pre-
sented well-posedness result expands previous existence results regarding similar PDEs, for instance, regarding bounded
confidence models [44, 45] used in social science.

The second contribution is to provide LP- and L*®-estimates for the solution p through a Moser iteration. Following
[36], we introduce a uniform local Lipschitz assumption, see Assumption 4.1. For instance, we verify that models for the

85U8017 SUOWIWIOD BAEa.D 8|qeol|dde au Aq peusenob ae sajole YO @S JO 3| 10} Aeiqi8UIIUO /8|1 UO (SUORIPUOD-PUB-SWBI W0 A8 | 1M AeIq 1 BulUO//:SANY) SUORIPUOD pue SWwe 1 8y} 89S *[¥202/50/90] U AkeidiT8uluo A8]IM ‘WisyuLR N XBUIol|qIgsTRlSAIUN AQ 6900T BLIW/Z00T OT/I0p/W0D A8 | ImAeIq Ul UO//SAny Woiy papeoiumod ‘0 ‘9/yT660T



CHEN ET AL. Wl LEY 3

opinion formation of interacting agents, such as the Hegselmann-Krause model [46], satisfy this uniform local Lipschitz
assumption. As a rule of thumb, Assumption 4.1 is fulfilled by interaction force kernels with jump/singularity having the
same order as the space dimension, which in the present case is one.

As third contribution, we establish propagation of chaos in probability supposing the local Lipschitz assumption for the
bounded interaction force kernel k. This is achieved by proving a suitable law of large numbers, demonstrating the con-
vergence of the regularized particle system to the regularized mean-field system in a suitable topology and, subsequently,
proving the convergence of the regularized probability density p¢ to the probability density p as e — 0.

This paper is organize as follows. In Section 2, we introduce the notation, the interacting particle systems, and their
associated diffusion-aggregation equations. Moreover, we present a brief outline of the used method, building on the work
of D. Lazarovici and P. Pickl [36]. The well-posedness and regularity properties of the diffusion-aggregation equations
are established in Section 3. In Section 4, we discuss the local Lipschitz assumption on the approximative interaction
force kernels and provide various examples. Section 5 contains the law of large numbers, and the propagation of chaos in
probability is provided in Section 6.

2 | SETTING AND METHOD

In this section, we introduce the basic setting, that is, the necessary notation, the interacting particle systems as well as
their associated PDEs, and outline the general method implemented in the present paper, following [36].

2.1 | Basic definitions and function spaces

In this subsection, we collect the basic definitions and introduce the required function spaces.

For a vector x = (x;, ... ,xy) € RY, we write |x| for the standard Euclidean norm and |x|,, = sup; ;v x| for the
[®-Euclidean norm. Throughout the entire paper, we use the generic constant C for inequalities, which may change from
line to line. For two functions g and f, we write f ~ g if they are proportional.

For1 < p < o0, we denote by LP(R) the space of measurable functions whose p-th power is Lebesgue integrable (with the
standard modification for p = o) equipped with the norm ||-|| 5y, by LY(R, |x|"dx) the space of all measurable functions
f such that f]Rl F@)|x]"dx < oo for r > 0, by CP(R) the space of all infinitely differentiable functions with compact
support on R, and by S(R) the space of all Schwartz functions, see [47, Chapter 6] for more details.

Let (Z,||-]|;) be a Banach space. The space LP([0, T]; Z) consists of all strongly measurable functions u : [0,T] - Z
such that

T ?
lull oz 1= / lu@IE dt| < oo, forl < p < co,
0
and

||u||Lw([0’T];Z) .=ess Sup||u(l)||z < 00, fOI‘p = 0.
t€[0,T]
The Banach space C([0, T]; Z) consists of all continuous functions u : [0, T] — Z and is equipped with the norm

max |(u(t < 00.
max [lul

For sufficiently smooth functions u : [0, T] X R — R, we denote the n-th derivative with respect to x by %u(t, x), where

we also write u, for %u(x) and u,, for Cic—zzu(x). For 1 < p < o0 and m € N, we define the Sobolev space:

< o0 ,
Lr(R)

where G%u are understood as weak derivatives, see, for example, [48]. Moreover, we use the abbreviation H™(R) :=

W™(R), write H~1(R) for the dual space of H'(R), and denote the dual paring by (-, -) H-(R),H\(R)- Weak convergence is
denoted by the symbol —, where the involved function spaces are not further specified if they are clear from the context.

dl’l

dxn

u

W™P(R) 1= {u eIP(R) : Nullymow) 1= Z

n<m
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2.2 | Particle systems

In this subsection, we introduce the probabilistic setting, in particular, the N-particle system and its regularized version.
To that end, let (R, F, (F¢)»0, P) be a complete probability space with right-continuous filtration ()¢ and (Bi, t>0),i=
1, ... ,N, be independent one-dimensional Brownian motions.

Throughout the entire paper, we make the following assumptions on the interaction force kernel k and the initial
condition py of the interacting particle system.

Assumption 2.1. The interaction force kernel k : R — R satisfies
k € L*(R)

and the initial condition py : R — R fulfills
po € L'(R) NL*(R) N L'(R, |x|*dx), po > 0, and /po(x)dx =1
R

The N-particle system X := (X}, ... ,X") is given by

N
. ) . A N
X! = — zlv D kX, = X)dt + odB. i=1.... .N. X ~ ®pn. 1)
j=1 -
where ¢ > 0 is the diffusion parameter and Xf)V is independent of the Brownian motions (Bﬁ,t >0),i=1,...,N.In
the limiting case when N — oo, the particle system (2.1) induces the following i.i.d. sequence Yf’ = (YL ... ,YtN ) of
mean-field particles:
dY = — (k % p)(Y)dt +6dB, i=1, ... ,N, Y =XV, (2.2)

where p; 1= p(t,-) denotes the probability density of any of the i.i.d. random variables Y;.
To introduce the regularized versions of (2.1) and (2.2), we take a smooth approximation (k¢, ¢ > 0) of k. The regularized

. . . N’ . 1’ N’ . .
microscopic N-particle system X := (X, ... ,X,) is given by
. 1 ¥ . . N
dx = — N Z k(X - X)dt +odBl, i =1, ... ,N, XN ~ ®po, (2.3)
i=1 i=1
and the regularized mean-field trajectories YfJ €= (Yll’e, e YtN “) by
dY™ = — (k * p°) (Y;‘e) dt+0dB, i=1,..,N, Y)“=X)*, 24)

where pf := p(t, ) denotes the probability density of any of the i.i.d. random variables Yti’e.

Moreover, fori = 1, ... , N, it is convenient to denote the regularized interaction force Kf: RY > Ras
1 N
Ki(x1, o0 sxn) 1= N 2 ke (x; —x;), (1, ... ,xn) € RN, (2.5)
j=1

and the mean-field interaction force K_fl RN > Ras
KE (s ooxy) 1= = (kS p)00), (xar, .. ,xw) €RY, (2.6)

where p¢ is the law of Y[i’g.
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2.3 | Diffusion-aggregation equations

The associated probability densities of the particle systems, introduced in Section 2.2, satisfy nonlinear, nonlocal partial
differential equations (PDEs). Indeed, the particle system (2.2) induces the nonlinear diffusion-aggregation equation:

{ 4 p(3) = Z puc(t2) + (K # p)(E 0P V(Ex) €0, T) X R @7
p(x,0) = po Vx e R '

and the regularized particle system (2.4) the diffusion-aggregation equation:

%Pe(t, x) = %zpfoc(t,x) + ((k€ * p*)(E,x)p° (£, X)) V(t,x) € [0,T) xR (2.8)
p¢(x,0) = po vx eR '

Note that we use p; and p{ for the solutions of the PDEs (2.7) and (2.8) as well as for the probability densities of
the particle systems (2.2) and (2.4), respectively, since these objects coincide by the superposition principle, see [17], in
combination with existence results of densities for the considered SDEs, see [49].

For the partial differential Equations (2.7) and (2.8), we rely on the concept of weak solutions, which we recall in the
next definition.

