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Abstract

We provide a consistent specification test for GARCH(1,1) models based on a test statistic of
Cramér-von Mises type. Since the limit distribution of the test statistic under the null hypothesis
depends on unknown quantities in a complicated manner, we propose a model-based (semiparamet-
ric) bootstrap method to approximate critical values of the test and verify its asymptotic validity.
Finally, we illuminate the finite sample behavior of the test by some simulations.
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1. INTRODUCTION

Conditionally heteroscedastic time series are frequently used in the finance literature
to model the evolution of stock prizes, exchange rates and interest rates. Starting with
the papers by Engle| (1982)) on autoregressive conditional heteroscedastic models (ARCH)
and Bollerslev| (1986)) on generalized ARCH (GARCH) models, numerous variants of these
models have been proposed for financial time series modeling; see e.g. [Francq and Zakoian
(2010) for a detailed overview. The question of parameter estimation in these models has
been studied intensively. Exemplarily, we refer the reader to Straumann| (2005), Francq
and Zakoian| (2010), Tinkl (2013) and references therein.

There is also an overwhelming amount of model specification tests in the econometric
literature. However, these methods typically rely on the assumption that the information
variables as well as the response variables are observable. This condition is violated in
the case of GARCH models, where unobserved quantities enter the information variable.
Hence, standard tests cannot be applied and certain additional approximation procedures
have to be invoked. It turns out that the literature on specification tests for conditionally
heteroscedastic time series is comparatively rare. Berkes, Horvath, and Kokoszka (2004)
proposed a Portmanteau goodness-of-fit test for GARCH(1,1) models. Their test statistic is
a quadratic form of weighted autocorrelations of the squared residuals of a GARCH(1,1) pro-
cess fitted to the data, whose dimension increases with the sample size. They showed that
its limit distribution is an (infinite) weighted sum of independent x?-distributed random
variables under the null hypothesis but did not consider the behavior under alternatives.

In the present paper, we propose a specification test of Cramér-von Mises type for a
GARCH(1,1) hypothesis against general alternatives. Here, we face the particular problem
that some of the explanatory variables are not observed and have to be approximated. It
turns out that our test statistic can be approximated by a von Mises (V-) statistic and it
follows from results of |Leucht and Neumann (2013al) that the latter converges to a weighted
sum of independent x7 variables. In contrast to [Berkes, Horvéath, and Kokoszka (2004),
where the weights in the limit correspond to the weights in the test statistic itself, here
these quantities depend on the properties of the underlying process in a complicated way.
Therefore, the asymptotic result cannot be used for determining an appropriate critical
value. We propose to apply a model-based (semiparametric) bootstrap method to approxi-
mate the null distribution of the test statistic which eventually yields an appropriate critical
value for the test. Bootstrap consistency for statistics of Lo-type has already been shown in
several previous papers. Escanciano (2007al,2008|) showed consistency of the wild bootstrap
in the context of tests with an underlying martingale structure under the null hypothesis.
Leucht and Neumann (2013alb) proved consistency of model-based bootstrap and a variant
of the dependent wild bootstrap, respectively, for statistics that can be approximated by a
V-statistic. In contrast to the method of proof used in |[Leucht and Neumann (2013a), we
take this opportunity and present a different approach of proving bootstrap consistency:
Rather than imitating the derivation of the limit distribution of the test statistic also on
the bootstrap side, we use coupling arguments to show consistency. This approach was
successfully applied to U- and V-statistics of independent random variables by |Dehling
and Mikosch| (1994) and Leucht and Neumann| (2009), however, it seems to be new in the
context of dependent data. Finally, we would like to mention that our theory can perhaps
be generalized to GARCH-models of higher order. To present the main ideas in an as
transparent as possible manner, we restrict ourselves to the simple GARCH(1,1)-case.



2. ASSUMPTIONS AND SOME PRELIMINARIES ON GARCH(1,1)-PROCESSES

Suppose that we observe Yp,...,Y,, where (Y})icz is a (strictly) stationary process
satisfying the model equation
Yi = orey,
where oy and &; are stochastically independent and (g;); is a sequence of independent and
identically distributed (i.i.d.) random variables. We consider the test problem

Ho: Yi)tez € Mo against  Hy: (Yi)iez € M\Mo

with
MO = {(Yt)tEZ ‘ }/t =0t &t with E(Yf ‘ Yt—ho-tzfl) = U7f2 =w + OZY;271 + 50’?717 0= (waaaﬁ)/ € @}7
M = {(V)iez | Yo = ov e with E(Y? | Yi1,07) = 0f = f(Yi1,071)}

and © = {0 = (w,a, 8) | w > 0,0, B > 0}.
Typical asymmetric alternatives contained in M are GQARCH(1,1) processes intro-
duced by Sentana| (1995)), where

of = w+ a(Yi1—8)" + Boiy,

or GJR-GARCH processes with

of =w+aYl + foiy + Y21y, <o,

introduced by |Glosten, Jagannathan and Runkle (1993), that are frequently used in finance.
If (Y}): describes a sequence of log-returns of an asset and if 6 > 0 then negative shocks
have a larger impact on the conditional volatilities than positive ones. If we had only one
of these two particular alternatives in mind, we could simply test whether or not § = 0.
However, other deviations from the null are of a more complicated structure, e.g. the model
equation for the volatilities of EGARCH(1,1) processes is given by

Y1 Yia Yi1

Ino? =w+a {Q—i-C <
Ot—1 Ot—1 Ot—1

)

)}wlnafl w,a,B,0,¢ € R;

see Nelson| (1991). Therefore, we strive for a more general test that is also consistent
against unspecified deviations from a GARCH(1,1) model. It can be expected that our
test procedure can be generalized to a test for GARCH(p,q) specification but this extension
would be very technical and is therefore not carried out here.

A GARCH(1,1) process (Y:)iez satisfies the equations
of = w + a¥P, + Bop (2.1)

and
Y;g — Ot&¢. (22)
Under Hg, we denote by 0y = (wo, ag, 59)" the true parameter and assume

(Al) (1) wo > 07 050750 > 07
(ii) (et)tez ii.d., B3 =1, and E[In(8y + aped)] < 0.

According to Theorem 2 in Nelson| (1990), there exists a unique strictly stationary and
ergodic solution to (2.1 and ([2.2]) that can be rewritten (see Equation (10) inNelson| (1990))
as

o k
02 = wo |1+ ZH(ﬂo + aoer_;) | - (2.3)

k=1i=1



Making repeatedly use of the model equations ({2.1)) and ( we get

2
oy = wo t+ Oé()Yt,1 + 5007571

= (wo+ oY) + folwo +aoY?y) + - + B Hwo +aoY k) + B o} k- (24)
Since (07)sez is stationary and since E[In(8y + ape§)] < 0 implies Sy < 1, we see that the

last summand on the right-hand side of (2.4]) tends to zero as K — oo, i.e., we obtain the
alternative representation

0 o
- wo _
k=1 k=1

For any parameter 6 = (w, o, 3)’, we define a stationary sequence of approximations of
the volatilities that are based on the Y;s but correspond to the model with parameter 6 as

[e.e]

oH0) = o5 +a YAV (2.6)
k=1

We have obviously ¢2(6y) = o2. More importantly, for 6 close to 6y, (02(0))sez is strictly
stationary and ergodic, which implies that, for any fixed value of an estimator gn of 6y,
af(@n) serves as a suitable approximation to the (nonstationary) estimated volatilities o7
that will be specified below. The following lemma shows that the above definition is correct

if 0 is sufficiently close to fp and that o?(6) converges to o2 as 6 — 6.

Lemma 2.1. (i) For § = (w,a,B)" € © satisfying E[In((By V B) + (v V a)ed)] < 0,
(02(0))scz is the unique stationary solution to
op(0) = w + oYy + Boi(6), t €. (2.7)

o2(0) is finite with probabzlzty 1.
(i) supgee. (o—go|<s |07(0) — oF] P 0 with probability 1.

We intend to test a composite hypothesis, i.e. the GARCH(1,1) parameters are unknown
and have to be estimated. In accordance with Francq and Zakoian| (2004)) we use the quasi-
maximum likelihood estimator with a normal reference distribution, which is defined as

0, = arg Iin L,(0).
Here,
Oy = {0 = (w,a,B) | B < po, ur <min{w, a, B} < max{w,a, B} < us}

with some 0 < u; < ug < 0o and pg € (0,1), and —n L,, denotes the logarithmic quasi-
likelihood function (constant terms are ignored here), given by

l z": <10g0 Yy >
n & ' HOV

where
Gi(0) = w + aYi_q1 + Boi(0), t>1.

