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Decision Trees (DT) are commonly used for many machine learning tasks due to their high interpretability

– Learning a DT is a difficult optimization problem (non-convex and non-differentiable)

– Prevailing approach is a greedy procedure, minimizing the objective locally at each internal node

àConstrains search spaceandpotentially leads to suboptimal trees

Motivation
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Figure 1: Greedy vs. Gradient-Based DT. Two DTs trained on the Echocardiogram dataset. The CART DT (left) makes only
locally optimal splits, while GradTree (right) jointly optimizes all parameters, leading to significantly better performance.

2002, 2009). However, until today, none of these algorithms
was able to consistently outperform CART and C4.5 as
shown for instance by Zharmagambetov et al. (2021).

Optimal DTs To overcome the issues of a greedy DT in-
duction, many researchers focused on finding an efficient al-
ternative. Optimal DTs aim to optimize an objective (e.g.,
the purity) through an approximate brute force search to find
a globally optimal tree with a certain specification (Zhar-
magambetov et al. 2021). Therefore, they most commonly
use mixed integer optimization (Bertsimas and Dunn 2017)
or a branch-and-bound algorithm to remove irrelevant parts
from the search space (Aglin, Nijssen, and Schaus 2020; Lin
et al. 2020). MurTree (Demirović et al. 2022) further uses
dynamic programming, which reduces the runtime signif-
icantly. However, most state-of-the-art approaches still re-
quire binary data and therefore a discretization of continu-
ous features (Bertsimas and Dunn 2017; Aglin, Nijssen, and
Schaus 2020; Demirović et al. 2022), which can lead to in-
formation loss. An exception is the approach by Mazumder,
Meng, and Wang (2022), which can handle continuous fea-
tures out-of-the-box. However, their method is optimized for
very sparse trees and limited to a maximum depth of 3.

While optimal DTs search for a global optimum,
GradTree does not necessarily pursue this. Instead, like op-
timization in neural networks, it aims for a local optimum
that offers good generalization to test data. We further want
to emphasize that the local optima that can be reached by
GradTree have a significant advantage over the local op-
timum of a greedy approach: While the local optimum of
greedy approaches is constrained by sequentially selecting
the optimal split at each node, GradTree overcomes this lim-
itation by optimizing all parameters jointly.

Genetic DTs Another way to learn DTs in a non-greedy
fashion is by using evolutionary algorithms. Evolutionary
algorithms perform a robust global search in the space of
candidate solutions based on the concept of survival of the
fittest (Barros et al. 2011). This usually results in smaller
trees and a better identification of feature interactions com-
pared to a greedy, local search (Freitas 2002).

Oblique DTs In contrast to vanilla DTs that make a hard
decision at each internal node, many hierarchical mixture
of expert models (Jordan and Jacobs 1994) have been pro-
posed. They usually make soft splits, where each branch is

associated with a probability (Irsoy, Yıldız, and Alpaydın
2012; Frosst and Hinton 2017). Further, the models do not
comprise univariate, axis-aligned splits, but are oblique with
respect to the axes. These adjustments to the tree architec-
ture allow for the application of further optimization algo-
rithms, including gradient descent. Blanquero et al. (2020)
aim to increase the interpretability of oblique trees by opti-
mizing for sparsity, using fewer variables at each split and
simultaneously fewer splits in the whole tree. Tanno et al.
(2019) combine the benefits of neural networks and DTs,
using so-called adaptive neural trees (ANTs). They employ
a stochastic routing based on a Bernoulli distribution and
utilize non-linear transformer modules at the edges, making
the resulting trees soft and oblique. Xu et al. (2022) propose
One-Stage Tree as a novel method for learning soft DTs,
including the tree structure, while maintaining discretiza-
tion during training, which results in a higher interpretabil-
ity compared to existing soft DTs. However, in contrast to
GradTree, the routing is instance-wise, which significantly
hampers a global interpretation of the model. Norouzi et al.
(2015) proposed an approach to overcome the need for soft
decisions to apply gradient-based algorithms by minimizing
a convex-concave upper bound on the tree’s empirical loss.
While this allows the use of hard splits, the approach is still
limited to oblique trees. Zantedeschi, Kusner, and Niculae
(2021) use argmin differentiation to simultaneously learn all
tree parameters by relaxing a mixed-integer program for dis-
crete parameters to allow for gradient-based optimization.
This allows hard splits, but in contrast to GradTree, they still
require a differentiable split function (e.g., a linear function
which results in oblique trees). Similarly, Karthikeyan et al.
(2022) developed a gradient-based approach to learn hard
DTs. Like to GradTree, they use an ST operator to handle
the hard step functions. While their formulation is limited to
oblique trees, our approach permits axis-aligned DTs.

In summary, unlike oblique DTs, GradTree allows hard,
axis-aligned splits that consider only a single feature at each
split, providing significantly higher interpretability, espe-
cially at the split-level. This is supported by Molnar (2020)
where the authors argue that humans cannot comprehend ex-
planations involving more than three dimensions at once.