Definition 2.2 (Weak solutions). Fix e > 0 and T > 0. We say p¢ € L*([0, T]; H:(R)) n L*([0, T]; L>(R)) with % P e
L%([0, T]; H-Y(R)) is a weak solution of (2.8) if, for every n € L*([0, T]; H(R)),

T T
d . 2 ) . )

/ (Soim) de = - / / T 58, 3) + (k€ % p°)(EX0p°(1,%) ) e dlx dlt 2.9)
dt H-1(R),HL(R) R\ 2

0 0

and p¢(0, -) = po. Note that p¢ € L2([0, T]; H'(R)) with d% p¢ € L2([0, T]; H-\(R)) implies p¢ € C([0, T]; LA(R)), see [50,
Chapter 5.9]. Similarly, we say that p € L*([0, T]; H:(R)) n L*®([0, T]; L>(R)) with d% p € L*([0, T]; H'(R)) is a weak
solution of (2.7) if (2.9) holds with the interaction force kernel k instead of its approximation k¢.

By the regularity of the solution in Definition 2.2, we can actually weaken the assumption on 5 in Equation (2.9) to
n € C([0, TT; CZ(R)).

Remark 2.3. The divergence structure of the PDEs (2.7) and (2.8), respectively, implies mass conservation/the
normalization condition:

1= [ peodr= [ pieods te .11
R R

under Assumption 2.1. This is an immediate consequence by plugging in a cut-off sequence, see [51, Lemma 8.4],
which converges to the constant function 1 as a test function in (2.9).

2.4 | Outline of the method

The method of the present paper originated from the approach of D. Lazarovici and P. Pickl developed for the
Vlasov-Poisson system in [36]. It is based on the coupling method [9] and a regularization of k to k. A key insight of D.
Lazarovici and P. Pickl is to prove the convergence in probability with an arbitrary large algebraic rate and algebraic cut-off
parameter € ~ N~?, f > 0, instead of comparing the trajectories XV and YN in Wasserstein distance or in L?-norm, as,
for instance, done in [9, 52]. More precisely, for « € (0,1/2), f < a and arbitrary y > 0, we shall show that

P < sup ‘thv,e - Yf]’e
te[0,T]

> N“’) < C(y)N77, for each N > Nj.

To implement this strategy and to achieve the aforementioned result, we proceed as follows:
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1. We start with a PDE analysis of the diffusion-aggregation Equations (2.7) and (2.8); that is, we prove the
well-posedness of the nonlocal, nonlinear PDEs (2.7) and (2.8), together with an L®([0, T]; L*(R))-bound on the
solution p¢, which is uniform in e. These results can be obtained via standard PDE techniques such as a compact-
ness method, Aubin-Lions lemma, which provides strong convergence, and a Moser type iteration, see Section 3.
The uniform bound allows us to have a trade-off between the irregularity of the interaction force kernel and the
regularity of the solution p°.

2. The main idea of D. Lazarovici and P. Pickl was to recognize that even though the interaction force kernel is not
globally Lipschitz continuous, the approximation k¢ satisfies a local Lipschitz bound of order ¢! (in dimension d of
order %) for |x — y| < 2, that is,

|k (o) — kW] < E3)lx — yl. (2.10)

Let us emphasize that the bound depends only on the point y. Hence, the above inequality seems like a Taylor
expansion around the point y, where the second-order term is missing. Consequently, the bound cannot be achieved
by a simple application of the mean-value theorem.

We will assume that the interaction force kernel k satisfies (2.10), see Assumption 4.1, and present various
examples of such kernels in Section 4. We refer to [36, 37, 41] for further models with interaction force kernels satis-
fying (2.10). In general, whether (2.10) holds true entirely depends on the interaction force kernel of the considered
model, in particular, on the order of discontinuity/singularity of the kernel. Hence, as rule of thumb, if the discon-
tinuity/singularity is of order e~#*! in a d-dimensional setting, then the local Lipschitz bound assumption can be
satisfied.

3. We need to derive a law of large numbers, see Section 5. This allows us to treat every involved object with regard to
its expectation on a set with high probability, which enables us to take advantage of the obtained regularity of p¢ in
Step (1). Unsurprisingly, we need i.i.d. objects to apply the derived law of large numbers. In the present case, these
objects are going to be the processes (Y, t > 0) for i € N. Moreover, we would like to emphasize the importance of
Step (2) at this moment and the crucial fact that I°(y) only depends on the point y. Replacing in inequality (2.10) the
point y with the process Yf’g and x with the process Xf’e, we see that I on the right-hand side of (2.10) is depending
on the i.i.d. process Y[’G Consequently, we can rely on the law of large numbers (Proposition 5.1).

4. Finally, let us demonstrate how to apply the previous steps to derive propagation of chaos in probability but leaving
out the technical difficulties. To that end, for some a € (0,1/2) and 6 > 0, we define an auxiliary process:

XN —yNe

7 :=min (1,N° +N7).

This process seems to control the difference ’XN € - YN °l in the limit N — oo with weight N%. Furthermore,

the minimum is no restriction, since we only want to show ¢ convergence to zero in probability, and we notice that,

if N9 X N € —Yﬁv €| is too big, the process stays constant one and the time derivative is zero. Therefore, we

heurlstlcally obtain

4 (N =]+ N0) <N sup RS (X)) - K (YY)
dt o0 i=1,... N1 '
<N* sup [KE(X) - Kg (V)| + N0 sup [KE () - K ().
i=1,...N i=1,....N
The last term depends on the i.i.d. particles (Yi,i =1, ... ,N) and can be estimated via the law of large numbers,

Proposition 5.1, with a rate of N=~*, For the first term, we can use the local Lipschitz bound (having in mind that
the particles are close because of the minimum in the process) to complete a Gronwall argument. As mentioned

before, the crucial point in this step is the fact that the local Lipschitz bound only depends on the i.i.d. particles Yf] “
N

and not on the particles system thv . This allows us to exchange the local Lipschitz bound ]%] > lE(Y[i’e - Y[j “) with its
j=1

conditional expectation [¢ * p} (Yt’e) Using the regularity properties, obtained from the PDE analysis in Step (1),

we can bound ||k * p°|| s jo.1).L=r))- Hence, we conclude that
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d N,e N.e -5 N.e N,e
& (Ve = x|+ N ) < cave Y-,

N +N7%).

Applying Gronwall's lemma completes the proof. We remark that we implicitly used the fact that the law of large
numbers holds for large N € N and, consequently, the above Gronwall inequality only holds in the limit N — 0. In
the actual proof we will use a version of the process JV, which is multiplied by an exponential, which just leads to a
rewriting of the above Gronwall argument.

The remaining of the present paper is devoted to establish Step (1)-(4) with all technical details for bounded interaction
force kernels.

3 | WELL-POSEDNESS AND UNIFORM BOUNDS FOR THE PDES

In this section, we prove well-posedness of the PDEs (2.7) and (2.8), show the convergence of the solutions (p¢, e > 0) to
p in the weak topology, and provide regularity results as well as uniform bounds for (p¢, ¢ > 0) and p, which are required
for propagation of chaos result in probability established later in Section 6. We start by introducing an assumption on the
approximation sequence (k¢, ¢ > 0) of interaction force kernels.

Assumption 3.1. Let (k¢, e > 0) be a sequence, which satisfies the following:

(i) For each e > 0, the interaction force kernel k¢ € C*(R);
(ii) For each e > 0, we have ||k¢|| =) < Cllkll @) < 005
(iii) We have lirré ké =k ae.
€—>

For the nonlinear, nonlocal PDE (2.8), we notice that, by Young's inequality, we obtain the following L*(R)-bound:

106 5 pNED] < K o [195 3gy < Clll gy (3.1)

Hence, k¢ * p is uniformly bounded in ¢ > 0 on [0, T] X R. The same statement holds for k * p. Consequently, the
convolution term is bounded, and we expect the existence of a weak solution to the PDEs (2.7) and (2.8).