In principle, the initial value 58 can be chosen arbitrarily. For sake of definiteness, we follow
the suggestion (2.7) in [Francq and Zakoian (2004) and set 53(0) = Y{.



We assume
(A2) (i) Eleo|* < oo and var(ed) > 0,
(ii) 6p is in the interior of ©.

Francq and Zakolan| (2004) proved strong consistency and asymptotic normality of
the quasi-maximum-likelihood estimator (QMLE) in the framework of GARCH(p,q) pro-
cesses. Under the above conditions we obtain from their results, in the special case of a
GARCH(1,1) process considered here, the Bahadur linearization

57 (6o)
a7 (6o)

where 67(0) = (90?(0) /0w, do?(0)/da, Dot (0)/0B), Wo(0) = log o3 (0) + Y§ /o3 (0) and Wy
denotes its Hessian with respect to 6.

~

1< , . _
Gu—b0 = — > Li + o (n*1/2) with Ly = (2 — 1)(E[Wo(6o)]) "
t=1

; (2.8)

Remark 1. The practical derivation of the QMLE is based on an optimization problem
and therefore computationally intensive. For that reason, Kristensen and Linton| (2006)
proposed a moment-based approach to estimate the GARCH parameters. They provide
explicit expressions for their estimators, however, their method is only reliable for very
large sample sizes. Therefore and for sake of definiteness, we stick to the QMLE in the
sequel.

3. THE TEST STATISTIC AND ITS ASYMPTOTICS

We propose a test of Cramér-von Mises type. At first glance, the statistic

2
- 1 ~ ~
Tn = n/ { Z (th2 — O’tz) w(z1 — Y;g_l,ZQ — 0152_1)} Q(dzl,dZQ)
R2

n
t=1

seems natural, where 53 = Y@ and 67 = @y, + an, Y2, + Bnﬁf_l (t=1,...,n) is a model-
based approximation of the unobserved volatility. Here, w is a weight function and Q a
probability measure. Since E(Y,? | Y;—1,02 ;) — o7 = 0 under Hy, one would reject the null
hypothesis if the value of the test statistic is large. However, the test statistic is of a very
complicated structure and critical values cannot be determined directly. A bootstrap-aided
testing procedure will be proposed below to circumvent these difficulties. In order to show
its asymptotic validity, we would have to impose certain moment constraints, such as finite
fourth moments of Y;. The latter assumption would be rather restrictive and would rule out
e.g. IGARCH processes (o + 8 = 1) that are frequently applied in financial mathematics;
see Lee and Hansen| (1994)). In contrast, moment assumptions on the innovations are far less
restrictive and have already been presumed by [Berkes, Horvath, and Kokoszka (2003) as
well as Francq and Zakotan| (2004) to obtain asymptotic normality of the quasi-maximum
likelihood estimator for the GARCH(1,1) parameter vector. It turns out that moment
conditions on the innovations suffice to derive the asymptotics of the slightly modified test
statistic
-~ 1~ (Y2 ~2 i
T, = n/ — Z <,\2 — > w(z1 —Yi_1,20 —07_1) ¢ Q(dz1,dz2).
R2 n —1 (o

We will show that a bootstrap-aided test based on this statistic is consistent and asymp-
totically level-y. Moreover, it is well known that tests of this type are suitable to detect
local alternatives of Pitman type.
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We first show that the test statistic can be approximated by a von Mises (V-) statistic

not depending on the estimators (57); and 6, but on the true quantities (02); and 6, re-
spectively. The limit distribution of this approximating statistic can then easily be obtained
from recent results by |Leucht and Neumann (2013a). To this end, we need the kernel of
this statistic being continuous which is ensured by the next assumption. Furthermore, in
order to keep the effect of approximating the unobserved volatilities in the weight function
negligible we require an extra condition on the smoothness of w. We make the following
assumptions regarding the weight function and the measure Q:

(A3) Q is a probability measure on (R?, B(R?)). The weight function w is non-negative,
bounded, and measurable. Moreover, there is some C,, < 0o such that

/RQ w(z = (y1,51)) = w(z = (y2,52) ) Q(d2) < Cull(y1,51)" = (y2,52) ]2 (3.1)

Remark 2. (3.1)) is obviously satisfied if w is Lipschitz continuous. It is also satisfied
if w(z—(y,s)") = 1((y,s) < z) and @ has bounded marginal densities ¢; and g,. Here and
below (a1,as)” < (b1, bs) means that a; < by and ay < be.

Subsequently, we will abbreviate the information variable (Y;—_1,07 1(8))" by I;—1().
Lemma 3.1. Suppose that Ho holds true and that (A1) - (A3) are satisfied. Then
fn — T, = op(1),
where

_ Ly 53(00) "\
= . {\/ﬁz <( 1) = Fat0) ~ By | T (e~ ot L)} Qdz).

t=1 1

Note that T;, is a V-statistic that is degenerate under Hy, i.e., it can be represented as
T =n"' 370, MXs, X)) with Eh(Xo, ) = 0V, where X; = (¢7,Yi—1,07 4, L) and

52 !
h(z,z) = /R2 {(wl — 1) w(z — (z2,73)") — Ep, [U%Ezzg w(z —10(90))] 1’4}
52 '
. {m 1)l = @) ~ Eay | Shg!) (e = Do) } a(z)

Thus, its asymptotics can be immediately deduced from a recent result on degenerate V-
statistics of ergodic data by Leucht and Neumann| (2013al). In conjunction with the previous

lemma, we obtain the limit distribution of 7.

Proposition 3.1. Suppose that Ho holds true and that (A1) - (A3) are satisfied. Then

oo
T, -5 2= N2}
k=1
Here, (Zy)k is a sequence of independent standard normal random variables and (Ag)y de-
notes the (finite or countably infinite) sequence of nonzero eigenvalues of the equation A ®(x) =
[ h(z,z) ®(Z) Pé)g(da_c), enumerated according to their multiplicity.



Now, we consider the behavior of the test statistic under fixed alternatives. To this end,
we assume the parameter estimator, that is obtained by the quasi-maximum likelihood
approach described in Section [2], to be consistent for some pseudo-true parameter 6.

(A4) 6, =5 8, € Oy.

Additionally, we impose some regularity conditions on the model under the alternative.

(A5) (Yi)iez is strictly stationary and ergodic. Moreover, E|Yp|® < oo for some s > 0
and E[Y/(03(00))?] < .

Note that the first moment condition ensures almost sure finiteness of (07(6))ez for
f in a neighborhood of fy. As expected, the test statistic turns out to be asymptotically
unbounded under H;.

Proposition 3.2. Suppose that (A1) and (A3) - (A5) hold true, with 6y replaced by 6.
Then
() 07 Ty = Jeo {B((? )0} (@) — 1) w(z ~ o(6))]}* Q(dz).
(i) If additionally the relation E[(Y?/0?(0p) — 1) w(z — In(6p))] # O for all z € II and
some IT with Q(II) > 0 holds true, then

~

P
T, — oc.

Remark 3. Provided that ) has an everywhere positive density, a weight function that
satisfies the additional condition in Proposition [3.2ii) for all H;-scenarios is w(z — I;) =
17,<. which is frequently used in Cramér-Mises type tests; cf. Lemma 1(d) in Escanciano

(2006).

4. A BOOTSTRAP-BASED TEST

We see from the previous section that the null distribution of the test statistic ’fn and
also its limit distribution depend on the unknown parameter 6y in a complicated way. In
particular, the eigenvalues (A;)r appearing in the limit are unknown and it is not clear
at all how they can be computed in an efficient manner. Therefore, (asymptotic) critical
values of a test based on this statistic cannot be derived directly. The bootstrap offers
a convenient tool to circumvent these difficulties. In the present context, a model-based
bootstrap is probably the first choice since it can be expected to be more precise than
alternative model-free methods. We propose the following algorithm:

(1) Compute the residuals
et:Yt/at, t:].,...,’rl.

(2) Calculate standardized versions

(3) Draw independent bootstrap innovations

n

e ~ F,z where F, (z) = n~! Z 1(& < x).
t=1



(4) Compute o;“, Y;* recursively:

o k
opt = a1+ Y TG + ane)]

k=1i=1
* * *
Yo = op¢o,
and then, fort =1,...,n,
*2 ~ ~ %2 %2
o7 = Wn + anYiE + BnoiZy,
* * %
Y = o,¢.