Oblivious DT Ensembles Popov, Morozov, and Babenko
(2019) proposed an oblivious tree ensemble for deep learn-
ing. Oblivious DTs use the same splitting feature and thresh-
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Arithmetic Decision Tree Formulation
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GradTree: Gradient-Based Decision Trees
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DenseDecisionTreeRepresentation

We propose a dense representation relaxing the split indices and split thresholds to account for the fact that feature indices are
categorical insteadofordinal.
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DenseDecisionTreeRepresentation

We propose a dense representation relaxing the split indices and split thresholds to account for the fact that feature indices are
categorical insteadofordinal.

1. Roundoutputof sigmoid function (utilizedas split function)àhard splits

2. Hardmax function toenforceone-hotencoded split indexvectorsàunivariateDTs
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• Best performance on most datasets
• Significantly outperformed 

gradient-based counterpart 
(DNDTs)

• Substantial performance increase 
on several datasets (e.g. 
Echocardiogram & Absenteeism)

• Good performance with default 
hyperparameters

• Robust to overfitting
• Small effective tree size
• Efficient for large and high-

dimensional datasets (average 
runtime of 35 seconds)

Table 1: Binary Classification Performance. We report macro F1-scores (mean ± stdev over 10
trials) on test data with optimized hyperparameters. The rank of each method is presented in brackets.
The datasets are sorted by the number of features.

Gradient-Based Non-Greedy Greedy

GradTree (ours) DNDT GeneticTree DL8.5 (Optimal) CART

Blood Transfusion 0.628 ± .036 (1) 0.543 ± .051 (5) 0.575 ± .094 (4) 0.590 ± .034 (3) 0.613 ± .044 (2)
Banknote Authentication 0.987 ± .007 (1) 0.888 ± .013 (5) 0.922 ± .021 (4) 0.962 ± .011 (3) 0.982 ± .007 (2)
Titanic 0.776 ± .025 (1) 0.726 ± .049 (5) 0.730 ± .074 (4) 0.754 ± .031 (2) 0.738 ± .057 (3)
Raisins 0.840 ± .022 (4) 0.821 ± .033 (5) 0.857 ± .021 (1) 0.849 ± .027 (3) 0.852 ± .017 (2)
Rice 0.926 ± .007 (3) 0.919 ± .012 (5) 0.927 ± .005 (2) 0.925 ± .008 (4) 0.927 ± .006 (1)
Echocardiogram 0.658 ± .113 (1) 0.622 ± .114 (3) 0.628 ± .105 (2) 0.609 ± .112 (4) 0.555 ± .111 (5)
Wisconcin Breast Cancer 0.904 ± .022 (2) 0.913 ± .032 (1) 0.892 ± .028 (4) 0.896 ± .021 (3) 0.886 ± .025 (5)
Loan House 0.714 ± .041 (1) 0.694 ± .036 (2) 0.451 ± .086 (5) 0.607 ± .045 (4) 0.662 ± .034 (3)
Heart Failure 0.750 ± .070 (3) 0.754 ± .062 (2) 0.748 ± .068 (4) 0.692 ± .062 (5) 0.775 ± .054 (1)
Heart Disease 0.779 ± .047 (1) n > 12 0.704 ± .059 (4) 0.722 ± .065 (2) 0.715 ± .062 (3)
Adult 0.743 ± .034 (2) n > 12 0.464 ± .055 (4) 0.723 ± .011 (3) 0.771 ± .011 (1)
Bank Marketing 0.640 ± .027 (1) n > 12 0.473 ± .002 (4) 0.502 ± .011 (3) 0.608 ± .018 (2)
Congressional Voting 0.950 ± .021 (1) n > 12 0.942 ± .021 (2) 0.924 ± .043 (4) 0.933 ± .032 (3)
Absenteeism 0.626 ± .047 (1) n > 12 0.432 ± .073 (4) 0.587 ± .047 (2) 0.564 ± .042 (3)
Hepatitis 0.608 ± .078 (2) n > 12 0.446 ± .024 (4) 0.586 ± .083 (3) 0.622 ± .078 (1)
German 0.592 ± .068 (1) n > 12 0.412 ± .006 (4) 0.556 ± .035 (3) 0.589 ± .065 (2)
Mushroom 1.000 ± .001 (1) n > 12 0.984 ± .003 (4) 0.999 ± .001 (2) 0.999 ± .001 (3)
Credit Card 0.674 ± .014 (4) n > 12 0.685 ± .004 (1) 0.679 ± .007 (3) 0.683 ± .010 (2)
Horse Colic 0.842 ± .039 (1) n > 12 0.496 ± .169 (4) 0.708 ± .038 (3) 0.786 ± .062 (2)
Thyroid 0.905 ± .010 (2) n > 12 0.605 ± .116 (4) 0.682 ± .018 (3) 0.922 ± .011 (1)
Cervical Cancer 0.521 ± .043 (1) n > 12 0.514 ± .034 (2) 0.488 ± .027 (4) 0.506 ± .034 (3)
Spambase 0.903 ± .025 (2) n > 12 0.863 ± .019 (3) 0.863 ± .011 (4) 0.917 ± .011 (1)
Mean Relative Diff. (MRD) # 0.008 ± .012 (1) 0.056 ± .051 (3) 0.211 ± .246 (5) 0.084 ± .090 (4) 0.035 ± .048 (2)
Mean Reciprocal Rank (MRR) " 0.758 ± .306 (1) 0.370 ± .268 (3) 0.365 ± .228 (4) 0.335 ± .090 (5) 0.556 ± .293 (2)
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