Theorem 3.2. Suppose Assumption 2.1. Then, foreach T > 0 and ¢ > 0, there exists a unique nonnegative weak solution
feMmHMmmwwmmU®mm%feMmﬂﬂﬂmmmmmmmHMQ&mmwmq
Definition 2.2. Moreover, the estimate

< C(Dllpoll 2wy (3.2)
L2([0,T];H-1(R))

d
”pe”LW([O,T];LZ(R)) + ”pellLZ([O,TJ;Hl(]R)) + Hd_[pg

holds for all € > 0.
Proof. Let us explain the main idea of the existence proof. We consider the associated McKean-Vlasov process

dY? = — (k€ p&)(YF)dt + odB!, Yo ~ po.
p; = Law(Yy)

for the initial data po. Then, by [53, Chapter 5. Theorem 2.9] and the Lipschitz continuity of the drift k¢ * pf, the
aforementioned SDE has a unique strong solution, and by [49, Proposition 3.1], it has a density (p{, t > 0). Now, fix p{
and consider the solution ¢ = (57, t > 0) to the linearized parabolic PDE:

S50 = Th(t.0) + (K # p)(E 0P (0 V(EX) €[, T)XR
p(x,0) = po Vx e R
By the standard second-order parabolic PDE theory, we know that the aforementioned PDE is well-posed and

p¢ € LX([0, TI; H'(R)) N L¥([0, T; L*(R)), (%ﬁf € L*([0, T, H™'(R)),
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8 Wl LEY CHEN ET AL.

with the estimate (3.2). Applying the superposition principle [17, Theorem 4.1], we find a weak solution to
d¥f = —(k¢ = p)(Yf)dt + odB}, Yy ~ po, t €[0,TI,

with Law(Y) = p¢dx. Since strong uniqueness holds [33, Theorem 4.10] for the above SDE, we have Y¢ = Y*. By the
Yamada-Watanabe theorem [53, Chapter 5, Proposition 3.20], this implies uniqueness in law, and therefore,

prdx = prdx, t € [0, T],
in the sense of measures. Hence, p; = p{ P-a.s. for all t € [0, T] and p¢ has the desired regularity. O

Lemma 3.3. Fix ¢ > 0 and suppose Assumption 2.1. Moreover, consider a solution p¢ of the regularized
diffusion-aggregation Equation (2.8) with initial data po, which by Theorem 3.2 exists. Then, we have the following
uniform bound:

/ Il (6, 0)dx < / Xl oG + CD)poll e, + CT Ikl
R R

forallt > 0, which depend only upon /R(l + |x])po(x)dx and T. Therefore, the function t — fR|x|p€(t, x)dx is bounded in
L=([0, T]; R).

Proof. The core idea is to use |x| as a test function. To that end, we take a sequence of radial antisymmetric functions
(g, n € N) with g, € C3(R) for all n € N, such that g, grows to |x| as n — oo and %gn is uniformly bounded in n € N.

More precisely, we choose
D) |x] |x|
.= 2
" —n3’§+n%+i x|

8n

IN IV

S IES =

and let (¢, n € N) be a sequence of compactly supported cut-off function defined by {,(x) = ¢{(x/n), where ¢ is a
smooth function with support in the ball of radius two and has value one in the unit ball. Define g, := y,¢,. We
notice that the derivatives of ¢, have support in the annulus [-2n, 2n] \ [-n, n]. Then, for ¢ € C(0, T), we obtain

/ / 8n(X)p°(t, x)— (Hdx dt = / / < pe(t,x) dxgn(x)+(k€*pf)%gn(x)pe(t,x)> p(Hdx dt.

Furthermore, for t;, t, € [0, T], we have

8n(X)p*(t1, x)dx — /gn(x)pe(tz,x)dx‘ < gl a1 (81, ) = p° (82, Il 2wy
R R

Therefore, p¢ € C([0, T]; L*(R)) implies that t ngn(x)pg(t, x)dx is continuous for each n € N. Then, the fundamental
lemma of calculus of variations, mass conservation, Sobolev embedding, and (3.2) imply

/ gn(X)p° (¢, x)dx

/ 8n(X)po(x)dx — / / ——p (8, %) — gn(x)+ (k€ = p©)(s,0)— gn(x)p (s,x)dx ds

/|x|/70(x)dx+CT”k“L°°(]R)+ / /
< [ Ixlpo@0dx + CTKl g + € / / s dxds + / [ e
/R 0 L= nJo Ji-2n2n\[-nn] 2 Jo -1.4 dx?

T
Co?  C .
< [ blpoode+ TNy + £+ S [ s
0

L0600+ G0

o (0| p*

(s,x)dx ds

}(n(x) E) Cn(x) +2— a2 Zn

Il o5 1| ooy dx ds

CT
< [ lpacot + CT ikl + S + DIl
R

Applying Fatou's lemma proves the lemma. |
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Lemma 3.4. Let (f,,n € N) be a sequence in L*([0, T]; H'(R)). If the sequence satisfies

(i) ||fn||L2([0,T];H1(R)) <C

.. d
i) || = <
(i) ” dtf"HLZ([o,T];Hfl(R)) =
(iii) sup [plx||fa(t,2)|dx < C,
te[0,T]

for some constant C > 0, then (fy,, n € N) is relative compact in LP([0, T]; LP(R)) for all p € [1, 2].

Proof. Let us denote by By the ball with radius R and center 0. Then, by the Rellich-Kondrachov theorem we have
that the embedding H'(Bg) < L?(Bg) is compact. Hence, by Aubin-Lions lemma [54, Chapter 3, Proposition 1.3],
(fn»n € N) is relative compact in L2([0, T]; L>(Bg)). Since the above spaces is of finite measure, we obtain the relative
compactness of (f,,n € N) in LP([0, T]; LP(Bg)) for all p € [1,2]. Note that by Cantor's diagonal argument, we can
extract one subsequence (fy,, k € N) such that

I (| Fo = SRl oo,y = ©-

for some limit point fx € LP([0, T]; L’(Bg)) and all p € [1,2], R € N. Furthermore, using again a Cantor's diagonal
argument, we can assume that (f,, , k € N) converges almost everywhere to f in Bg. For x € R, we choose someR € N
such that x € Bg and define f(x) := fr(x). This definition is well-defined, since for x € Bx C Bg, we have fr = fr
on By by the local LP convergence of the sequence (f,,, k € N). Consequently, the sequence (f,, , k € N) convergence

almost everywhere to f on R. It remains to prove that f € LP([0, T]; L’(R)) and f,,, — f € LP([0, T]; L’ (R)) as k — oo.
First, by Fatou's lemma, we obtain f € LP([0, T]; LP(R)) and

sup /lef(t,x)dxs sup sup /lefn(t,x)dxs C.
R R

te[0,T] neN t€[0,T]

Second, we find

”fnk - f”Ll([O,T];LI(]R)) = |fnk(t’x) - f(t’x)ldth

T~

o

|fnk(t’x) - f(t’x)ldth+ / / |fnk(t7x) - f(t’x)ldth
By

R 0

T
< /Ifnk(t,X)—f(t,x)Idde%sup//IxIIfnk(t,X)—f(t,x)Idxdt.
By By

keN
0

T
[
T T
[
T
0
Taking k — oo and then R — oo, we find a subsequence (f,, .k € N), which converges in LY([0, T7; LY(R)). The
uniform LP(R)-bound on (f,,, n € N) and an interpolation inequality shows the relative compactness of (f;,, n € N) in
LP([0, T]; LP(R)). O

In the next theorem, we show that the approximation sequence (p¢,e > 0) converges in the weak sense to a weak
solution p of Equation (2.7).

Theorem 3.5. Suppose Assumption 2.1. Then, for each T > 0, there exists a subsequence (p», m € N) such that p*» — p
asm — oo in L*([0, T]; H'(R)). Furthermore, p € L*([0, T]; H'(R)) n L*([0, T1; L*(R)) with %p € L*([0, TI; H'(R)) is
the unique nonnegative weak solution of Equation (2.7), which satisfies

d
ol Lo o, 11:22)) + N2l 20,100 )y T+ Ha/’

< C(MDlpoll r2qw)- (3.3)
L2([0,T];H-L(R))

In addition, there exists a subsequence (pm, m € N) such that pé» — p converges weakly as m — co in L'([0, T]; L*(R)).
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10 Wl LEY CHEN ET AL.