(5) Compute the bootstrap statistic

2
T = n/R2 {nz <8}2 - 1) w(z — Y, 20 — atzl)} Q(dz1,dz2),

t=1

with arbitrarily chosen §? and ;% = & +a, Y;*Ql—i—ﬁ* 572,. Here, 0r = (&r,ax, B
is the QMLE based on the bootstrap sample

(6) Repeat steps (3) to (5) B times and, for a nominal size of v € (0, 1), choose t7 as
any (1 — «y)-quantile of the empirical distribution of ﬁih, e A;’ B

(7) Reject the null hypothesis if T, > t5.

In order to validate asymptotic correctness of the algorithm above, we do not imitate
all the proofs of Sectionl Instead, an appropriate coupling of X; = (¢, Y;—1,02 1, L})" and
X = (g2, 002, L) (with 072, = 02"21(@1) and o}%(0) being the bootstrap analogue
to 02(f)) directly results in a coupling of the corresponding test statistics on the original
and on the bootstrap side. Here, L} = (&} — 1)(E*[W5‘(§n)]) 15 *2( n)/oF 2(6,,).

To express distributional convergence in conjunction with the additional qualification
“almost surely” properly and to describe closeness of two distributions both depending
on n, we use the Lévy metric dy, which is defined, for distribution functions G and H on R,
as

di(G,H) = inf{e: Gr—¢)—e<H(zr)<Gx+e)+e VreR}

Applied to random variables U and V with c.d.f. Fy and Fy, we also use the notation
dr,(U,V). A first step towards our proof of bootstrap consistency is done by the following
lemma.

Lemma 4.1. Assume that Ho holds true and that (A1) - (A3) are fulfilled. Then
dL(Fn,ga F&) ﬂ) 0.

Now We are in the position to construct a coupling of the random variables X; =
(e2,Y_1,0% |, L}) appearing in the approximating V-statistic T;, with the random variables

X;_(5r2v t* I’Gt I’L )

Lemma 4.2. Assume that Ho holds true and that (A1) - (A3) are fulfilled. On a sufficiently
rich probability space (Q, A, P), there exist independent random vectors ((8,,8F) )iez such



that

Et,

™
&
=l

*
gt’
and, with Ly, Y;, 67 and L}, Y*, 672 being versions based on the €5 and &%, respectively,

B (@~ 2% 4+ 155 — Ll + 1500 - Fia | AL+ o2y — 524 1] 25 0.

As a consequence of the above coupling, the following assertion provides a useful ap-
proximation for the two hypothetical volatility processes.

Corollary 4.1. Assume that Ho holds true and that (A1) - (A3) are fulfilled. On the
probability space (2, A, P) from Lemma

Ep [su;)}5f2(9)~— af(a)}/\1] o,
(AN

where 572(6) and 2(0) are versions of the o72(8) and o2(6), respectively, based on the Y;*
and Y;.

The asymptotics of the test statistic fn heavily relies on the linearization of the QMLE @\n
We now establish this property for the bootstrap QMLE.

Lemma 4.3. Assume that Ho holds true and that (A1) - (A3) are fulfilled. Then
A~ A 1T 1
0* - 671 - — L* * _— .
= e ()

These results enable us to derive a bootstrap analogue to Lemma [3.1

Lemma 4.4. Assume that Ho holds true and that (A1) - (A3) are fulfilled. Then, with T
being the bootstrap analogue of T},

~

Tr =T + op-(1).

Hence, bootstrap validity under the null hypothesis can be deduced from the following

result.

Theorem 4.1. Assume that Ho holds true and that (A1) - (A3) are fulfilled. Then
dp(T3, T,) - 0.

To show hat our bootstrap method is also valid under fixed alternatives, we additionally
assume

(A6) (i) E*[(e])Y] = Op(1),
(ii) B*[(072/o72(0;) — 1)2] = 0.
(iii) There exists some ¢ > 0 such that P(E*[In(3, + anei?)] < —6) —n—oo 1.



Lemma 4.5. Suppose that (A3) and (AG6) are fulfilled. Then

E* [nflf;;} )

Thus, the above algorithm leads to a consistent, asymptotic level-y test.

Corollary 4.2. (i) Assume that Ho holds true, that (A1) to (A3) are fulfilled and that
additionally Elh(X1,X1)] > 0. Then
P(T, > ) — 7.

n—oo
(ii) Under Hy and if additionally the prerequisites of Proposition [3.4(ii) and (A6) are
satisfied, then
P(T, > t}) — 1.

n—o0

Remark 4. Our test has similarities to the methodology proposed by [Escanciano| (2008) in
the general context of mean and variance specification testing. While our test is based on
the marked empirical process n= /237 (Y;2/67 —1)w(z1 —Yi_1, 20— 07), Escancianos test
is based on the processes (n — j —1)~1/2 Z?:j(Yf — o) w(Ys—j,2), for j=1,2,..., i.e., he
uses only observable random variables in the weight function. However, in a previous version
of that paper, Escanciano (2007b), he allows for models with infinitely many explanatory
variables. In principle, using representation above it seems that these results could be
applied in our case, too. In order to apply his result to our test problem, we would have
to assume that certain moments of the observed process exist; see his assumption Al(b).
However, this typically is not guaranteed in financial time series as we already discussed at
the beginning of Section

Escanciano (2008) proposed a wild bootstrap procedure to determine critical values of
Lo-type tests. Instead of adapting his approach, we decided to apply a model-based ap-
proach here since this kind of resampling procedure often outperforms model-free bootstrap
methods.

5. NUMERICAL EXAMPLES

We illustrate the finite sample behavior of the proposed test by some simulations. We
use the indicator function w(z — I;) = 11,<, as a weight function which is admissible in
view of Remark [3| and choose @ = N(0,25) @ N(0,25). Straightforward calculations show
that in this case the test statistic simplifies to

n

Tn=-> (; - 1) <f§ — 1) (1 — ®g05(max{Y;, Y;})) (1 — ®go5(max{52,57})),
s,t=1 s
where @ 95(-) = ®(-/5) and ® denotes the cumulative distribution function of N'(0,1). To
study of the performance of our test under the null hypothesis as well as certain alternative
scenarios we choose the innovations to be standard normal, draw samples of size n = 500
and n = 1000 and run a Monte-Carlo simulation N = 500 times, each with B = 500
bootstrap replications. In order to meet our assumption of stationarity, we discarded 500
pre-sample data values of the corresponding processes. The implementation was carried
out with the aid of the statistical software package R; see R Core Team| (2012)). To estimate

the GARCH parameters we use the routine of Tinkl| (2013).
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Figure 1 shows a realization of a GARCH(1,1) process whereas Figures 2 and 3 show
realizations of a GQARCH and a GJR-GARCH process, respectively.

v
0

AT ST —

T T T T T T
0 200 400 600 800 1000

FIGURE 1. GARCH process with parameter § = (0.2,0.25,0.35)’.

¥y
0

WWWWWWWWWWWWWWWWWMWW

T T T T T
0 200 400 600 800 1000

FIGURE 2. GQARCH process with parameters § = (0.2,0.25,0.35)" and 6 = 0.5.

| MQMM e

T
1000

¥y
0

Index

FIGURE 3. GJR-GARCH process with parameters 6 = (0.2,0.25,0.35)" and
0 =0.5.

The rejection frequencies of our test under two null scenarios and for nominal significance
levels v = 0.05 and v = 0.1 are summarized in Table 1. Table 2 and Table 3 report the
finite sample behavior of our procedure under GQARCH and GJR-GARCH alternatives.
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Table 1. Rejection frequencies

6 = (0.20,0.15,0.25) | 6 = (0.20,0.25, 0.35)’
n =500 | v=0.05 0.046 0.068
v =0.10 0.094 0.120
n = 1000 | v = 0.05 0.052 0.060
v =0.10 0.100 0.112
GQARCH
6 = (0.20,0.15,0.25)" | & = (0.20,0.25, 0.35)
n=500 | 6=0.25|~=0.05 0.254 0.528
v =0.10 0.386 0.634
5 =0.50 | v = 0.05 0.660 0.940
~ =0.10 0.816 0.982
n=1000|06=0.25 | v=0.05 0.624 0.846
v =0.10 0.748 0.920
5 =0.50 | v = 0.05 0.982 1.000
v =0.10 0.994 1.000
GJR-GARCH
6 = (0.20,0.15,0.25)" | 6 = (0.20,0.25, 0.35)’
n=500 | 6=0.25|~=0.05 0.424 0.392
v =0.10 0.558 0.502
5 =0.50 | v = 0.05 0.874 0.774
v =0.10 0.936 0.866
n=1000|6=0.25|~=0.05 0.754 0.674
v =0.10 0.840 0.774
§ =0.50 | v = 0.05 0.996 0.984
v =0.10 0.998 0.994

It can be seen that the prescribed size is kept very well. The power behavior is convincing
for all of our alternatives. Having a particular alternative in mind, the power can even be
increased by a tailor-made choice of the weights w and @; cf. |[Anderson and Darling| (1954])
in the case of generalized Cramér-von Mises statistics.