Proof. From (3.2), the Banach-Alaoglu theorem, and the lower semi-continuity, we obtain (3.3) and a subsequence
(p°m, m € N) such that

pm = p in L*([0, T]; H'(R)),

g €m i 1 2 . -1
u’ g P L0 TLH R)).

Moreover, we have p > 0 a.e. by Mazur's lemma [51, Corollary 3.8]. Next, we notice that the subsequence (p*»,m €
N) fulfills Lemma 3.4. Consequently, without renaming the subsequence, we conclude

Jim I = plloqo.ryier) = 0 (3.4)

for all p € [1,2]. Hence, it remains to show that we can take the limit in (2.9). From the above weak convergence, it
immediately follows:

T T
d . > / d
4o, dt — <— , > d,
/ <dtp’ g H-1(R),H'(R) a’e H-1(R),H'(R)
0 0
T T

/ / P (t, X)mx (8, x)dx dt — / / 2t X)m, (8, x)dx dt
R R
0 0

for n € L3([0, T]; H'(R)) as m — co. We write the nonlinear term as
T
/ / pm(t, X) (ke s pm)(t, X)nx(t, x)dx de
R
0

T T
= / / (pm = p)(kem  pm)(t, X)nx(t, x)dx di + / / p((km — k) = p)(t, X)nx(t, x)dx dt (3.5)
R R
0 0

T

T
+ / /]R p(kem s (pm — p))(t, X)nx(t, x)dx dt + / /]R p(k =+ p)(t, X)nx(t, x)dx dt.
0

0

For the first term, we notice that it vanishes as m — oo. Indeed, since [k» * p°| < Cllk| =) and px €
L%([0, TT; L3(R)), we have (k¢ * p®m)n, € L*([0, T1; L>(R)) uniform in €, and thus, p» — pin L?([0, T]; L*(R)) implies

T

/ / (pm — p)(km % pm)(t, X)ny(t, x)dx dt — 0, as m — oo
R

0
by Holder's inequality. For the second term, we use Assumption 3.1 to find

T T

/ / p(t, x)((k — k) * p)(£, x)n(t, x)dxdt = / / / p(t, )k — k)(x — y)p(t, y)nx(t, x)dydxdt
R RJR
0

0

I\

T

/ / / () 61K+ el (0, )y
RJR

0

I\

T
C+1) / / / (Pt OK ] eyt y)dydlxdr.
RJR
0
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The right-hand side is finite, and therefore, by the dominated convergence theorem and the almost everywhere
convergence of k¢ — k, the second term vanishes. For the third term, we apply Young's inequality [55, Theorem 4.2]
and (3.4) to obtain

T
/ /]R p(t, x)(km * (pm — p)(t, X)) (t, x)dx dt
0

T

/ 1o = p(& Ly 1Kl Loy 1211 (E, N L1y
0

I\

T

I\

||’1||L2([0,T];H1(R))||P||L2([0,T];L2(R))||k||Lw(R)/ lp = p(t, )l L1 rydt
0

— 0, asm — oo.

Consequently, taking the limit m — oo in (3.5), we discover

T

T
lim / / P (L, X)(km s pm)(t, X)nx(t, x)dx df = / / p(k * p)(t, x)nx(t, x)dx dt
R R
0 0

m-—oo

and therefore, p is a weak solution. The uniqueness follows by simple L2-estimates; see, for instance, [56,
Theorem 3.10] in the case of the Hegselmann-Krause model (notice that the proof of the uniqueness also works for
R and k € L*(R)). O

Remark 3.6. The uniqueness of the solution p actually implies that any subsequence convergences to the solution p.

Lemma 3.7. Suppose Assumption 2.1. Then, for any T > 0, the weak solutions (p¢,e > 0) of (2.8) as well as the
weak solutin p of (2.7) with initial condition py are bounded in L* ([0, T]; LP(R)) for p € [1, o0). More precisely, we have,
foralle > 0,

”pelle([O,T];LP(R))’ ||P||Lm([o,T];Lp(R)) <C(p,o,T, ||k||Lm(R))||P0||Lp(R)-

Proof. Without loss of generality, we show the claim only for p, and we also may assume that p is a smooth solution.
Otherwise, we mollify the initial data such that there exists a sequence of smooth solutions, which converge weakly
in L2([0, T]; H'(R)) to p€ for each fix ¢ > 0. Applying the lower semi-continuity for each ¢ > 0 first and then the
convergence result in Theorem 3.5 will prove the lemma.

Multiplying (2.7) with 5 (pp_ 5 pP~1, integrating by parts over R and using inequality (3.1), we obtain

1 d
20— 1)5/]1@”1] (t.x)dx

p i -1
2(p_1)/Rdtp(t,x)p"’ (¢, x)dx

p
2(p-1)

= I_)</]R - %lpx(t’x)|2pp_2(tsx) - (k * p)(tax)pxpp_l(tsx)dx

/R (5Pt )+ (e 5 )t 000820 ) P (120

2

— %z/l(pp/z)x(t,x)lzdx_ /(PP/Z)x(t,X)pp/z(t,x)(k " p)(t,x)dx
R R

2
<- %/|(pp/2)x(t,x)|2dx+ ||k||Lw(R)/|(pp/2)x(t,X)pp/2(t,x)|dx
R R
_a /2 2 o’ /2 5 Pkl
<= 2 (100080 + e | s e+ E e la
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12 Wl LEY CHEN ET AL.

) plik ||
<2 / [Pt )P + / 1)l

Pl [
= “R)/mp(t x)|dx,

where we used Young's inequality with € = in the sixth step. An application of Gronwall's inequality leads to

||k||L°°(R)

/ Pt x)dx < C(p, 0, T, ell =)ol e, for all & [0, T
R

Lemma 3.8. Suppose Assumption 2.1. Then, for each T > 0, there exists a constant C(po) such that, for all ¢ > 0,
2% Il Lo o, 71200 Ry 121 Lo 0, 71:00 )y < C(P0)

holds for the weak solutions (p¢, e > 0) of (2.8) and for the weak solution p of (2.7).

Proof. As previously, we will only show the claim for p, and we can assume that p is smooth.

Set pp, := max(p — m,0) for some fix strictly positive m € R and let p > 2. For the sake of notational brevity, we
drop the dependence of (¢, x). Multiplying (2.7) by p‘,’n_1 and integrating by parts, we obtain

pdt/pp /< pm+((k*p>p)x)pi’,,ldx

_ 2(p ) pp 1 pp—Z k dx
=- ]R 5 ———px(Pm)x =@ = D(pm)xpm (k * p)p

2
== /RG—(pZ ()20 = (0 = D2 (pm)e(k # p) + m(p — 1)(pm)xps “(k * p)dx
2 — - —

In the next step, we estimate the last two terms with Young's inequality. More precisely, we get

20— 1) / L1k + pydx
RrRP

<2p- 1)||k||Lw<R>/1|<p‘,’,{2>x||p€’,{2|dx
<2<p—1>/—|<p’”/2)x|2 I ”L“(R)W” 2dx

1 2p - 1) Ikl
= )" /|<p"/2>x|dx G—”‘”/mmdx

R

and

20— 1) / S matl e
R

<2p-1) / L2 il o |2/ dx
o
<2(p—1)/—|(p" Wl + ————— iy ldx

-1 2(p = D) K|} oy m? _
R e
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Furthermore, we can estimate

/ 2|y = / imeremen) |21+ T et 10 21
</ﬂ{m<p<m+1 +|/7p|dx

<—/pdx+/| X
SZ+/R|/:§1|dx.