6. PROOFS

Throughout this section, we shortly write [ instead of ng. Moreover, C' denotes a
generic, finite constant that may change its value from one line to another.

Proof of Lemmal2.1]. (i)

First of all, finiteness of o2(6) follows from a simple coupling argument. According to
(i 02(0) consists only of nonnegative summands. Hence, the series dore Bk_lYf_ 1 con-
verges, possibly to infinity. We show next that this series is actually finite with probability 1
under the assumption E[In((BoV ) + (g V a)e?)] < 0. To this end, we compare o7 () with

oo k
6t = (wovw) |1+ > J[((BoVB) + (aoVa)t,)|. (6.1)

k=11i=1
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In contrast to 02(f), 57 is the solution to a system of GARCH(1,1) equations,

6'752 = (woVw) + (Oz()\/Oé)Yt2_1 + (50\/@51:2—1’

Y, = &ie
Hence, we can use available theory and we obtain from Theorem 2 of Nelson| (1990) that &2

is finite with probability 1. Comparing (2.3) with (6.1)) we see that o7 < 57 almost surely.
Hence, Y;? < Y2, and since 67 can be rewritten as

57 =Y _(Bo VA T ((wo Vw) + (a0 Va)V,),
k=1

we see that o2() < 52. Hence, 02(f) is finite with probability 1. Now we obtain that

of(0) = w+aV?+ 8 B w+ a¥VP )
k=1
= w+aY? + Bo;,(0),

i.e., (62(0))iez solves the system of equations (2.7)). As for uniqueness, assume that (57)ez
is any arbitrary stationary solution to (2.7)). Then we obtain from a repeated application
of this equation that

’03(9) - 53‘ < gk ’UE—K(H) - aE—K}'

Since our assumption E[ln((8pV 3) + (cg V a)ed)] < 0 implies that 3 < 1, we conclude that
o2 = 02(0) as. for all t € Z.

(ii)
Since Ee3 < oo, the function («, ) = E[In(8 + ae?)] is continuous. Hence, there exists
a sufficiently small 6y > 0 such that E[ln((Bo + do) + (g + do)ed)] < 0. If 6 € © and
10 — 60| < do, then there exists a stationary solution (02())iez to (2.7). We have the
representations

o0

of(0) = > B w + a¥?y) (6.2)
k=1
and
of = > B Mwo + aoYPy). (6.3)

If & — 69, then all summands on the right-hand side of (6.2 converge to their counterparts
in (6.3). Moreover, they are majorized by (8 V 8)*!((wo V w) + (g V @)Y,2 ). Since

o0
S (B0 VAN (wo VW) + (a0 V a)YE ) = 67 < oo,
k=1

we obtain by majorized convergence that

sup ‘03(0) - atz‘ — 0.
0€O: ||6—0y||<6 6=0
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Proof of Lemma 3.1 (a) Eliminating the effect of choosing an arbitrary initial volatility
First, we show that the effect of choosing an arbitrary initial Volatility 2 is asymptotically

negligible. Let T, be the statistic based on o} (0 ) instead of 57, i.e.

2
n_/{f§j< - )wu—rl@m}wa (6.4)

We decompose the square root of the integrand in T\n as

1 <~ /Y2 N
1 (4-4)w@—0Lhﬁn

\/ﬁ =1 \7t
1 & [Y? Y2
= = = t/\ z — (W , 0%
= (31?2 0?(9@) ( i)
n 2 R

+ LZ ( QY;" B 1) (w(z - (}/t 1’Ut)) ’U)(Z - Itfl(en))>
ni= \ ot (0n)
1 — \ e .

+v@;;Qﬂe> ) =m0

= Sn1(2) + Sn2(2) + Sns(2).
By the Cauchy-Schwarz inequality, we get
Tn = T, + op(1) (6.5)
if fS?m(z)Q(dz) = op(1) for i = 1,2 and if T}, = f 2) Q(dz) = Op(1). The latter
follows from part (b) of this proof and Proposition

If H0 — 6Op|| is sufficiently small, say less than § > O then o} (5 ) is finite on a set with
probability one. In view of

~2 2 ot 27
loy — Ut( )| 1 (6 —00|<6 = < B “70 - 00(9n)]]1“§n_90||<5,
we get, since Bn < po < 1 and since the estimator 0/9\” is consistent,

" Y2 02(6,)—0%| | Y2 o02(6,) — o2

C
S2.(2)Q(dz) < — = = =
/ 71() ) ns,tzl o3(0n) 73 7 (0n) o7
LS~ | Y2 Y2
< O 2 A | o

Again by consistency of §n,
n
> o
s=1

This and E[e? supy. 10—60]| <8 l03(00)/03(0)|] < oo for some § > 0, Where the latter inequality
follows from (4.26) in [Francq and Zakoian (2004), imply that [S2,(2)Q(dz) = op(1).
Similarly, making use of (3.1)) from (A3) we obtain

1 = (5+t)/2
2 P

s,t=1

S

= s 2 0—3(00)
<Y s B0 o)
s=1

0cU;(0) O5(0)

s

Y2
02(0,)

s

Y?
UtQ(en)

1 —f—Op(l) = Op(l).

/ Qdz) < C ‘00 g(é\n)
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(b) Proof of T, — Ty, = op(1)
Now we decompose the square root of the integrand in 75, as

t=1 a7 (o) 2 2
1 n thQ }/;2 ) |:O_tg(00):|/ R
D 0y te 0, — 0o) | wiz — I;_
" ; o7 (6n) o (6o) t a2(o) ( 0) ( t—1)
1 ¢ 2 Jt2(90) ' 1 &
Vn © 0” — b — — Ls w(z — I;—
n; ' o (6o) 0 SZ:; ( t—1)
g Rn,O(Z') + Rn,l(z) + RTL,Q(Z) — Rn’g(z) + Rn’4(z) Rn75(2)’ (6 6)

say, where we use the abbreviation I; instead of I;(y). Since

(5'2
Eo, [ B20(2) Q) = Eq, | {(e? ~ Dw(z ~ Io) — Eg, L%EZE%

, 2
w(z — Io)} Lt} Q(dz) < >

by (A2), (A3), and (4.29) in Francq and Zakoian| (2004), we have that fR%,O(z) Q(dz) =
Op(1) and it remains to show that

/Riz(z) Q(dz) = op(1), fori=1,...,5. (6.7)

The main tool to estimate [ R,th(z) Q(dz) will be the Bernstein-type inequality for
martingales given in Proposition 2.1 in Freedman| (1975)). Since this inequality requires
bounded random variables, we have to truncate Y;?/o7 — 1 = ¢? — 1. To this end, we define

Ent = (2 —1) 1 (|} — 1| < Vn) — Eg, ((¢7 - 1) 1 (|7 — 1] < V)
and
&y = (7 —1) 1 (|ef — 1| > Vn).
Then, with

W;1(0) = /[w(z — L-1(0) —w(z = L-)][w(z = [i-1(0)) — w(z — L-1)] Q(d),
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we obtain

/ R2,1(2) Q(d2)
< S B0 1(2 1] < V) B [ - )1 -1 < VA) WarlB)

s,t=1

3 w— - - ~
+ ; Z §n,s gn,t Ws,t(6n>

s,t=1

3 ~
+ - Z frZL,t Wit(0n)
t=1

6> t—1 R
=+ n ;fn,t {;fn,s Ws,t(en)}
= Thi+ -+ Toa. (6.8)
Since Fgy[e7 — 1)1(]e? — 1] < v/n)] = —Ey,[(e7 — 1)1(|]e? — 1| > y/n)], we obtain that
V| gy ((ef = D1(lef — 1] < Vn))| < By, [(] — D)*1(lef — 1] > V)] — 0
which implies by |[W,;(0)| < 4[|wl|%, that
To1 = op(1). (6.9)
Furthermore, we have

P(lef—1] > v/n forsomet € {1,...,n})

< anP(\e?—ll > /n)

t=1
< B [(ef = 1*1(lef = 1| > V)] — 0,

which leads to
Tpo = op(l). (6.10)
Since Wy 4(0) is bounded,
Wes(6) = 0 (/10210 = o2 400 y/loF1(0) — o7, 60)]) (6.11)

and E[|go|*] < oo, we obtain by Lemma [2.1| that
T3 =op(1). (6.12)

~

The estimation of the term T, 4 turns out to be much more delicate. The fact that W .(6,,)
is of order Op(||6, — 6p||) might suggest that T, 4 is negligible. However, these weights
depend via 6,, on the whole sample and we cannot use any standard inequality for sums of

martingale differences directly. To proceed, we choose a sequence of increasingly fine grids
On ={0n1,..., 00, o0 O :=0N{0: 16— 6| < 'ynnfl/z}, where v, —n_00 00 and
Yn = O(n7), for some v < 1/2. Terms such as Y ;o &n s {Zi;ll §n7SWs,t(9n,i)} have now
the desired martingale structure and we will show that

n t—1
% Z §n,t {Z gn,sWs,t<9n,i) } i = OP(l)- (613)
t=2 s=1

max
1<i<Mp
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In order to get a meaningful result, we will choose the grids sufficiently fine such that

n t—1
min l Z fn,t {Z fn,s (Ws,t(§n> - s,t(en,i)) }
t=2 s=1

= op(1). 14
 Jnin op(1) (6.14)

Then (6.13) and (6.14]) eventually yield that
Tna = op(1). (6.15)

To prove 1 , we have to find a reasonably good estimate for |W8t(§n) — Wy (6n4)]. To
this end, we decompose

[Wet(Ba) = Wer(6a)
< |[ [~ 1ao) e = 1a60)]

w(z = L1 (68) - w(z = 1)] Q(d2)|

| 106~ 1a(000) = 0~ 1)

w(z = L1 (8.) = w(z = L1(600))] QUd2)|

IN

\// [w(z — I,-1(6)) — w(z —Isfl(gn,i)):r Q(dz) \/ Wi (6,)

+ \// {w(z — L1 (0n) — w(z —It,l(em))r Q(dz) \/ Wi,s(0n,3)

:o< \/‘atl _Ut1(0)>7

where the latter equation follows from (A3) and the rough estimate |W;.(0)| < 4|w]%.

Therefore,
<cC <\/ Onis) + \/at 1 n,z,t) \/H9

for some random @”5 between §n and b, ; (s=1,...,n,i=1,...,M,). To deal with terms
such as dg 1(79\%1-75), we define Onax,n = 6o + ’ynn_l/Q(l, 1,1)" and make use of the fact that
02(0) < 02(0max,n) holds for all § € ©,,. Using |£,+| < 2/n and again |[W,4(0)| < 4[|wl%,
we obtain that

n t—1
% ; gn,t {; gn,s (Ws,t(‘/g\n) - Ws,t(enyi)) }|

e I52,(0)] .
< 0wy (a§_1<emax,n> sup {17000 18— bl
t—1

t=1 0cO,

2—1(571) -

Ws,t (en) - Ws,t(en,i)

‘ ~

holds for all k € (0,1/2). In view of Proposition 1 and (4.29) in Francq and Zakotan, (2004)
we have Eg, (07_1(Omax,n) supgeo, {671 (0)||/o7_1(0)})™ < oo, for some ko € (0,1/2).
Hence, choosing the grid such that

0 — Ol = o(n™?
swp | i, 16 = 8l ™ = o(n™")
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we eventually obtain (6.14). Note that the grid can be chosen such that M, = O(n™) for
some m € N which will be essential for the calculations below.

To prove , we first study the size of the quantities n~1/2 22;11 n,sWs(0n,i). Note
that this is not a sum of martingale differences since the weights of W +(6,,;) depend on
Ii_1(0y,) and I;_1(6p). By an approximation of I;_1(6, ;) and I;_;(6y) on a sufficiently fine
grid with nonrandom points we obtain by the Bernstein-type inequality given in Proposi-
tion 2.1 in Freedman! (1975)) that

n—oo

P max max
1<i< M, 2<t<n

t—1
n_1/2 Z gn,sWs,t(en,i)
s=1

for v, = n~?% with arbitrary 6 € (0,1/2 — ). We define the stopping time

k
n_l/zzgn,sws,t(en,i) > Vn}-
s=1

> Vn> — 0, (6.16)

7 = inf< k: max
1<i<M,,

Then, (6.16)) is equivalent to

P(r <n) — 0. (6.17)
n—oo
Moreover, in case of 7 > n, we have, with F; = o(o¢, Yz, 001, Yi—1,...),

n t—1 2
1
Vn2 (en,z) = ﬁ Z E <€n,t Z gn,sWs,t(en,i)> ]:t
t=2 s=1
1 n t—1 2
E Z <n1/2 Z gn,sWs,t(Qn,i)> E[gg,t]
t=2 s=1

< yfl Ky

where k = E[(¢? — 1)?]. Now we obtain, again from the Bernstein-type inequality in
1

Freedman| (1975, Proposition 2.1) that

1 n
p<
ntz?

t—1
Z gn,t {Z fn,sWs,t (en,l) }
s=1

2 2

< 2 Yn On (6.18)
X — . .
= 2P 2 (202 ap + V2 K)

> vy Qp and¢2n>

Therefore, choosing a,, = cv/logn with an appropriate ¢ we obtain that

M, 1 n t—1
Z P ( E Z gn,t {Z £n,sWs,t(0n,i) }
=1 = =

Now, (6.17)) and (6. 19 1mply 1
Furthermore, (6.9 , and - 6.15]) yield

/ R2,(:) Q(dz) = op(1). (6.20)

The estimation of the remaining terms is much easier. A Taylor expansion gives

/ R2,(2) Q(d2)

10 — 00l = 51152 (0ns)] - ’
< /{ NG 0 2::5? Jf(é\n ‘w(z — I 1(0,)) — w(z — It_l)’} Q(dz)

> vy a, and T > n> = o(1). (6.19)
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with some random émt between §n and 6y. Note that

2 l67 (On)ll , 2167 On)ll 07 (Ont) 07 (00) | <
t o2(6,) [16n—0]1<n t 02(0ns) o7 (00) o2(6,) [16n—0]I<n

for some 7 > 0 by (4.29) in Francq and Zakoian| (2004 and

= F ¢

E + F

2
sup o; (0)

4
2
Ot (90)
< 0, (6.21)
6cU (60) o7 (00) 2 ]

0eU(0o) Ot (0)

where the latter relation can be deduced similarly to (4.26) in Francq and Zakotan| (2004)
for sufficiently small U(6p). Hence, by (6.11]) in conjunction with Lemma we get

[ Bz @) = op) (6.22)
The application of a CLT for martingale differences, Theorem 2.3 of |McLeish| (1974), leads

n 2

to
[ Ese00)
1 2(5'5(60)102— — 29 w(z — z
3 (2 e — i) — £ T8 iz = 1)) | Q)

_ op(1)/ > 2

= op(1). (6.23)

The latter relation follows essentially from convergence of the empirical distribution based
on Xi,...,X, to PX0; see also the proof of equation (17) in Leucht and Neumann| (2013a))

for details. Since
_ !
Y;tz _ thz — g2 Utz( t) (é\ B 00)
o2(8,)  i(6o) " \02(6,)
we obtain

[ B Q)

16, — 6oll3 [JwlZ ( ~
E €t
¢

=
—~
jNY
=
g

N

sup =
=1 0. |0—60ll2<|[Fu—00]2 || O (On)

= op(1) (6.24)

again by (4.29) in [Francq and Zakoian (2004) and (6.21) in conjunction with Lebesgue’s
dominated convergence theorem and consistency of 6,,. Finally, by (2.8)),

16 — 60 — " 370 Ll w3 ||\~ 297 (%)
ZEt 2(p
t=1 Ut( 0)

n

2

/ R24(2)Qdz) <

" 2
= op(1). (6.25)
We see from and to that actually holds true, which completes the
proof. O
Proof of Proposition [3.3 (i) The overall structure of the proof is similar to the one of

Lemma[3.1] Therefore we only sketch the proof and stress the main differences to the
previous one. Within the proof of Lemma we repeatedly apply relations (4.26)
and (4.29) of Francq and Zakoian| (2004). Under the alternative, the observations do
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not arise from a GARCH(1,1) process. Therefore, these results are not applicable
directly. Still, replacing 8y by 6y these relations remain valid since the proofs of
Francq and Zakoian (2004) only rely on the definition of 07(f), t € Z,0 € g, and
the moment conditions stated in (A5).