Hence, we derive for the last term the following inequality:

2 2 2
1 _ (p - 1)6? 20 =D klljogm 20— lkll{og M
2(p—1)/l—j(p‘,i,/2)xmpﬁ{2 'k * p)dx < pzT/l(p‘,f)x|2dx+ = Sl R s
R R

o2

Putting everything together, we find

2(p—1 20 - Dlkljegm [ 2(p -1kl 2(p = D) Ikl g m?
/pi’ndxs——“(‘l’)z )/<p‘,’,{2>§dx+ GZ“R) + — = — /|p‘:n|dx,
R R R

1d
pdt

(o (2

from which we can conclude that

2 2 |kl P2(M? + 1) 2p? ||kl oo ey M
gfp‘indxsf—/(pi’f)idﬁ = /|p‘,’n|dx+ i ki
dt R 2 R 52 R 52

By the Gagliardo-Nirenberg-Sobolev interpolation inequality [57, Theorem 12.87] and [58] on the whole space as
well as Young's inequality with 7 = 3%, we have

2

2 4/3 2/3 4 32 2 o 2

A2 1l < ConsA® Il VUl < ——= NGy Cohish* Nl ) + 2 1Vl (3.6)
024/27

21|kl oo ) (MP+1)
O.2

where Cgys is the Gagliardo-Nirenberg-Sobolev constant in one dimension. For u = p’,’n/ 2, C, = and

A =4/C1p, we obtain

2

RNk

Ll(R) L2R)

4
C1P2/|.Dfn|dx < 3—C3/2Ci/2p3 Hp;r)n/z
R o

Consequently, we have

4C3 22 ||kl ooy (M2 + 1))*/2 2 2% [kl M
d/p"dxs 102/(p‘,;/2)§dx+p3 = (/lp%dx) 0
t 4 R R (o3

304

Applying the above inequality (3.6) with u = p‘,’n/ ‘A= p and rearranging the terms, we discover

[N

/| |dx+ C3/2 3||pp/2

LZ(]R) ‘Ll ®)’
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which then implies

2 2P [kl ey m
dx < —p2/|p€n|dx+ Clo,m, ||k||Lm<R>>p3</p‘;{2dx) +
R R

&l
%\a
T

[

2
< —P2/|/’Ir)n|dx+ C(o,m, ||k”L°°(R))p4</ m/zdx> + C(o, m, ||kl| o w))P*
R U

for some nonnegative constant C(a, m, [|k|| .« r))-
Let us define

wy(t) 1= /pf,;'(t,x)dx and S; := sup wj(t),
R

te[0,T)

for j € N. Then, for p = 2/, the above inequality can be written as

d . . .
3O < =290 + 27 (Closm, Ikl o2 W], (0 + Closm, (1Kl =e))

< = 2%w;(t) + 2% (Clo, m, ||kl po@)2Y 574 + Clo, m, |kl =) -

Moreover, define u(x) := -2%x + 2% <C(0',WL 1Kl ))2% S3_, + Clo, M,IIkIILW(R))> ,e = 2¥ and A :=

Clo, m, ||kl Lo (r))2% Sf_l + C(o, m, ||k|| = (g))- Then, u is globally Lipschitz continuous in x and v = e~“'vy + A(1 — &™)
is a solution of the following ODE

VO = u()
v(0) = vy '

Let us choose vy := fR p(z)jdx > w(0). Then, we can apply the comparison principle to obtain

w;() Sv() <vy+A
< ||P0||i;_&§) llpoll 1) + Clo, m, ”k”LW(R))ZZjSJZ‘_l + C(o, m, ||kl L= (w))

21 j
< lpollie) + Clo, m, ”k”L‘”(R))ZZJSJZ‘_l + C(o, m, |||l L= (r))-

It follows that

i .
S; = sup w;(t) < C(o, m, ||kl L=(r)) maX(”Po”im(ﬁg) ) 22]55_1)-
te[0,7)
. . . . ~ s,
To complete the proof, we perform a version of Moser iteration technique to bound the L*-norm. For S; := W
Po [l Lo Ry

the last inequality provides us with
Sj < Clo, m, ||kl s zy) max(1, 2287 [l poll o)
Adding on both sides 6 > 0 and taking the logarithm, we arrive at

log(S; + 6) < max(log(C(o, m, ||kl = (x)) + 6),10g(C(e, m, |[kll LRy | p0ll )2 ) + 6))
< 2log(S;-1 + 6) + jlog(4) + log(C(o, m, |Ikl| L= r)» Il Poll L&)

for some new constant C(o, m, ||k|| = g)) > 0. This implies

277 10g(S; + 6) — 2!/ log(S;-1 + 8) < 27/ jlog(@) + 27/ C (o, m, ||kl| ooy | Pl o))
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for j € N, where we used Lemma 3.7 to not subtract infinity, that is, log(S i—1 + 0) < o0. Adding the above inequality
overj =1, ...,J,wefind

J
277 10g(S; + 6) — log(Sy + 6) = Z 277 log(S; +8) — 27UV 1og(S;_1 + 6)

Jj=1

< 2 27/ jlog4) + 277 C(o, m, ||kll s g)» 1| poll oo r)
=

<C

for a constant C independent of J and § > 0. A straightforward way to see that the series is absolutely convergent is
to apply the ratio criterion from elementary analysis.

Now, we have Sy = sup ||p(-, D]l Lr) = 1 by mass conservation. Therefore, taking the exponential function on both
te[0,T)
sides and letting 6 — 0, we discover

2~ (21 _1)2—.!
S] < C ”pO”Loo(R) < C(,Do) < 0.

On the other hand, we have

S; T = ( sup /pf,i(t,x)dx) = sup </pfn](t,x)dx> .
tel0,7) JR tefo,n \JR

Finally, we can take the limit J — oo to conclude

sup ||pm(t, =@y = sup Lim |[|pp(t, ')”LZJ(R) <limsup sup |pm(t, ’)”LZJ(]R)
t€[0,T) ref0,1)I = J—oo  te[0,T)

=limsup S7" < C(llkll o) £0)-

J—o0

O

4 | LOCAL LIPSCHITZ BOUND FOR THE INTERACTION FORCE KERNELS

In this section, we introduce a uniform Lipschitz assumption on the approximation sequence (k¢, ¢ > 0) and show that
most bounded confidence models, as used in the theory of opinion formation [7], satisfy this assumption.

At first glance, we notice that even though the interaction force kernels k¢ is uniformly bounded, it is not uniformly Lip-
schitz continuous in e. Hence, the classical theory regarding Lipschitz continuous interaction force kernels on mean-field
limits cannot be applied directly to the particles systems introduced in Section 2.2. Instead, we need to use the properties of
the convolution to derive uniform Lipschitz continuity of the mean-field force k¢ * p¢. Following, for example, [36, 39, 59],
we derive a Lipschitz bound for certain models in the case where the trajectories X7 and Y; are close in a suitable sense.
This approach requires an approximation with suitable properties and could not be generalized, so far, to arbitrary approx-
imations. The main reason lies in the derivative of the approximation k¢. If the derivative would be nonnegative, then we

= ||ke % L e

L>(R) R P
to obtain a local Lipschitz bound for k¢ with estimates on the gradient i p;. Unfortunately, in most cases, a simple molli-
fication of k has a derivative becoming nonnegative as well as nonpositive. Therefore, we have to postulate the following

assumptions on the approximation sequence (k¢, ¢ > 0).

. . . . d
could use a Taylor approximation, the properties of the solution p¢ and the formula ” ake * pf

Assumption 4.1. The sequence (k¢, ¢ > 0) satisfies the following:

(i) There exists a family of functions (I, ¢ > 0) such that

[kG) = kW) < E()lx -yl

for x, y € R with |x — y| < 2¢;
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(ii)

tESEéPT] ||l€ * Pf”Lm(R) < CUkl Lo @)Ul poll L2y + Nl Poll Lo )

where C(||k||«(r)) is some finite constant depending on the L*(R)-norm of k.

Remark 4.2. The constant 2 in Assumption 4.1 can be replaced by any positive constant. For simplicity, we choose the
most convenient one to avoid cumbersome notation.

4.1 | Exemplary interaction force kernels

The particle systems, as introduced in Section 2.2, can be used to model the opinion of interacting individuals, see, for
example, [7]. A prominent class is given by the so-called bounded confidence models, in which the interaction is described
by interaction force kernels of the form:

kpem(x) := Tjor (IX)h(x), with h € C*(R).

To show that kpcy satisfies Assumption 4.1, we introduce the following approximation sequence (y;,,e > 0) of the
indicator function 1, (x) with a,b € R, a < b, such that the following properties hold for each ¢ > 0:

* v, € CCR),
« w;, = ligp as e — 0 almost everywhere,
) d
. supp(y/;’b) C [a —2¢,b + 2¢], supp(aw;’b) C [a—2¢,a+ 2€] U [b — 2¢,b + 2¢],
d c
e 0< ‘/’Z,b <1, |ay/;’b| << for some constant C > 0.

Since we want to take ¢ — 0, we consider only the case where ¢ is small enough. In particular, we can take the
mollification of the indicator function of a set. We define the regularized interaction force kernel:

kop () = W OR(X) € CZ(R),

which obviously satisfies Assumption 3.1. That it also satisfies Assumption 4.1 is verified in the following.

Lemma 4.3 (Local Lipschitz bound for bounded confidence models). Consider the regularized interaction force kernel

k;CM with cut-off e. Moreover, let NBR. := [-R — 4e,—R + 4¢] U [R — 4¢, R + 4¢] (“neighborhood of R”). Then, we have

the following estimates:

(i) Foreachx,y € Rwith |x — y| < 2e and

£ (y) = Cli-r-3r+3(»), ¥y € NBR¢
semY) - = Ce™', y € NBR,

it holds that
Iksen ) = Kgop O < Loy 01X = yl;

(ii) Foreachx,y € RN with |x — y|e < € and

N
1
LzBCM(yl’ 7yN) = ]T] Zl;CM(yl _yj)7 (y17 9yN) ERNa
s

it holds that
|Ki€,BCM(x) - KZBCM()’N < 2LiBCM(Y)|x - ylocn

where K; pcyy is defined by (2.5) with ke
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Proof. (i) Let |x — y| < 2e. By the mean value theorem, we have the bound

d
Ikon () = ke, (D] < ‘ake(z) Ix — |

for some z in the line segment between x and y. Let us distinguish between two cases.
Case 1: y € NBR,. Using the bound

d

i

CM(Z)' = ‘%we(z)h(z)‘ + we(z)%h(z)‘ <Ce!

for all z € R for some constant C > 0, which depends on the deterministic function h, it follows
kG0 — kp 0] < CeHx — yl.

Case 2: y € NBR¢. Because 7 lies on the line segment between x, y, it follows for some s € [0, 1] that

lz—yl=ly—-s&x—-y) -yl <|x—-yl[ <2

and therefore |R—z| > |R—y|—|z—y| > 4e—2¢ = 2¢. Analogously, | -R—z| > |-R—y|—|z—y| > 2¢. Consequently, z is
far enough away from the points R and —R such that the derivative of the approximation %ws vanishes. This implies

Ti—r-3.r+31(») < Cli_r_3r431 (),

d,.
‘ akBCM(z)‘ S

.4 d
v (z)ah(z)‘ < ‘ah(x)

where we used |y| < |y — z| + |z] < 2 + |z|. Together with the mean value theorem, this proves the second case.
(ii) We want to apply (i). For x, y € RY, |x — y|s < €, it follows

N
. 1 :
1K pen ) =~ Kipen W < Z 1K, O = 1) = Ky (0 = 97)]
T
1 N
< N-1 z aen i = )X = X = (i = )

J=1
J#i

< 2Ll€,BCM(y)|x - yloo
It is indeed justified to apply (i) since |x; —x; — (i — ¥;)| < 2|x — y|o < 2eforalli,j =1, ... ,N. O

Remark 4.4. The second part of Lemma 4.3 is a direct consequence of part one. Hence, if (k°,¢ > 0) satisfies
Assumption 4.1, we have

IK; () = Kf ()] < 2L{(0)x = ¥l

for x, y € RN with |x — y|o < e and

N
€ 1 €
Li(yls 9yN) = ]T] Zl (yl_yj)s (yl’ ,YN) ERN
=

The convenient properties of the solutions (p¢, e > 0) allow us to find a uniform bound of the convolution term I * pf.
This will be the content of the following lemma.

Lemma 4.5. Suppose Assumption 2.1 and let us define

€

L;,i,BCM(yl’ 9yN) = (lBCM * Pf)(J’z), (yl’ 7yN) € RN:
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the averaged version of L€ fori = 1, ... ,N. Then, there exists a constant C, depending on the deterministic function h,
such that

_Sup  sup ”I_’ii,BCM“L‘”(RN) <C (”/’SHU(R) + ”p(s)”L”(R))’
i=1,... N te[0,T]

where p{ is the solution of (2.8) for the special interaction force kernel kpcy.

Proof. Letie {1, ..., N}andy=(y1, ... ,ynN) € RN, Then, by mass conservation and Lemma 3.8, we have

LS 5o = [Eeps * 2G)]

< /ﬂ {2+ y—2eNBR } | lpep, (Vi — 2)pe(2)|dz + /ﬂ {z: y—zeNBR} 5o (v — 2)p(2)|dz
R R

< C/Rlpf(z)ldz+ Cee_1||p§||Lw(R)
< C((”pte”Ll(R) + ”/’f”Lw(R))

< C(lpollrwy + llpoll Lo my)s

where C again depends on the deterministic function h. O

Consequently, we have shown that k¢ = w*h fulfills Assumption 4.1 and (as previously mentioned) Assumption 3.1,
which implies the following corollary.

Corollary 4.6. The interaction force kernel kgcy satisfies Assumptions 3.1 and 4.1 with the associated approximation
sequence (ky,,,, € > 0) given by k., () 1=y J()h(X).

Another example of interest are interaction forces with h(x) := sgn(x), which corresponds to a uniform interaction;
that is, every particle in the interaction radius has the same impact. Unfortunately, sgn(x) ¢ C*(R), and hence, we cannot
directly apply Lemma 4.3. However, the function sgn(x) has no effect on the discontinuities —R and R. Therefore, if we
can control the function around zero, we can obtain an analog result to Lemma 4.3. Indeed, we define

kyx) := = T_goy(x) + Tior1(X), x ER,
which can be appropriated by ki, (x) 1=y, (x) + Wo g(X). Defining
NBZR, :=[-R—-4¢,— R+ 4¢e]U[—4e,4¢] U [R — 4¢,R + 4¢]

as the neighborhood of zero and R, we can perform the same steps as in Lemma 4.3 to prove the following Lemma for ky;.

Lemma 4.7. Consider the regularized interaction force kernel ki, with cut-off e. Then, we have the following estimates:

(i) Foreachx,y € Rwith |x—y| < 2¢and

[ (y) = 0, y € NBZR¢
Chda Ce™!, y € NBZR,

it holds that
|ki;(x) = k;;(»| < I5001x = yls

(ii) Foreachx,y € RN with |x — y|e < € and

N
€ 1 €
Ll'!U(ylv 7yN) = ]T]Zlu(yl_yj)v (yh 7YN) GRNa
s

it holds that
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Corollary 4.8. The interaction force kernel ky satisfies Assumptions 3.1 and 4.1 with the associated approximation

sequence (kf;, € > 0) given by k{,(x) := u/fR’O(x) + II/S,R(X)-

Proof. Apply Lemma 4.7 and similar computations as in proof of Lemma 4.5 to show that Assumption 4.1 is fulfilled.
The verification of Assumption 3.1 follows immediately. O

5 | LAW OF LARGE NUMBERS

The derivation of propagation of chaos is based on defining several exceptional sets where the desired properties will not
hold. Hence, we need to rely on the fact that the probability measure of these sets is extremely small. This fact is the
subject of the next proposition.

Proposition 5.1 (Law of large numbers). Let 0 < «,8 such that0 < 6 + a < 1/2 and Z', ... ,ZN be independent
random variables in R such that Z! has density u' fori = 1, ... ,N. Let h : R — R be a bounded measurable function.

N
Define Hi(Z) := + ¥ h(Z' - Z/) and
j=1

J#

S := { sup |Hi(Z) - EH(Z))| > N*‘””} ,

1<i<N
§:= { sup |Hi(Z) — Ey(Hi(2))| 2 N_(5+a)} ,
1<i<N
where E_; stands for the expectation with respect to every variable except Z', that is,
N
Eo(H(2)) = Il\,;(h « w)(Z).
i

Then, for each y > 0, there exists a constant C(y) > 0, which depends on y, C, such that

P(S), P(S) < C(y)N7.