As under Hy, the effect of choosing an arbitrary initial volatility o is asymp-
totically negligible. Using the notation of part (a) of the proof of Lemma
n~tf Sfm(z) Q(dz), i =1, 2, can be verified in the same manner as before. Thus, we

obtain negligibility of the effect of the starting value if additionally n='T}, = O p(1),
which follows from the calculations below. B
We decompose the square root of the integrand of n='7), defined in 1 as

1 3 2Yti 1) w(z = Li-1(8,))
n (6n)
t=1 \%¢\Un

_ letnl ( QYtﬁ — 1) w(z — Ii—1(0p))

i (0o)
1 & Y2 ~ )
! E t=1 (O-tQ(_O) ; 1) (w(z - It 1(9 )) - w(Z — Itfl(tgo)))
IRV RN R W
= (U?(é\n) U?(%)) (2 = I1-1(6n))

+
= Un,l(z + U ) + Un3( )

Similarly to we obtain [ U2 (2)Q(dz) £, [ (Bl(Y?/o3(60) — 1) w(z — 10(50))])2 Q(dz).
Moreover, under (A3) and (A5) we obtam

zn:{myat — o2(B0)|} -

t=1

3\'—‘

/ U2,(2)Q(dz) < Op(1

In analogy to the proof of Lemma (ii), asymptotic negligibility of the remaining
term can be verified. Finally, we get

for some random 6,,; between 6, and . Thus, fUn273(z)Q(dz) is of order op(1)

under (A5) and finally n =17, = [ E[(Y?2/03(00) — Dw(z — 1p(60))]2Q(dz) + op(1).

(ii) The assertion follows immediately from part (i) and the extra condition presumed
under (ii).

([
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Proof of Lemma[].1 Recall that e; and &; denote the raw and the standardized residuals,
respectively. We define

F.(z) = P(go <),
1 n
Fn’e(.'L') = E ]1(515 < .Z'),
t=1

First of all, we obtain from the Glivenko-Cantelli theorem that

dp(Fne, Fe) =5 0. (6.26)
Next we will prove that
l¢ as
= e — & 250, (6.27)
"=
which then implies
dL(Fn,ev Fn,a) E) 0. (628)

To this end, we split up
1 n
2D lee — <l
g
1

1 & ~ 1 —
=3 —1 =S - i
P =1 ’Ut(90)/0t(9n) ‘ + o 2 let|ov(6o) 5 o)

It follows from (A2) and (4.26) of [Francq and ZakoTan| (2004) that
Elleo| supg. j9—g,<s |70(00)/00(0) — 1]] < oo for some § > 0. Therefore we obtain from
Lemma.that E[|50|sup9 0—60] /<5 l00(00) /0(0) — 1] —>5-0 0. This implies, in con-

junction with 0 2% @y and by the ergodic theorem (see e.g. Theorem 2.3 on page 48 in
Bradley, (2007))) that

<SUPZ|5t||Ut (60) /046, )—1|>5> — 0

n>n0 no—oo

holds for all € > 0. Therefore, we obtain that

S5 el |orlB0)/ou() — 1| 5 o (6.29)
t=1

Since |02(6,) — 62| < Bt |02(6,,) — ag\ and 62 > @, (for t > 1) we obtain

n _~2
%Z]éﬂﬂ(@o) = Z| t| ﬂ |JO( n) JO|.
t=1

Ot g t wn

Furthermore, since

08(Bn) = 5| s, |o3(00) — 53]
Wn wo
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and

/Bn ﬂ 50 <1
we conclude that
1

—~

1 n

- letlot(0o) | =

" o
Next, (6.29) and (6.30]) yield (6.27) and therefore also (6.28). Moreover, we obtain by the

strong law of large numbers (SLLN) that n=t "1 ;2 “% E[e3] = 1. In analogy to the
proof of (6.27)) it can be shown that

72|et7 | 2% 0.

a.s.

LEN) (6.30)

Therefore, we end up with

Z 2 &8 (6.31)

Hence,

dL(Fn,Ea Fn,e) =% 0. (6.32)
From (6.26), (6.28)), and (6.32]) we conclude that

dr(Fpz F) <5 0, (6.33)
as required. O

Proof of Lemmal[f.2. Recall that €] has the distribution function F, z. Since E*[ej?] =
E[e?] = 1 it follows from our Lemma and Lemma 8.3 in Bickel and Freedman| (1981))
that

do(e}, 1) 25 0, (6.34)

where dy(U, V) = inf{E(U — V)2: U Lyvs V'} denotes Mallows’ distance between the
random variables U and V. Since (g¢)tcz and (g} )icz are both sequences of i.i.d. random

variables, we can construct, on an appropriate probability space (ﬁ,ﬂ, ]5), a sequence of
i.i.d. random vectors ((€},2;)")tez such that

~ d
€ = &t
~k d *
Et == gt’
and
Ep[(& — &)°] = dalef,e0) = 0. (6.35)
The proof of
fo [\?‘;‘_1 V| AL+ [F2 -2 A 1} a3 ) (6.36)

is more delicate since we have to deal here with infinite series. Let € > 0 be arbitrary. We
define approximations

~2

)

K k
1—1—21—[ o+a05t11,

k=11=1

5% = [1+iﬁ ]

k=11=1
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It follows from (6.35) and 8, =% 6 that
holds for all K € N. Since the infinite series deﬁning o2 converges, we have
P (6} — 5k >¢) <

if K = K(e) is sufficiently large. Furthermore, since E* [ln(ﬁn + anel?)] 2% Eln(Bo +
aped)] < 0, we have that

P (52 - %

for all n > N, where K* is sufficiently large and nonrandom and N is random but finite.
For K = max{K, K*}, we obtain that

> s) < g a.s.

P (|67 — 5% > 3¢) <3¢, as.,
for all n larger than some random but finite value. This, however, implies that

The proof of the fact,
fo [DZ*_I YA 1} @ (6.37)

is similar and therefore omitted. _ _
It remains to establish a coupling of (Lj); and (L;);. To this end, we first show that
E*[Wg (0,)] =2 E(;U[WO(HO)] with Wi (0) == log o3?(0) + Y32 /052(0) and 072(0) = w/(1 —
B) + a 52, BF1Y2 . In accordance with (4.13) in [Francq and Zakoian| (2004) we get

- Y2 1 0%07%(0) Y2 0;2(0) do?
* = 1 t t 2 t _1 t t .
W) ( :2<e>>o:2<e> 9609 *( 272(0) ) o6 o

We obtain explicit formulas for the derivatives appearing in the formula above by substitut-

ing the original random variables by their bootstrap counterparts in the equations (4.15),

(4.16), and (4.20) to (4.22) of that paper. They depend on the parameters and lagged Y in

a smooth manner and we get the desired convergence by dominated convergence theorem

from almost sure convergence of 0., to 0, and from the bootstrap analogues to (4.25)

in Francq and Zakoian| (2004)) and to Lemma 2.3 in |Berkes, Horvath, and Kokoszka (2003).
Similarly we obtain

By |57 0.)/57(6.) — é?(e())/&t?(eo))f as g

which in turn leads to
Es|L; — L) *% o. (6.38)
This finally completes the proof. O

Proof of Corollary[{.1 We have

5H0) = (1—B+ Zﬂk 1Y£k>+a > g2,

k=K+1
= Gx(0) + RtK(9)
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and, analogously,

SO CE PR YA A PR S E

k=K+1
= G5(0) + RtK(G)

Since 8 < pg < 1 and a < up < oo for all (w,a, ) € ©y we obtain from Lemma
for arbitrary K < oo,

E5 Lsg& 5,5%(0) — 575 (0)] A 1/3}
K

< w Y Ep Hfft*?k - ﬁ%k‘ A 1/3} LAY (6.39)
k=1

To estimate the remainder terms Ry i (0) and Ry ;(¢), we choose any ¢ € (1,1/pp). Then

o

Z ﬁ(i;g—k > Ck) — ZP(}/(? > CK+k)
k=1

k=K+1
> 2log Y,
= 810 _ g sk
— log ¢

< B [<2logY0 B K> } ’
log ¢ n
which tends to zero as K — oco. On the other hand, if 17tz_k < ¢* for all k > K, we obtain
that

K U2<

1 —po¢

Since this upper estimate also tends to zero as K — oo, we conclude

sup Ry i (0) < ug Z P ¢F = (poC)
€60 k=K+1

Es [sup Ry k N 1/3] — 0. (6.40)
0cO K—oo

[z = o ).
ol N =l R g E K
[( log ¢ N log ¢ )

we get in analogy to (6.40]) that

Finally, since

Es [Sup Rf i A 1/3] . (6.41)
0€0g
The assertion follows now from ([6.39) to (6.41]). O

Proof of Lemmal{.5. The assertion can be proved along the lines of the proof of Theo-
rem 2.2 in [Francq and Zakoian| (2004)) if 9* — 6, = op+(1). Therefore we proceed in two
steps.