Proof. We prove the statement for the set S. The estimate for the set S can be shown similarly by replacing E(H;(Z))
with E_;(H;(Z)). First, we notice

N
P < sup |Hi(Z) — E(H;(2))| = N_(‘S”)) < Z P(|Hi(Z) - E(H(2))] 2 N~*).

1<i<N i=1
Hence, it suffices to prove
P(|H\(Z) — E(H(Z))| = N™*%) < C(y)N~*

foreachy > 0,i=1, ... ,N.Letusassume i = 1 and for j = 2, ... ,N, let us denote by ©; the independent random
variables ®; := h(Z' — Z/). Then, applying Chebyshev's inequality to the function x — x>, we obtain

P(|H:1(2) - E(H1(2))] > N~*) < N*H9"E(|H,(Z) — E(H1(Z))|*™)

N 2m
26+a)m 1 o 4 (5.1
<N E <N—_ - Z;(@J E(@,))) .
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The expectation on the right-hand side can be rewritten, using the multinomial formula, as

N

P 2m _ 2m aj

O +X3 4 +xn)™ = z (az,...,aN>11xj’
J:

ay+az+ ... +ay=2m

where a = (a,as, ... ,ay) € N]ov ~! is a multi-index of length |a] = 2m. Consequently, using the independence of
(©;,j =2, ...,N), we get

(5.2)

N 2m
! —2m 2m "
E <JT] ,Zz'(@j —E(G)j))) = N2 > <a2, ,aN> [[E«e; -E®©)*)
2m

N
ay+az+ ... +ay=2m Jj=2

N

=2

= N7" [1E«®; -E@©))
J

<(12, ,aN>
at+az+...tay=2m

lalg<m

where |a|o the number of nonzero entries of the multi-index a. Otherwise, if |a|o > m, then there exists a j such that
a; = 1 and the product vanish since E(®; — E(0;)) = 0. From the bound on h, we have

IE(©; - E©,)*)| = <CY.

/ (Wz1 — zj) — E(©,))%u' (z1)u (z;)dz1dz;
RxR

Using the facts
2m 2 k k
<a2’m,aN>§(2m)mand Z 1 < N*(2m)

a+az+...+ay=2m
lalo=k

for 0 < k < m, we can estimate (5.2) to arrive at

1 w " = C(m)N™
E (N Z(G)j _ ]E(@j))> < N—2m Z (2m)2mC2m < N—Zm ZNk(zm)3mC2m < W
Jj=2 a+az+ ... tay=2m k=1
lalp<m
for some constant C(m). Hence, plugging it into (5.1), we find
N2(6+a)m+m
P(|H1(Z) - E(H1(Z))| > N~®*9) < C(m)———.
N2m
Using the assumption 6 + @ < 1/2 and choosing m such that m(—1 + 2(6 + a)) = y proves the proposition. 1

The law of large numbers provided in Proposition 5.1 allows to show that the sets, where the desired properties do not
hold, are small in probability.

Corollary 5.2. Let0 < a,8,0<a+6<1/2, e ~N?with0 < < a and define for 0 < t < T the following sets
B = ([K(Y)) K (Yl S NC), B2 1= (L)) = L (V) )l <1,

where the mean-field particles are close under the kernel K¢ and L¢, which were defined in Section 2.2 and Remark 4.4.
Then, for each y > 0, there exists a C(y) > 0 such that

P((B})*), P((B})) < C(y)N”

forevery 0 <t < T, where the constant C(y) is independent of t € [0, T].
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Proof. First, the random variables (Y;’e, i=1,...,N)areii.d. and have a probability density p; given by the solution
of the regularized system (2.8). Moreover, we have

N
Ki(xi, o on) = == D k(i —x)), (a, ... xn) €RY,
j=1

1
N
with k¢ bounded. We recall that we denote by E_;, the expectation with respect to every variable but the i-th. Therefore,

we get

EpKE(Y ) = =2 O ER (V) = Y/)

[
Il
_

I
|

Z=  Z|=

M= iM=

[ 2 nde = - 5 0 (vi) = K02
R

[
1l
—

foralli=1, ... ,N. As a result, we obtain

o= { sup K5 (V) = B (Kf (% D] > N_(6+a)}

1<i<N

and therefore, by Proposition 5.1,
P((B})") < C(y)N7.
For the set Bf, we notice the function I°’N~* is bounded since ¢ ~ N~#, and thus, we can do similar steps as before
with the set
(BY® = {N*IL(Y}) = L (Y} oo 2 N7°)
C AN LYY ) = L (V) 2 NTOF0),

This proves the corollary. |

6 | PROPAGATION OF CHAOS IN PROBABILITY

In this section, we are going to prove propagation of chaos for the particle system (2.3). We deploy a coupling method
with the mean-field SDE (2.2) and show convergence in probability with an arbitrary algebraic rate N=7 for y > 0. To that

N
end, we present the main result, which states that the trajectory of the N-particle system X~ with XY ~ ® p, typically
i=1

remains close to the mean-field trajectory YV with same starting position Xé\’ = Yé\’ during any finite interval [0, T].

Theorem 6.1. Suppose Assumption 2.1. Let T > 0, € (0, %) and (k¢,e > 0) satisfy Assumptions 3.1 and 4.1 with
e ~ NP for0 < g < a. Then, for every y > 0, there exists a positive constant C(y) and Ny € N such that

]P’< sup |X1t\r’€ -yVe

. > N“") < C(y)N77, for each N > Nj.
te[0,T] ©

The constant C(y) depends on the initial density py, the final time T > 0, « and y. The natural number Ny also depends
on py, T and a.

To prove Theorem 6.1, we need the following auxiliary lemma.
Lemma 6.2 ([36, Lemma 8.1]). For a function f : R — R we denote the right upper Dini derivative by

D} f(y) :=lim sup w
h—0t
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Letg € C'(R) and h(y) := sup g(s). Then, one has D} h(y) < max (0, d%g(y)) forally > 0.

0<s<y

Proof of Theorem 6.1. For T >0and a € (0,1/2)and 6 = %(1 /2 — a) > 0, let us define the auxiliary process:

t
0<s<t

JY :=min <1, sup " T IN X — V' + N—5)> :

where 4 > 0 is a constant, which will be defined later. In the first step, we want to understand how Jf\’ helps us to

.For0 <t < T, we have
[e+)

control the maximum distance |X1[V - Yf’ “

sup N¥|XN€ —yNe| < sup AT XY — YY) + N79). (6.1)

0<s<t 0<s<t

Hence, if JIN < 1, we obtain sup N“lXﬁV’S - Yﬁv’g|m < JfV < 1. Furthermore, we can assume N > Nj such that
0<s<t

JN = HT-9IN-3 < % with Ny depending on T, A. As a result, we find

IP’< sup XN — YV 2N“’> <PUY 21 <P (- > 1)
te[0,T] 2
T
<2EJY -J)) <2E / DrINdt 62)
0
T
=2 / E(D}IN)dt,

0

where we used a more general fundamental theorem of calculus, see, for example, [60, Theorem 11], in the last
inequality. In the next step, we want to estimate the Dini derivative D;“JtN . Applying Lemma 6.2, we discover

DY < max o, d%g(t)) (6.3)

with g(¢) := eAT-ON XN — YV

t

+ N?). Computing the derivative, we find

%g(t) = =2 TN XN — YV Tt N7+ *TON [ KeX)) — KE(YY ) oo (6.4)

with K¢ and K¢ defined as in (2.5) and (2.6), respectively. Next, let us introduce the set A; := {D;*Jf’ > 0} and notice

that (6.3) implies A; C {Df]f\] < %g(t)}. Hence, we discover

_ _ _ d
E(DFIN) = B(D}IN 1) + ED; TN 14) < E <afg(t)1]A[) .