(i) Weak consistency of é\:
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Let € > 0 be arbitrary. By strong consistency of §n for 0, it suffices to show that

p* (5;; c UE) L0, (6.42)
where Ue = {0: ||0 — 0| > €} N Oy.

Before we deduce this conclusion via coupling arguments, some preliminary considera-
tions involving the behavior of the log-likelihood process (£, (6))gco, on the original side
are in order. It can be seen from the proof of Theorem 2.1 in [Francq and Zakoian (2004)
that, for all 6 # 6y, there exist sufficiently small n(6) > 0, 6(6) > 0 and a sufficiently large
M (6) < oo such that, for U(0) = {0: |0 — 0| < n(6)} N Oy,

Ey, _inf ) (Inof(0) + Y32/ (0)) /\M(G)} > Eg, [Inog(6) + 1] + 5(6). (6.43)
ocU(0

Since the set U, is a compact subset of R? and is covered by the open sets {0: ||§—0| < n(0)},

0 € U,, we can extract a finite subcover, that is, there exist 1), ..., 0V) € U, such that

N
U € |JUeW).
=1

Let L, (0) = n~ 130 {(Ino?(0) + Y,2/o?(0)) A M(0)}. Since the underlying process is

strictly stationary and ergodic we obtain by the ergodic theorem, for M = max{M (#M), ..., M (@)},

Py, (mi Lon(0) > lz (Ino?(6o) + yﬁ/af(eo)))

t=1

N n n
< D> op, (iz inf {lno7(0) + Y?/o?(0)} N M > %Z (Ino}(Bo) + Y2/} (6p))

— deu(o) =1

n—oo

We now show that the log-likelihood process L, given by

Lh(O) = lznzl 572(0) + i
N SR A O)

behaves in a similar manner as £,. Here, 5;2(6) denotes the bootstrap analogue to &2(6).
Since we have to deal with a triangular scheme on the bootstrap side, we do not have tools
such as the ergodic theorem at hand and a direct imitation of the consistency proof from
the original side would be presumably rather cumbersome. Fortunately, some coupling
arguments can be employed to complete the proof in a simple manner.

Recall that 5;; is defined as a minimizer of £. In the following we show that

p* <inf CE(0) > a:;(@g) L, (6.45)
0cU.
which then implies (6.42)).
Let £:(0) = n=1Y " Ino;?(0) + Y;2/o;%(0) be the analogue to L;(0), where only
572(0) is replaced by the stationary approximation o;?(f). We can prove in complete
analogy to (i) in the proof of Theorem 2.1 in Francq and Zakoian| (2004) that

sup |£5(0) — L5,(0)] = op+(1). (6.46)
0€0©

(6.44)

)
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Next we prove that, with £ (6,) = n~! Yoy In 512(0,) + Y2 /572(0,),

Cr(On) — Zn(QO)‘ o0, (6.47)

We split up

E:L(é\n) - Zn(HO)’

1 — o
EZE}Q - €?|
t=1

n

+ 12’(1{*2 /\M) (m&f(@n) /\M)‘
+47 (maﬂ@g-m0+
+ *Z (11r1~*2 - )+

+ f§ :‘maf(@n) - 1na—'§(90)‘
n
t=1

= Tn,l + o+ Tn,5-
It follows from Lemma [.2] that

3

3

3»—‘

—_

Tpi + Tpo - 0.

We obtain from monotone convergence that

E5 sup (IHEE(G)—M)JFI — 0, (6.48)

0: [|0—60|<5 M—o0

for some § > 0. Since §n 2% 6y we conclude that
Ths -5 0.

Furthermore, it can be deduced similarly to Theorem 3 in Nelson! (1991) that E*c3* (0 )< C
with probability tending to one for some s > 0 and C' < oco. Hence, using Lemma and
(6.48)

Thu - 0.

Finally, it follows from Elsupy. |g_g,|<s|In 03(0) —Ino3(6p)|] =600 and 0, =% 0, that

T,5 —> 0,
which completes the proof of .
Define L% ,,(0) = n=' S0, (1115;‘2(9) + 17;2/5;2(9)) A M. We obtain from Corol-
lary [4.1] that

sup
[UAS(SH

From , -, and (| - ) to we obtain | and therefore .

(i ) Linearization of 9;.

E;;M(e) _ Zn,M(e)\ P, (6.49)
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With the same arguments as in the proof of Theorem 2.2 of Francq and Zakoian! (2004) we
obtain

E OGO (@), B 0) = 2300k ¢ oper1)
t=1

for some H_n,m between @n and 5* and it remains to prove that

*Z (Wi i), = BTG @] = op- (1)

By part (i) of this proof and the bootstrap analogue to (iii) of the proof of Theorem 2.2 in
Francq and Zakolan| (2004) we get

= Z (Wi (i) oy B, Zwt _EWEG,)] + op(1).

Asymptotic negligibility of the r.h.s. follows from n='S>7  W;(6o) — E[Wo(6)] = op(1)
(see (vi) of the proof of [Francq and Zakoian| (2004)), and E*[W(6,)] <2 E[Wo(6o)] if
additionally

%ZW;(@L) — Wi(60) = op-(1).
t=1

This in turn can be deduced from Lemmal[4.2)in conjunction with (4.20) to (4.22) in [Francq
and Zakolan| (2004)). O

Proof of Lemma[].7]. The proof can be carried out in complete analogy to the verification
of Lemma [3.1]if the bootstrap counterparts of the assumptions (A1) and (A2) are satisfied
since the Bahadur linearization of the estimator ({2.8]) is valid by Lemma In particular,
we have to show an analogue of on the bootstrap side. This will essentially follow
from convergence of the empirical bootstrap distribution to PX¢. To show the latter we can
use our Lemma which implies that the difference of the empirical bootstrap distribution
and the empirical distribution given by Xi,..., X, is asymptotically negligible. Finally,
convergence of the empirical distribution to PX° follows from the ergodic theorem. Now
we check the prerequisites (A1) and (A2).

Obviously, (A1)(i) is satisfied with 0, instead of 6. The bootstrap innovations (ef)t
are i.i.d. and have unit second moment. Moreover, E*[In(3, + anet?)] < 0 with probability
tending to one which then yields the bootstrap version of (A1)(ii).

Next, we consider the bootstrap analogue of (A2). Clearly, by Lemma we obtain a
nondegenerate distribution of the 82‘25 with probability tending to one. Finally, we have to
show that E*[|ej|?] < C with probability tending to one for a finite constant C. In view of

, we get
n n
E* (] = 11+ op(In™ "D et = [1+op(L)In "> el + op(1)
n=1 n=1
where the latter relation can be verified similarly to . Now the SLLN implies the

desired boundedness of moments. O

Proof of Theorem[{.1 The coupling of the X; with the X; constructed in the proof of
Lemma implies a coupling of T;, and T;. Denote by 7, and T* the versions of T,
and T based on the coupled variables Xt and Xt* , respectively. First, note that the
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kernels of the V-statistics are of the form h(z,y) = [g(x,2)g(y,z) Q(dz) and h*(x,y) =
J 97 (x,2)g" (y, 2) Q(dz), resp., where

. /
2(6,
g(z,z) = (1 —Dw(z1 — 2,220 — x3) — Ep, Uégeziw(zl — Yy, 22 — 08(00))] x4,
1
* 0-1(2(@“) * *2 /
g (@, 2) = (31— Dw(z —x2,22 —x3) — B *2<5 w(z — Yy ,22 — 057 (0n))| x4

We obtain by Minkowski’s inequality that

VI -V
_ { / (% 3 g(it,z>)2@<dz>}

" 2
1 > Y
< {/ <\/ﬁ ;[Q(Xtaz) - 9*(Xt72)]> Q(dz)}

It follows from the independence of the vectors (¢, ;)" that, for ¢ > s,

1/2

By (9(%0,2) - g"(X5,2) | X, X2) = 0 as.