In combination with (6.2), we see that, in order to prove the theorem, it is enough to show that E(d%g(t)ﬂ 4,) is bounded
by C(y)N~7 for some constant C(y) > 0 and ¢ € [0, T].

At this moment, let us recall the sets B}, Bf from Section 5, where the “good” properties hold to further reduce the
problem. We have

d d d
E (Eg(t)““f> —E ((Ttg(t)ﬂAtnB}an> +E (5g(t)nAln(BgnBtz)c)
d
<E ((Ttg(l‘)“A,nB}nt> + CN*(P((B})%) + P((B>)"))

d -
<E ((Ttg(t)ﬂA[nB}an> +C(N7,
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where we used the fact that the interaction force approximation k¢ is uniformly bounded in the first inequality, and
thus, we have I%g(t)l < CN* with the help of (6.4). The last inequality follows immediately from Corollary 5.2 and

relabeling y. It is therefore enough to prove that d%g(t) < 0 holds under the event A; n B} n BZ. This is equivalent to
the inequality

e/l(T—[)NalKe(XIIV,é') _ K:(Yi\]’e)loo S Ael(T—I)(Na Xf],&‘ _ YN,é'

t

. +N7%). (6.5)

‘We observe that on A; we have Jf\’ < 1. In fact, let Jf\] > 1 and remember that JIN is an nondecreasing function
bounded by 1. Consequently, the right upper Dini derivative vanishes, and we are in the set A;. Together with (6.1),
this means

sup X7 — Yl <N (6.6)

0<s<t
holds on A;. Splitting up the term on the left-hand side of (6.5), we obtain

KEX) = KE(Y )0 < IKEGE) = KOV, )] + IKEOY) = KE (Y ) oo
N, N, N,
< LYYl X = 0

+ N-6+0)
[So]

<(C+ LYol X - Y

+ N—(5+a)
[«

< Clpo, TR -

+ N—(5+a))
. 9

where we used the local Lipschitz bound from Assumption 4.1, inequality (6.6) and the condition of event B} in the
second inequality. Then, we applied the condition of B in the third inequality and finally Assumption 4.1 in the last
inequality. Inserting this back into the left-hand side of (6.5), we discover

TN KX ) = KAV oo < X TONTCp0, TI(XNC = YI'<| 4+ N7+
= Clpo, DT ONXN — Y| +N79).
Choosing 4 = C(py, T) provides (6.5) and concludes the proof. O

Remark 6.3. The cut-off « € (0,1/2) was only used in Corollary 5.2 to bound the set Blz. Hence, one possibility on
improving the cut-off is to optimize Proposition 5.1 in order to handle more general cut-off functions.

From Theorem 6.1, it immediately follows that the marginals of Xf’ and YtN converge in the Wasserstein metric, see,
for example, [59, Corollary 2.2]. For the sake of completeness, we include the statement below.

Corollary 6.4 ([59, Corollary 2.2.]). Let the assumptions of Theorem 6.1 hold. Consider the probability density pfz’N “of
Yﬁv “ and pztv *“ the probability density of Xlt\] . Then, pztv ke converges weakly (in the sense of measures) to p?k’e asN —
o0, €(N) — 0 for each fixed k > 1. Furthermore, the probability density pzlv “ converges weakly (in the sense of measures)

to the same measure as pfz’N “as N — oco. More precisely, there exists a positive constant C and Ny € N such that

ke k, R R —
sup Wi(ph"e, p®9), sup Wi(p), p®V°) < C(po, T, ) N~*
t€[0,T] t€[0,T]

holds for each k > 1 and N > N,, where W denotes the Wasserstein metric

k
%% = f - ' — Y da(x,
104, v) ot /R ok ; |x* — y'|dz(x, y)

and I1(u, v) is the set of all probability measures on R x R with first marginal u and second marginal v. The constant
C(po, T, @) depends on the initial condition py, the final time T and a. Moreover, Ny € N is the same as in Theorem 6.1.
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Corollary 6.4 implies the weak convergence in the sense of measures of the k-th marginal p];] k€ to the product measure
pt®k . Indeed, since pf] e converges weakly to pf’k‘e, it is sufficient to show that pf"k’f converges weakly to pf’k . By the classic
result [9, Proposition 2.2] we can consider the special case k = 2, i.e p{ ® p; converges weakly to p; ® p;. We can further

reduce it by applying [61, Theorem 2.8], which tells us that it is enough to show p§ converges weakly to p;.

Lemma 6.5. Let T > 0 and suppose Assumption 2.1. Moreover, let (p¢, ¢ > 0) and p be the weak solutions obtained in
Theorems 3.2 and 3.5. Then, one has

sup
te[0,T]

/R (p; () = pe(x))P(x)dx :00 6.7)

Jorall ¢ € L*(R). In particular, p; ® p; converges weakly to p; ® p; for all t > 0 in the sense of measures.

Remark 6.6. Suppose the assumptions of Theorem 6.1 hold. Lemma 6.5 together with the discussion before Lemma 3.3
and [9, Proposition 2.2] implies that, for all ¢ € [0, T1,

N
.1
lim — Oyic =
N—-oo N IZ; t Pt
in law as measure valued random variables if ¢ ~ N7,

Proof of Lemma 6.5. First, we notice that the convergence is uniform in time. Therefore, the strong convergence result
from Lemma 3.4 cannot be applied. We start by showing (6.7) holds for ¢ € H*(R). To that end, let us assume ¢ is in
a dense subset and smooth enough, that is, ¢ € CZ®(R). Now, let 0 < t; < t; < T. Then, the uniform bound on % s
(see (3.2)) and integration by parts [62, Theorem 23.23] implies

2}

€ — € = g ;
/]R p(t1, ) (x)dx /]R p (t2’x)¢(x)dx’ - _/ <dtp ‘ ’¢>H*1(R),H1(R)dt

L

d
d—PE ||¢||H1(R)
t Nrzqo,mH (®)

<Cl - t1|1/2”¢”H1(R)'

< |ty — |2

Consequently, the sequence of function t — fR p; (X)¢(x)dx is equicontinuous. Using the L([0, T1; L%(R))-bound, we
also get a uniform bound on the sequence. As a result, we can apply the Arzela—Ascoli theorem to obtain a convergent
subsequence, which depends on ¢ and will be denoted by (p¢?, e(¢) € N) such that pr§(¢)¢dx — ¢(¢) in C([0, T)).
By the fundamental lemma of calculus of variation and the fact that pf(¢) converges weakly in L2([0, T]; L*(R)), we can
identify the limit {(¢) = pr,d)dx. Since ¢ was taken from a dense subset of H*(R), we can use a diagonal argument

to obtain a subsequence, which will be not renamed, such that, for ¢ € H'(R),

sup
te[0,T]

/]R P00 = p0)pOdx| > o. (6:8)

With another density argument and the uniform bound of (p¢, e > 0) in L*([0, T]; L>(R)), we obtain for each ¢ €
L%*(R) a subsequence (pf(d’), e(¢) € N) such that (6.8) holds. Again, since L?(R) is separable, we can use another
diagonal argument to show that we can obtain a subsequence (pf", k € N) such that (6.8) holds for all ¢ € L*(R).
Notice that this subsequence is independent of the function ¢. Furthermore, the uniqueness of the limit implies
that (6.8) actually holds for any sequence (pE(N), e(N) > 0) itself, where e(N) is some sequence depending on N such

¢
that e(N) - 0as N — oo.
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Next, for ¢ € L*(R), we apply Lemma 3.3 and the fact that ¢(x) 1y <z; € L*(R) to find

sup / (p; (%) — pe(x))Pp(x)dx
t€[0,T] R

< sup /(/’f(x)—Pt(x))¢(x)1]{|x|5R}dx + sup /(Pf(x)—P:(X))¢(x)1]{|x|z1e}dx
te[0,T] R te[0,T] R

< sup / (PE(0) = PP T (x<rydx| + 1@l LoyR ™" sup / |p; (X) + pe(x)]|x|dx
te[0,T] R te[0,T] JR

< sup / (D) = NP x| + CCo0 Il R
te[0,T] R

Letting ¢ — 0 and then R — oo, we obtain (6.7), and the corollary is proven.
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