This implies

Ep <\/T7 - @)2

= % > Ep {/[9()@2) — 9" (X3, 2)l9(Xh, 2) — g (X[, 2)] Q(dz)}

s,t=1

- &, / 9(X0,2) — ¢" (X7 2)? Q(d2)

IN

255 [{@& -1 wler—To - 3) - @ =) wla ~ Tz - 509} Qa2

. / c o~ ’ 2
a1 (o) = 1% (0n) 20 w| 7
+2E~/ Ep | 2% 00(21 — Yo, 22 — 02(60)) | L1 — Er | 2an(zy — Y, 20 — 0320, L 0(d
P { % | 52(G) (21 = Yo,22 —0(60)) | L1 — Ej, 2(0) (21 =Yg, 22 —0p7(0n)) | L1 (

The assertion of the Theorem now follows from Lemma [4.2] and

T00) o — Ve 29— 02(0 2 dz) =% 0
260y 1 T Y022 05(00))| | Q(dz) ;

~

J;‘Q 0, . w2
/ (Ean L;Eg Du(er = Y5, 22 — 032(6n)

1 n

— Ey,

where the latter follows from (A3) and the proof of Lemma O



28

Proof of Lemma[{.5 We split up

n_lj;;
1 n Y*Z 2
-/ {nz<<a}>2 1) w(“_m’zrﬁ)} M
t=1
1 & i
< 3 /{HZ(&:?Q — Dw(z1 — Y, 22 —‘7:21)} Q(dz1,dz2)
t=1
. 2
1 V2 2 « 42
=+ 3 g Z W — Et w(ZI - }/;717 z9 — O'tfl) Q(d21, sz)
t=1 t

2
]' & * * %k * *
+3 /{n Z(€t2 — 1) (w(z1 — Yy, 20 — 0121) — w(en — Yy, 20 — atﬁl))} Q(dz1,dz2)
t=1
= R,1+ R,y + Ry s
The sum in the integrand of R} ; is a sum of martingale differences. Therefore, and since
g7 is independent of (Y;* 1, 072,) we have
* % 3 * * * * —
'Ry = B - 1P) [uPe - i - 0%) Qe de) = Op(a ).
Moreover, note that
1o Y2 =\
Ry, <6 /{ > ( L 5;2> w(zy — Yy, 20 — a;2(9;))} Q(dz1,dz) + op(1).

i o)

We abbreviate the first summand on the r.h.s. by R:;Q. By the Cauchy-Schwarz inequality,
0;‘2(@;) > w* > uy; > 0 and since £} is independent of (02‘2(@\;), 07?) we obtain

5 2
walof?(05) — of*]?

€1 *4 é\*
Oy ( n)

E*R;, < 12 E*

P
] lwll3, — 0.

Similarly, R} 3 = R}, 3 + op(1) with

n

2

_ 1 .

Ry 3=6 /{n d -1 (w(zl Y, 22— 012(0;) — w(z — Yy, 2 — 0’2‘31))} Q(dz1,dz).
t=1

Finally, by (A3) and again by the Cauchy-Schwarz inequality,

_ ~ 2
Bhs < OB -0 E | [ (06 - Yo - o @) - ulr - ¥ - o) Qs dan)
Lo,
which completes the proof. U

Proof of Corollary[{.4 We prove only (i) since (ii) follows directly from Proposition
and Lemma [4.5 Since

P(T>15) = 9| < sw|P(Ta<t) - P(T; < 0)] + |P(Ti > 1)~
teR

9

part (i) of the corollary follows from Proposition Lemma [4.4] and Theorem [4.1]if the
limit distribution of 7T;, is continuous; see also Lemma 2.11 of jvan der Vaart| (1998)). The
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limit variable Z = Y, A Z? has indeed a continuous distribution if at least one of the Axs
is nonzero which in turn follows from

E[h(X1,X1)] > 0. (6.50)
O

Acknowledgment . The authors are grateful to Fabian Tinkl, Friedrich-Alexander Univer-
sitat Erlangen-Niirnberg, for providing an R-code for QMLE based on GARCH(1,1) pro-
cesses. This research was partly funded by the German Research Foundation DFG, project
NE 606/2-2.

REFERENCES

Anderson, T. W. and Darling, D. A. (1954). A test of goodness of fit. Journal of the
American Statistical Association 49, 765-769.

Berkes, 1., Horvath, L., and Kokoszka, P. (2003). GARCH processes: structure and estima-
tion. Bernoulli 9, 201-227.

Berkes, I., Horvath, L., and Kokoszka, P. (2004). A weighted goodness-of-fit test for
GARCH(1,1) specification. Lithuanian Mathematical Journal 44, 3-22.

Bickel, P. J. and Freedman, D. A. (1981). Some asymptotic theory for the bootstrap. The
Annals of Statistics 9, 1196-1217.

Bollerslev, T. (1986). Generalized autoregressive conditional heteroskedasticity. Journal of
Econometrics 31, 307-327.

Bradley, R. C. (2007). Introduction to Strong Mixing Conditions, Volume I. Kendrick Press.

Dehling, H. and Mikosch, T. (1994). Random quadratic forms and the bootstrap for U-
statistics. Journal of Multivariate Analysis 51, 392—413.

Engle, R. F. (1982). Autoregressive conditional heteroscedasticity with estimates of the
variance of United Kingdom inflation. Econometrica 50, 987-1007.

Escanciano, J. C. (2006). Goodness-of-fit tests for linear and nonlinear time series models.
Journal of the American Statistical Association 101, 531-541.

Escanciano, J. C. (2007a). Model checks using residual marked empirical processes. Statis-
tica Sinica 17, 115-138.

Escanciano, J. C. (2007b). Joint and marginal diagnostic tests for conditional mean and
variance specifications. CAEPR Working Paper 2007-009.

Escanciano, J. C. (2008). Joint and marginal specification tests for conditional mean and
variance models. Journal of Econometrics 143, 74-87.

Francq, C. and Zakoian, J.-M. (2004). Maximum likelihood estimation of pure GARCH and
ARMA-GARCH processes. Bernoulli 10, 605-637.

Francq, C. and Zakoian, J.-M. (2010). GARCH Models: Structure, Statistical Inference
and Financial Applications. Chichester, West Sussex: Wiley.

Freedman, D. A. (1975). On tail probabilities for martingales. The Annals of Probability
3, 100-118.

Glosten, L. R., Jagannathan, R., and Runkle, D. E. (1993). On the relation between the
expected value and the volatility of the nominal excess return on stocks. Journal of
Finance 48, 1779-1801.

Kristensen, D. and Linton, O. (2006). A closed-form estimator for the GARCH(1,1)-model.
Econometric Theory 22, 323-337.

Lee, S.-W. and Hansen B. E. (1994). Asymptotic theory for the GARCH(1,1) quasi-
maximum likelihood estimator. Econometric Theory 10, 29-52.



30

Leucht, A. and Neumann, M. H. (2009). Consistency of general bootstrap methods for
degenerate U- and V-type statistics. Journal of Multivariate Analysis 100, 1622—-1633.
Leucht, A. and Neumann, M. H. (2013a). Degenerate U- and V-statistics under ergodicity:
Asymptotics, bootstrap and applications in statistics. Annals of the Institute of Statistical

Mathematics 65, 349-386.

Leucht, A. and Neumann, M. H. (2013b). Dependent wild bootstrap for degenerate U- and
V-statistics. Journal of Multivariate Analysis 117, 257-280.

McLeish, D. L. (1974). Dependent central limit theorems and invariance principles. The
Annals of Probability 2, 620-628.

Nelson, D. B. (1990). Stationarity and persistence in the GARCH(1,1) model. Econometric
Theory 6, 318-334.

Nelson, D. B. (1991). Conditional heteroskedasticity in asset returns: A new approach.
Econometrica 59, 347-370.

R Core Team (2012). R: A language and environment for statistical computing. R
Foundation for Statistical Computing, Vienna, Austria. ISBN 3-900051-07-0, URL
http://www.R-project.org.

Sentana, E. (1995). Quadratic ARCH models. Review of Economic Studies 62, 639-661.

Straumann, D. (2005). Estimation in Conditionally Heteroscedastic Time Series Models.
Lecture Notes in Statistics 181, Berlin, Heidelberg: Springer.

Tinkl, F. (2013). Quasi-maximum likelihood estimation in generalized polynomial autore-
gressive conditional heteroscedasticity models. IWQW Discussion Paper Series 03/2013.

van der Vaart, A. W. (1998). Asymptotic Statistics. Cambridge: Cambridge University
Press.



	Cover page WP Word 13-11
	garch_test_vwl_ma
	1. Introduction
	2. Assumptions and some preliminaries on GARCH(1,1)-processes
	3. The test statistic and its asymptotics
	4. A bootstrap-based test
	5. Numerical Examples
	6. Proofs
	References


